Lecture 13

COW\PQC‘!'V\‘CSS «F'\WV\ 'Ffrfme-‘-cr bounds

F‘kﬂ"‘/ we s—\"DP +o .S—]—uclj —H,‘c (,om/a[u’HO”S
of chavacterishe fonchions sf sets of locall g
«(:'w\; -”C, 1’76_»’1 W\e“-er \,J,-LL, /ejq,ar}z}nj Kcmc{s,
et Ed?_n be a Lc,besaue mcqsurablc se+-
Then X_E eL‘ch(ﬂzn) ’ C‘o/zs}dcr +he €- reﬁqlar?zq—-
‘(’(On XE*.P‘" O»{\’ XE ) AQ’PVIQA as .
(Xgxfe)ta)= [Peb-y) X l)dy= ( Pecx-9) Xe (1)
\rad B;(;ﬂ,@

petx-9) 9Y
E/\ B’(X/ E)

B

T of ’X;E*FC < |

(xgxfe)w:i

1, b 1Bk e)\EL=O

o 3§ IBxE)nEl=0

0 LUg &I

on 9re2' EQVDJ




T'F ,;/ TS awvm Q’Fe"\ Se"(’ wl,l—(,' SMQ°+L\
bodVlo\ C\fﬂ) -H\en * @

N (g fe) () = L), 4= Pm:)ec"?on;—f—
A on o

dist (%, 2E)LE .

\"cncc, as €0 ‘.J—sl@u held +had
[ (o ocgge) @ |dx 2 | {96272 dust (4,98)< €3]

B €
~ ERV (o) _ %" (2€)
B |

We now rmalCe #Vwis n“jorouS‘,

Theorem L 2 Ler E be a set of ’oca((j %’ni*‘-e,

perimd—e,r 2 KZ_"/ Hhe n
(a) @e\gf_-vkxgxfs)ot"/ NeE>0

(b) W\ZX&‘%"\/‘*E
(&) 1902”2 Mgl

PY”DQ(;?’ QQCC{\\ %Qn}., f‘_(: Mo a Qﬂ&@m e alu ré
on R", Yhe +he convolubon @(‘"‘ Jh, Me e’cooo?‘zw)/

&e /f*fm&ci s’

peene f o Je) duls),

’*

0 Mg SN M and | Mel Ll This applied



o Mg 3(&\&5 . Q*E)a i/‘“‘&".\ A\so/

\ 3.2
@Eae»ﬂ: ) ()= E . (X_jﬁ)ag,uﬁw)
« o
::~5 v fe (x-9) d 9 5 s fwwdf, J‘)OCUIE |
‘ E _ £ H?_v\
Yye Co(R)
=~ VS 0; (x-9) % 99
HZV\ .
which (s (@)

= ~</ (XE%’)@&) (.")¢> .

. *-
Suﬂce_. 'Q_lE)a\_—A,ME\ "“’Ef\eV\ (C,‘) ,)anows,
Remark &+ & From (&) we have fhat

(M) (R) — 14l (")

whidh (S ) o

W yeege)| ydn —> P (E) j
e

With Theorem 4, /2 ¥ prove a udc—,/;u‘
Ye.Su.H’ Cownce vini( nj “’C (5&6“‘7 oOnad

of sets of frnite

Uuhnions and

Pcr:me—"er H



l:f'_m__@——‘——': (et Eavxd £ be Seds a,F-
.

U"m\\j\ Frnite «Peﬁme,—('er O 2
T"“"”‘ EUF and EAF are se+S <,,p
C\Oca\\a) /F?n'w"e. 'Pc,'/‘lvv\e,—!'ef 1A "2"1[ amd, _Fgr‘

/A‘Cl’(z-fl o?ew .
P (EYUF, A) T P (enF; A) < P(E;A)F P(F;A).

mele
Eramp’ =

/
\

-7 P(EAF)

,;8%\\(} gpcmiﬁmé/
- We c\(;\’v\a‘j [/\aUe —Hne, cqual{ﬁ, g
P(EVUF)+ P(ENF)= PEY ?QF)

W'N’ma 1.
Ve o ?Cp%fﬁ ) C,Df‘ (A&/véf\

€+ UQ = %E -P& y
Ug Ve — Xgpp in e (R

W Z.U3+Wgwuilfg ““‘”“?%Eu{: T L_’;%Cﬁiﬂ)
&A |V (usvi) | ¢ gAlfg Wugl 4 Ug tVug\
[Twe) € [, Q-+ (ol 4 eer

= < v W,
R EIEIAE (17l 1178l ) o oper



| .

