3@@(\”’:06 S A sec‘}ucnce. {Pq} in a metac @

Sche_ x \s sard 4o be a CQuch\' Cequentl
£

N-E2a, AN | such +hat dCFn,FM)AE/ Vn,mzr\‘.

Deb o o Br X, Mike Lameterof £ i
bam £= Sup{ (P ) ¢ PEE, qeE)]

Ber. KeRE  £=Badx[nn)

| (14) dam E = J2
T
I

0

Remark 7 Let APrY be a chdml sequente ‘n X

and et
Ep = ‘{PN/ PNf\I B 3 »

Hhe

)\Pn'ﬁ 'S Caw-ln} L= /'E;r_v;oo diam EN: (@)
Tndeed ;

{Pn’ﬁ Cauché &= d(Pn, Pm)éf M- Pn,Pm € £
oy KRR S { upper bound O‘F
{dme,) : paé€ ENS

<=-> A iawn EN <& ; €ince diam EN

s Hhe swalles+

vpper bo vnd

& diam Em =L ¥MZN, siae EMCEN
L .



Theoremr 3.0

(Q) Let E CX. Then diam E‘i'- diam E

(b) i—“ KwDY-n\—., n=1,2,.-. (s a se}aence O'P
Compqc-’r o R R B

/hm a:am k'\ e

N o

4"1’\90 ?)] K(\ C°n5;5+$ 0_(: e)(ad"j onNe Fg}n“’;
n=\

PﬂOE -

(q) Yinee E € = P cle,arld digoniE < diani E
T AR s
Tf ACB , sets P e Sup/’r-—suf’

bccauSe'.

b < supB ¥peRB
=) a 5.5“?6 )d‘qu/ s 1N AQB

= Su? B is an UPPC»’ bOnmcI of A

=) SuPA.ﬁ.SuFB; Swvice  Sup A 1S +he
|eas+ upper bound of A .

A B
With A= { d(P,’,\. (,q,eE)
8; fcl(P/a,) ’ F/ae E}
ACB swwe ECE
== Sur A < SuP 3
= d;Qm TR d-l’dm g



\NC. e PmC‘e‘J +o show +hats

JMM E ‘&aam E

A x ES0+ Choose Prg€ E . Then }P’, j,’é E
such  4hat:

d(pp)<e, d(g,9)<c¢.
~ dlp ) < dipe)+ dee'q) + d @ 3)
L I2E +&(P,g) < 2e+dlam E

=2 d(pc3) = 2t diam E, Mp, g € E
=2 &dlom E € 2€+diamE (k)

We . now +ake Llimils 1~ bodh sides of (*)%
Let ﬁfﬂl a seguence Such -Hna_& Ey. 0.

Since (*) s +re «Fv CM} £, we have s

diam E < 2& +diam E, k=1,2 -

J';M dam E < L (2& + diam E)

ler lc2oe

= b o cl‘a E .+ since £y 20 WP"'-S
diam E 5 \am / o o 2_£,,_1-c|.q.mE'9c1«amE

Remark : Here wWe have used *

If {'tn.j, Ssn’ﬁ are convergent Seguences n . and

TngSn, nal2,3,... then limtn 2 lim sa
: : n-2ce N =2 oo

We condude +hat:
diam E=diam E. B



" (b) ' @

Lz ioaas
k= Ak,
h=\

W e a(rcaéj K now ,me the CoroUer o,ﬁ T‘\co,/em

2.36 Hpak:
o8

N\ k, &

n=\
I‘F ' 4 cantainS moare +han one Poid““, Fhen
c[;am K P et EVACE
i,
=t idim K = SBaw Ko ¥Mn ()

Fom (1) Pl 1T LR et R T N converge +o O,
which s a contradicH,,, =



@
Relma rks on Sequences

Ex @ Suppese fany, {bn7, {cny are seguences in
Such +hat LMSMP bn =0 > W S ) S

N —Doe nN-=> oe
Assume  tHhat s
[ R BT DU S ARl
Show +Hhat ,L;M An = B ..
N—2 ceo

Sl s Sace e do saik know at+ +his Poin“"
+hat {!Qnﬁ 1S conuerjen-"/ we can not +ake
tmits {n both sides of (1), bub we can take
'3ms~4‘> in both sides of (1) 2

B sup 1Ga] € Lim sup (by+cn)

