CHARACTERIZATIONS OF SIGNED MEASURES IN THE DUAL OF BV
AND RELATED ISOMETRIC ISOMORPHISMS

NGUYEN CONG PHUC AND MONICA TORRES

ABsTrRACT. We characterize all (signed) measures in BV _n_ (R™)*, where BV _n_

(R™) is defined

as the space of all functions u in Lw T (R™) such that Du is a finite vector-valued measure. We
also show that BV_n_ (R™)* and BV (R™)* are isometrically isomorphic, where BV (R™) is defined
as the space of all functions u in L!(R™) such that Du is a finite vector-valued measure. As
a consequence of our characterizations, an old issue raised in Meyers-Ziemer [19] is resolved by
constructing a locally integrable function f such that f belongs to BV (R™)* but |f| does not.
Moreover, we show that the measures in BV _n_ (R™)* coincide with the measures in W11 (R™)*,
the dual of the homogeneous Sobolev space Wl*l(R"), in the sense of isometric isomorphism. For
a bounded open set Q with Lipschitz boundary, we characterize the measures in the dual space
BVp(2)*. One of the goals of this paper is to make precise the definition of BV;(£2), which is the
space of functions of bounded variation with zero trace on the boundary of 2. We show that the
measures in BV (2)* coincide with the measures in Wol’1 (2)*. Finally, the class of finite measures
in BV (£2)* is also characterized.

This paper is dedicated to William P. Ziemer on the occasion of his 81st birthday

1. INTRODUCTION

It is a challenging problem in geometric measure theory to give a full characterization of the dual
of BV, the space of functions of bounded variation. Meyers and Ziemer characterized in [19] the
positive measures in R™ that belong to the dual of BV(R™). They defined BV (R"™) as the space
of all functions in L!(R™) whose distributional gradient is a finite vector-measure in R” with norm
given by

lull gy gy = | Dull (R™).
They showed that the positive measure p belongs to BV (R™)* if and only if 4 satisfies the condition
w(B(z,r)) < Crn1

for every open ball B(z,r) C R™ and C = C(n). Besides the classical paper by Meyers and Ziemer,
we refer the interested reader to the paper by De Pauw [10], where the author analyzes SBV*, the
dual of the space of special functions of bounded variation.

In Phuc-Torres [20] we showed that there is a connection between the problem of characterizing
BV™* and the study of the solvability of the equation div F = T. Indeed, we showed that the (signed)
measure 4 belongs to BV (R™)* if and only if there exists a bounded vector field F € L>*(R", R")
such that divF = u. Also, we showed that u belongs to BV (R™)* if and only if

(L.1) u(U)] < CH" 1 (9U)

for any open (or closed) set U C R™ with smooth boundary. The solvability of the equation div F =
T, in various spaces of functions, has been studied in Bourgain-Brezis [5], De Pauw-Pfeffer [11], De
Pauw-Torres [12] and Phuc-Torres [20] (see also Tadmor [22]).

In De Pauw-Torres [12], another BV-type space was considered, the space BV _»_(R"), defined

as the space of all functions v € L7-1 (R™) such that Du, the distributional gradient of u, is a finite
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vector-measure in R™. A closed subspace of BV_»_ (R™)*, which is a Banach space denoted as C'Hy,
was characterized in [12] and it was proven that T' € C'Hp if and only if T’ = div F', for a continuous
vector field F' € C'(R™,R™) vanishing at infinity.

In this paper we continue the analysis of BV (R")* and BV_»_(R")*. We show that BV (R")* and
BV _=»

BV_a_(R™)* coincide with the measures in WH1(R™)*, the dual of the homogeneous Sobolev space

_(R™)* are isometrically isomorphic (see Corollary 3.3). We also show that the measures in

Wl’l(R") (see Theorem 4.7), in the sense of isometric isomorphism. We remark that the space
WLL(R™)* is denoted as the G space in image processing (see Meyer [18] and Remark 4.8 in this
paper), and that it plays a key role in modeling the noise of an image.

It is obvious that if x4 is a locally finite signed Radon measure then ||u|| € BV (R™)* implies that
€ BV (R™)*. The converse was unknown to Meyers and Ziemer as they raised this issue in their
classical paper [19, page 1356]. In Section 5, we show that the converse does not hold true in general
by constructing a locally integrable function f such that f € BV(R™)* but |f| € BV (R™)*.

In this paper we also study these characterizations in bounded domains. Given a bounded open
set Q) with Lipschitz boundary, we consider the space BVy(€2) defined as the space of functions of
bounded variation with zero trace on 9. One of the goals of this paper is to make precise the
definition of this space (see Theorem 6.6). We then characterize all (signed) measures in  that
belong to BV (€2)*. We show that a locally finite signed measure p belongs to BVy(€)* if and only
if (1.1) holds for any smooth open (or closed) set U CC 2, and if and only if 4 = div F for a vector
field F € L*>°(Q,R™) (see Theorem 7.4). Moreover, we show that the measures in BV (€2)* coincide
with the measures in W' (2)* (see Theorem 7.6), in the sense of isometric isomorphism.

In the case of BV (), the space of functions of bounded variation in a bounded open set Q with
Lipschitz boundary (but without the condition of having zero trace on 952), we shall restrict our
attention only to measures in BV (Q)* with bounded total variation in €2, i.e., finite measures. This
is in a sense natural since any positive measure that belongs to BV (2)* must be finite due to the
fact that the function 1 € BV (§2). We show that a finite measure p belongs to BV (2)* if and only if
(1.1) holds for every smooth open set U CC R"™, where p is extended by zero to R™\ © (see Theorem
8.2).

