Lechure 4

T +Hhe P"’WF of Thesrem 2
| Ir\ Lecture 8/ we used +Hhe ,Follow'mgi

W . Tf MzF(E) s a 1<~ JIMeV\SYOnQ\
(eau\ar LIPSCW"—% lmaje tn 2" and 2€E

Hrenn
T2 M= @) (RF), 2= £(2)

(P(Doc—‘. N

Recall +hat  (5,E) vegular Lipschie (m<ge

means  £cR*, } RF> R L7 pschid? and
(2 . £ ¢ 4-A ond diffecenhable on E, TFE)>O

Mye E .

(b) Eveny xeE 1
tHhad i
{5”60‘{_}_‘,——%) . an r—0 .
T 1B

o o point of deasidy for €,

((/3 EVé\(j YelE s a LCBCSS‘JC FOIV\'F Q’f' V’P

Yhat 1§,
L (ITER - TFEdz =0
Y'-'PO{—_ Y'k— B(X(()
Lot YeCo(r), We neet 4o Show that

o fubedon = (4B (AY

e" VEE)(RY)



That s, We veed+$o chow +he weak @

conv
" e'/ae"‘“— ol measures:

'YL:((, ( gxﬂr ﬂ_(’)—dLLM)_i), )"{‘L V‘FC}) (/EK)

We need Ythe Avea :Forwm(q , flhat we will
S'de with wvmore detall la‘l—e,r;{ ; T'I’II_S

«(:"VWW‘[G Sads;

prea formala  Leb RSB Lips
be i‘éfmegaﬁufab‘e./ ,F LS |-] on E)
3': \Q—h"?[roo,oa] \Bore\ , 35 L'\(ﬂzﬂ) }U‘L—F(E)),T‘\en

J g ) AR (9) = S;wcmﬂ ) dEKE
J(E) e L grgust 4

1
chitz, Eci
g< n. Let

673““‘6 back Jo the 'PYDOL o4 (A"

1 d c ()LK\\/\; o a
o | 3@ > x (3 B, )
-\ A i
= gv‘\’}(%_ﬂd% (9)
s S g () 4(%))7;(\»)4(» . gince
g Y 7 M= HE)
and bY

Ovea \Cormula



[ v (ztre)Y (v‘ (2+ re) -HQ)>7§ (24 re) deL
E — v /

I,RP
Uhece we have aPP(IeJ a gain +he avea —Fofmu‘q

with 1he “"(QV\S/(;DVV\/\OL"‘-OY\.
ow =YY

ov
ol = W~

/

r

L, W € IRY_ dw= rdet
Dehne:
Wy )= )C (2rre) ¥ ( M)) TF (=+ rec)
'

avm[ ,go)/ S\m?\lukj) \64’ ws usfe
instead of &, and  dw insFead of d o -

’ﬂ«en

O.Ja.'m w

%dcgﬂfﬁ<)’( LM) u.r(w)OlUd
“lpn L
SMC«C’— —F \S A&Luew"\alo\e ot (2 ’Y't'{ «Fi)(cc‘ W,
as r—=0 . | %_\—rw}»#(ﬂ S YR W . Also, swncl
Lebcyjue Pom*s‘ of Xg and J¥ (bj pro —

2 \s @



,Fe_(-\—le,s (b) and CC))/ +hen ,For @

fixed w, os r—>0 we have:

X (2rrw)Tf (2rvw)—> Xe(BTFE)
: l

r->0 1

Tfz)

Hence:

e (wy — ¥ (7)) TH (=)

as r>0o.

Moveover , Wurl| - p¥) & F and
‘Bv\

spt Uy - ’B(D/LX/ Sor Some
\chV\Cc) we can apply +he Lebesque
o ebtain-

ConV cﬂa encé Hacorem

Bow L (4 d(@) 08iM)e fiae [ U ()9
-0 r* gnzh x‘)ﬂ: ) r—>0 S‘

- g Limn Ur(w)de

z(b r>0

g (75@) w) T (@) dw

- S“Zr- .

-qu\}—(" . by the frea

- 1/ \
74 (2) (R¥) forenula Lo

\RV\car quS )

With Tz = ) (R), we

Conclude 5

J..“(@ ; bk
e (20, GeLey 2 s M. B .



