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THE FREE BOUNDARY IN A HIGHER-DIMENSIONAL
LONG-RANGE SEGREGATION MODEL

HOWEN CHUAH AND MONICA TORRES

ABSTRACT. We consider a system of elliptic equations, depending on a small pa-
rameter €, that models long-range segregation of populations. The diffusion is
governed by the Laplacian. This system was previously investigated by Caffarelli,
Patrizi, and Quitalo in [6] as a model in population dynamics, and they established
the regularity of the free boundary in two dimensions. In this paper we study the
free boundary in the higher dimensional case. We extend the concept of angles and
asymptotic cones to higher dimensions, and give a characterization of regular and
singular points in terms of their densities and angles. We obtain a structure result
of the free boundary and show that, if the angles at the singular points are away
from 3=, the regular set is open in the free boundary and locally a C ! manifold of
dimension n — 1. We also show that, if the supports of the populations are convex,
they are convex polytopes. A weak form of the equality of angles for the convex
configuration is also derived.

1. INTRODUCTION

In this paper, we consider the following system of elliptic equations

A = 2 Y, He(ud)(@) i Q)
us; = fz on (8Q)§R, (11)

2

ué >0 in QU (6Q)§R,

(3

fori =1,..., K, where  is a bounded Lipschitz domain in R", ¢ > 0, 0 < R < 1.
The boundary neighborhood is defined as

(0Q)<p = {z € Q°: d(z,00) < R},

where d(z,0Q) := inf cpq |x —y| denotes the distance of = to 9. The boundary data
are nonnegative Holder continuous functions with supports separated by at least
distance R (see assumptions (L.4)-(L.6)).

Each equation in the system is coupled to the others through a nonlocal zero-order
interaction term H R(uj), which depends on the parameter k. We consider two types
of nonlocal interactions:

Hp(w)(z) = ][B e (1.2)
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and
Hp(w)(z) = sup w, (1.3)
Br(z)
where w > 0. We assume that the boundary data satisfy
fi: (02)<g = R, fi >0, f; #0, f; is Holder continuous, (1.4)
and that there is a constant ¢ > 0 such that, for any x € 92 N supp f;,
|Br('r) N sSupp f’L’ Z C|BT(‘T)|7 (15>
and
d(supp fi,supp f;) > R for all i # j, (1.6)

It is also assumed that each supp f; N 02 has finitely many connected components.

The existence of positive solutions (uj,...,u5) of the system was proved in
[6]. They also showed that solutions converge to a limit configuration (uy,...,uk) as
¢ — 0, where the supports of the populations u; are mutually disjoint and separated
from each other by distance R (see Figure . The regularity of the free boundary
for n = 2 was also established. Uniqueness of solutions to system (|1.1)) was proved in
2] with Hp defined as in (1.2)). For system (L.1)), one of the main challenges is that
classical techniques of free boundaries (i.e., monotonicity formulas) can not be used.
For n = 2, the techniques developed in [6] rely on the concepts of asymptotic cone
and asymptotic angle. At a singular point, the angle is measured as the intersection
of asymptotic cones. These concepts do not carry over to higher dimensions in a
straightforward manner. In this paper, we replace the intersection of cones with
the intersection of half spheres and the angle with the Hausdorff measure of such
intersection. This generalization reduces to the classical asymptotic cone, introduced
in [6], for n = 2. We also establish a characterization of regular and singular points,
in any dimension, in terms of angles and densities (see Theorem [4.5]).

For the case of n = 2, it was shown that the singular points are isolated and the
regular set is locally C!. It was also shown, under additional conditions, that the free
boundary is Lipschitz. A result on the equality of angles is also established (i.e., if two
free boundary points in different populations are at distance R, their corresponding
angles are equal). The proof is based on the geometry of R? and it does not have
easy counterparts in higher dimensions. Another tool for n = 2 is the construction
of harmonic functions (i.e., barrier functions) on cones vanishing on the boundary of
these cones, but these constructions depend heavily on the geometry of R?. In this
paper, we study the regularity of the free boundary in higher dimensions. We show
that, if the angles at the singular points are bounded away from “3*, the regular
set is open and locally C! (see Theorem . We also show that, under a convexity
condition, the free boundary consist of finitely many hyperplanes of dimension n — 1,
and the angles of the singular points are bounded above by *¢=. We also prove that,
if there are two free boundary points that are at distance R apart form each other,
either they are both regular or they are both singular. A symmetry condition on the
free boundary is also derived (see Theorem [5.14)).
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System ([1.1]) is an example of ([1.7]), the Gause-Lotka-Volterra system in population
dynamics, that models coexistence of species that live in the same territory, diffuse,
and compete for limited resources.

€ Uf € €

(2

in some domain €2, where u; is a positive function representing the density of the i-th

species, L; encodes the diffusion of 5, and u$ F'(us, . .., u5)/e® models the attrition

of the species 7 due to competition with the others. The interaction functional F' is

strictly positive whenever the supports of two or more species overlap. The smaller

the parameter ¢, the stronger the competition among species. In the limit as e — 0

the high competition forces the species to segregate, meaning w;u; = 0 for j # 1.
Another example of system ((1.7)) is given by

1
Aué = gZufuj. (1.8)
J#i

The existence of positive solutions to (1.8) was initially investigated by Dancer
and Du [I5, [16] in the case of three species. Convergence to a segregated limit
configuration as ¢ — 07 was later proven by Dancer, Hilhorst, Mimura, and Peletier
[17]. More general classes of linear competitive systems, including as a special
case, have been studied by Conti, Terracini, and Verzini [I1}, 12, 13]. We also refer
to [4, 10] for related optimal partition problems involving the first eigenvalue of the
Laplace operator. The geometric properties of the free boundaries 0{u; > 0} N Q
for the system have been investigated by Caffarelli, Karakhanyan and Lin [3]
(see also [5]). It was shown that the free boundary splits into two parts: a regular
set, which is a locally analytic surface, and a singular set, which is a closed set of
Hausdorff dimension at most n — 2. Singular points occur where the boundaries of
three or more connected components of the supports intersect. See [25] for similar
results applied to a broader class of systems.