2. FUNCTIONS OF BOUNDED VARIATION

In this section we define all the spaces that will be relevant in this paper.

2.1. Definition. Let Q be any open set. The space M(S) consists of all finite (signed) Radon
measures p in Q; that is, the total variation of u, denoted as ||u||, satisfies ||p|| () < co. The space

Mioc(2) consists of all locally finite Radon measures p in Q; that is, |p|| (K) < oo for every compact
set K C Q.

Note here that M;,.(€?) is identified with the dual of the locally convex space C.(2) (the space
of continuous real-valued functions with compact support in ) (see [8]), and thus it is a real vector
space. For € M,.(Q), it is not required that either the positive part or the negative part of y has
finite total variation in (2.

In the next definition by a vector-valued measure we mean a Radon measure that takes values in
R™.

2.2. Definition. Let Q) be any open set. The space of functions of bounded variation, denoted as
BV (Q), is defined as the space of all functions u € L*(Q)) such that the distributional gradient Du
is a finite vector-valued measure in Q. For Q # R"™, we equip BV () with the norm

(2.1) lull v oy = llull L) + [[Dull (2),

where || Du|| (2) denotes the total variation of the vector-valued measure Du over Q. For Q = R"™,
following Meyers-Ziemer [19], we will instead equip BV (R™) with the homogeneous norm given by

(2.2) lull gy gy = | Dull ®").
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Another BV -like space is BV _»_(R"), defined as the space of all functions in L7=1(R") such that
Du is a finite vector-valued measure. The space BV _n_ (R™) is a Banach space when equipped with
the norm

2.3. Remark. By definition BV (R") C L*(R™) and thus it is a normed space under the norm (2.2).
However, BV (R™) is not complete under this norm. Also, we have

[[Dul| (2) = sup {/ udivdr : o € CHR) and |p(x)] < 1Vx € Q} ,
Q

where © = (p1, 92,y 0n) and |p(z)| = (p1(2)? + p2(2)% + - + @u(2)?)Y/2. In what follows, we

shall also write [, |Dul instead of || Dul| (2).

We will use the following Sobolev’s inequality for functions in BV (R™) whose proof can be found
in 3, Theorem 3.47]:

2.4. Theorem. Letu € BV (R"™). Then
(2.3) lull 2 gy < C) 1Dl (B).

Inequality (2.3) immediately implies the following continuous embedding
(2.4) BV(R") = BV _»_(R").

We recall that the standard Sobolev space W'1(Q) is defined as the space of all functions u €
LY(Q) such that Du € L'(Q2). The Sobolev space W11(Q) is a Banach space with the norm

1
25) Nl = lull sy + 1Dl o) = /Q [lu] + (Dvul? + |Dyul? + -+ +|Dyuf?)¥] da.

However, we will often refer to the following homogeneous Sobolev space. Hereafter, we let C° ()
denote the space of smooth functions with compact support in a general open set (2.

2.5. Definition. Let W11(R") denote the space of all functions u € L7-1(R™) such that Du €
L'(R™). Equivalently, the space W (R™) can also be defined as the closure of C°(R™) in BV _»_(R™)
(i.e., in the norm ||Dul[p1(gny). Thus, u € WLL(R™) if and only if there exists a sequence uy €
C*(R™) such that [, |D(uy —u)|dz =0, and moreover,

71,1 /mn n

w (R )‘%BVﬁ(R )
2.6. Definition. Given a bounded open set €, we say that the boundary 02 is Lipschitz if for each
x € 09, there exist 1 > 0 and a Lipschitz mapping h : R*~! — R such that, upon rotating and
relabeling the coordinate axes if necessary, we have

QQB(‘];’T) = {y = (yla" '7yn—17yn) : h(y17"'7y7l—1) < yn} ﬂB(x,r)
2.7. Remark. Let Q2 be a bounded open set with Lipschitz boundary. We denote by Wg’l(Q) the
Sobolev space consisting of all functions in WH1(Q) with zero trace on 9. Then it is well-known
that C2°(2) is dense in W, (Q). One of the goals of this paper is to make precise the definition
of BVy(Q), the space of all functions in BV (Q) with zero trace on 0Q (see Theorem 6.6). In this

paper we equip the two spaces, BVy() and Wy (), with the equivalent norms (see Theorem 6.7)
to (2.1) and (2.5), respectively, given by

lull vy ey = 1Dull (), and fully:a gy = / |Duld.
Q

2.8. Definition. For any open set Q, we let BV.(Q2) denote the space of functions in BV () with
compact support in . Also, BV>°(2) and BV () denote the space of bounded functions in BV (Q)
and BVy(Q), respectively. Finally, BV.°(Q) is the space of all bounded functions in BV (Q) with
compact support in §2.
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If Q@ € R™ is a bounded open set with Lipschitz boundary, we have the following well known result
concerning the existence of traces of functions in BV () (see for example [14, Theorem 2.10] and
[4, Theorem 10.2.1]):