With  Lemmq L, We now review
aﬁam +he yroo[, o_g Theorem g_/ which @

Sags that :
Tf s countably MF-M;J-:{;?LA@) Hhen ﬂaa’r (
Hi-a.e. weM, 3 |, (a vnque K~-dmensiona

plase ) such that’

1 (B 5,0, M) = AL (B2 Zayy , (B)

e
'Indee_A we have (i‘? definition °£3J‘K'Vec#“[;ak’l;:}y):
Mo fau (T4, kRS R
=1 Y L; pschit=
P

53 L\?Sohijr% \'meqr]za'kom Cﬁ\tovem _L) , We

Can c]tcch\P ose M as ioo
R 2 -
M = M, U (U 8;(EL)>..7-( (M) = O
4 L;n‘ L‘/ schitz and
suth Fhat 9’1:“?_ —le ?fwzdje : Hence for

(‘}LJE;) s a reﬁu\ar L‘«\Oﬂw+%
:8& (EL\ f%( some 'E(‘, - Thus

4 — *e ™M
K-ae. X € N = ¢
AT o C)
o 4 a0t = 5[ 9(%)
n M K
¢ . ~ng(jﬁ)d}(r-(j)*_qq(a:;}‘)cbﬂy)
'F‘“SM; L MM



Thus,
lim L, [ ¢ d (@ 1y OtLM) 9.6

Y20t " )Jpn
= Dim L[ Y(LX )+ Lon L 55" CEIPINC)
(50" ' SMg( ’ ) ot r© M\Mir)
:g G 4 4 i L)«y(_ﬂ_ﬁ)u"(ﬁ. by Lemnia 2
v + \& \g / -
Va.(2) (27) (20" * [, and ¥ 3, (@)
-\ ‘Yo\%p(ﬂ-\—o, Sinc Y ae xeMi:
SV&@)(Q!‘) J nee ) oy Y- a-e
KK
L peR 5 [ R e
r M\Ml Y YK Com‘!‘ﬂlm
B(x, rR)n MM i the ball
3 (s, )
< 'Su?l\?\w.‘lZ‘L\&x,rﬁ)n@l\\rﬁ)\ 2] £® =2
w Q.‘Z)K la,x\é\’g
« =2 Y6 B(xl{£>
—0 as >0 by Lechure 1,
Paje 7Y

With
Tig & = V9 (@ (B¥) /

Ihe desived weak tonverjencs (B) follows . Reall
also, +he second part of theorem Z ,which says
Fhat [ See Lechure 81 Page 8:9) 3§ Mis covntably HE-

(C(,H,Pab\e +hen - \
T, 7 (M0 BOD) ) L 31 ae. zeM
Yy >0 K
(/U\(_r v

b —




Remar < Note +hat iv Theorem 2.,
—‘Hne \)n: Jewn essS O‘(: the ’)ﬁmjem’l"

o?
space T x follows Since  in M= MoU<h:‘35(EL)>/

i NN !
'Hne seds {SC(EZ)} ave O Pa\f—‘w—l—»om // no+
N | &
a \\CD\/efl V\a“ . So wl/,ey) w e Sa:j —i’kaj‘" H -4. € .
there 15

X eM bclom‘js/—k: some MU:= 3;(55)}
not Qm"‘g“""’\‘j in having Jwo such M({ -
How ever, %We" any 4wo o.—,uwlablj v—k‘ﬁ—-rec-}h[:qmﬁ
ceks ™M, and Mz, 'H"Cﬁl could cntersect and

in this case we have +hae ,Co”ow'\ﬂg

?mFoSI-\-?on 'chalLio( &EJ?__'E_’SLMG"e hmjeﬂi—légg_c_e_é) s
‘(—,{QC—"{ v(:-\‘qlg‘é Se:B

T—{: My and M, aré \oc.an:j *
{V\ [zn) —Hf\en N

T)LM\ = TwMz Lor )—(K~ a-e . XGM,”MZ

/
Posl s Lo qeC(R") , sptPc BOR), K70
Then, if xt M, aM,

g2y dr oL [ (I dH¥
\%P SM\ (:LF) r< JMz (>

~

=S

_ L gt”&t;)ctw’": K\[‘S(J:;i)éﬂ"‘
" M, M, { su,rﬁ)/\(M.AMz)