The system , when the Laplace operator is replaced by the fully nonlinear
negative Pucci operator, has been studied by Quitalo [22]. In [22], existence of positive
solutions and convergence to a limiting segregated configuration is established. In the
case of two populations, Caffarelli, Quitalo, Patrizi, and Torres [7] showed that the
limiting problem becomes a two-phase free boundary problem with the associated free
boundary condition 3_7511 = g—;jj, where v; and 15 denote the interior normal directions
to the respective supports. This formulation allowed for the application of the sup-
convolutions method (see [§] and the references therein), to prove that the set of
regular points form an open subset of the free boundary and it is locally of class C'1©.

The interaction between the populations in is local, meaning that it depends
only on the value of the densities, u;(z), at the point x. The segregation is adjacent
since the supports of the populations have a common boundary. However, there are
many processes where the growth of species ¢ is inhibited by populations j occupying
an entire neighborhood around z, see for example [14, 21]. Caffarelli, Patrizi, and
Quitalo [6] introduced system (|1.1)) with the Laplace operator as an example to model
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FiGURE 1.1. Possible configuration with two populations. The sup-
ports of the populations are the sets S; = {u; > 0} N 2. The distance
between the the supports is R.

non-local interactions. The same system was studied by Chuah, Patrizi, and Torres in
[9] with Laplacian replaced by the negative Pucci operator. When H is given by
with w?(y) in place of w(y), minimizing solutions and the limiting configurations of
have been studied in [23, 24].

The paper is organized as follows. In section 2 we introduce some preliminaries. In
section 3, we expand the analysis of regular and singular points in the two-dimensional
case from the results in [6]. We show that the density at all free boundary points
exists and is proportional to the angle, and classify the regular and singular points in
terms of densities. In section 4 we generalize the concepts of angles and asymptotic
cones to higher dimensions and give a characterization of regular and singular free
boundary points in terms of densities and angles (Theorem . In section 5 we study
the structure of the free boundary in higher dimensions (Theorem [5.7). The analysis
in the case the supports of the populations are convex (Theorem is also studied
in Section 5.

2. PRELIMINARIES

In this section we introduce the notation used in this paper and we recall some
known results. A function f € L'(R") is of bounded variation if |V f| is a finite
Radon measure in R”. If the characteristic function of a set £ C R", denoted as xg,
is of bounded variation, then E is called a set of finite perimeter. If £ C R" is a set
of finite perimeter we define

E® .— {:U € R": lim

E
exists and is equal to t (2.1)
A B
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The essential boundary of E (or measure theoretic boundary) is

O°E :=R"— (E©Q U EWY), (2.2)
and the reduced boundary of E' is defined as
. Vxe(B(r) . }
O'FE =2 z:vg(r) = lim ——————"— exists and has length 1 ;. 2.3
{zvete) = i : 2

The total variation of the vector-valued Radon measure Vg is the Radon measure
VxEe| = H" ' LO*E. Also, for any x,y € R", we denote by 7y := {tx + (1 — t)y :
t € [0,1]} the line segment in R™ with endpoints = and y. For any z,y, z € R" with
x # y and z # y, let angle(x;y; z) denote the angle between the vectors x — y and
z —y. The open ball in R" centered at zy and radius r is denoted as B,(x(), while
B (x0) := {x € R" : |z — 2| < r} is the open ball in R"~! with radius r centered
at xg.

In this paper, for a convex set C' C R", a boundary point zy € 9C with a unique
supporting hyperplane will be called a differentiable boundary point. Also, recall that
a set is said to be Fj, if it is a countable union of closed sets, and a set is said to be
G5 if it is a countable intersection of open sets.

We recall the definition of regular and singular points introduced in [6]. In the
paper, for any ¢ € {1,..., K'}, we define by C; := U, ({u; > 0} N Q).

Definition 2.1. A free boundary point xq € 9S; N ) is said to be a regular point
if there exists a unique x, € 0C; N QY for which d(xo,x1) = R. A free boundary point
1s said to be singular if it is not reqular. Hence, xo € 0S; N is singular if and
only if there are two distinct points x1,x9 € 0C; N Q,x1 # o such that d(xg,x1) =
d(ﬂ?o, .132) = R.

Definition 2.2. For each population u; we define
S;i={x € Q:ui(x) >0} (2.4)

and therefore S; is the interior of the support of population w; in 2. It was proved in
(6, Theorem 6.5]) that S; is a set of finite perimeter, see also ([9, Theorem 4]).

[ is the set of all reqular free boundary points in S; N ), and T¥™ is the set of
all singular free boundary points in 0S; N €.

Moreover, in this paper we consider two types of singular points, namely singular
points of type 1 and 2 (see Definition . We define I‘f‘? to be the set of all type
1 singular points in 0S; N Q). Also, we define I’flg to be the set of all type 2 singular
points in 0S; N 2.

A singular free boundary point xq € 0S; N2 is said to be a "cusp” if it is a point of
density zero for the set {u; > 0}. We define I';"™" to be the set of all cusps in 0S; M.

We recall the following two classical theorems in geometric measure theory:
Theorem 2.3. Let E C R"™ be a set of locally finite perimeter, then we have
O'FE c E®) c 0°F,
with H" 1 (0°E — 0*E) = 0
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Theorem 2.4. ([20], Theorem 4.4) If E C R™ is a set of finite perimeter, then we

have
OE = (U CZ) UN,
ieN
where each C; is compact and C; C f~1(0), where f is a C' function defined in a
neighborhood of C;. Moreover, H" }(N) = 0.

We will use the following closed graph theorem in the analysis of the regular set:

Lemma 2.5. Assume that X is a Hausdorff topological space, and suppose that Y
is a compact Hausdorff topological space. If f : X — Y s such that the graph
{(z, f(z)) : * € X} is closed in X XY (under the product topology), then f is
continuous on X.

3. A CHARACTERIZATION OF REGULAR AND SINGULAR POINTS IN TWO
DIMENSIONS

The main result of this section is Theorem that characterizes singular and
regular points in terms of densities in the two dimensional case. We start this section
by recalling the characterization of regular and singular points in terms of the angle
of the asymptotic cone given in [6] (for n = 2):

Lemma 3.1. Consider S; == {u; > 0} NQ and C; := U, S; for alli=1,...,K. Let
xo € 05; N be a free boundary point. The convex asymptotic cone centered at
xo 15 defined as the intersection of closed half spaces as follows:

N {PeR: (p—m) (y—z0) <0)} (3.1)

yedC;NQ,d(zo,y)=R

The angle at xq € 05; N €Y, denoted by angle(xy), is defined to be the opening of the
asymptotic cone. Then, a free boundary point is reqular if and only if angle(xy) = 7.