2.9. Theorem. Let Q be a bounded open set with Lipschitz continuous boundary OS2 and let u €
BV (Q). Then, there exists a function ¢ € L*(9Q) such that, for H"1-almost every x € 09,

lim r " / luly) — o(x)|dy = 0.
B(z,r)NQ

r—0

From the construction of the trace ¢ (see [14, Lemma 2.4], we see that ¢ is uniquely determined.
Therefore, we have a well defined operator

(2.6) 70 : BV(Q) = LY(09).
The intermediate convergence in BV () is defined as follows:

2.10. Definition. Let {uy} € BV(Q) and v € BV (). We say that uj converges to u in the sense
of intermediate (or strict) convergence if

uy, — u strongly in L' (Q) and / | Duy| —)/ | Du.
Q Q

The following theorem can be found in [4, Theorem 10.2.2]:

2.11. Theorem. The trace operator vy is continuous from BV (Q) equipped with the intermediate
convergence onto L*(09)) equipped with the strong convergence.

The following theorem from functional analysis (see [21, Theorem 1.7] ) will be used in this paper:

2.12. Theorem. Let X be a normed linear space and Y be a Banach space. Suppose T : D —'Y is
a bounded linear transformation, where D C X is a dense linear subspace. Then T can be uniquely
extended to a bounded linear transformation T from X toY. In addition, the operator norm of T
is ¢ if and only if the norm ofT is c.

The following formula will be important in this paper. It is a simple consequence of, e.g., [23,
Lemma 1.5.1].

2.13. Lemma. Let i € Mio.(R™) and f be a function such that [,, |fld||u| < +oo. Then

[ i | Tt = pae— [

p({f < t})dt.

The same equality also holds if we replace the sets {f >t} and {f <t} by {f > t} and {f < t},
respectively.

3. BV>*(R") 1S DENSE IN BV_»_(R")
3.1. Theorem. Let u € BV »_(R"), u > 0, and ¢ € C(R") be a nondecreasing sequence of
smooth functions satisfying:

(31) 0<¢r<1,¢p=1o0n Bk(O), ¢r =0 on R" \ ng(O) and |D¢k| < C/k
Then
(3.2) dim [[(r) —ullpy o @) =0,

and for each fived k > 0 we have
(3.3) vl [(Pru) N j — ¢ku||3vﬁ &) = 0-

In particular, BV>°(R") is dense in BV _»_(R").

1
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Proof. As BV _»_(R") C BVy.(R"), the product rule for BVj,. functions gives that D(¢ru) =
¢xDu + uD¢y (as measures) (see [3, Proposition 3.1]) and hence ¢ru € BV(R") C BV _»_(R").
Thus

/n |D(ugr, — u)| = /Rn |¢px Du — Du + uDgy|

< [ low -1+ | llDé]
R™ R™Nsupp (Dor)

c
<[ Jo-upa+; [
Rn Bak\ Bk

c _n_ 1
< [lec-upa+ ([ ) B\ B
R By \ B

n—1

(3.4) g/ 64 — 1| Dul + ¢ / M=
Rn B\ By,

We let k — oo in (3.4) and use (3.1) and the dominated convergence theorem together with the fact
that u € L7-1(R™) to obtain (3.2).
On the other hand, the coarea formula for BV functions yields

[ G ni = [ H 0 o (o) A >
R™ 0

n—1

= /oo H O {ppu — j > t})dt
0

= /Oo H (O {pru > § +t})dt

0
= / H" (0" {ppu > s})ds.
J

Here 0*F stands for the reduced boundary of a set E. Since [;° H" ! (9*{¢pu > s})ds < oo, the
Lebesgue dominated convergence theorem yields the limit (3.3) for each fixed k > 0.

By the triangle inequality and (3.2)-(3.3), each nonnegative u € BV_»_(R™) can be approximated
by a function in BV *(R™). For a general u € BV_»_(R"), let u™ be the positive part of u. From
the proof of [3, Theorem 3.96], we have ut € BV,.(R™) and ||Du™|| (4) < ||Dul| (A) for any open
set A € R". Thus |[Du*| (R") < |[Dul| (R") < +oc and u* belongs to BV _»_(R"). Likewise, we
have u™ € BV _»n_ (R™). Now by considering separately the positive and negative parts of a function
u € BV_»_(R"), it is then easy to see the density of BV, *(R") in BV_»_(R"). O

We have the following corollaries of Theorem 3.1:
3.2. Corollary. BV >°(R") is dense in BV (R™).
Proof. This follows immediately from (2.4) and Theorem 3.1. O
3.3. Corollary. The spaces BV (R")* and BV_n_(R™)* are isometrically isomorphic.

Proof. We define the map
(R")* — BV(R")*

S: BV
as
S(T)=TL BV(R").
First, we note the S is injective since S(7T') = 0 implies that 7' | BV(R") = 0. In particular,
T BV>X(R") = 0. Since BV(R") is dense in BV_»_(R") and T is continuous on BV_»_(R"),

n n
n— n—
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it is easy to see that T | BV _n_ (R™) = 0. We now proceed to show that S is surjective. Let
T € BV(R™)*. Then T | BV>*(R") is a continuous linear functional. Using again that BV, >°(R")
is dense in BV_»_(R"), T'|_ BV°(R") has a unique continuous extension T e BV _»_(R")* and
clearly S(T) = T. Moreover, for any T € BV (R™)*, the unique extension 7" to BV_»_(R") has the
same norm (see Theorem 2.12), that is,

v = [,
oz =75y, ey
and hence
Sy - =1 7
BV (R7)* BV _n_(R")*
which implies that S is an isometry. O

We now proceed to make precise our definitions of measures in W' (R")* and B Von (R™)*.

