Characterizations of the Existence and
Removable Singularities of
Divergence-measure Vector Fields

NGUYEN CONG PHUC ¢ MONICA TORRES

ABSTRACT. We study the solvability and removable singularities of the
equation divF = u, with measure data y, in the class of continuous or
L? vector fields F, where 1 < p < oo. In particular, we show that, for
a signed measure 4, the equation divF = p has a solution F € L*(R")
if and only if |u(U)| < CH"™ 1(0U) for any open set U with smooth
boundary. For non-negative measures p1, we obtain explicit characteriza-
tions of the solvability of divF = p in terms of potential energies of i
for p # o0, and in terms of densities of u for continuous vector fields.
These existence results allow us to characterize the removable singulari-
ties of the corresponding equation divF = p with signed measures p.

1. INTRODUCTION

The main goal of this paper is to characterize the solvability and removable singu-
larities of the equation

(1.1) divF = p

with measure data pt and continuous or L? vector fields F. We deduce sharp neces-
sary and sufficient conditions on the size of removable sets from explicit criteria for
the solvability of equation (1.1) and fine properties of divergence-measure fields.

Divergence-measure fields arise naturally in some areas of partial differential
equations such as the field of non-linear conservation laws. It is known that en-
tropy solutions u(t, x) to the system

u; +divy f(u) =0, x € R4,
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whereu: Ry x R4 — R™ and f = (f},...,f) withf; : R = R4, i = 1,...,m,
belong to some L (R4*1) space, 1 < p < , or they could even become measures.
Moreover, u satisfies the entropy inequality

n); +divyq(u) <0

in the distributional sense, for any convex entropy-entropy flux pair (n,q) (see
[12]). The entropy inequality and the Riesz representation theorem imply that
there exists a measure iy, q in R4*! such that

dive x(n(u),q(0)) = ppq

and therefore Fy := (n(u),q(u)) is a divergence-measure field.
Divergence-measure fields have been investigated by several authors and we
refer the readers to the papers Chen-Frid [7, 8], Chen-Torres [9], Chen-Torres-

Ziemer [10], Ambrosio-Crippa-Maniglia [3], gilha\r}’r [26], and the references
therein. For a more detailed explanation on the connection and applications
of divergence-measure fields to conservation laws we refer the readers to Chen-
Torres-Ziemer [11] and the references therein.

We now discuss the solvability results in this paper for the L¥ case, 1 < p < oco.
For p = o, we show in Theorem 3.5 that the solvability of

(1.2) divF = p in R", p signed Radon measure,

is strongly connected to the existence of normal traces, over boundaries of sets of
finite perimeter, for divergence-measure fields. The trace theorem (see Theorem
2.6) obtained recently in Chen-Torres [9] and Chen-Torres-Ziemer [10] enables
us to deal with signed measures in equation (1.2). In particular, we show that
(1.2) has a global solution F € L*(R™, R") if and only if

(1.3) lu(U)| < CH™ 1 (aV),

for any bounded open (or closed) set U with smooth boundary. In fact, the new re-
sults obtained in Theorem 3.5 also characterize all signed measures 4 € BV (R™)*.

On the other hand, in Meyers-Ziemer ([22, Theorem 4.7]), the authors
showed that property (1.3), with U replaced by balls, characterizes all non-negative
measures 4 in BV(R™)*. In Theorem 3.3, we prove that this condition also
characterizes the solvability of equation (1.2) for nonnegative measures. That
is, we show that for nonnegative measures i, equation (1.2) has a global solution
F € L (R",R") if and only if

H(By) < Crn!

for any ball B,.



Existence and Removable Singularities of Divergence-measure Fields 1575

It is still an open problem to us to characterize the solvability of (1.2) in the
class of L? vector fields F, 1 < p < 0. We refer to [21] for a related and difficult
problem involving signed measures (or even complex distributions) that has been
solved by Maz’ya and Verbitsky. In this paper, for p # oo, we study the solvability
of equation (1.2) for non-negative measures u. Using the Gauss-Green formula in
Theorem 2.10 and the boundedness of Riesz transform, we show that the equation

(1.4) divF = p in R", g non-negative measure,

has a global solution in F € L? (R",R"), 1 = p <n/(n-1),ifand only if p = 0.
Moreover, for n/(n — 1) < p < oo, the equation (1.4) has a solution if and only
if Iju € LP(R™), where I it is the Riesz potential of order 1 of u defined by

hMM=LR du(y), xeR™

n |x _y|'VL*1

The situation is more subtle if one looks for continuous vector fields F, i.e., if
one considers the equation

(1.5) divF=u inU, FeC).