In this section, we provide another characterization of regular and singular points
in terms of densities. We assume that the function H is given by ([1.2]) or (1.3).
The following two results were proven in [6].

Lemma 3.2. ([6] Lemma 8.1) Assume that the origin (0,0) € 9S; N Q is a free
boundary point, and let C' = {(z1,22) € R? : 3 > alzy|}, where a > 0, be the
asymptotic cone of S; at (0,0) € 9S; NQ). Then there exist y1,y> € OC; N such that
the ball Br(yy) is tangent to the line xo = axy at (0,0), and the ball Br(y2) is tangent
to the line Ty = —ax; at (0,0).

Lemma 3.3. ([6] Lemma 8.2 and Lemma 8.3) Assume xo € 0S; N2 is such that
angle(zg) € (0,7]. Then there exists a neighborhood U of xq, such that upon rotating
and translating the coordinate azes (x1,xs) if necessary, there is a locally Lipschitz
function i : [—r,r] = R, for some small r > 0, such that 0S; NU = {(x1,¢(z1)) :
x1 € [=r,r|}. If in addition the free boundary point is reqular (i.e., angle(zq) = ,)
the function v is differentiable at the point. Moreover, if there is an open set U C €}
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such that every free boundary point of 0S; NU s reqular, we have that 0S; NU is
locally a C* curve in the plane.

We will need the following Lemma, which says that the angle at a free boundary
point reflects the local geometry near the point.

Lemma 3.4. Suppose that xo € 0S; N Q) is a free boundary point with angle(xq) €
(0,7). Then:
1. For any small € > 0, there exists a 6 > 0 and a cone Ky with vertexr xo and
opening angle(xg) — € such that Ky N B,.(xo) C S; N By(xg) for any r < 4.
2. For any small € > 0, there exists a & > 0 and a cone Ky with vertex xy and
opening angle(xg) + € such that S; N B,.(zo) C Ko N By(xg) for any r < 4.

Proof. 1. Suppose that the asymptotic cone is {(z,y) € R? : y > alz|}. Take

Yy = (R\/I(—li-a”_R\/l-li-oﬁ) and 1y = (_R\/Iiaz’_R\/l—l&—az) (y; and yy are the red

angle(xo))
2

points in Figure . Then it follows that tan( = é, and that for any z =

(21, 22) € 0C; N Q satisfying d(z,zo) = d(z9,(0,0)) = R, we have z < —Rﬁ. Let

€ > 0 and take v > « with the property that tan(%) = % Let K be the cone

with vertex at the origin, opening angle(xy) — € and with central axis at the positive
y- axis. Take also ¢; := (R \/1172,—]% \/11+~/2) and ¢ := (=R \/1172, —-R \/1172), and
let @ C 0Bgr(xg) be the shorter arc on the circle dBg(x¢) joining ¢; and ¢2 (¢; and
@2 are the blue points in Figure . By Lemma , 05; N € is locally the graph of
a Lipschitz continuous function in a neighborhood of the origin.

We now show that there exists a 6 > 0 such that ¥ (z) < ~ax for any |z| < 0.
To show this, assume by contradiction that there exists a sequence {ry}reny with
rL>19 >, 1 — 0as k — oo, and ¥(r) > 1y for all k£ € N. For each k € N, we
pick a tp € 9C; N Q with d(ty, (1, ¥ (rx))) = R. Then Bg(ty) is an exterior tangent
ball to S; at (rg, ¥ (r%)). Now consider the triangle with vertices zg, tx, and (rg, ¥(7%)).
Observe that d((rg, ¥ (rx)),tx) = R and d(xo,tx) > R, so angle(tg; xo; (rr, ¥(rg))) <
angle(zo; (7k, ¥ (7)); tr), which implies angle(ty; o; (7%, (%)) < 5. Now consider the

Rty

normalization % € O0Bgr(x). Since

angle (ty; xo; (1, ¥ (ry))) = angle (i—ZT;xo; (Tk,¢(rk))) < g

and ¢ (ry) > yrg for all k € N, we have that ﬁ—Z’T € 0BRr(x)\Q for all k. Also note that

since each Bgr(ty) is an exterior tangent ball to S; at (g, ¥ (7%)), {tx}ren converges
along a subsequence to some s such that Bg(s) is an exterior tangent ball at zo. As

|tx] — R along this subsequence, we have that ﬁ—ﬁ — s along this subsequence. We

get that s € 0Bg(xg) \ @, so s is not in the shorter arc on dBg(zg) joining y; and ys.
We get a contradiction. We have shown that there exists a § > 0 such that i (z) < yz
for any |z| < 0. It follows that Iy N B,.(z9) C S; N B,.(z) for any r sufficiently small.

2. Suppose that the coneis {(z,y) € R? : y > a|z|}. Takey;, := (R —R—)

\/1?—042 ’ V1+a?
and yp := (R 7%=, —R ). Then it follows that tan(%@m)) = < and that for

1
V1+a?
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FIGURE 3.1. This figure illustrates Lemma [3.4f L, is the red line
{(z,y) : y = ax,xr > 0}; Lo is the blue line {(z,y) : y =
~vx,x > 0}. The red points are y; = (R\/%W7—Rﬁ) and yo =

_ R _p_ L i — Y _ 1
( RW, R\/W)' The blue points are ¢; = (R\/Hv?’ R\/1+72

and ¢, = (—R—2—, —R—~—). The yellow points on the right of ¢

Vi2T /142

ﬁtk The gray points are (Tka @Z)(Tk))

are the points

any z = (21,22) € 0C; N Q satisfying d(z,z¢) = d(z,(0,0)) = R, we have zp <
_Rm Now let € > 0 and take 8 € (0, «) with the property that tan(w) =
%. Assume that the line {(z,y) € R? : y = Bz} intersects the circle Bg(y;) at zg
and w;, while the line {(z,y) € R? : y = —fx} intersects the circle Bg(y2) at the
xo and wy. Take § := d((0,0),w;) = d((0,0),ws), and let Ky be the cone with vertex
at the origin, opening angle(zg) + €, and with central axis at the positive y-axis. It is
clear that S; N B,(x¢) C Ko N B.(x) for any r < 4. d

In Lemmal3.4] 1. also holds for angle(zy) = 7, and 2. also holds for angle(z) = 0.
We next show, using Lemma that the density exists at all the free boundary
points, and use this fact to obtain a structure theorem for the free boundary set.