3.4. Definition. We let
Mige NWELR™M)* := {T € WHL{R™)* : T(p) = / @dp for some j1 € Mjoe(R™), Vo € C2°(R™)}.

Therefore, if € Mioe(R™) N WLL(R™)*, then the action < pi,u > can be uniquely defined for all
u € WHL(R™) (because of the density of C2°(R™) in WHL(R™)).

3.5. Definition. We let
Mioe NBV 2 (R™)* :={T € BV no_(R")* : T(p) = / e dp for some p € Moo, Vo € BV (R™)},

where @* is the precise representative of ¢ in BV°(R™) (see [3, Corollary 3.80]). Thus, if u €
Mioe N BV n_(R™)*, then the action < p,u > can be uniquely defined for all u € BV _»_(R")

(because of the density of BV>*(R™) in BV _»_(R")).

We will study the normed linear spaces M;,. N lel(R”)* and Mo N BV _»_ (R™)* in the next
section. In particular, we will show in Theorem 4.7 below that these spaces are isometrically isomor-
phic. In Definition 3.5, if we use C2°(R"™) instead of BV °(R™), then by the Hahn-Banach Theorem
there exist a non-zero T' € BV_»_(R")* that is represented by the zero measure, which would cause
a problem of injectivity in Theorem 4.7.

4. CHARACTERIZATIONS OF MEASURES IN BV_»_(R"™)*

nlll
The following lemma characterizes all the distributions in W1 (R™)*. We recall that W' (R")
is the homogeneous Sobolev space introduced in Definition 2.5.

4.1. Lemma. The distribution T belongs to Wl’l(R”)* if and only if T = divF for some vector
field F € L>=(R",R™). Moreover,

TN v gy = min{[| | oo (gn ey}
where the minimum is taken over all F € L>®(R™,R"™) such that divF =T. Here we use the norm

1Pl e oy = (74 B ot B2 for F = (B F)

Loo (R
Proof. Tt is easy to see that if T = div F where F € L>®(R", R™) then T € W1(R")* with
ITNlyr1 gy < NIF N poo (me e -
Conversely, let T € WH1(R")*. Define
A:WHH(R™) — LYR™,R"), A(u) = Du,
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and note that the range of A is a closed subspace of L'(R",R") since W' (R") is complete. We
denote the range of A by R(A) and we define
T, :R(A) - R
as
Ty (Du) = T(u), for each Du € R(A).
Then we have
T2l geay- = 1T Nyira gy -
By Hahn-Banach Theorem there exists a norm-preserving extension Ty of Ty to all L'(R"™ R").

On the other hand, by the Riesz Representation Theorem for vector valued functions (see [9, pp.
98-100]) there exists a vector field F € L>(R™,R"™) such that

Tr(v) = F .o, for every v € L*(R",R"),
R’!L

and
Il oo gy = 12l o1 @ )= = N1l ey = 1T Mlvirnn gy -
In particular, for each ¢ € C°(R™) we have
T(p) =Ti(Dyp) = Ta(Dyp) = Do,
which yields
T =div(—F),
with
||_FHL°°(R”,R") = ||T||W1»1(R”)* :

4.2. Theorem. Let Q CR"™ be any open set and suppose j € Mioc(2) such that
(4.1) [w(U)] < CH"H(OU)

for any smooth open and bounded set U CC Q. Let A be a compact set of . If H" " 1(A) =0, then
n(A) = 0.

Proof. As H"1(A) =0, for any 0 < € < idist(A4, ) (or for any € > 0, if @ =R"), we can find a
finite number of balls B(x;,7;), ¢ € I, with 2r; < £ such that A C |J B(z;,r;) C Q and
icl
(4.2) dorrt<e
el
Let W. = |J B(z;,r;). Then
i€l
ACCW, CA.: ={zeR": dist(z, 4) < e}.

The first inclusion follows since A is compact and W; is open; the second one follows since 2r; < ¢
and since we may assume that B(z;,r;) N A # () for any i € I.

We now claim that for each € > 0 there exists an open set W/ such that W/ has smooth boundary
and

AccW! c A
(4.3) { CCWe © Aae

HHOW!) < P(We, 9),
where P(F, ) denotes the perimeter of a set E in . Assume for now that (4.3) holds. Then, since

A is compact,
Xw:—Xa pointwise as € — 0,



8 NGUYEN CONG PHUC AND MONICA TORRES

and
lw(Wh| < CH" YOW!), by our hypothesis (4.1)
< CP(W.Q)
< C) it <eC, by (4.2).
iel

Thus, the Lebesgue dominated convergence theorem yields, after letting e — 0, the desired result:

1(A)] = 0.
We now proceed to prove (4.3). Let p be a standard symmetric mollifier:

p>0, peCE(BO,1)), / p(z)dz = 1, and p(z) = p(—2).

n

Define py (7) = k" p(kz) and

() = xw, * p1ju(z) = K / p(k(z — 4))xw. (v)dy

for k =1,2,... For k large enough, say for k > ko = ko(e), it follows that

(4.4) ur =1 on A, since A CC W,
(4.5) ur = 0 on Q\ Ay, since W, C A..
We have
P(W,Q) = [Dxw.|()
> [Dug|(Q)

1
/ P(FF,Q)dt, since 0 <uy, <1,
0
where
FF = {zx € Q: up(zx) > t}.
Note that for k > ko, and ¢ € (0,1) we have, by (4.4) and (4.5),
A CC FF c As..