In the case du = fdx where f € L (U), Brezis and Bourgain [5] showed that
the existence of a solution F to (1.5) follows from the closed-range theorem. In
a recent paper, motivated by [5], De Pauw and Pfeffer [14] proved that equation
(1.5) has a solution if and only if y is a strong charge, i.e., given € > 0 and a
compact set K C U, there is € > 0 such that

JU(pdu <&Vl + 0ll@lr,

for any smooth function @ compactly supported on K. Equivalently, equation
(1.5) has a solution if and only if for each compactly supported sequence {E;} of
BV sets in U,

[ xe*

IEil
where (Xg,)* denotes the precise representation of Xg, and ||E;|l, |E;| stand for the
perimeter and the Lebesgue measure of E; respectively (see [14]). In this paper,
when p is a non-negative measure, we show that one can replace the BV sets E;

with balls. That is, the equation (1.5), with non-negative measure y, has a solution
if and only if for each compact set K ¢ U

— 0 whenever |E;| — 0,

(1.6) M%H%%?l=a x ek
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and the limit is uniform on K.
With these solvability results at hand, we show that singularities of the equa-
tion
divF=u inU, Fe Llpoc(U), u signed Radon measure

can be removed if and only if they form a set of zero (1, p’)-capacity, where p’ =
p/(p—1) forn/(n —1) < p < o, and of zero Hausdorff measure H " ! in
the case p = oo; see Theorem 5.1 below. In particular, if E is a compact set with
H"1(E) > 0, we find a bounded vector field F on U such that divF = 0 in
U \ E but not in U. This existence result was also obtained in [15] by a different
method. It was also shown recently in [23] that there exists a vector field F e
L®(U)NC®(U\ E) such that divF = 0in U \ E but not in U.

Finally, the new characterization with balls in (1.6) for the existence of con-
tinuous vector fields allows us to show that the Hausdorff dimension of removable
sets of the equation

divF=p inU, F e C(U).

cannot exceed 1 — 1; see Theorem 5.2.

2. PRELIMINARIES

In this section, we introduce our notation, as well as some definitions and earlier
results needed for later development. If U is an open set, M(U) is the set of all
locally finite signed Radon measures in U and M, (U) € M(U) consists only of
non-negative measures. If g € M(U), then |u| denotes the total variation of .
The open ball of radius * centered at x € R" will be denoted as By (x). Given
1 < p < o, we denote by p’ := p/(p — 1) the conjugate of p. The capacity
associated to the Sobolev space W?'(R™) is defined by

2.1 cap; , (K) = inf{J IVplP dx | @ € Co(R™), Xy =@ < 1},
, -

for each compact set K € R™. Inthecase 1 < p’ <n,ie,n/(n-1) <p <o
this capacity is known to be locally equivalent to the capacity

Cap, , (K) = inf{ JW @P dx + JW IVplP dx | @ € CF(RM), xg <@ < 1}.

However, cap, ,,,(+) = 0 in the case p’ = n, whereas Cap, ,, is nondegenerate,
Le., Cap, ,, (K) > 0 for any nonempty compact set K C R" when p" > n (see
(2, Proposition 2.6.1]).

Remark 2.1. For p' = 1 (ie, p = o), cap, , (E) = 0 if and only if
HM™(E) =0 (see [28, Theorem 3.5.5] and [2, Proposition 5.1.5]).
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Definition 2.2. Let 1 < p < oo. We say that u € M, (R") has finite (1, p)-
energy if

jw[hu(x)]vdx < o,

where I is the Riesz potential of order 1 defined by

1
) = | ).
Remark 2.3. Since for any R > 0,
cu(Br(0O))
2.2 I > J — 4 > SEORD
22 () = Br(0) |X — |1 uiy) = (Ix] + R)n-1

where O is the origin of R™, we see in thecase 1 < p <n/(n —1) that p =0 s
the only measure in M, (R™) that has finite (1, p)-energy.

We recall that the space BV (R™) consists of all functions u € L!(R") such
that the distributional gradient Vu of u is a signed Radon measure with finite total
variation in R". In what follows, we consider the space BV (R") with the norm

lullgy = IVul(R") = J |Vul. The space BVF(R™) consists of all bounded
|Rn

functions in BV (R") with compact support.

Definition 2.4. Let E C R" be an L£"-measurable subset. We say that E is a
set of finite perimeter if X € BV (R™). Thus, Vx is a measure with total variation
|VXg|. The measure-theoretic interior of a set of finite perimeter E is denoted as

E'! and defined as

1 nip [ENBy(¥)|
(2.3) E' = {yelR{ |}’1—I~I(1)7|Br(y)| —1},

Definition 2.5. Let E C R" be a set of finite perimeter. The reduced boundary
of E, denoted as 0*E, is the set of all points v € R™ such that
(1) IVXp|(Br(y)) >0 forall ¥ > 0;
(ii) The limit ve(y) := limy_o VXp(Br(¥))/(IVXEI(By(>))) exists and
Ive(y)l = 1.

The unit vector, Vg(y), is called the measure-theoretic interior unit normal to E
at v. We have |V x| = H™ 1L 0*E (see [4, Theorem 3.59]).

The following Gauss-Green formula for bounded divergence-measure vec-
tor fields was proven in Chen-Torres [9] and Chen-Torres-Ziemer [10] (see also

Silhavy [26)).
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Theorem 2.6. Ler F € L*(U,R"™) with divF = p for some signed Radon
measure i € M(U). Then, for every bounded set of finite perimeter E € U, there
exist functions Fi - v € L*(0*E) and Fo - v € L*(0*E) such that

J divF=J (Fi-v)(») dH 1 (y)
E! O0*E
and
J divF = J (Fe - v)(y)d.?-["‘l(y).
El'UO*E 0*E

Moreover, |Fi - Ve~ %) < lIFlleo and [|Fe - VliL~2+E) < |Fllco.

