| echure A5 .

lo ca ll
De/-g' We Say that a set oF J
/F] \“'L enm¢+¢r 'E RS 5“‘“.”’1*3”61/‘1 r-fof
§ ? open se+ /3‘ "F‘ SFt Mg“gt

gefiw\t"'cf n  an
ond £ (€). A)=©
d f( v A Y,
Jt\{;’«o ’

\oCa\ \/am‘a%‘cn in A

whenever %’F«b‘ﬁ(ﬂéc (s a
’ kg G
Rewar 42 E mimimizer in A =2 B s station iy
A
j’:mkﬁi&ﬁ,cg P E ngr"sz‘,fv'u"?,er :f\ A =
— (L)

e m g PHE): A)

PR M- PE A) _ [ Vo !+01£) 4 ) KT

|50 . +0 1)
mE t JE

See “Theorem 4}
Lechure 22,

"D PUEE),A)-PlEA) Jd‘ 2 0. 1y )
20" . 5 /

=
And -
L PU(E), M -PCE; ) _ [ dweT <0 . s by ()
t-0" + JE

Cy gﬁ&w&*’r -0 = £ | g‘l—cr‘%oncwj,
E



RQM“'L%: The converse 1S not +roe .

Consider E= {Xéﬂlzi )(,X,_<.O}‘:

s
o -

.

Jir +{2¢ <& 4
E 15 net @ mimiei zer”

However B is sfi-u-%’mqwj,

"’L‘COVCW\ I +Hae avxa(dsis O’f-

s the monstonicty

A ,g—\/\(\AC\M ev\"'a\

S:V\aul‘“"“"“f’é Sor minimit zers

For

,C-grw\d\a\ °
la), Tf € s shkoney

Theovem (Movnetonicity /ﬁvmu
/
ond X, € ANDE; Lhen for

- (?crfmc-kr v A

G-e- rét (o).o\€s+(x¢,9A))/
2 -
é— ? ('E/ B(Xe,f)) _ d (yé(y) ,(x,_l(—i)") A}Qh |
clV n-—) -1, S *\ X-)(e\"“"
Y (1{ B(Ke,()ﬂ)g

nohnicz"j ’F""W‘“\“ lql—er. T

\/trs{oh )

We will prve Hhe o

s \ed—\,re, we will ?Yo\/ﬁ a SCW\P‘C«V

S"’l‘«‘\’;“ﬁ "V‘\S 'H\Q movxo%n;c{lj o.(» 'JCV\SH’\‘j rahos,

Then, as a Com\\qv:j/ we will show Fhat )—(n—‘_(Aﬂ(DE\D*E\B:(Z

Sor any stakionary set E inA, and *he exiskence of (n-1)-
. . . . /
dimensional densihies evevyushere on the topological boundar_tj"



We have:

V‘QHOS) . i E is S«F&—Homqrj Lor
LN "(’l“c OF&V\ S.e,""A and XoeA’) "{"“\&V'

(Pe\/f m¢-‘—cr

the c\-u\s'v’ﬂj rghos:
P(E; B(xs,r)

W, Vn’,
r e (o, dist (Xa, 2A)) .

Qe Increasinj on
Proof - Lot d= dish (<,04)

WLOG Xp=©, B(>%,v">;r‘“.

Led YeCf 2, (e13) Such Yhat

|
Ys)=\ i f 523, 9.0 if sz1, $£0 o =4

1

3 1
ne- -l 4
Debine™ = (2) 4"y, re )

e
)

T, ¢ c. (A rz")/, "Tr(m‘)f::,,tf(tgs‘;.{)x/ %

S\W\c& E 'S g’lﬂ"“H@ﬂQV}j , -J»«Ae,y\
oh\/E Tr = ) ‘ (2)
T E

W@. Now JPYDCeed ’{‘D CQM(?q“’Q A;vg’l} 5



i X} % |
2h 24
2% d X
‘VT,,@L): ‘ |
2y 94,
ax\ &}Xn
24
div. T,z kv (VTW)::,, 21 4 t
A LP(L’S},)%L‘?'(B‘—‘)W&&-&
(*) 9%&: v r Y K
I Lol [ %)) XXy -
0L = 4+ JRAREN DR AN %L’
IXj rLf(“)lxl/ :
Fom (%) !