For a.e. t € (0,1) the sets F¥ have smooth boundaries. Thus we can choose to € (0,1) with this

property and such that
P(F},Q) < P(W,,9),

to>
which is
H*HOF)) < P(W., Q).
Finally, we choose W/ = Ft]g for any fixed k > k. (]

4.3. Corollary. If i € M;,.(Q) satisfies the hypothesis of Theorem 4.2, then ||u|| << H™ ! in Q;
that is, if A C Q is any Borel measurable set such that H"~1(A) = 0 then ||u|| (A) = 0.

Proof. The domain 2 can be decomposed as 2 = QTUQ ™, such that p™ = | QT and u™ = Q,
where p and p~ are the positive and negative parts of u, respectively. Let A C Q be a Borel set
satisfying H"~1(A) = 0. By writing A = (AN QT) U (AN Q7), we may assume that A C QF and
hence ||u| (A) = ut(A). Moreover, since p* is a Radon measure we can assume that A is compact.
Hence, Theorem 4.2 yields |||l (4) = u™(A) = u(A) = 0. O

The following theorem characterizes all the signed measures in BV_»_(R")*. This result was first
proven in Phuc-Torres [20] for the space BV (R™)* with no sharp control on the involving constants.
In this paper we offer a new and direct proof of (i) = (ii). We also clarify the first part of (iii).
Moreover, our proof of (ii) = (iii) yields a sharp constant that will be needed for the proof of
Theorem 4.7 below.
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4.4. Theorem. Let u € Mo(R™) be a locally finite signed measure. The following are equivalent:
(1) There exists a vector field F € L>®(R"™,R"™) such that divF = 1 in the sense of distributions.
(ii) There is a constant C' such that

u(U)] < CH"H(9U)

for any smooth bounded open (or closed) set U with H"~1(0U) < +oo0.
(iii) H"~Y(A) = 0 implies ||| (A) = O for all Borel sets A and there is a constant C' such that,

for all w € BV°(R™),
<wus|=| [ wal<c [,
]Rn R’Vl

where u* is the representative in the class of u that is defined H" '-almost everywhere.
(iv) p € BV_=»_(R")*. The action of p on any u € BV_»_(R") is defined (uniquely) as
< pyu>:i= lim < p,up >= lim ugdp,
k— o0 k—oo Jrn
where uy, € BVX(R™) converges to w in BV_n_(R"). In particular, if u € BV*(R") then

n
n—

< by U >:/ u*dj,

and moreover, if u is a non-negative measure then, for all u € BV _» (R™),

T
< U >=/ w*ds.

Proof. Suppose (i) holds. Then for every ¢ € C°(R") we have

(4.6) F - Dpdx = —/ wdpu.

Rn n

Let U CC R™ be any open set (or closed set) with smooth boundary satisfying H"~1(0U) < oc.
Consider the characteristic function xy and a sequence of mollifications

Uk = XU * P1/k>
where {p; 1} is as in the proof of Theorem 4.2. Then, since U has a smooth boundary, we have
(4.7) ug(z) = x{;(z) pointwise everywhere,
where x7;(x) is the precise representative of x (see [3, Corollary 3.80] given by

z € Int(U),
x € U,
r e R"\U.

xu () =

O =

We note that x{; is the same for U open or closed, since both are the same set of finite perimeter (they
differ only on OU, which is a set of Lebesgue measure zero). From (4.6), (4.7), and the dominated
convergence theorem we obtain

1
(4.8) uant<U>>+2u<aU>] - |/ x;dujzkgm / ukdu\
= lim F - Dupdzx
k—oo R

IN

lim ||F||OO/ | Dug|dx
k—o0 R

IFIl / IDxu| = | Fll, H" 1 (0U).
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We now let
K:=U.
For each h > 0 we define the function
min{dg (), h}
h .
where di () denotes the distance from x to K, i.e., dx(x) = inf{|x —y| : y € K}. Note that F}, is a

Lipschitz function such that Fp(z) <1, Fj,(z) =1 if z € K and Fy(x) = 0 if dg(x) > h. Moreover,
Fy, is differentiable £"-almost everywhere and

Fh(l‘> =1- x e R”,

1
|DFy,(2)| < 7 for L"-a.e. z € R".

By standard smoothing techniques, (4.6) holds for the Lipschitz function Fj,. Therefore,

/thdM’ =

Since F}, — xx pointwise, it follows from the dominated convergence theorem that

/. deu‘ ~Jim |/ thu‘-

On the other hand, using the coarea formula for Lipschitz maps, we have

(4.9) F - DFydx

R

(4.10) (K| =

F - DFydx
R’n,

(4.11)

< |IFl, [ DRz
Rn
1
— IFlog [ |Ddilds
{0<dr<h}
1 rh
— Pl [ A )
h Jo
= |IFll ="M (dg (1)),
where 0 < t# < h, and di*(t#) C (R™ \ K). Because K is smoothly bounded, it follows that
(4.12) H L (d (1) — HP L (OK) as h — 0.
Since K = U and K = 9U, it follows from (4.9)-(4.12) that
(4.13) (@) < || Fll H"~(9V).