A proof of the following result can be found in Chen-Frid [7, Proposition
3.1].

Theorem 2.7. Let F € L*(U,R") with divF =  for some signed Radon
measure p € M(U). Then, |ul < H" ! in U; that is, if B C U is a Borel set
satisfying H "1 (B) = 0, then |u|(B) = 0.

The L? analogue of the above theorem is stated as follows.

Theorem 2.8. Let F € LF (U,R™), 1 < p < oo, with divF = p for some signed
Radon measure y € MU). Then, |u| < Caplyr,, in U; that is, if B C U is a Borel
set satisfying Cap, ,, (B) = 0, then |u|(B) = 0.

Proof. Let K C U be a compact set such that Caplyp, (K) = 0. It is enough to
show that p(K) = 0. By Corollary 2.39 in [18], we see that cap; (K,0) =0 for
any open set O containing K, where

cap, (K, 0) = inf{ jw IV@IP dx | @ € CP(0), xp <@ < 1}.

Let {O;} be a sequence of open sets containing K such that Oy > O, > - - - and
N;jO0; = K. Since capl’p,(K,Oj) = 0 for each j, we can find @; € C5°(0)),
0 <@; <1, ®; =1inaneighborhood of K such that

(2.4) 1Y@l —0 asj— o,

Since divF = u,wehaveu(K)+JU\K @;du = JUF-V(pj < IFlleecon IV@llpr.

Thus
[(K)| < [ul(O;j \K) + IFllLr @) IV@jllpy — 0

as j — oo by (2.4). |
We refer to Theorem 3.96 in [4] for a proof of the following chain rule.
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Theorem 2.9. Leru € BV (U) and f : R — R be a Lipschitz function satisfying
f0) =04 1U| = 0. Then, v = f ou belongs to BV(U) and

IVv| < M|Vul where M =sup |V f(2)]w.
z

We also need the following Gauss-Green formula for Lj,. vector fields (see

[13, Theorem 5.4]):

Theorem 2.10. LetF € Li, (U, R"™) such that divF = y, for some signed Radon
measure 4 € M(R™). Then for each x € R™ and for almost every v > 0,

j divF=j Fy) - v(y) doHm 1 (y).
By (x) 0By (x)

In this Gauss-Green formula, F(y) - V() denotes the standard inner product of F
(which is defined on 0By (x) for almost every v > 0) and the outer unit normal v(y).

The next result, originally due to Gustin [19], is known as the boxing inequal-
ity (see [29, Chapter 5, Lemma 5.9.3]).

Theorem 2.11. Letn > 1 and 0 < T < 1. Suppose E is a set of finite perimeter
such that limsup, o |E 0By (x)|/|By(x)| > T whenever x € E. Then there exists a
constant C = C(v,n) and a sequence of closed balls By, (x;) with x; € E such that

EC U BT,’(XI')
i=1

and

[e9)

>l < CH™ N (O*E).

2
i=1
Remark 2.12. 1f E is an open set, the proof of Theorem 2.11 actually shows

that we can take T = % Moreover, the covering {By,} can be chosen in such a way

that
|B1q/5 N E| _ 1

|By,sl 2
This fact will be used in the proof of Theorem 4.4 below.

3. THE LP CASE

In this section, we study the solvability of the equation divF = p, where p €
M, (R™) and F € LP(R",R") with 1 < p < . Our first result shows that
n/(n — 1) is a critical exponent of the problem since for 1 < p < n/(n — 1) the
equation admits no solution unless u = 0.
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Theorem 3.1. Assume thar1 < p < n/(n—1). IfF € LP(R",R") satisfies
divF =y, for some p € M, (R™), then p = 0.

Proof. The case p = 1 will be treated slightly different from the case 1 < p <
n/(n — 1). We first note that Fubini’s theorem implies, for 1 < p < co:

Thus by Theorem 2.10 and polar coordinates for L! functions we have

Lu(x)=m-1) lim o1

— F-vdH" Y (y)dr
e—~0+Je ™ JoB,(x) Y

_ _ : * . (x - y) n-1
=-n) fli%l L JaBy(x)F(y) |x — y|n+l dH" () dr
= (1-n) li - y)

=d-n 511%1* \xfy|>eF( ) Ix — y[n+l @

The last limit is known to exist for almost every x € R" and is equal to
n
c(n) > Rjfi(x),
j=1

where F = (f1, f2,..., fn) and R fj denotes the jth-Riesz transform of the func-
tion f (see [27, formula (5) on page 57]). Moreover, since

IR flirr < Cllfllre
for1 < p < o, and
IR;fllpe < Cllflin
(see [27, Chapter II]), we conclude that
n
(3.1) hullr = c)|| X R f5x)||, < ClIFlp <+
j=1

for1 < p < o, and

< C|IF|lp1 < +oo0.