.,.-,mun <maaspeni’

| (3)

———

\MJT:‘: o) = nY l*‘)-’rw ("i‘)

Qe(,u\\ ’FYOW‘ Le,c,“‘;‘ur@v &} Page, o . \0/ “'é’za‘l“’

divg T )= LT (0) = . (VT(x—’)»’ (oa_)):l K
E

A AT SRS

We new  need +o Caw\pw‘“e VTr(MVg(%) . We

Yhink 0@ the wmoatnaXx VTP(QQ as o linear map
&cﬁnﬁ on the Vecdovr wﬁ;(,%)*



We weite
an A \ £ Ch
! - ’ ) £, (%I,— /Z‘n)
Owu - Qnn z”’\ Cn c (C'i ’C““‘)
Note +hat ?
N .
. = Z: a‘;jé%}%’j A
J®!
o2 () 2
-z 5
J=)
% \ V. v, .L «C_
AN IR ICOREE ‘ﬁ»‘)."ax_z 2. S 3 ;)
ol r J J
B (J ( r ( X\ | 6, «#)
N ‘ ‘ } "xo
= Z syd(E )%“""‘ y' L’i‘;,‘w)(é% al’
R S R LR N E TR s
v r %] | %\

We have Shown:

VTe(x)2=C , Ci=Y(&)Er L,% kgt({%s} (%Ea) f’%
=) - __l \ | % )(l V

Thevefore; C= ()2 + 2 () (Fa 2

VT, ()2 = (Lf(n%\)m t I cf‘(wg)z.r@é_.)%

1>\ Bx\‘

RCCQ“ thad the llaear ;@wmaﬁ'\f@m Viud | l’E:\“"a ‘gﬁ 1S



We have Shown +hen —+hat:
= 1<} V9l Y X R <
VT () ‘?( r’)ld + Eg;_ 5}(!%%{(0 #

\[\/e*Hn -f"l'\*tS/ W€ Ccan nNow %‘W\S‘/\ «LAQ comPu%%’Qn
0.&; CiNE T, ('75") dee;a;i/

O[\VETr (%) - dj\lTr (%) “VE (’X) 0 (VT (}L)V (x)) h !93 (4)

— A\N;rr(ﬂ.,yg(%). ( ("—’%:«) g{x}ﬁ"’ ‘f('xt)(;l V(zz) ii%[)
- T - ) v g () (6 (%)

- dTeb) - 9| b gt ()

- ‘f’("“)u’f('x)'x' Lf(“"?") @Lf(”‘é) TXT@ (LB?)

:<wmwﬁw+@wwwé~vwwﬁ)

v | x| *

FM«:&:N«} :

Y Wﬂ«ﬁmwm\wwnmm AR - _— Z. ]
I )+ (! Lf‘(l.zf_;\) <\ _ (X Ve() )/

clf\/ET;-(i«) = (n-1) q(‘?‘) — lxlz |

(5)




plug (5) ina (3) o 3@:@"3

- ) el N o (xb ol /xd (x«)/v(.%))z: d ﬁ; D
[ [rmspres s - o) e 940
E

237

®
]

(h-) gl) - r B =0 (8

oy (r0 a6 PR T BN
B . B 4 g0t

kV\"'! ¥
e 3 + A u-n)
. s yn

giN(n-1) —r@
- =

N——

L (0)% 0 o relod) =7 7

r) Vs Mcr&agff;!j
on reo,d)

Xf\yecoo as defined at
+he beginning of ?*’"W‘P‘n



We have |
l-"N . -\
j \?("'F)fhé twwaa.sMg |

Ye
|x) ¢\ &2 ] 2 ¥

$i(2) f;,j %éw«w 4)(1’> /#%@152 JeeC (KB»D) |
Momo-\*omcaﬂa .,::'—'t , Si}i
%:ﬁ the M@ﬂm%mﬁw Cﬂm}ﬁf‘ﬁe«wc@; (joqf?@! s =\
Yheorem? Y. <O
g t l}(' \ M"’\
[l D [ Feenn () e
9 E 'w&z
|
g ‘i}éw’\ / Smce_:
9%0 B(c,r“) [ 21 | & [xler
| g
1
?ﬁ:} %r)

s

Let Dilr)= [ (%) dn
Ve

L -0

"'““““""""7 v @L(V‘) ¢ v

'::L> ‘* @g(w} :@ Y\»V\ F)(g Eg ) V\Aono‘l‘oﬂlcaﬂé
sing on re(o,d) .