From (4.8) and (4.13) we conclude that, for any open set (or closed) U CC R™ with smooth boundary
and finite perimeter,

SO0 = (D) ~ [t (V)) + Su(@U)]| < 2| Fl 100,

and hence
[p(Int(U))] < 3| Fll 7"~ (90).
This completes the proof of (i) = (ii) with C' = ||F|| for closed sets and C' = 3 || F||  for open
sets.

We proceed now to show that (ii) = (iii). Corollary 4.3 says that ||| << H""!, which proves
the first part of (iii). We let u € BV, °(R") and we consider the convolutions p. * u and define

Af == {pexu >t} for t > 0, and Bf := {p. xu < t} for t < 0.
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Since p. xu € C°(R™) it follows that 0AS and 0B; are smooth for a.e. t. Applying Lemma 2.13 we

compute
o 0
/ pe*udu’ = / u(Ai)dt—/ M(Bf)dt‘
n 0 —oo
o0 0
< [ wtapiaes [ s
0 —oo
&S] 0
< C/ H”—l(aAg)dtJrC/ H"HOB) dt, by (ii)
0 —o00
= C |D(pe * u)| dx, by the Coarea Formula
Rn
(4.14) < C [ |Dul
Rn

We let u* denote the precise representative of u. We have that (see Ambrosio-Fusco-Pallara [3],
Chapter 3, Corollary 3.80):

(4.15) pe ¥ u — u*  H" '-almost everywhere.

We now let ¢ — 0 in (4.14). Since u is bounded and ||u|| << H"~!, (4.15) and the dominated
convergence theorem yield

/ u*du‘ <C | Dul,
n R’!L

which completes the proof of (ii) = (iii) with the same constant C' as given in (ii).
From (iii) we obtain that the linear operator

(4.16) T(u) =< p,u >= / u*dp, ue€ BVZ(R")

n

is continuous and hence it can be uniquely extended, since BV,>(R") is dense in BV_»_(R") (Lemma

3.1), to the space BV _»_(R").
Assume now that p is non-negative. We take u € BV _n_(R™) and consider the positive and

n
n—

1

negative parts (u*)* and (u*)~ of the representative u*. With ¢ as in Lemma 3.1, using (4.16) we
have

T(on(e) 10 0) = [ [l nddn, G =1.2....

We first let j — oo and then &k — oco. Using Lemma 3.1, the continuity of 7, and the monotone
convergence theorem we find

T() ) = [ )
We proceed in the same way for (u*)~ and thus by linearity we conclude
T(w) = T(() ) = T((w) ) = [ @) = (@) du= [ wdn
To prove that (iv) implies (i) we take 4 € BV_a_(R™)*. Since W(R") C BV_»_(R") then
= LW R € W (R

and therefore Lemma 4.1 implies that there exists F € L>°(R™ R") such that divF = ji and thus,
since C>° C WH1(R™), we conclude that div F = y in the sense of distributions. O
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4.5. Remark. Inequality (4.13) can also be obtained be means of the (one-sided) outer Minskowski
content. Indeed, since |Ddk| =1 a.e., we find

F-DRyds| < |Fl, [ |DRyds
R’!L

R

1
1Pl 71{0 < dic < h}.

Now sending h — 0% and using (4.9)-(4.10) we have
(K] < || Fl| oo SM(K) = | Fl  H" ™ (OK),

where SM(K) is the outer Minskowski content of K (see |2, Definition 5|), and the last equality
follows from |2, Corollary 1]|. This argument also holds in the case U only has a Lipschitz boundary.
Note that in this case we can only say that the limit in (4.7) holds H" '-a.e., but this is enough for
(4.8) since ||u]| << H"™! by (4.6) and |7, Lemma 2.25].

4.6. Remark. If F € L*(R" R") satisfies divF = p then, for any bounded set of finite perimeter
E, the Gauss-Green formula proved in Chen-Torres-Ziemer 7| yields,

uetvors = [ dve= [ )
E'Ud*E O*E

and
wE) = [ vk = [ (Fenmae o),
Bt oO*FE

where F; - v and F. - v and the interior and exterior normal traces of F on 0*E. Here E' is the
measure-theoretic interior of E and 0*E is the reduced boundary of . The estimates

|Fe - VLo (oem) S IFll oo and [[F - vl poo (50 gy < 1l L

give
(B U E)| = |u(BY) + (0" E)| < | F|l o H" (O E)
and
[W(END] < |[Fll o 10" B).
Therefore,

(0" B)| < || F|l o H'HO*E) + [u(BY)] < 2| F| o H"H(O"E).
We note that this provides another proof of (i) = (ii) (with C = || F||, for both open and closed

smooth sets) since for any bounded open (resp. closed) set U with smooth boundary we have U = U*
(resp. U=U*Ud*U).

We recall the spaces defined in Definitions 3.4 and 3.5. We now show the following new result.

4.7. Theorem. Let £ := Mipe N BV = (R™)* and F := Mipe N Wl’l(R")*. Then £ and F are
isometrically isomorphic.

Proof. We define a map S : &€ — F as

1

S(T) =T Wht.
Clearly, S is a linear map. We need to show that S is 1-1 and on-to, and ”S(T)HWM(W)* =
1Tl gy o () for all T € €. In order to show the injectivity we assume that S(7) = 0 € F for
n—1

some T' € €. Then
T(u) =0 for all w € WHH(R™).