kNauJ':
€20 JA M s A
< 0 ('¥) \mP'\%’
Now; for every TeCe (a, R ; | Lim sup IUCLC (;)
. , Z (K
, ')L (l‘\\/T-\— X d;VT: LM g(u;_’l&'\'{})a)énl’r /
S[RA ENF jmﬂ EUF £ " k. compac"—
= L ,§ T V(\kgﬁ&*f'w&)
- £30 \ﬂzwn A
c Lin gy | ITATITEN €22 B &*)
| Eot A ~
TaV-‘?V‘j the sup over all TE Ce (f‘;i@ﬂ’) we obtdin s — sel ;
PeVE. A)t P(EAF;A) 2 9;,?;;{) J,f’“” ﬂvm . Using (%)~ ‘932“
(55)  P(EUF; Bt PENF; A) LPE;A)EP(FA) . yac”
. / open)ﬂ,ni
[<d

Now, let A be any open set in R, et
Ay= hoe AOBy ; ci{%;aA)<~t§ 6,&5("/")
By 34) applied 4o cach Ay
PLEUF S Av) + PLEOF, Ac) < pLE; AL) TP(F, Ae)
LP(EA) OLF, AY

o°
Let K—>wo , since Ae C..Ar.urf) A= ui%
e =

and © s a measure we ojlo"‘“r:ﬁn:

P(evFy Al Y P(EaF, A) = P(g; Al PR A)



Th
eavem 2. (Cov\r\fa.chndS)I 1L R>0 and
{E.j’ﬁ ore Sets of FM‘Ae Fer‘.me:"cr?n

\Qn/ whi +h
Sup P(ey) «2°
et
E. ¢ Bp s ¥

&V\A o

Then }C o1£ Lwira «rcww\e—‘cr (n ﬂl
subsegvence Y Bi, 3 such Fhat

<
Ei, = E in (=), /‘*Ecv_——-—-‘ Mg, £cBpr

&m}k\‘ \Né Wl Q{g e P\/Du,,{L VA B S@‘“@P“ii
Step | <
Mo+ 14 G 11 O and e C(Z), Fhen »

X

- gt | A7 = Jm e [ 19 ldr () g
g@()(l() ) )\ ' {K,r)l / @(X,!) Y QX))

" .
\NLO@ L) e Can  ossumwme &CKW}; (@»4);& -ancj

(M&:/Q, and ‘fm\/e' Haadt :
§®\ ul dx ¢ \mmu@ cmf ugc‘cr@*‘), (A)

Thdeed , otherwise  we define a(ﬂ— w(rx) an d

((\\;"\\%\3 Pljl(')q" (UMVP@\ » 3%&@@, &'\J‘)& =0 . we can q??'ﬁ (A) "’Q'U" |
[ 1#] < I g\vﬂl => (13- @) 47 aﬁgnvu\a
)

& s N d
o g(u(m-— gu(rx)o\%y% f_\l"v_\"g |9 (wle) [d 2 = \ergw‘*(“)\ R
)] Qo) o) Qo)

(o)



Dfomg c,,haw‘je °1L variables’
‘3;’(7@\ dj:vﬂcl;g 3\@‘(’5 .

Wig)- 1 [ulda\dy £ Tnr {\ww 4
y&((o,m (“K@(D.*r) )j Qo) 43

CEIERE o\j Z G \‘vu(ﬂ)\d . which
, Glor) 2 )> -t g&(c,r) j/

1< dhe  desired meﬂua\l«!j (Note ‘et the sam €&
Comgu%—kom worl Lfor &) ‘nstead od &(53/")> o
"H/W‘*S/ We ./FQQM.S on va?ng +Haat s

[wrdx 2 \mg\w\ dx, uwec'(12)

Q

S
Fmailgj synece % \X;) < (n \rr/x:;) H, SUL—(:‘(‘;("’-'j
}o show? =l =1
"
jmcm = 5 “gu,:\o(x — (B®)
Q) {’:ug;,& G\ 3){;‘ '

A

\
Loy - wCz) | = [ wlde
A\ o

©

e QL

- \
e ‘ U (’Y) l (ﬁ\ Ao

ol
leb k= (x, X)) e Rx @,

E ] Y:or‘ h?/@am/

D{,{%ﬂei A (%)= j (%, ?ﬂ‘) Jx' .

n-1

(O 1y



> ( Cubc — U () + ¥ O%) ) chu') C“‘«ﬂ
(O/\
(On)

é : [\A(Yw )‘)"’U(Xi) @ 35 + Jﬂ)’(x«)] &?LJ_
JZO; ‘) \ig(o,!) |

= J y \\x(vt.,x) U (L) ldxlolx + (hr('zaa)\alf:m1
(011 (C)) I) ' (,0,1 )

< J < g !u("»tw")“'U‘(Mldxydxnvg( oo, swe ), = Wg
(o/1 (

o ‘)“"l o) n=4 O
§ E ] axglé?‘ )Ax J |+ (¢4) H }&4; Since’
o> e gy (wo )= la) )a;»
G.nd lquo'*

Hresis o £ induetion

- g g l%’:{lzld"‘fa”“ ‘\'J(]g %—%Ax’
=1 o) QOEE\-}WWE | (0,.;} (Dﬂ)wi

dx

( 4}
A LN I AP
°1) | (on) k




‘ : |3.1
6-\'q’ "l“woi ’I_[ E 1sa set o,f affm—\'ﬁ O
l?crlmel»e»/ in R", |El =, then