Theorem 3.5. Forn = 2, let H be given by or , and let xq € 0S; N €Y be
a free boundary point. Then lim, o+ % exists and is equal to %;T(IO)
angle(xg) € [0, 7.

Moreover, the following three conditions (a)(b)(c) are equivalent:
(a) xo is a regular free boundary point.

(b) angle(xy) = .

(¢) lim, o+ SEE-0l —
Also, the following three condztwns (d)(e)(f) are equivalent:
(d) xo is a singular free boundary point.

(e) angle(xg) < .

. S;NBr(x
(f) lim,_,o+ % < %

, where

l\')l»—l
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Proof. We first show that lim, o+ % %ﬁ(m), where

angle(zg) € [0,7]. To see this, consider first the case where angle(xy) € (0,7). Let
e > 0. By Lemma (1), there exists a § > 0 and a cone K; with vertex xy and
opening angle(zg) — € such that Iy N B,.(zg) C S; N B,(x) for any r < §. Therefore,
for any r € (0,6), we have

angle(zg) —e  |K1N B, (20)| < |S; N By ()]

exists and is equal to

= 3.2
2 B~ B &
Hence, since € is arbitrary,
1 ;N B,
angle(@o) _ g 150 Bri@o)] (3.3)
27 r—0t | B.(x0)]
Similarly,
1 S; N B,
angle(zo) 1 gup 190 Bri@o)l (3.4)
27 r—0+ |B’I‘(IO)|
Combining (3.3) and (3.4)), it follows that lim, o+ % exists and is equal to
angle(zo)

. The case where angle(xy) = 0 or 7 can be dealt with similarly, since Lemma
1. also holds for angle(zy) = 7, and Lemma 2. also holds for angle(zy) = 0.
Si

Note that angle(xg) € [0, 7] implies that lim, o+ %&ST” < %

The equivalence of (a) and (b) follows from immediately from the definition; the
|S:NBr(xz0)| __ angle(zo) The

|Br(20)] 2r
conditions (d)(e)(f) are equivalent since (a)(b)(c) are equivalent.

equivalence of (b) and (c) follows from the equality lim, o+

O
By Theorem [3.5] we have the following:

Remark 3.6. Let xg € 05; N Q. If 0S; N Q is a straight line in a neighborhood of
xo then xq is a reqular point. That is, there exists a unique y € 0C; N ) such that
d(l'(), y) = R.

4. DENSITY AND ANGLE OF A FREE BOUNDARY POINT IN HIGHER DIMENSIONS

In this section, we generalize the concepts of angles from the two-dimensional case
to higher dimensions and study their relationships with densities. The main theorem
of this section is Theorem [£.5 We recall that C; = U;;S; foralli =1,--- , K.

Definition 4.1. Let zy € 0{u; > 0} NQ be a free boundary point.
(a) For each y € 0C; N Q with d(xo,y) = R, we define the closed semi-sphere

St (wo;y) = {x € dBgr(xo) : (x — o) - (y — x0) < 0.} (4.1)

That is, ST (xo;y) is the closed semi-sphere with radius R centered at xq, consisting
of all points x € OBgr(xo) such that the angle between the vectors © — xy and y — o
is at least 5.
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(b) The angle at xq, denoted by angle(xy), is defined by
H* M (Nyeocinadgroy)=r ST (201 Y))

angle(xg) 1= Tt (4.2)
The asymptotic convex cone at xg, denoted by conv(zy), is defined by
conv(zy) = ﬂ {peR": (p—x9) - (y —x) <0.} (4.3)

yedC;NQd(zo,y)=R

Note that angle(xq) = Hn_l(aBR}gfﬂ)pmnv(wo

cides with the one given in Lemma|5. 1.

D Also, note that if n = 2, angle(zo) coin-

Remark 4.2. For any free boundary point xo € 9S; N we have angle(zo) € [0, "5 ].
When n = 2, wy =, so angle(xo) € [0, 7], which is consistent with Lemma 3.1, O

We proceed to show that near a regular free boundary point, 9.5; N €2 is locally the
graph of a differentiable function. The proof extends Lemma 8.2 in [6] to arbitrary
dimensions.

Lemma 4.3. Let xq € 05; N be a reqular free boundary point. Then there ex-
ists a neighborhood U of xq, such that upon rotating and translating the coordinate
azes (T1,xa, ..., Ty,) if necessary, there is a continuous function v : W — R, where
W is a neighborhood containing the origin in R"~! such that, in the coordinates
(21, T2, ..., Ty ), we have

0S;NU = {(z,¢(x)) : x € W}.

Moreover, ¥(0,--- ,0) = 0, and ¢ is differentiable at (0,--- ,0) with Dy(0,---,0) =
(0, e ,0)

Proof. Since xzy € 05; N () is a regular point, there exists a unique yo € 9C; N )
for which d(xg,yo) = R. We fix a system of coordinates (z1,xs,...,x,) such that the
x, axis coincides with the line segment Zoyg. Also, the z,, axis is oriented in such a
way that positive z,, axis points in the direction of the vector from gy to zy. Choose
X1, T2, .oy Tp_q SO that (z1,xs, ..., 2,) is orthonormal. Then it follows that under these
coordinates, zo = (0,0...,0), yo = (0,0, ...,0,—R) and the convex asymptotic cone C
of S; at xq is given by C = {x,, > 0}. The proof is divided in three steps:

Step 1: We first show that 0S; N Q is the graph of a function v in a small
neighborhood W of the origin in R"~!. It suffices to prove that there is an r > 0 small
enough such that for any ¢ € R"~! with [t| < r, the vertical line {(zy, x9, ..., xn_1) = t}
intersects 0S; N B,.(0,---,0) in exactly one point. Assume by contradiction that
there exists a sequence {tj}reny C R™7!, with [tx] — 0 as k — oo, such that the
line {(x1, 9, ..., Tn_1) = tx} intersects 9S; N B,.(0) at two distinct points (¢, ax) and
(tr, br) with b, > a. Observe that S; N Br(yo) = 0, so for all k € N sufficiently large,
both (tg,a;) and (t,by) are above the ball Br(yo). Next, for all k € N, let y¢ and y?
be points in dC; N Q where (tg, ax) and (¢, by) realizes the distances R from 0C; N2
(the existence of y¢ € C;NQ and y?, € OC; NS follows from Theorem 7.1 in [6]). Then
the balls Br(y?) and Bg(y?) are exterior tangent balls to 9S; at (tx, ax) and (g, by),
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respectively. Note that yf must be in the lower half ball 0 Bg(tg, ax) N{z, < ai} for k
sufficiently large. (for otherwise, since d((t, ax), (tx,br)) — 0 as k — oo, the tangent
ball Br(y}) would contain (tx, by) for k large enough, contradicting d((tx, by), 0C;) >
R). Similarly, 4 has to belong to the upper half ball dBg(ty, by,) N {z, > by} for
all k sufficiently large. This implies that the tangent balls Br(y?) converges (along
a subsequence) to a tangent ball to S; at (0,0...,0), say Bg(y®), with y* € {z,, > 0}.
However, we already have that Br(yo) is the unique tangent ball at xy. Consequently,
we have yo = y® € {x, > 0}. This contradicts to the fact that yo = (0,0, ...,0, —R).
Hence, 9S; N € is the graph of a function ¢ in a neighborhood of zy in R*™!, and
Step 1 is proved.

Step 2: We show that the function ¢ is continuous near the origin. We note that
the graph of ¥ over Br(0,---,0) is closed in R", so from Lemma it follows that
the function ¢ is continuous near the origin.

Step 3: In order to establish that ¢ is differentiable at the origin with Dy(0, --- ,0) =

(0,---,0) we show that limy_ % = 0. Assume by contradiction that this fails,

so there is a small § > 0 and a sequence {hy}ren with |hg| | 0 and % > ¢ for
all k € N, so |¢(hg)| > d]hg| for all k& € N. Since the graph of ¢ is above the ball
centered at (0,--- ,—R) with radius R, we see that in fact ¢(hy) > 6|hy| for all k € N
(i.e., each point (hy, ¥ (hg)) is in the cone K; := {(z,y) € R" ! x R:y > d|z|}). For
each k € N we pick a point py € 0C; N Q with d(ps, (h, ¥ (hi))) = R, and so Br(px)
is a exterior tangent ball of S; N Q at (hy, ¥ (hy)). Let p € 9C; N be a subsequen-
tial limit of {pg }ren, SO Bgr(p) is an exterior tangent ball at (0,---,0). Since each
point (hg, ¥ (hg)) is in the cone Kj := {(z,y) € R ' x R : y > d|z|}, we have that
Br(p) # Br(yo). This contradicts to the fact that x( is a regular point. Hence v is
differentiable at the origin with D (0,---,0) = (0,---,0).

U

We will need the following lemma, whose proof is standard and is therefore omitted.

Lemma 4.4. Let U C R™! be an open set containing the origin, and let f : U —
R be continuous on U and differentiable at the origin with f(0,---,0) = 0, and
Df(0,---,0) = (0,---,0). Take W :={(z,y) : x € U,y € R,y > f(x)} C R™ to
be the epigraph of f over U. Assume moreover that W satisfies an exterior sphere
condition at the origin. Then we have

B,(0,-,0)nW| 1

lim —. 4.4
r—0t | B.(0,---,0)] 2 (44)
By combining the above results, we are able to prove the following characterization
of regular and singular points. In what follows, w,, := F(’;—il) is the volume of the unit
2

closed ball in R™.

Theorem 4.5. In arbitrary dimension, let H be given by (1.2) or (L.3)). Then for

H ' oq.e. 1o € OH{u; > 0} NQ, the density lim, o+ —'ﬁ’gf(‘ﬁgf”

Moreover, for a free boundary point xo € 0S; N2, the following three conditions are

exists.
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equivalent:
(a) xo is a regular free boundary point.
(b) angle(z) = ™=, (in the sense of Definition )

: |Br(z0)NSs| 1
(C) llmr_>0+ W =3

In addition, the following conditions are also equivalent:
(d) xo is a singular free boundary point.
(e) angle(zo) < ™=, (in the sense of Deﬁmtwnﬂ)

. |B7‘(x0)ms |
(f) limsup, o+ G < 3

Proof. We first check that for a free boundary point zq € 9{u; > 0}N€, the conditions
(a)(b)(c) are all equivalent.

Assume that (a) holds, so there is a unique z € 9C; N2 for which d(zo, z) = R.
Hence, Nycac,no.d(zoy)=rS T (20;y) = ST (20; 2), and H" 1 (Nyeac,nd(oy)=rS T (T3 y)) =
H" (S (205 2)) = snw,R"!. This shows that

%nwnR”_l nwy,

angle(xg) = il T g

which is (b).
We now show that (b) implies (a). Assume that (b) holds, so ®¢2 = angle(x() =

2
H (N ) e =rST (x0; .
( S @0#) This shows that

nw, R" 1
2

If there exists 21,20 € 0C; N Q with z; # 2z and d(z1,29) = d(29,20) = R, then
ST (xo; 21) N ST (xo; 22) is properly contained in ST (x¢; z1), and hence

Hn_l(myEBC NQ,d(zo,y) RS (1‘07 )) = (45)

nw, R" 1

2 7
contradicting . This shows that there is a unique z € 9C; NS satisfying d(z, zo) =
R. Thus, x, is a regular free boundary point and (a) holds.

We now show that (a) implies (¢). Assume that (a) holds, so zg is a regular free
boundary point. By Lemma [4.3] in some systems of coordinates, 95; N §2 is locally
the graph of a function 1, ¥(0,---,0) = 0 and ¢ is differentiable at the origin
with Dy (0,---,0) = (0,---,0). By Lemma 4.4 and the fact that the free boundary

O{u; > 0} N satisfies an exterior sphere condition, it follows that lim, g+ ‘Bljg(f(%)fi'

H" (St (295 21) N ST (w03 20)) < (4.6)

exists and is equal to 3, whence (c).

We now show that (c¢) implies (a). Assume that (c¢) holds, so lim, _,q+ % =1

To show that zq is a regular free boundary point, assume by contradiction that xg
is a singular point, so there exist two distinct 31,y € 0C; N Q with d(zg,y1) =

d(xg,y2) = R. Note that angle(y; zo;y2) > 0. It follows that, for all » > 0 small, we

| Br (20)NSi] |Br (20)\(Br(y1)UBR(y2))| B, (o) {ui >0} i i

contradicts our assumption. Therefore, (a) holds.

have . Hence, limsup,_,q+
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The equivalence of (d) and (e) follows from the fact that (a) and (b) are equivalent.
We show that (d) implies (f). Assume that (d) holds, so there exist two distinct
y1,y2 € 0C; N Q with d(zg,y1) = d(xo,y2) = R. Note that angle(y;;zo;y2) > 0.