Thus, if p is the measure associated to T € &, then

/ wdp =T(p) =0 for all p € C°(R™),
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which implies that u = 0. Now, by definition of £, we have
T(u) = / u*dp =0 for all u € BV°(R"),
which implies, by Theorem 2.12 and Theorem 3.1, that
T=0on BV%(RTL)

We now proceed to show the surjectivity and take H € F. Thus, there exists u € M,.(R™) such
that

/ wdp = H(p) for all p € C°(R™).
From Lemma 4.1, since H € W1 (R™)*, there exists a bounded vector field F' € L>(R",R") such
that
(4.17) divF = p in the distributional sense and [[H||yj1.1gny = [1llyira@ny = [ F oo gn ey -
Now, from the proof of Theorem 4.4, (i) = (ii) = (iii), it follows that
lpll << H"H,
u(U)] < | Fll H"~(9U)
for all closed and smooth sets U CC R", and

‘ / u*dp
R’Vl

Hence, p1 € BV°(R™)* and from (4.17) we obtain

<N F[l poo e rn) H’U’HBV%I ®ny for all w € BV*(R™).

”NHBVCOO(]R")* = ”F”LOO(]R",R") = ||NHW1,1(Rn)* .
From Theorem 2.12, it follows that p can be uniquely extended to a continuous linear functional
ft € BV »_(R")* and clearly,
S(ﬂ) =M
which implies that S is surjective. According to Theorem 2.12, this extension preserves the operator
norm and thus

||S_1(/1')HBVL1(]R7L)* = ||ﬂ||BV%1(]Rn)* = ||lu’||BVCOG(]Rn)* = ||/’L||W1,1(Rn)* )
which shows that £ and F are isometrically isomorphic. O

4.8. Remark. The space W1 (R™)* is denoted as the G space in image processing (see Meyer [18]),
and it plays a key role in modeling the noise of an image. It is mentioned in [18] that it is more
convenient to work with G instead of BV _»_(R")*. Indeed, except for the characterization of the
(signed) measures treated in this paper and the results in De Pauw-Torres [10], the full character-
ization of BV _»_ (R™)* is unknown. However, G can be easily characterized; see Lemma 4.1. Our
previous results Theorem 4.4 and Theorem 4.7 show that, when restricted to measures, both spaces
coincide. Moreover, the norm of any (signed) measure ;1 € G can be computed as

2
Hr=1(0U)’
where the sup is taken over all open sets U C R™ with smooth boundary and H" 1(0U) < +oc.

Hence, our results give an alternative to the more abstract computation of ||u| . given, by Lemma
4.1, as

(4.18) el = sup

el = min{HFHLOO(R",]Rn)}a
where the minimum is taken over all F € L>°(R™,R™) such that divF =T. We refer the reader to
Kindermann-Osher-Xu [16] for an algorithm based on the level set method to compute (4.18) for the
case when p is a function f € L2(R?) with zero mean. Also, in the two-dimensional case, when i is
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a function f € L*(R?), the isometry of measures in Theorem 4.7 could be deduced from [15, Lemma
3.1].

5. ON AN ISSUE RAISED BY MEYERS AND ZIEMER

In this section, using the result of Theorem 4.4, we construct a locally integrable function f such
that f € BV(R™)* but |f| € BV(R™)*. This example settles an issue raised by Meyers and Ziemer
in [19, page 1356]. We mention that this kind of highly oscillatory function appeared in [17] in a
different context.

5.1. Proposition. Let f(x) = e|x|" ~¢sin(|z|7¢) + (n — 1)|z| "t cos(|x| 7€), where 0 < e <n —1 is
fixed. Then

(5.1) f(z) = div [z]z]| " cos(|z| )]

Moreover, there exists a sequence {ry} decreasing to zero such that
(5.2) / fH(@)de > crp ¢
vy (0)

for a constant ¢ = c(n,€) > 0 independent of k. Here f is the positive part of f. Thus by Theorem
4.4 we see that [ belongs to BV (R™)*, whereas |f| does not.

Proof. The equality (5.1) follows by a straightforward computation. To show (5.2), we let r, =
(m/6 + 2k7r)%1 for k =1,2,3,... Then we have

T(@)de = s(n B "et~ € sin(t¢ n— Leos(t—¢ +@
[, o T = st [t i)+ (0 i ostr~

_ s(n) /OO o [ea™ sin(z) + (n — D)zt cos(x)]+d§

€

7/242kT+2im

> Z i v,

/64+2kn+2im

where s(n) is the area of the unit sphere in R™. Thus using the elementary observation

w/6+2km+2(i+1)7 4 w/242km+2iT n
—n —n
/ 7 dx < 6/ < dx,
T s

/2+2kn+2im /64+2km+2im
we find that
© w/242kT+2iT .
/ fH(x)de > QZ?/ e dy
BTk (0) 14 i—0 7/64+2kT+2im
00 7 /242kT+42iT . w/64+2km+2(i+1)T o
> @Z / T eﬂd:ch/ T jldl’
1 i=0 w/64+2kT+2im 7 /242kT42iT
00 7 /6+2km+2(i+1)7T R
> s e
14 i—0 w/6+2km+2im
_ s(n) /°° 2 s(n)e r,’cl_l_e.
14 Jr/6s2rn 4(n—1-¢)

This completes the proof of the proposition. O
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6. THE SPACE BV, (Q)
In this section we let Q C R™ be a bounded open set with Lipschitz boundary. We now proceed
to make precise the definition of BV,(2).