(3.2) Ihpllpe = c(n)H > ,Rfff(x)) L
j=1

Here L1 is the weak L! space defined as

LY® = {f | f measurable on R", | fll1e < oo},
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where
I fllpe =supti{x € R™: | f(x)| > t}].
£>0
Thus, in view of (2.2), (3.1) and (3.2), p must be identically zero. O

‘We next consider the case where 1 < p’ < n,ie,n/(n—-1) <p < .

Theorem 3.2. Assume that n/(n — 1) < p < co. IfF € LP(R",R") satisfies
divF = p, for some p € M (R™), then pu has finite (1, p)-energy. Conversely, if
U € M (R™) has finite (1, p)-energy, then there is a vector field F € LV (R™, R™)
such that divF = p.

Proof. The necessity part follows from (3.1) in the proof of the Theorem 3.1.
To prove the sufficiency part, we consider the space w'?" defined as the comple-
tion of D(R™) under the Dirichlet norm || Vut||;,', where p” = p/(p — 1). In the
case 1 < p’ < m, one has w'"?" = h'"?', where h''?" is the completion of D(R™)
under the norm [|AY2u]|;, (see [20, Section 7.1.2, Theorem 2]). Moreover, by
Sobolev’s imbedding theorem, in this case w'?" can also be realized as

wl?' = {u e L"/P)(RY) | Vu € LP(R™)}.
Let X = wl? and Y = LP (R", R"). We define an operator A : X — Y by
A(u) =-vVu, ueX.

Obviously, [[Aully = |lullx and in particular A is a bounded and injective linear
operator. Thus its adjoint A* is surjective, where

A* L Y* - X

with Y* = LP(R",R") and X* = (w!?)*. We now note that for any u €
D(R™),

(A*F,u)x+ x = (F,Au)y+y = —J F - Vu,
|Rn

which implies that
A*F =divF in D' (R™).
In our situation, since 4 € M, (R™) has finite (1, p)-energy, using the pointwise
estimate
u(x) < CLi(|IVul)(x), u e D(R"),
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(see [27, formula (18) on page 125]), we deduce that

‘J udu'sCJ ILi(|Vul)du
Rn R

:cj IVaulL (1) dx
[Rn

, 1/p’
< C(J [Vul?P dx)
Rn

by Holder’s inequality. Thus, by density u € X* and this yields the desired result
since A* is surjective. O

The analogue of Theorem 3.2 for the case F € L® (R™, R") is the following theo-
rem.

Theorem 3.3. Let i € M, (R™) with the property
(3.3) U(By(x)) < Mr™ !, forallrv >0, x € R",

for some constant M independent of x and v. Then there exists F € L®(R"™, R")
satisfying divF = p. Conversely, if F € L® (R"™, R™) is such that divF = y for some
p € M (R™), then p has the property (3.3).

Proof. For the necessity part, if F € L*(R", R™) satisfies divF = p then, for
any ball B, (x), we have by Gauss-Green formula (Theorem 2.6),

“&“”:LM&WEL (Fi - v) () dH"

By (x)
Now since [|F; - VL= 28, (x)) < IIFllL~ we obtain
U(By(x)) < C(n)||F||p=r™"1,

as desired.

To prove the sufficiency part, as before we consider the space w!'! defined
as the completion of D(R™) under the norm [|[Vulli. Let X = whl, Y =
L'(R™,R") and let A : wb! — L1(R™,R™) be an operator defined by

A(u) = -Vu.

Since [Aully = llullx, we see that A is bounded and injective. Thus its adjoint
A* is surjective, where

A*L®(R™,R™) — (whh)*

is given by
A*F =divF in D'(R™).
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Therefore, to conclude the proof of the theorem it is enough to show that if u
satisfies property (3.3), then u € (wh1)*, i.e.,

‘J udu‘sCJ |[Vuldx,
R7 R™

forall u € D(R™). This fact can be proved using the boxing inequality (Theorem
2.11) and the coarea formula as it can be found in [22, Theorem 4.7]. Thus the
proof of the theorem is completed. O

Lemma 3.4. BV (R™) is dense in BV (R™).

Proof. We will prove that BV° (R™) is dense in BV (R") by showing that BV,
is dense in BV and BV is dense in BV,. We let u € BV (R") and @y € C5° (R™)
a sequence of smooth functions satisfying:

~ O

(3.4) 0=<@r=<1, pr=10nBk(0), Px =0o0nBy(0), and [Vl =<

The product rule for BV functions gives that @xu € BV(R™) and V(pru) =
@rVu +uVe (as measures). Thus

(3.5) JW IV(pru—u)| = JW lPxVu — Vu + uVeyl
<[ o= t11vul+ | ul 19,
R" R"
We let k — o0 in (3.5) and use (3.4) and the dominated convergence theorem to
conclude
lim IV(pru —u)| =0,
k—oo JRN
which shows that BV, (R™) is dense in BV (R"). For u € BV we define
Ur:=urk, k=1,2,....
We will show that ux — u in BV(R™). The coarea formula yields
J IV(u—ug)ldx = J HY O {u —ug > t})dt
R" 0
= J HW O u—k>t})dt
0
_ J H @  fu > k+ t}h)dt
0

_ J: H L @* {u > s}) ds.
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o0

Since J H1(0*{u > s})ds < oo, the Lebesgue dominated convergence theo-
0

rem implies that
(3.6) J IV(u —ug)l - 0 ask — .
Rn

Ifu e BV,,wewriteu = ut —u-. We define fy = u* Akand gr = u= A k.
Thus fx — gk € BV, and

j IV~ (fi — g0)| =J VUt~ Vu© — Vi + Varl
R" Rn

< vt -fore | v - g0

-0 ask — oo,

due to (3.6). That completes the proof of the lemma. O

We next proceed to prove an analogue of Theorem 3.3 for signed measures.

