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Discontinuous Forcing Functions
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# In this section focus on examples of nonhomogeneous initial
value problems in which the forcing function is discontinuous.

ay"+by' +cy=g(t), y(0)=y, ¥'(0)=y,

y=aol) ¥
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Example 1: Initial Value Problem (1 of 12)
% Find the solution to the Exm_ value ﬁ:.vc_o_s. S |
2y"+y'+2y=g(1), y(0)=0, y'(0)=0
where
| SRE <20
0, 0<t<5 and t>20

% Such an initial value problem might model the response of a
damped oscillator subject to g(7), or current in a circuit for a
unit voltage pulse.

g(t) =us(t) —uy,(t) =

o4
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Example 1: Laplace Transform Q of 12)

— - — — - — — = — — el — — - — — i — — —f — — — = — — == — — - -—— - — — - —

% Assume the conditions of Corollary 6.2.2 are - met. Then
2Ly "} + L{y'} + 2L{y} = Lius()} — L{uy, (1)}

or
5203} - 2900 -2y O |+ [sL {3} - yO)]+ 2Ly} =
# Letting Y(s) = L{y}, A
(252 + 5+ 2)¥(5) — (25 +1)y(0) - 2 257(0) = (% —e™)/s
% Substituting in the initial conditions, we obtain
AN,% +5+ Nv:mv = Am-w - m-wsv s

o755 _ o720

A)

# Thus [ =103
55 _-20s \ i
Y(s)= 5 i ) Y#) = u s
,Awq +m+wv S(2s%¢€ £2)
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Amlw.,. Im&?y R s -5s \Nom_
ﬁ&n%hfiwvuT e vma.v = Eoffs)-e. HU _~
where \
Hae Fh0) = ¥()

s(2s® +5+2)
% Ifwe let h(t) = L' {H(s)}, then

y = P(t) = us()h(t = 5) —u,, () h(t - 20)
by Theorem 6.3.1.



Example 1: Partial Fractions (4 of 12)

— e e e e e — e — e — e — e — e — — e — — = —
% Thus we examine H(s), as follows.
] A Bs+C

H(s)= =—+
() uﬁmw~+m+& L R

This partial fraction expansion yields the equations
(2A+B)s* +(A+C)s+24=1
= A=1/2,B=~-1,C=-1/2

FH

# Thus

1/2- - s+1/2

H{s) =
() R 2 e By (i




mxmnﬁ_o 1: Completing the mn:mao (5 of 12)

Ooﬁc_aczm the square,

_\NI s+1/2
P ) e s
w1 Rty W) g

H(s)=

s 2| s®+s72+1

2 s+1/2 g
s  2|s*+s/2+41/16+15/16
a2 B e

s 2|(s+1/4) +15/16_

_ U2 1] (s+1/4)+1/4

s 2| (s+1/4) +15/16
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Example 1: Solution (6 of 12)
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* Thus ; h
1/2 1| (s+1/4)+1/4
=12 1] v
s 2| (s+1/4) +15/16 |
SR O RS R Ji5/4
s 2| (s+1/4V +15/16 | 2415| (s+1/4F +15/16
and hence
: By e LSRN T
h(t) =L {H(s)} == ——e ™" cos| ¢ |- 4 sinf
(1) {H(s)} 5 mm COS 1 N/\ﬂWm 1 T

% For h(f) as given above, and recalling our previous results,
the solution to the initial value problem is then

P(1) = us ()h(t =5) —u,, ()h(t — 20)




Example 1: Solution Graph (7 of 12)
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% Thus the solution to the initial value problem is
A1) = u (Oh(t —5) =1, (£)h(t - Ne, where

h(t) = b e '? oOmAa\| N\Av e He mmsAz\WN\ Av

D2

)\I

% The graph of this solution 1s given below.
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Example 2: Initial Value Problem (1 of 12)

e S e e — e — — e — — e — — i — — e — = — e — — o — — i — — = —

% Find the solution to the initial value problem
y'+4y=g(1), y(0)=0, y'(0)=0

where
0, 0<t<5
5 t—10
g(t)= i:léssﬂio&v\m 5<t<10
ID= 5 (usth)—Yo®)+ v, A t>10

o ;nnwv ?ﬂwv.v A, [ - ﬁ..wmuﬂ Us(e) (2 nv Uye () \T_ov

Vi

The graph of forcing function “
g(?) 1s given on right, and is y = g(0)

D5

known as ramp loading.

10 15 20 1

o




s t—10 ‘
¥ +A%IQMQVII=SA31|M|, konHO,%onHO

mxm:%_m 2 hmn_mom ,_,B:mmozd @ ow 12)

>mm:§o :.mﬂ E_m OUm :wm a mo_z:os u\ &3 m:a that &‘3
and ¢'(¢) satisfy the conditions of Corollary 6.2.2. Then

L{y"} +AL{y} = [Lius (0)e = Sh /5 ~[L o () - 10} ]/5

Or -5s -10s

[ Ly} - sy(0) = y' 0]+ 4L{y} = £ =

Letting Y(s) = L{y}, and substituting in initial conditions,

Aww i+ hvv\ (8F= Am-w e v\ 5s°

Thus

Am-m.ﬂlmu_?v P \ 5 i I@./_ .
55%(s? +4) 5 S

Y(s)=

Y
!
x
11



mxmgw_m 2: Factoring Y(s) (3of12)
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% <<m have
~5s -10s -5 ~10s
Y(s)= Am —e VH e —e (s
(5) m,%?w+i 5 ()
where
1 A CselD
)= D B -
s ? +i SRR LARRIEA )

% If we let A(t) = L' {H(s)}, then
¥ =80 = < s (0 =5) =14, (OB~ 10)]

by Theorem 6.3.1.




Example 2: Partial Fractions (4 of 12)

T e e e e et T s, S Pt o e g s e S e < g b e AR B e e 2 o —
% Thus we examine H(s), as follows.
H(s) = 1 uM+m+9+b

%?N+Av RN s e by |

% This partial fraction expansion yields the equations

(A+C)s’ +(B+D)s* +44s+4B =1
= A=0,B=1/4,C=0,D==1/4

# Thus
1/4  1/4

2

Hi(s)=
() S s*+4




mxmBn_o 2 mo_cﬁos (5 of 5

1/4 1/4
S5t a4

1D .# 2
4| s*| 8|s*+4

h(t)=L"'{H(s)} = wﬁ lwmmsﬁe

H(s)=

and hence

x For h(t) as given above, and recalling our previous results,
the solution to the initial value problem is then

v\...§uWFQ;Q-3-;%%-_9_



mxm:,%_o 2k QB@: om mo_c:o: (6 of 12)

X ﬁ.cm Eo mo__._:o: to :5 E:_m_ <m_:m EoEoE 1S

b(t) = w?c:& —5)—u,,(1)h(t —10)], where

h(t) = WN ~ .M.mmz@‘v

% The graph of this solution is given below.




