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n_. 6.6: The 0c=<c_::c= ::mmg_

moEm:Bmw it is vOmm_Em to 238 a hmc_moo szmmo:.: t@ as
H(s) = F(s)G(s), where F(s) and G(s) are the transforms of
known functions fand g, respectively.

In this case we might expect H(s) to be the transform of the
product of fand g. That is, does

H(s) = F(s)G(s) = L{f }L{g} = L{f g}?

On the next slide we give an example that shows that this
equality does not hold, and hence the Laplace transform
cannot in general be commuted with ordinary multiplication.

In this section we examine the conveolution of fand g, which
can be viewed as a generalized product, and one for which the
Laplace transform does commute.
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Transforms of fand g are

LifO}=L{1}=2, L{g@®}=L{sint}=—

S s +1

Thus
L{f(1)g(t)}= L{sint |= N_

s +1

and
|

LLf (@) Eai“a

Therefore for these functions it follows that

Lif (g0} = LY f(t) }Lig(1) |
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s>a>0. Then H(s) = F(s)G(s) = L{h(t)} for s > a, where

ht)=[ f-)g@dr =, f()gt-r)dz

The function A(7) is known as the convolution of fand g and
the integrals above are known as convolution integrals.

Note that the equality of the two convolution integrals can be
seen by making the substitution u = ¢ - .

The convolution integral defines a “generalized product” and
can be written as A(7) = ( f *g)(7). See text for more details.
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Example 2

.l|.|||lll.l|.lll|I.ltll...llil'lultll.ll.ll.||t|.|.llo|..l|.l-||||ll..l.l.|o....l
# Find the Laplace Transform of the function / given below.
h(t) = .ﬁo (t—7)sin 2®lt (F¥9)ay - Ao f)ak)d

% Solution: Note that f(¢) =t and g(¢) = sin2¢, with

F(s)= L/ (0)} = Lit) = w

2

G(s)=L{g(t)} = im_swalm T

# Thus by Theorem 6.6.1,

Lih(t)} = H(s) = F(5)G(s) = @Nt;
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Find the inverse rmv_mom ,_,Bsmmo:: of m@v m_<o= below.
2
H(s)=
(5) SO (s =2)

Solution: Let F(s) = 2/s* and G(s) = 1/(s - 2), with
f(0)=L'{F(s)f=
g(0)=L"{G(s)j=

Thus by Theorem 6.6.1,

- 2t U= Ju= NMMT
i rﬁ&w ) N_, t-gedn. = .,Mo |¢\‘_M e vl
he g (4)
Yal+)4 t 2T t 2% T
?32 w T igiTjar - _ alt-Te dy umroud@ﬁw dv
3t o TNR xR, 0 3 ._o
= Luﬁn Mmﬁq_d ° ﬁ*w;nm.Lﬂ\ - 4 m,ﬁwﬁl ﬁmﬁi_w - AMM«H



Example 3: Solution \NS (2 of 2)

e o i e e e e s e s et o o v = e i e — = o e e e o e e

% We can integrate to simplify ED as follows.

h(t) =2 b (t—1)edr =2t r e dr—2 h%w&

it I t { ¥
= te”| —|re* l‘_, e dr
RN 0 Jo <
= ~ -
u%wwl_ e ey T |
-l N -
| 1
=te” —t—tet =g t——
2 2
| |
H|mm~|~||




Example 4: Initial Value Problem (1 of 4

——lle el e i e i e o el e o e e e e i e = e - —

Find the solution to the initial value w.aoc_oi

y'+4y=g(), y(0)=3, y'(0)=-1
= Solution:

L{y"} +4L{y} = L{g(?)}

a

= Oor
[sL{y} = sy(0)— ¥/ (0) |+ 4L{y} = G(s)

= Letting Y(s) = L{y}, and substituting in initial conditions,
(52 +4)v(s) =35 -1+ G(s)

T bl 60
st+4 s°+4




Example 4: Solution (2 of4)

e B — e e — e — e — e — - — — - — — -
* We have
3s—1 G(s)
Y ()= +
() s’+4 s°+4
s b R Jajsa)
=3 —— +— G(s
sS4 2R 4] 32 %+L (5)
% Thus
|5 1 ¢t .
y(t)=3cos2t llm.m_: 2t +|N....c sin2(t—7)g(r)dr

# Note that if g(7) is given, then the convolution integral can be
evaluated.