Theorem 3.5. Let i € M(R™). The following are equivalent:
(i) There exists a vector field F € L* (R™, R™) such thar divF = p.

(ii) For any bounded set of finite perimeter E, there exist functions Fi - v and Fo - v
in L°(0*E) such that
HED = | E s (o)
and
U(E' U B*E) — L (Fe - v)(»)dH ().
*E

Moreover, |Fi - VIiL=@+g) < |Flleo and |Fe - ViiL=@+p) < IIFlle.
(ii1) There is a constant C such that

max{|u(E")|, [H(@*E)|} < CH"™ ' (3*E)

Jfor any bounded set of finite perimeter E.
(iv) There is a constant C such that

()| < CH™ 1 (dU)

for any smooth bounded open (or closed) set U with H"1(0U) < +oo.
(v) H"(A) = 0 implies u(A) = 0 for all Borel sets A, and there is a constant C
such that, for all w € BVE (R™),

)] o= ku*du' < cjw IVl dx,
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where W* is the representative in the class of w that is defined H "' -almost
everywhere.
(vi) u € BV(R™)*. The action of 4 on any w € BV (R™) is defined (uniquely) as

(u,u) := ]Eijgo<u,uk>,

where U € BV (RM) converges to u in BV (R™). Moreover, ifu is a non-
negative measure then, for all w € BV (R™),

(U, u) = J u* du.
[Rn
(vi1) There is a constant C such that
’J udu' SCJ |[Vu|dx
Rn R"

forallu € CZ (R).

Proof. Suppose (i) holds. If F € L*(R", R™) satisfies divF = p then, for any
bounded set of finite perimeter E, the Gauss-Green formula (Theorem 2.6) yields,

U(E' UO*E) = J

divF = [ (Fe - V) (1) dH™ 1 (y)
EYUO*E 0*FE

and

uEY = | dvE= [ @) aro),
E O*E
which are the equalities in (ii). The estimates

IFe - VliLe@+e) < IFliL> and  [[Fi - Vi~ @+p) < [IFllLe

give
|M(E' UO*E)| = |u(E") + u(@*E)| < ||Fllp=HN"1(3*E)
and
|W(EY)| < ||l HN"1(O*E).
Therefore,

[M@*E)| < |FllL= HN"'@*E) + |u(EN)| < 2|[F|l= HN"1(0*E),

which gives (iii). We note that (iii) = (iv) since for any bounded open (resp. closed)
set U with smooth boundary we have U = U! (resp. U = U' U 0*U).

We proceed now to show that (iv)=(v). Since (iv) gives |u (B, (x))| < Cr"~!
for every ball B, (x), a standard convering argument (see e.g., Theorem 2.56 in
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[4]) shows that u < H ™! (see also Theorem 2.7). We let u € BV (R™) and we
consider its positive and negative parts u* and u~. We note that

u' = fmax(u), where fiax(x) = max(0, x)
and

U = fmin(u), where fimin(x) = min(0, x).

Since fmax and fimin are Lipschitz functions, Theorem 2.9 implies that both u™*
and u~ belong to BV (R™). Let pe be a stardard sequence of mollifiers. We
consider the convolutions ps * u™ and define A7 := {ps * u* > t}. Since
pe x ut € C5°(R™), it follows that dAf is smooth for a.e. t and thus, for each ¢
and almost every t:

(3.7) AE = (AL,

Since pg * u* = 0 we can now compute:
68 | peruran| || uapar] < | [ uaphal
n 0 0

<

Jm Cﬂn—l(aAf)dt'

0

= CJ |V (pe x u™)|dx
Rn

< CJ [Vu®ldx < CJ [Vul|dx.
R" R"

In the same way we obtain

(3.9) ' LR De *u‘du' < CJR [Vu|dx.