SQLV>° }T vnion o énsAo‘m‘*' cubes o{,siée \ena% r s.t

‘EAT‘ < ﬁrP(E)

5elit R as Jollows:
hos Side |en§-ﬂ‘> r.

sy,

- s O Eack cube
e B / ' e
- Kv\ _ U ®‘C

L=)

Z l % [ug— Cug)@ \
) veed = ZS Vel 2 5 4 S@.
l'\Z" (M| L - L

Fom Remark L &

00 =20 2 _ ,X, \ . ‘
P«‘so‘, swWice ug“?{)[vg in f)(ﬂw}: Z_ g\u&—‘ (ua‘)&z\»*‘?b:\%%g ( E\&@,‘ ,
Ly : .

Unv fer (€) ;% g\x?,(x,@%\



—

l@bna%_{ Q0 E)
S22 @-M;Fn
Ao\
| QuNE] )&AE(
" e
\Q:NE \Q:\E|
b Yn

00

IQ.NE]
Z el |
[y Y
% |Q:nE]
l:“}\ - YV\

25 1auEl e El

e

- L
L=\ Y

) qaan\\@:\E\

-1z »——”—""‘;’CW

-

\ N
pALE

\

v

-
P

N

i “\& \E\| +

-—

N

=\

Z;

Sw\cﬁ ﬂ

(V&NELT \QNEl) 5 jgine\HIeNER

o AELLBL \Ek Since, uF a permv -

‘(Mﬂ

=N

o0
Lt Z
_eN_H

L=

— |T\el 4+ | E\TI

—

| TAE]

Q.NE | "

ST

>

i IR0 EL + i QNE |

" vaben, 30 such +hat
\Q\.A‘Ek AN va—L;-/'\'

pA
O\\AA
- Nt e
‘Q \E\ /.,2, L"\H'
l?ec,ause, “(\: N <

1S not ,(lin\\’e, ‘H/'PJ)

. iz ] _

T L E
2 > v’
\Qi\EIZr Y2 ] e

Let Ti= u&u




é*e? three - Define:

X ={eemM(@") > ‘B (20 ]

e spac with distance:

M s a cgwx?\e}e M
1 (g,F)= L EAFl=11%g= Xl n)

(we dent fy E and F L \EAF\:O )
Let:
M = feem &) E<Bg, P(E)ep ], RiPE

We wi\ shew +hat Y\'Z,P s wm‘)qc‘l' . (0100).
gd ’n\torcm 3 (Lewcr ge,m(éowhhu’.»]j o,(l

Perimedter) Fmv%t th Lecture 12, it dollows

Hate B
W p IS closed (:7\{2,? 'S 00m]>‘<«+e-

Recall 3 |
Thmt (4,f) meic space; ACK = Thee
P s coWL‘DCLC" >R CoMF\C‘l'C and ‘\’0"“”3 bounde
Def: Aois dodally bounded 3 ¥E>O, A can be
coN eved b:) ,F{v\ﬂ—clj many ball s °_€ (ad?dS'»E:.
choose ¢ Se +hat \ﬁlrf.‘_a
DY)
For his Y, onsi der the 5?/3{96,«\@6’- °{’ calpes {6)“”3””
o twp o that Hee side lengHy of each QUist

T"‘“S/ }{\Icv\ €0 ,

as 0 ‘SJrcP —l—q}p)



)‘LQLj;H +hat '\n—\’erSec‘— qu' |
‘ COV\S-\ACV +he ,Fﬂmtlj 5"""1};2\ o,? 4Hhe ,Q,\:“'e-
Onions of cubes Lo 1S3,

. COV\g\ 16( h—OW’ ‘l’he M banS 0.‘: (Cléhu-s e '\n

o
B, (Ti)= {EeX? A(E;Tz)é?} -_

«ﬁ,\u? M balls cever Yp") because, given
any Ee¥pp , ECBp , and by Step 2,
XT, telu-m) s thads
A, )= | EATI) € arP(e) s¥arp =&
> E € B (Ty).
We concde  Hhat ‘EEQ'P 's compact in X

.




.?:\-——Q—P ’Yqu(—- © We «an“j PpYove our”

Covv\?ac.-‘v\ess Hneorvem

We have -
Eic By | ?(.Eﬁ)f_‘p , some P M

> ELe Y
L R,p
Si/\ b
ce YR,p K coMfQC‘(‘) = %E,;Y:B an 9
‘E.é",(gl‘p such that:

2>

d (&, E) ™0

e E{,P—-—-?E T L‘(Qn)

Bb ’TI'\CDWCM 3 (TL\e \oucr Se.micomeu]‘—j o_( -I-’L\C.
?enm(’:‘*eY) r})mvgci "a Lecture 19 i ,Fol(ow:

Hat
P(e) £ it P(EL) £ P we had reer
) k-2 o “pelere Tt Fo.f
1S_close ~
E s a seF o f #mﬂ-e ?erimer"er n 12“1
and
" !

2