ﬂ—?oo nN-=> oo

2 M supby + Bm sup G, - e "
e 57 o chagter 2
= O “k U Swp Cn

N — oo

) Cv\ QCCQ“ ; e =-
)"4:00 : b <= Beninbta=t

ni oo

and |'\M SUP tn= ‘t

n-2 oo

=00

= JQ:M 5“’? ‘an\: o
N> o0



= Mm inf 1aa| £ Lim sup lan)| =0
N0 N—= 0

HQVICC. ]

Jaon 0 f 1an] = lim sup |a.| =0
N3 oo N—3 oo

Hene ‘{lan‘} s convergent  and i

L laa| = o

N = ce
-‘nlelekfe;

)JM Qx =0 . 1
hs¥oe

Ei; Sq?pose.;
0 <X, fSn/ :4,2,,,.

j:‘F Sn‘ao/ show "f""ﬂq"‘ g
Soluhen

dicai hso

0 < Jim sup Xn € O 3 siace S,—>0
NS oe

= fJin Sup K = O
N> 0o

Bw".' :

0 =< Rlimwnt X, £ Qi Sap X =60
nN-—2c00 Nn->en

=2 )im mE X, =0 . Hence ).‘:\'t\.).("‘ =0,

L S



[
T-]’\COfeM 30"

(0‘) EVC'j conmraencc Sc'-"u&rlce 1" & mednc
SPQ(Q

x 'S a Chuchj quumce.

O’) Let X be a coqucf" metric space and
{Pn?) & Cquchj sequence in - G B
Pn——?P , 4or seme Pe)(a

(C) I'\ R" : S e/j CQUChj S eg}ucnce Con \/c_ra e S,

Proof- -
(@) let pa—p, ond let £€>0. Then ZFN

Such +that!?
J(Pn,P)<%, ¥nz N .

or any n,m 2N ¢

d (Pr,Pm) € d (P, P)td (P Pm)
3 %-\—%:é .

=2 A(P'\,Pm)<‘£ Mam 2 N
= {p] s Cavehy

(b) We have {Pn’s X Caachj SC?J énce -
Lets
E:N = iﬁd ! FNﬂl e }

e ,,3‘4-;\” C“Qm EN - O (*)



Since é’u s closed,
E; c X o (_omPQC“‘
=7 EN 1S comPQC‘l‘
We have :

— ’C\N EN has exquJ one Po'm“‘/ Say Péx.

Let ‘€50, Ly (%), ZIN, s 3
oiavs —E-n =& 'V_N} N, (2)
PE EN, Hhen () implies

Since
d (P) q)< £ o qe EN,> {pm, PNO_”,...S
=2 d (P PY<E , Yn=N,
We have shown +hat YE>o, F No Swuch +hat ;
&(P'Pn)<€ P )d’n >/ NO 4

We  eoncdlude Pr P &



e)aha [%n) bea Cavchy sequence in 2
As before, we haves
Enze }XN’;NH'"’}

Gnd Lim diam E =
N oo o

Let €21, thea INo st
diam Eg 21 . N¥NZ N, .

-4 - -1
We L\Q\Je ENO - { KNO 2 XN°Q'|/ XNOTZI .--'} an J

d\am EN°<| o We Wil show +Hhat .}?AS 1S
l)mmacd. For exlcq n =2, No y

_—

ol - - >l
IXal= | Xn TR XNo\
L
- l"n—' XN, | ¥ rino\

e ‘xNo\ ) swce \-;("-’;(No\é dlam En<!

L€+ M: WA ax i,;\‘/ l’?;‘,o-co/ IQNO.\\ ) |+‘;|No}
Hence :

IX"l<M/ n=4,2,3,..--

=> %Y 45 bsvnded

Hence, the range o[ 55(‘“1] IS confiined n a K-cell I',
which s Comloqc+. Fromn (b)/ {;(J,.’l) c.ovwcrjcs 4o Some xel

S/
% I3 c:.w(h) sequence 5*.“,‘ N

R¥ s “alwayS convergent-



Def : A wmebc space in which

t’.\lefj CQuchj sequence COV’NCISe_S ',_S SCH'J

+  be Complel‘e.

Ex -

2 an FYCV(OUS %Cov’cm/ Q” covv PQC+
Metric spaces are comple-l-e.-

All Euclidean Spaces R¥ ave c.omfple:‘e,

Ech'j closed subset+ E of a ComP’e‘l‘e
metnc s pace ¥oing Ses s F,g-‘-e ( since
e“¢vj andr\J Seguence Vv S alse a

CduChj sequence \A )(/ and hence T+
ConsJCracs 4+» sowme pe X/ bud PRE
Sinte E is closed ),

Eog o X= . wednc space with
distance d(x%Y9):= Ix-Y].

Ko 15 | st Comple-l»e,