It follows that for all » > 0 small, we have that ng&ggﬁi' < |BT(IO)_(@R((;’S))‘UBR(W))‘.
| B, (20)NSi|

- 1
Hence, lim sup,_, o+ Bzl < 3

We show that (f) implies (d). Assume that (f) holds. If z, is regular, then by the
|BT($0)OS¢" 1

equivalence of (a) and (c), we have lim, o+ which contradicts to the

|Br(wo)] 27
% < % Therefore, xg is singular and (d) holds.

In order to see that, for H"! a.e. free boundary point zy € d{u; > 0} N Q, the
density of S; at xq exists, note that by [0, Corollary 6.5], the set {u; > 0}NQ is of finite
perimeter. We have d{u; > 0} NQ =T;"PUT;® U ((0{w; > 0} NQ) — ([{P UT™®)).
The free boundary points on I'{""" have density zero, and the free boundary points
on I';® have density . Also, the set ((9{u; > 0} NQ) — (TP UT;*)) C °E — 0*F,
with E = {u; > 0} N Q (recall that 0°F is the measure theoretic boundary and 0*E
is the reduced boundary). Since H" }(9°E — 0*E) = 0 by Federer’s Theorem (see
Theorem , the result follows. [l

fact that limsup, o+

We have the following decomposition of the free boundary:

Remark 4.6. The free boundary set O{u; > 0} N Q can also be written as

(U CZ-> ULy Zz, (4.7)
ieN

where the compact sets C; are as in Theorem and H" 1 (Z) = 0. This follows
from the structure theorem of the reduced boundary with E = {u; > 0} N Q stated
in Theorem ' that is, *ENQ = (U;enCi) UN and H*H(N) = 0. Setting
Z = NU((0°F — 0*E) N Q) we have that H"'(Z) = 0 and hence follows.
However, unlike the two-dimensional case, for higher dimensions (n > 3) it remains
open if the set of all cusps has H" ! measure zero. O]

5. STRUCTURE OF THE FREE BOUNDARY

For n = 2, it was proven in [0, Lemma 8.9] that all singular points are isolated and
that, if 9S; N Q consists of only regular points, then 95; N is locally a C! curve. For
n > 2, in this section we show that, if the angles at the singular points are bounded
away from "5, the regular set is open in the free boundary. We obtain a structure
result for the free boundary (Theorem [5.7)) and we study the configuration when all
supports are convex sets (Theorem [5.14). We start by splitting the set of singular

points in two categories.

Definition 5.1. A singular free boundary point xo € TS is said to be of type 1 if there
evist j,k € {1, ..., K} —{i}, j # k such that d(zo, y1) = d(xo,y2) for some y; € 0S;NS2
and y, € 0S, NQ. A singular free boundary point o € T$™ is said to be of type 2 if it
1s not of type 1. We denote by Fflil the set of all singular free boundary points in T$™
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sin

that are of type 1, and by I'}3
are of type 2.

the set of all singular free boundary points in I'™ that

By the above definition, a singular free boundary point is of type 1 if it realizes the
distance to two different distinct populations, and is of type 2 otherwise. Note that,
if K =2, all singular free boundary points are of type 2. We have the following;:

Remark 5.2. If zy € Ffj{l is a type 1 singular point, angle(zy) < ™=, To see this,
note that there exist j,k € {1,..., K} — {i},j # k such that d(xy,y1) = d(zo,y2) for
some y; € 0S; NQ and yo € 0S5, N QL. Since different populations are at distance
exactly R from each other, we have d(y1,y2) > R. Recalling for computing the
angles, we have that

anl (ﬂyeaCiﬂQ,d(xo,y):R SJF (‘TO; y>>

angle(xg) = Tt
< H (ST (xo;y1) N ST (203 12)) < swn R,
— Rn—1 — Rn—1 o 3

In fact, one can show that if the type 2 singular points form a closed set, the regular
set I'*® is open in the free boundary set 95; N Q.

Lemma 5.3. In arbitrary dimension, let H be given by (1.2]) or (1.3). Then we have
that F?{‘ is closed in 0S; N ). Hence, if the set of type 2 singular free boundary points
on 0S; N is closed, we have that the regqular set T';°® is open in the free boundary.

Proof. For each m € {1,..., K} — {i}, we define E,,, := {p € 9S;NQ : d(p, DS,, NQ) =
R}. Note that each E,, is closed in 95; N Q as it is the inverse image of the set
{R} under the distance function. Now T3} = U, e k)2 (Ej N Ex), which
is closed in 0S; N ). The second statement follows from the first and the relation
[ = (08, nQ)\ (TFT U TLsy). O

Remark 5.4. In general it is unknown if the set Ff‘é‘ of type 2 singular free boundary
points is closed in the free boundary set 9S; N €.

Although the above question remains unknown in generality, we have Ff" is a F),
set.

Lemma 5.5. In arbitrary dimension, let H be given by or . Then we have
the following:
1. TS™ 4s an F, set, and the regular set T';® is Gj.
2. If sup{angle(zo) : zg € T§"} < 2= the regular set is open and the singular
set is closed.

Proof. 1. For any n > 0 we consider the set S, := {z¢ € I¥™ : d(xo,y1) = d(z0,y2) =
R for some yy,y2 € 0C; N Q, d(y1,y2) > n}. We claim that S, is closed for all n > 0.
To see this, assume {z,}nen C S, and z, — ¢ as n — oo. For each n we pick
Yn, 2n € 0C; N Q with d(y,, x,) = d(zn,x,) = R and d(y,, 2,) > 1. As both {y, tnen
and {z,}nen are bounded, by passing to a subsequence if necessary, y, — y and
2, — z. It follows that d(y,z) > n and d(q,y) = d(q,2) = R. Hence ¢ € S, and so
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the set S, is closed. Now note that T¥" = J, .y S%, so the set ™ is F,. The second
statement follows by taking complement.

2. Under this assumption, there exists n > 0 with I'¥* = S, which is closed by 1.
Hence the regular set is open and the singular set is closed. 0

We are ready to prove a structure Theorem for the regular set. The proof presented
here is motivated by Lemma 8.3 in [6].