We let u* denote the precise representative of u. We have that (see [4, Chapter
3, Corollary 3.80]):

(3.10) pex u — u*  H" lalmost everywhere.
From (3.8) and (3.9) we obtain

(3.11) H pg*udu':H (pg*u+—pg*u*)du‘sZCJ [Vul.
Rn Rn Rn

We now let € — 0 in (3.11). Since u is bounded, (3.10), Theorem 2.7 and the
dominated convergence theorem yield

(3.12) ’J u*du‘sCJ [Vu|dx,
[Rn [Rn
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which proves (v). From (v) we obtain that the linear operator
T(u) ;= {(u,u) = J u*du, wu e BVZ(R™)
Rn

is continuous and hence it can be uniquely extended, since BV (R") is dense in
BV (R") (Lemma 3.4), to the space BV (R™). Assume now that i is non-negative.
We take u € BV(R") and consider the positive and negative parts (u*)* and
(u*)~ of the representative u*. With the notation of Lemma 3.4 we find that the
sequence

Uk = Pr((u*)* A k)

belongs to BV (R™) and converges to u in the BV norm. Therefore, the mono-
tone convergence theorem yields

T((u*)*) = lim Urdu = J (u*)* du.
k—o JRN R"
We proceed in the same way for (u*)~ and thus we conclude
T(w) = T(@*)) =T ) = [ @)= @) an= [ uran.
[Rn RW.

It is clear that (vi)=(vii). We note now that if u € M(R™) satisfies (vii),
then p belongs to the space (wlh)* defined in Theorem 3.3, and since A* :
L®(R",R") — (wh1)* is surjective, we obtain (i); that is, there is a vector field
F € L®(R", R") satisfying divF = p. O

Remark 3.6. In Meyers-Ziemer ([22, Theorem 4.7]), the authors showed that
property (3.3) characterizes all positive measures in BV (R™)*. In Theorem 3.3,
we have shown that property (3.3) also characterizes the solvability of the equation
divF = u. Moreover, the results obtained in Theorem 3.5 allow us to characterize
even signed measures 4 € BV (R™)* and in particular include the Meyers-Ziemer
result for non-negative measures.

4. THE CONTINUOUS CASE

We begin this section by quoting the following corollary of a result due to De
Pauw and Pfeffer [14] (see also [25]).

Theorem 4.1. Let i be a signed Radon measure in a nonempty open set U C R™.
Then the following properties are equivalent.

(i) The equation divF = p has a continuous solution F : U — R".
(ii) Given € > 0 and a compact set K € U, there is 0 > 0 such that

’Jcpdu’ssJ |ch|dx+9J || dx
U R" R7

Jorall @ € Cg°(R™) with supp @ C K.
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(iii) For each compactly supported sequence {E;} of BV sets in U,

| xg)* au

— 0 whenever |E;| — 0.

Il E;
Here (Xg,)* denotes the precise representation of XE,» whereas || E;l| and |E;|
stand for the perimeter and the Lebesgue measure of E; respectively.

Our goal in this section is to consider the case where u is a non-negative
measure in the above theorem and simplify property (iii) there by replacing BV
sets E; with balls. Thereby, we obtain new criteria for the solvability of divF = u
in the class of continuous vector fields F when p is a non-negative measure. We
remark that De Pauw-Pfeffer’s result in [14] deals with distributions called szrong
charges and Radon measures are not necessarily strong charges. In order to obtain
our main result, Theorem 4.5 below, we first show the following result.

Theorem 4.2. Let U C R"™ be an open set and let i be a signed Radon measure
in U. Suppose that for any compact set K € U,

lim sup supH J udu‘ :u € Cy (Bs(xp)), IVullp < 1} =0.
660+X0€K R

Then, given € > 0 and a compact set K € U, there is 0 > O such that

(4.1) 'J (pdu‘ssJ |ch|dx+9J |p|dx
[R‘VL [Rn [R‘Vl

forall € Cg*(R™) with supp @ C K.

Proof- We let € > 0 and @ € Cy°(R™) with suppp C K € U. Let d(K) =
dist(K, 0U), and set

Kd(K)/z = {Xo eU | dist(X(),K) < a(X) } .

2

By hypothesis, there exists 0 < 6 = §(¢) < d(K) /2 such that for any x¢ € Ka (k)2

(4.2) H udu‘sej [Vuldx,
Rn R7

for all u € C§°(Bs(x0)).
Let n € Cy°(B1(0)) be a cut-off function such that 0 < n(x) < 1, n(x) =1
for |x| < %, and |Vn(x)| < C(n). We next choose x; € R", i = 1,2,...,
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so that {x;} form a cubic lattice with grid distance 6/(3\/n) and let n;(x) =
n(x — xi)/0. Note that n; € Cg’ (Bs(x1)), ni(x) = 1 for |x — xi| < §/2, and

C
(4.3) Vil < .
Let
(4.4) P(x) = > nilx),

where the sum is taken over a finite number of indices i such that

Ka) 2 € | Bsja(xi).

i

Since each point x € Kj(x)/2 is contained in at most N = N(n) balls Bs/2(x;),
we have that 1 < @(x) < N(n) on Kgk)/2, and by (4.3) and (4.4),

4.5) Vel = 319001 = S on Kagey o
We now define

oy Ni(x)
(4.6) Eilx) = P (x)

and note that >; &§;(x) = 1 on K. Since each ;@ € C5°(Bs(x;)), from (4.2) we
obtain

HW(”‘““ B HWZ@WH' SSZJRn|V(§i¢)Idx
= EZJW IVEill@ldx + SZJW V| dx

= EZJW IVeldx + ELRn @1 > 1VE | dx.
On the other hand, using (4.5) and (4.6) we can estimate the last sum by

VN (x)] IV (x)[ni(x)
Z|v§l<x)| > 200 + > @)

i i

-y VNl | Ve X))
a @(x) @(x)

- Ci(n) N Cy(n) C(Tl)
1) 1) 1)
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Hence

H wdu‘ssj IquldX+gC(n)j lpldx,
R" R" o R"

which gives inequality (4.1) with @ = €C(n)/6. This completes the proof of the
theorem. O

Remark 4.3. Theorem 4.2 holds also for general distributions p with the
same proof.

