B S S

C{na?-&v <5

D.{a‘; even-hahsn
I/\ +Hhis c_lan-‘-e/ e will  work Uua‘Ho w1
real valued ,Pmd-\'oq.s +:R=> R .
Debi oo fok P RplaR . et Relub) .
We ,Fu/m'.

fe£)-$K) , adlt<hb, t7EX

B(t) = s ey
We  de fne:
' = (i B
LK) tl—ax )

?mv(écd +ka+ +Haos “mc"‘" exis+s (qS N
De fnihon ‘-{4)

Kemark 0 £ gl s defaed at a P°"’+ x )
w e SQJ +Hhat -F R ,f:tFev enhable at . I‘F 'F‘
;S JC‘F/\CA at e\/erj 'aoin“" 0" a .fe+ EC CQIBJ )

e 34y +had £ is q[;,,f-fcfe.nﬁqblc on E. At
the "\"IPOM"‘S a and b, i the derivative
exi5+s) v+ S a Y‘:jh"’ —hand or 'CH-”‘Q”J deriva—
""lVC / Ve SPe Hvel }_.

J})co(em §.2 ; let S: [ab]J>R . I+ fisdifteren—
hable at x € [ab] +Hhen <F 1S Conhnoous at~x;

Troof We have :
Pl ) FHIR) | o)
B (49 - 00) = A f-x!;m-cm w-x)| = £'t4)-0=0
ity By [ R j’ /
fwn  Theoren~ Y.4 . Hence , “Mb_f(,f) = .-F(x) « B




Theorem 5.3 . | ef f:[ap] >R, q: [ab]> IR,
TF both 4 and ? are differentiable at

XE tq/bj y +hen '.F-f;l ,{i?/ _%_ are also
Ji.ﬂ»c(cn-h'qbla at x, with:
(@) (Ftg)'(x) = £'(x)+3'x)
(b) @9) ()= Fx)g3e0+ Fex)g'(x) -
(c) £ '(x)- Iix)F(x) - }'(X)-f(x)
= (x ;
(7) (}(K))z / 8 )# O
EYE_E.: We will ?vwe (b). The osthers avC
le‘(:-(" bo +he Ycaclef.
Le+ l'\'—' .F—g. T‘new.‘

h ) = hix) = (0 [9©) ~J60]+ 363 [ee) -]

= h-hx) _ fw 3({)-3<x>]+3m qcm-;w]
E-x 3 [ s

B ION hd)-hte) N 11| | wn Stﬂj("ﬂ
tox  t-R L % 2 % t-x 1

+  9r) Alm - £, Fem
L% -2 ’ Theorem H.Y

Swnce £ ¢ are J".F{ercnkab|e at %,

vs{na . Theorem 5.2, we conclude :

. h(ey- (4 '
o (tt—hx( F o by ?l(’f) + 9o +76<)

=> W(x)= £0x) 3‘()() i (,Q_;‘(,Q.



O . )
EA s By =x 15 Jdifferenhable since

Liw  FRI-F0) o go k=X = L,

to9x <P {";\)( Tt

Foom T"\COreM 5.3/ ‘F(x‘):. )‘1: X X | S "
GISO c‘(.f,‘:e,(gw‘\'qglc/ and _C'(x): Y - 4 1‘)(¢4= 2R . ‘y
rcfe«ul»gd “PP”(_Q‘*"'On of Theorem B, A9 "F°”°wsn_
that +6¢) = x" s ch}-f&fen-l-:ab'e_ and T e AR
and +hat every (’°':J"‘°M"°“ o« differenhable -
Then , by Theorem B 3 e evey r‘afwna\
»F\Inc'bon (.I,C./q Quoﬁen+ O‘F P°Un°M;a‘$) 1S a‘SO
A:‘({cfendh‘qb’e/ excee‘)" a4 +he Po:n“‘s where +he

denommator s 2ery.