Lemma 5.6. In arbitrary dimension, let H be given by (1.2) or (1.3). Assume that
U C Q is an open set such that all the points on the set S; N U are reqular. Then
9S; N U is locally an (n — 1)-dimensional submanifold of R™ of class C*.

Proof. Assume that o € 95;NU. By Lemmal[4.3] there exists a differentiable function
1) defined over a small open set U C R"™! containing the origin, and a r > 0, such
that, in a system of coordinates (z1, xg, ..., x,), 0S; N B,(xq) is the graph of ¢ over
U. Moreover, in these coordinates, we have that ¢(0,--- ,0) = 0 and D¥(0,---,0) =
(0,---,0). By Corollary 6.2 in [6] (the semiconvexity property of the free boundary),
there is a tangent ball from below, with uniform radius, at any point on the graph of
1. This implies that for any z € U there exists a C? function ¢, tangent from below
to the graph of 1 at z and such that |D?¢.| < C, for some C' > 0 independent of z.
Therefore, we have that for any z,y € U,

U(y) > ¢.(y)
> (bz(z) + 2|a\:1Da¢z(Z>(y - Z>a - C|y - Z|2
= P(2) + Va1 DP(2) (y — 2)* = Cly — 2%,

where in the above inequality, if @ = (aq,...,q, 1) € Z" ! is a multi-index and
r=(21,...,7,_1) € R" we define x* := x{'x52..2." 7.

We fix a point zg € U and consider a sequence {z};ey C U converging to zp as
[ — oo. For each multi-index o with |o| = 1, let p, be the limit of a convergent

subsequence of {D*1(z;) }ien. Passing to the limit in [ — oo in the inequality

V() > Y(2) + Sjajm1 D*Y(2) (y — 2)* = Cly — 2
We obtain that

(y) = (%) + Ejaj=10a(y — 20)* — Cly — 2/*

for any y € U. Since all first order partial derivatives of v exist at zp, it follows that
Pa = D*(2p) for any multi-index a of degree 1. Hence, 1 is of class C*. U

In [6], the regularity of the free boundary in the two dimensional case relies on the
simpler geometry of a two dimensional cone with vertex at a boundary point, which
allows to consider harmonic functions (as barrier functions) vanishing on the edges of
the cones. It was shown in [6] that all singular points are isolated and the regular set
is open and of class C'. These techniques break down in higher dimensions. However,
by extending the notion of angles to higher dimensions and by characterizing singular
and regular points in terms of densities (see Theorem , we were able to show the
following structure result of the free boundary in higher dimensions.
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Theorem 5.7. In arbitrary dimension, let H be given by (1.2) or (1.3). Then the

free boundary has the following structure
S, NQ =T U™, It =TT ULy,

where I';® is Gs, T{™ is F, and T is closed.
In addition, if sup{angle(xz) : xp € T} < = the regular set I, is open and
locally an (n — 1)-dimensional submanifold of R™ of class C*.

Proof. The proof follows from Lemma [5.3] Lemma 5.5, and Lemma [5.6 using Defini-
tion 0.1 O

We proceed to study the case where the supports of the populations are convex.
As a consequence of Theorem [5.7, we have the following:

Lemma 5.8. In arbitrary dimension, let H be given by or . Suppose that
{u; > 0} N Q is convex for all i = 1,..., K. If the singular set is nonempty, then
sup{angle(zg) : 2o € [$"} < ™2 and the regular set I;*® is open in the free boundary.
Moreover, 9S; N is locally an (n — 1)-dimensional hyperplane.

Proof. Let zy € I'S™™ be a singular free boundary point, so there exists distinct yy, v €
0C; N Q with d(y1,z0) = d(y2,z0) = R. Since the set {u; > 0} N Q is convex for all
¢ = 1,..., K. This implies that y; € 05; N Q and y, € 95, N Q for some j,k €
{1,..., K} — {i},j # k. Therefore, o is a type 1 singular point. Hence, all the
singular free boundary points on 95; N §2 are of type 1 in the sense of Definition [5.1}
By Remark [5.2) we have that all singular points have angle at most *¢=. Therefore,
by Theorem [5.7| the regular set I';*® is open in the free boundary 9S; N and is locally
a C'! manifold of dimension n — 1.

In order to see that the regular set is locally an (n — 1)-dimensional hyperplane,
assume zo € I}, and pick a y € 9S; NQ (j # i) with d(zo,y) = R. Hence, {z €
R"™ : (z — xg) - (y — x9) = 0} is a supporting hyperplane at xy of S;. Also, {z € R":
(x—y)-(zo—y) = 0} is a supporting hyperplane at y of S;. Note that since z € I},
d(zo,y) = R with y € 95; N Q, we have d(zo,0S,, N1 Q) > R for all m # j,m # i.
Combine this with the fact the regular set is open, we can pick a small 7y > 0 such that
B,y (20) N (0S;N2) consists of regular points only and for each « € B, (x¢) N (9S5;NQ)
we have d(z,05; N Q) = R.

We now assume z € B,,(x9) N (05; N Q). Recall that S; is contained in the closed
half space {z € R" : (v —x¢)-(y—=x0) < 0} and S is contained in the closed half space
{r eR": (z —y) - (xg —y) < 0}. Since the two closed half spaces are at distance R
apart, the only possibility is that z is in the hyperplane {x € R™ : (x — z¢) - (y — o) =
0}. Therefore, all points of B, (z¢) N (05; N Q) lie on the same hyperplane, and the
regular set is locally an (n — 1)-dimensional hyperplane. 0J

Therefore, for a convex configuration, the free boundary consists of finitely many
faces that are (n — 1)-dimensional hyperplanes. We can also show the following:
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Lemma 5.9. In arbitrary dimension, let H be given by (1.2)) or (1.3]). Suppose that
all {u; > 0} N Q are conver. Assume i # j. Then we have H" ' (D;) = H"1(D;),
where:

D; ={x € 05,NQ : d(z,05;NQ) = R} and D; = {x € 05;NQ : d(x,05,N2) = R}.