A’T‘ncre@m@af@/ \(" P(E; E»,,} S Jncrea

ammﬁf}ﬁ OV w@(a,@‘)/ AVL:



imc),ee&/ let <Yz, i, vz é(ofd)
\-n

A, = P (E; @V’q) / "47,: r?iﬂnp(gj sz>

We  have of, £l , sSince otherwise :’F
/

M
a(;,_ a‘{|

. =N \ . o, . 1-n
Gince Ty B (r) > o4 mono%mcalh Increasing then LY, @;(ﬁ)@{.

for ¢ large enou St n - =" ~ |
ge enough. Stnee @ (n)e o B (r2) , we have

[ Bl e
Ay« v, @ilea) . Jarge ¢
/ J /
which VS not ans?faié Slnce r{“@i (Fz\""”?“z.

¢
o moJ’omcailj ;m:weasmé .

T\nus/ we have «Fmva& %

Y“w F(E/Bw) s smm@@gmj an r“é,(at,c:%)



We nave Hne ,fo\\ow}nj COKDHCWj
o’g, ’r\neo\ﬁcm 4.
Cocollary 4 (@ensi—"j esRmates -(:urﬁ
crabonary sefs ). Tf E s stehenary For
R V.‘f\ Hae open set A +hen

PlE; Bix.N)> W, v, ¥ xeANIE
Blx, ) CA

A3.10

(‘)evime,l-cr

T ?ar-\—?m\qr ;
AN GED EY )= 0
Moreover , O, (M\, (2) /( w ith Mzi}{"fl"az‘g) exists
on  ANDE, and
M) (%)= Hhan %W ;l NxeAMDE

(a) On-i (
Y» O wn—' rV"".

() Ona (W) =1, M oxe ANDTE

?Y'-)O(— . Bj Th eovem I/ we coms}écr +he incrcqs?rj
,F\)Ac,-hbn'.
"(()(‘r\: i(E; B(ﬂ,r)_)‘ / XQA) | P JC‘S"'(XIQ@
wh‘(vn-—i |
-Hna*\‘".

We have mefecl— Sn. another Ledure
Bt (Y2 v(,07)= 4, iF XeANDE

1 MK/ r)

T

= |¥r) 2\ ¥xe AN
BCxer)C A




Let xe AN(QE\I*E)
?_E =90E (recal( that we
re?rcsevr’-d'“vé

D1l

Since

ave Wéflé{nj wiHn the
E suh thad  spt M= 0E) . Theno Xy

XL € N\a"'g such hat

X — % .

S cee E xercise 4,27 in
We need Hae following result ( 7"‘&744"&:»@94(4) ;
= "
Le,“’ UL(’)!\‘:/\&(&.(&@V})/ XQIQ , M Rado n
tmedaSuv é

(¢¥)

;> w s uyﬁcr Semi‘QOmHmuoS

(%@%&f) 4o 3@_"‘ 7

S )

With = WLANE), we  apPly
P(E,@“&fﬁ) 2 J)jw«\&%f P(E) ﬁx

L= o»

A -1

; Wn-y ¥ ; Gy nee ’6()(;/\/))/\ y
because X & E
Nouw:

P(E} B(X\5)>>/,Qimwf P(E, (3 (x;s-¢£) )/ Stmee-
T20 ‘ B(x$-8) € BlxS

\ n-\
; ’D"m sup Wy (s- 2) p Lj the above
o Cow'?u“(-a-#on«

— -\

\NC L/\cﬁ\/ e §\Qown s )
PE, B0 )) 2 WaaX™ ), Mxe DENA
| Blx)C A



A«Jam, set: _
MA=H") (ANDTED. 23.12

Hence: —x
(91«*3 (M)>/( V‘Ké AAQE i :">
LA Le;c:'%‘uve; -+ (Pdge,7'2>

Frorm o Thearem vaa_é

o Fllews  feow () 4hats

M(ANDE) 2 w " (ANDE)

LT (ANTE) Z ' (ANDE)
And, since clearly, W (And'E) 2 3" (ANDE)

We conclude +hat:

Haat s

.

——————— iR TS

at @maé (M) (%) 6><\s+5 0(+

Wow , wehce +-h
oL ‘ﬂnaovem A )mPEg&S

every K< ANDE , since

g wlr)= bim v ) =8, () ’
r>o 20" J/ ?{(ﬁ;f%
Y r@RSg

Lyl 2\ ¥ne APE,

1 Moreover B n-
Swnee P(E @(Mf\)«"’ W, ‘#“w% %Xé/\‘n?gi‘

£= xeAONIE e shgw@md
‘\""0‘4‘ gv\ g(M)(”x) _‘L. 8

Tn arh cu ar,

W Prevzbws \ec%‘ur«e