Yheorem 5.5 (Chdn ..ulg\; bt .;;[4,53412 co\n#nuousj
Suppose F'Ux) exists at sewme Po‘m-" xe,bl, 3

(s Jc-{;mCe\ on an jnterval I which cantains +he
fanae of 4, and 3 s J{-{{—uen-ﬁa‘o'e- at +the F°;n+

£ix)s TF:
W)= g(f(8) , a<k<hb

Hown  h s Ji{kred—;qk’e at &y and
Wx)= 3'(50<)) $Y%) .




_E;(__; Let: 'L'“
'F(%):{ XS'\W‘&‘ , A%#D

D J - R,

ATGS P¥oven i Cb.q’.}-c, Si¥hat d_ (SMX} CosSX

and j)( (C"Jx):—s'“x B )(#o/ we can vs&
Theorem 5.3 and 5.5 v obiain-
R TG 0 RO R R e o) e M .
(%)= Sia ke 1 £

Hence, _F',g digefcn—hquo. aE any XF#O0. i x=0/
e vse +he definiton

B FO) . B G SIS e St
t20 t=-o " G t W o i

which  dees not exis +eo Hence £ is not
diffecenhable at o,

2 ¢,
6 e R ’F(ﬂ:ix St gy} ¥7C
0, X =0

'j;F X#o, Theorem S.2 and §.§ 3\0.!4 -
FUx) = 2% Sin .l).( — CoS..L

. X
So -F.s d—”e/cn%qble Q‘l" x;to e = W % wel nCQJ

+o use e clef\n\l'mﬂ oF cln((-c(cnhab\ft‘j
{u\ F(o) Sin L
_.) ‘t "t|_('tj/ t#0
The Sq_ueeze ‘emma FMP“‘S +ha+t s

i m (£)- fled| = o .
t20 4 -0 4

and hence & —f(‘a"$(°,):. D » We conclude

£-o <D



4+ ha+ f'e)= o - Hence , £ 355 differentable @V
at i F03n+$ n. No-}-{c:e, +hat -F. *S wnot conthnuous

q+- =0 Since &

Ak Flx) = Rt (Z.x S:.,,_%(,_Cos 'Y) doe S

X720 X0
not  exis+. Tndeed Mimm  2¢xSTnl =0 bu+
)A. / X0 A
x::o Cos # does net exist.,

Mean value +hesrems

De{imi’%on 5.% ¢ Le 4+ £ XK, We Say +hat L has
& local maximom at peX i} FSyo such +hat:

£igy < -F(e) Y3eX, d(g,f)cé
Minimom o+ peX 1L FSEyo such +ha+ }

+(9) 2 £(p), NgeX, d(3,p)<¢S -

-’; L\QS =3 ‘ocq'

'ﬁl\eo'(’W\ S-if R 4:[q,bj—?lf2. I'F _thgq loca(
Waximvm a3 xe(a,b), and T LUK ex:S‘}'S/ +hea £'(%)=0
(he an,oaou.s Statemen+ for local winim a s also
4‘N¢).

M_: Llet $50 be Jiven Lj ‘D?.-f:nf-Hon 5.¢F+.

P - e i

1

= A< X-5§ < XL x+5 < b

-

[\ e

\ K
o X

EF TR ) e e s 0 . since SEIEF()

Thes, U e ¥
s $4) - fox
" o —?;i) © = H'®)>o.

[ . (£)= f(x
L ke Bnis) = %i_f__)fo = fix)co

6'4‘C O:—F'(X):O we Coamclyde -F'(x):-o . R



»
Theorem 5.9

! 4

. el Led -y [a,b] > IR, 9: [a,b]-)ﬁ @
?ontnuous ‘FWC‘HD"'S which are d(.gQ,/CW‘HQl?lC 1
i )/ +hen Sae oA Fo‘m‘l, xe(a,b) at which:

KA ’HQ)]g‘(x); [3() -3(a)] £'(x)
Note +Haat A;-f‘Cfcnﬁabfl.'b 1S net r'e%ufrcal at +he end