We next prove the following result.

Theorem 4.4. Ler U C R™ be an open set and let i be a non-negative measure
in U. Suppose that for any compact set K € U,

{“(BV(XO))

1/7’1—1

lim sup sup ,O<1’<6}=0.

6—0* xo€K

Then, for any compact set K € U,

lim sup sup{’ Judu‘ :u € Cy (Bs(x0)), IVullp < 1} =0.
6_'0+X(;€K

Proof. Let K € U be a compact set. Let € > 0 and d(K) = dist(K,0U). We
define Kq(x)/2 = {x0 € U | dist(xo,K) < d(K)/2}. By hypothesis, there exists
0 < 01 < d(K)/2 such that

(4.7) U(Byy(xp)) < er™ 1,

forall xo € Kgk)j2 and 0 < ¥ < &;. Now let u € C§° (Bs(x0)) with [[Vul <1,
0 < 01/10 and x¢ € K. We consider u* and u~, the positive and negative parts
of u, which are continuous functions. By applying boxing inequality (Theorem
2.11) to the open set {u* > t} we can find a covering {By,, (xi )} of {u* > t}
such that

(4.8) Dl < CmH @ ut > th),

where C(n) is independent of t.

Note that since u* is compactly supported in Bs(xo), the set {u* > t} C
Bs(x0). Also, from the proof of the boxing inequality (see Remark 2.12) we have
that the covering {Byi't (xi,t)} is chosen in such a way that

2[By,, /5 (xie) N AU > £} = By, s (xi0)l.
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But since {u* > t} C Bs(xp), we conclude that each radius 7;; is less than 104.
That is, we have x;; € Kq)/2 and ri < 106 < &1, which implies, in view of
(4.7), that

(4.9) U (Bor, (xit)) < Eriflt’l, for all i.
Therefore, from (4.8), (4.9) and the coarea formula we obtain

@10) | [ utaul - H:u({w >t

<[ S B, (1))

< EJ: Zrﬁt‘l dt

< C(n)eL}00 HH O {ut > t})dt

= C(n)sLRn IVu*ldx < C(n)ejw [Vuldx < C(n)e.
In the same way we obtain
(4.11) ‘ JW u- du' < C(n)ejw [Vu |dx < C(n)fjw [Vuldx < C(n)e.
From (4.10) and (4.11) we conclude

(4.12) ' qudu‘ = ’ JW(qu —u‘)du' < 2Cs.

which yields the theorem. O
We can now put together the previous results to obtain the following equivalences.

Theorem 4.5. Let 1 be a non-negative measure on a nonempty open set U C R™.
Then the following properties are equivalent.

(i) The equation divF = p has a continuous solution F : U — R".
(ii) Given € > 0 and a compact set K € U, there is 0 > 0 such that

‘ cpdu'sej |Vq9|dx+9j || dx,
R™ Rn R7

Jorall @ € Cg°(R™) with supp @ C K.
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(iii) For any compact set K € U,

lim sup sup

n-1
5-0" yoeK r

e L )

(iv) For any compact set K € U,

lim sup supH j udu‘ :u € Cy (Bs(xo)), IVulln < 1} =0.
6H0+X0€K R7

Proof. By Theorem 4.1 we have (i) < (ii). Thus it is enough to show that
(ii)= (iii) since by Theorem 4.4 and Theorem 4.2 we have (iii)= (vi) and (vi)= (ii).
To this end, let € > 0 and K € U. As before, we define d(K) = dist(K,0U) and
set

Kd(K)/z = {Xo eU | dist(X(),K) =< d(zK) } .
By property (ii), there exists (&) > 0 such that
(4.13) 'J (pdu' SEJ |V<p|dx+0(e)J l@|dx
Rn R™ R™

for all @ € Cy(R™) with supp® C Kaky/2- Let xo € Kandlet 0 < v < &
where § = min{d(K)/4,c/(20(g))}. We next choose a cut-off function @ €
Cs* (Bar(x0)) with 0 < @ < 1, @ = 1 on By(x¢), and |[V@(x)| < C(n)/r.
Since supp @ C K (k)2, we can use it to “test” (4.13) to obtain

1(By (x0)) sj @ du

Bar (x0)

SEJ IVe|dx + 0(¢) @dx
By (x0)

Bar (x0)

<eCMr™ 1+ 0(e)C(m)r™
<eCn)r™ 1,

by our choice of §. Thus, we get (ii) and the theorem is completely proved. O

5. REMOVABLE SINGULARITIES

We give in this section an application of the previous results to the removability
of singularities for the equation divF = u, for both F € Ll on/n-1)<p<
oo, and F continuous. As it turns out, removable sets of such equations can be
characterized by the capacity associated to the Sobolev space W!'# (R™) defined
in (2.1). To emphasize our next result for p = oo, we recall from Remark 2.1 that
cap; | (E) = 0 if and only if H"YE) =0.
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Theorem 5.1. Let E be a compact set contained in an open set U C R™. Let
U € MU) such that W(E) = 0, and letn/(n —1) < p < oo, Ifcapl,p,(E) =0;
then every solution F ro

(5.1) divF=p inU\E, FelLl (U)
is a solution to
(5.2) divF=p inU, FelLl (U).