L e (BBl ()
r
weR sup 18] W (BlxrPn (M,0M)
(rRa)K
by Lehare ¥, Fige T,
says Hhat :

-

(o M ae . KEMIN M2
—>0 as r—>0
/

S\ncé -qu—‘— us@,f.u\ COYDHGVH
ﬂ:m ?_U‘(( M‘AMZ)AB(Y'”) =0, ,P:r %k—q.e.xeM‘nﬂz_

PR

a2

P (fvo«c +he converse of Tt‘ﬁww’\

NOW) we wWe
;)_") bt fPrS—\’ we show @ e Ferion ,go;’

Reéﬂkab?‘iﬁa We have .

ff\cch‘ Sr; ability criteqsn o Le + Mcnan cequch, ™
| (P\ame 1% Mn) and I 5§70,

1S @ .K-—'d:w&c\as\wwq

}{; >0 such -H«a+ .
MQ BCx, §) C XKW+, ¥xeM

where w(mt)= [ye: ljla e Byl

S

*-»\QV\ M 'S )’(K"' re,c’)';,y\‘a E‘Q,/ s\nce “’L\CVC C)‘-;S‘)’
Buikely mary Lipschidz maps fi RE=31R"  and
compact seks FocRE svch dhak M= U £ (F;) -

L=



ﬁo'\’ﬁ%‘:”‘ - Gﬁ\/em o~ |<-A\‘w\<:ns{ona' P‘ane 9.9
Toin RY, let
n n J- n n
PRt R, ph R
be +he oru'wgoﬂa' FV"JQC"""OYIS of | ZALR
V(res?ec—h\/ej) T and ’ﬂ"L <+|nu5 L EW ),
and  Jehne +he cones K (T,4), t>0 as
L= Qg e R [Pyl Kt 1Py ol

ﬁ\jenz“: 141 £ Ve Ifiﬁl} ,

l::,\

Proof of the Reckifiablthy crirerion
\,43%“ %méM C&wﬁg xjjé; g (XO/ é—:-)(\r/\
XB0%s ) %, Y & B(xXs, ’)/H"’i

- - (since N} -‘M<-’ \§- %)+ le’d
k(u/t)  eabos
CoOR-N

Stnce Y& B¢, s)nM &y ;:.(t';‘,t)
= 1er(9-0) 24 | Fr (9N,



| P (-0 £t | B (- *M/ +x.y ¢ Blx, s)nrvl
Note 4ha+ F—,‘T% - Pﬂ- =7 F‘ﬁ'tj PML

and hence x=Y. T’hqs}
Pﬂi B (%o )r\M-—»zG f° Es(xo,§>nm>
;S "’1 Glnol onwl'O . Note ) G‘xOC— (18 Compac;‘f“.

@Cﬁﬂe now . - . B
I, Gu,—> R I, (G%);B(xo/é>/\m

we P (e @)=2
Then, e s L’;‘Fﬁcm-h— on Gy, because:
zwelb, = Ix@) ad () be,lomj +o Bix )N
=) 3uG), Gu(w) are inside K (Tt )+ %,
= o (3@)- B (4 DIETAL AN (%x(“”)l

| rooL ~ ‘ 3
18, (a2~ P BN [ ) - 6 (g 0)] < (4] By )= 65 51 0)
T J

S ;o
19%(2) = Ga (> | 2 17 82 | 2= w0 ]




We can cover M with +he open

ballc 4

(33 mmiyaa%mess a1£ M, we [ind {X’

withs y ) N
M= U (MN 5(%;,;;,@@)): U%J(G;),
Le A 2 L?:\ :

N
%Z.; GLM rz‘ ave L:P‘ggh“—"% MQF‘S Qv A,
Tf P@;C}(}ﬁmj

wheve

et al ?é&c;“}" §e+$ %

@)ﬁ%-e&mc}; %L Jo m M§‘§V&§. M

We Hhen c Shm@lé ’am'f?*ﬁ?)
which | e’x*e,ndg LTPSCH%& «E:UW ﬁ‘H;{)ﬂf} ;};é) Le(‘;“UV&:\‘L,
W e ,F\’*‘Y\a“\fj A"e?%sW@‘;

-4
fr= gtofP , Fi=F (@:),
“ond we  concludes
N

M= J o FL(F2).

$ —~
L=\

i