‘)o'm S.
?Ybo{- ; D"‘F/’C pt
he) s [F6)-F@]9@) - [96)-g@]ft), astsh

h s cenhnveus o [a,b_]
b s thduteniiable in @ b))

h(2): See)3ia) - £ @) TOEORSIZAN)
= 4 bh)g(a) - (k) F(a)
hG) = FEgeT- 1 g0) - gaT He) +3(a) (&)
= (k) g(a) - I(b) $(a)
=> h(a) = hib) .
I+ Fxecab) such +het h/'(x)=0 , 4+hen
o = W) = BE- 10]3 ) - [0 -gay] £ 09
and hence we oblain the desired  resyids
Fr-$@] ') = [306) ~9(a)]4'6) ()
T order 4o show +he existence ol such * T

(onsider %
Gaceldl 3 T+ ‘\({') 1S a constant Honchon , +hen [1'(7_)_._.0/
":"’( e\ICﬁ Xe (q/ b), and (") L\eHS -(-a/ CVCU xe(q/ b).



Case Zz . I s t\. 'S not constan+ and h(t))h(q\ (W‘f)
Ac'o’ Som € -f:e(Q,b) +hen , Since! [a,b] s cempac+/
L\ G-H-n'ms +s mq&?m»m at seme Po:n‘f‘ X € [Q/bJ.
ClCQ'b, X3 Q,b. Siace h  has a lacal maximom at+
Ay Lo Thesrem 5.9 we cobtaln +hat 4‘(*):0

CdSe S, R TE o nat (on$+an+ and k(-&)4 t\(Q)

bor some £€(a,b) -Hscn/ Since fa/b] s comrqd’/

h at+alns i+s  minimom at ssme P°""+' re [Q,L],

C\e(u‘j, X FRibBi. Sine lh has a
¥

lb(d‘ mn‘nfmgm q+

) Fromn Theorem 5.2 we obhain that £\x)=0

In a"j mse , we .-fo..mcl xé(ﬂ,L) wi+h -‘:‘(1);0o The
T e e R

Theorem S.l0 (Nean value T‘neorem) i Let+ £3 [ab]—R
a6 conhnvows funchon  which ts  differenfable in
(a:b), +hen F xe&(a/b) such that

$(b) - Ha)= £'00) (b-a)

P‘mo(-: Let gix)=¢
A\’?‘J;"j ?fevious 4heorem we J‘-“" that 3”‘€(q'b)

SQ‘RSAF‘J\.Aao'_ ‘
[ - £} 3! = [9b1-9()] 4 ()
i [-F(b)*@(a)] e =i +1(x) s Since gJ(’Jd: l

4lby=b, and g(a)=a.

We conclude

F(b) - fa) = £'(%) (b- a)



Thesrem Sl < ek fs(ab) 2R, @4s)

J:;FCICV\HGHQ 1A (Q,b) 3 We have?

(0‘) Tt $'(>*)20 wxelalb) +hen £ s mono“‘oho’(.d"g
l,/\crcq.('ina

(b) T )0 ¥xe@b) then £ ts constuat.

(c) ¥ ‘F'(i)—‘-o Vxé(qlb) +hen 4¢ 'S MOHO"‘DHTCQNS

d ec reasin 9

Prbo(-.’ Let Xy, X2 ela,b), X,<Xz.

Fvbm +he mean valye +heorcm/ + xé (xt, Xa) such
Haat @ |

‘F("z) e .F(Xq); :'(1) (Xz—x|) ('x')

(@) Since $'(¢) 20 and Xo=x,20, +hen fom (¥)i
FOO-Hx) 2 0 = fia)e $0) = F
1S ,'ncchS;na .

(c) since +'x)<o and X=X Do, +hen s “):
Fia)- pix) =0 => FU) 2 fxd) = £

’ -
(S Jecr&asnna

(L) S:"C& -F'(x):o, +hen ‘me (¥‘) :
£(X1):, ‘F(XQ) =D 4 s  constant -

we have preven +he +heoremn  since Xy, X,

where arb:"‘(arj fo:n‘.’.s " (“/b).