Conversely, assume there is at least one vector field F that solves (5.2) and suppose that
every solution to (5.1) is also a solution to (5.2), then necessarily cap; , (E) = 0.

Proof. We prove first the sufficiency part and assume now that cap, ,,, (E) = 0.
Let F be a solution to (5.1). Thus,

(5.3) JUF-dex=—JU¢du, @ € CP(U\E).

Since cap; (E) = 0, we can find a sequence ux € Cy°(U) such that ux = 1 on E
and [|Vugll;» — 0. Moreover, Uy can be chosen so that 0 < uy < 1, and ux — 0
pointwise on U, except possibly on a set N' C U with cap, ,,, (N) = 0 (see [24]).
We need to show that

(5.4) jUF-vwdx:jdeu, forall ¢ € C (U).

To this end, we approximate ¢ by the sequence of functions

(5.5) Yr:=yl—-uy) € U\ E).
We have
Vi =Vl —u) — ¢Vug
and hence
(5.6) IVyr =Vl =l —ux Vo — g Vugllpy

< lukVlipy + lwVuglpy
- 0.

From (5.3) and (5.5) we get, for all k,

(5.7) j F- Yy =j Wi dp.
U U
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As k — oo, Holder’s inequality and (5.6) yield

(5.8) J F-Vq/kdx—-J F - Vydx.
U U

Moreover, since g = divF on the open set U \ E, Theorems 2.7 and 2.8 imply
that y <« H" 'on U\ E (forp = ) and u < cap, ,, on U\ E (for p < ).
In any case, we have u(N) = 0 since u(E) = 0. Thus, yx — @ p-e.a. and the
dominated convergence theorem then gives

(5.9) j Wi du ~J W du
U U

as k — . Combining (5.7), (5.8) and (5.9) we obtain (5.4).
We now proceed to prove the necessity part and we consider first the case
p = oco. If H""1(E) > 0, then Frostman’s lemma (see [6, Theorem 1 on page 7])
gives the existence of a non-trivial positive measure o supported on E such that
for any ball B,,
o(B,) < Cr™ L.

Thus by Theorem 3.3, there is F; € L*(R", R™) such that divF; = 0. We now
let
F=F+F,.

Then divF = pin D'(U \ E) but divF = p+ 0 # p in D’'(U), which gives a
contradiction. For the case p # o, we assume now that every solution to (5.1)
is also a solution to (5.2) but cap; (E) > 0. Since cap; (E) > 0, there is a
non-trivial non-negative measure o supported on E such that o has finite (1, p)-
energy (see [2, Theorem 2.5.3]). By Theorem 3.2, there is F € LP (R™, R") such
that divF = o. If we let F = F + F,, then as before we obtain a contradiction
since divF = p in D’ (U \ E) but not in D’ (U). This completes the proof of the
theorem. O

Theorem 5.2. Let E be a compact set contained in an open set U C R™. Ler
p € M(U) such that W(E) = 0. If H" 1 (E) = 0, then every solution F to

(5.10) divF=p inU\E, FeCU)
is a solution to
(5.11) divF=u inU, FeCU).

Conversely, assume there is at least one vector field F that solves (5.11) and suppose
that every solution to (5.10) is also a solution to (5.11); then

j_[n—1+£(E) =0

Jor any € > 0. That is, the Hausdor[f dimension of E cannot exceed n — 1.
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Proof- The proof of the sufficiency part is the same as that of Theorem 5.1
since F € Li;.(U). To prove the necessity part, we let € > 0 and assume that
HM™1*¢(E) > 0. Then by Frostman’s lemma there exists a non-trivial positive
measure 0 supported on E such that for any ball B,

o (By) < Cr1+e,

Thus,

. O0(By)
lim

re0 rn-l 0

which, in view of Theorem 4.5, implies that there is F; € C(R™, R™) such that
divF, = 0. We now let )
F=F+Fg.

Then divF = pin D'(U \ E) but divF = p+ 0 # p in D'(U), which gives a
contradiction. O

Remark 5.3. A similar result on removable singularities was obtained in [23]
by a different method, where it is shown that if /" 1 (E) = 0 then every solution
F to

(5.12) divF =0inU\E, FeL® (U)nC®U\E)

loc

is a solution to

(5.13) divF=0inU, FelLp (U nC*®WU\E).

loc

Conversely, if H"1(E) > 0, then there exists a vector field F € Lo (U) N

C*®(U \ E) that solves (5.12) but not (5.13). This strengthens our result in Theo-
rem 5.1 for p = o in the necessity direction.
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