Proof. Note that if d(S5;,S;) > R, both D; and D; are empty, so there is nothing to
prove. Therefore, we assume that d(5;,S;) = R in what follows. Since d(S;, 5;) = R,
there exists zg € 95, NQ and yo € 95; NQ with d(zo, yo) = R. Take 2z := %(xo + o)
and consider the hyperplanes H,, := {x € R" : (z — zo) - (yo — x0) = 0}, Hy, :=
{r € R": (x —yo) - (xo — yo) = 0}. Since S; and S; are convex and are at distance R
from each other, it follows that H,, is a supporting hyperplane at z, for S;, and .S; is
contained in the closed half space {z € R™ : (z — z¢) - (yo — o) < 0}. Similarly, H,,
is a supporting hyperplane at y, for S;, and \S; is contained in the closed half space
{z eR": (x —yo) - (xo — yo) < 0}
Now define T : R — R" by

2(20 — ) - (Yo — 330)(
Yo — @ol?

for all x € R™ (that is, T is the reflection with respect to the hyperplane {x € R" :

(Yo — xg) - (x — 2z0) = 0}). Clearly T is an affine transformation that preserves the

H"! measure.

We claim that T'(D;) = D,. To see this, assume that b = T'(a) for some a € D;, so
d(a,05;0Q) = R. Since S; is contained in the closed half space {z € R" : (x—x0)-(yo—
xg) < 0}, S; is contained in the closed half space {z € R : (z — yo) - (xo — yo) < 0},
and the two closed half spaces are at distance R apart from each other, the only
possibility is that a € d{z € R" : (z — x0) - (yo — 7o) < 0} = Hy,. Since a realizes
distance R from S; and ) # OBg(a)N'S; C OBgr(a) N{z € R™ : (x —yo) - (w0 — yo) <
0} = {b}, we must have that b € 95; N Q. Hence b € D;. We have shown that
T(D;) C D;. By switching ¢ and j in the above argument we also have T'(D;) C D;.
We obtain D; = T(T(D;)) C T(D;) C D;, and so D; = T(D;) and T'(D;) = D;.
Since T'(D;) = D; and T is an affine motion, we have H"'(D;) = H"'(D;). O

T(x) =x+ Yo — Tg) (5.1)

We give a few remarks regarding Lemma [5.8] and Lemma [5.9

Remark 5.10. By Lemma and Lemma it follows that the singular set has
Hausdorff dimension at most n — 2 if all S; are convez.

Example 5.11. Consider the initial configuration of system as follows: ) :=
{(z,y) eR? :2® + ¢ < 1}, Q1= {(z,9) €R* : 2 >0,y > 0}, Q2 := {(z,y) €R*:
<0,y >0}, Qs:={(r,y) eR?: 2 <0,y <0}, Qs :={(r,y) eR?: x> 0,y < 0}.
For eachi =1,---4, the boundary data f; : (0)<r — R is defined by requiring that f;
is supported in (0Q2)<pr N Q;. A possible configuration, after letting e — 0, is given by
Figure[5.1 In fact, assuming uniqueness of the free boundary it follows that this is the
unique configuration for the four populations: S; = {(x,y) € QNQ; : d((x,y),0Q;) >
g}, and the free boundary 05; N€Y consists of two straight lines meeting at a singular
point with angle 5. The uniqueness of the limit configuration is an open problem.
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S

FiGure 5.1. This figure illustrates Example [5.11} Each population
has a singular point with angle 7.

Also, note that in general for a nonempty compact convex set in R", n > 2, the
set of all differentiable boundary points (i.e. the boundary points with a unique
supporting hyperplane) needs not be open in the topological boundary, as shown in
the following example.

Example 5.12. We give an example of a compact convex set for which the set of
differentiable boundary points is not open. Take B := {(x,y) € R? : 22 + y> < 1} to
be the unit compact disk in the plane. For each k € N, we define py := (cos %, sin %) €
OB. For any k € N, we consider the closed half space Hy, := {(z,y) € R? : y <

sin —— —sin +

P L (z —cos 1) +sing}, and take A == (\yon(B N Hy). It follows that A is a

no;czz}mptykcompact convex set in the plane. Also, each p, € 0A is a point of non-
differentiability. However, p, — (1,0) as k — oo, and (1,0) € JA is a point of
differentiability. This shows that the set of all differentiable boundary points is not
open in the boundary. On the other hand, our results show that these types of sets

can not be the supports of the populations u;.

In the two dimensional case, it was shown in ([6] Theorem 8.10) that if zq € 95;N§2
and yo € 05,NQ are free boundary points (j # ¢) with d(zo,yo) = R, then angle(z() =
angle(yo). For general dimensions, in Corollary , we were able to show a partial
version of this result for convex supports.

Corollary 5.13. In arbitrary dimension, let H be given by (1.2) or (1.3). If we

assume moreover that {u; > 0} N Q is convex for all i = 1,--- | K, then for each
ree boundary point xo € 95; N the density lim,_o+ [Br(@0)0S| poiots In addition, 1
|Br (o)

xo € 0S; N QY and yo € 0C; N Q are free boundary points with d(xg,yo) = R, we have
that xq is reqular if and only if yo is reqular.

Proof. By Lemma [5.8 and Remark the regular set is locally a hyperplane and
{u; > 0} NQ is of the form F; NS, where E; is a convex polytope (a finite intersection
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of open half spaces). Hence, for each free boundary point xy € 95; N €2 the density

lim, o+ % exists. Now assume that zo € 05; N Q and yo € IC; N Q are free

boundary points with d(xg,yo) = R. We may assume y, € 95, N2 for some j # i.
If x¢ is regular, 95; N is locally an (n — 1)-dimensional hyperplane by Lemma .

Since distance R is always realized from 05; N Q2 by 05; N2, 95; N2 is also locally a

hyperplane near yo. Therefore, at yg the density lim,_,q+ % = % By Theorem

[4.5] yo is regular. O

Theorem 5.14. In arbitrary dimension, let H be given by or . Assume
that S; is convex for all i =1, ..., K. Then sup{angle(zo) : zg € [$"} < = and the
reqular set is open and locally an (n — 1) dimensional hyperplane. In addition, we
have the following:

1. For any i # j, H* *(D;) = H" *(D;), where

D;={r€05,NQ:d(x,05;NQ) =R} and D; = {x € 95;NQ : d(x,05,NQ) = R}.
2. Moreover, if xg € 0S; N Q and yo € IC; N Q are free boundary points with
d(xo,y0) = R, then g is reqular if and only if yo is regqular.

Proof. The proof follows by combining Lemma [5.8] Lemma [5.9, and Corollary [5.13]
U
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