6.1. Definition. Let
BVo(Q) = ker(70),
where o is the trace operator defined in (2.6).
We also define another BV function space with a zero boundary condition.

6.2. Definition. Let
BV, () := C (),
where the closure is taken with respect to the intermediate convergence of BV (£2).
We will show in this section that BV,(2) = BV (). We have the following:
6.3. Theorem. Let Q) be any bounded open set with Lipschitz boundary. Then BV.(Q)) is dense in
BV, () in the strong topology of BV ().
Proof. We consider first the case v € BVy(Cr, 1), where Cg r is the open cylinder
CR,T = BR X (O,T),
Br is an open ball of radius R in R"™!, and supp(u) N dCk r = supp(u) N (Br x {0}). A generic
point in Cr r will be denoted by (2/,t), with 2’ € Bg and t € (0,7).
Since u € BVy(Cr 1), the trace of u on Br x {0} is zero. From Giusti [14, Inequality (2.10)] we
obtain

(6.1) //B xt|dmdt<6// \Dul, 0< B <T.

Consider a function ¢ € C°(R) such that ¢ is decreasing in [0, +00) and satisfies
p=1lon[0,1],p=00nR\[-1,2],0< p < 1.

We define
er(t) = p(kt), k=1,2,...
(6.2) ve(2',t) = (1 — @i (t))u(a’, t).
Clearly, vy, — u in L'(Cg 7). Also, if u > 0 then vg T u since ¢ is decreasing in [0, +00). Moreover,
Ovy, ou
5 = (1- )E — k' (kt)u,
Dyv, = (1= k) Dyru.

Thus we have

/ |ka - DU| = /
Cr,1 Cr,1
/CR,T

Since ¢y (t) = 0 for t > £ we have the following:

(Dx/u—gaka/u ?;L Ok ?;: kgp'(kt)u) — (Dx/u 2?)‘

( — kDo, — i)’)t — k' (kt)u )

[opu-pd < o [ wupu+ [ HgE)ll)
Cr,7 CRr,T CRr,T
2/k 2/k
< C’/ / |Du|—|—Ck:/ / w(a',t)|da’ dt
Br
< C||Du| (Br x (0,2/k)) + Ck(2/k) || Dul| (Br x (0,2/k)), by (6.1)
(63) < C Dl (Br x (0,2/K).
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Since ||Dul| is a Radon measure and N2, (Bg x (0,2/k)) = 0, inequality (6.3) implies that

lim |Dvy, — Du| = 0.
k— o0 CR,T
Thus
(6.4) vy — u in the strong topology of BV (Cr,r).

We consider now the general case of a bounded open set  with Lipschitz boundary and let
u € BVy(Q). For each point zy € 9, there exists a neighborhood A and a bi-Lipschitz function
g: B(0,1) — A that maps B(0,1)* onto AN and the flat part of dB(0,1)" onto AN Q. A finite
number of such sets Ay, Ag, ..., A, cover ). By adding possibly an additional open set A9 CC €,
we get a finite covering of Q. Let {a;} be a partition of unity relative to that covering, and let g;
be the bi-Lipschitz map relative to the set A; for i = 1,2,...,N. For each i € {1,2,..., N} the
function

Ui = (azu) o g;
belongs to BVy(B(0,1)"), and has support non-intersecting the curved part of 9B(0,1)". Thus,

we can extend U; to the whole cylinder C;; := B1(0) x (0,1) by setting U; equal to zero outside
B(0,1)*. By (6.4), for each € > 0, we can find a function W; € BV,(C} 1) such that

(6.5) Wi = Uillpyc, ) <€
fori=1,2,...,N. Letting now
w; =W;og7t, i=1,2,...,N,
we have w; € BV.(A; N Q) and
ID(wi — a)| (4N Q) = [D(Wiog* - ((asu) o g:) o g7 || (4: N Q)
= [D(gin(Wi — (i) 0 g:))| (Amﬂ)

< Cgig |DW; — (au) 0 g;)|| (A; N ), by [3, Theorem 3.16]
= C / |D(W; — U;)|, by definition of g, acting on measures
TH(ANQ)
= C |D(W; — U;)|
B(0,1)+
(6.6) < Ce¢, by (6.5).

Here C' = max;{[Lip(g;)]" "'} (see |3, Theorem 3.16]). Let wy = apu. Then wy € BV.(Q). Define

N
=0

We have w € BV,.(Q2), and by (6.6)

[D(w —w)[| () < ZHD i — au)|| (A N Q)
- ZHD i — )] (4N Q)
< NCs.

Likewise, by (6.5) and a change of variables we have
N N

|w— uHLl(Q) < Z [Jws — OéiUHLl(AmQ) < Z [Jwi — aiu”Ll(AiﬂQ) < Nce.
i=0 i=1
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Thus BV,(Q2) = BV,(£) in the strong topology of BV (). O

6.4. Remark. By (6.2) and the construction of w in the proof of Theorem 6.3 above, we see that
each u € BVy(§2) can be approximated by a sequence {u} C BV.(Q) such that ux, = u in Q\ Ny, for
a set N, = {z € Q:d(z,00) < d(k)} with §(k) — 0 as k — +o0. Moreover, if u > 0 then so is uy
and ui T u as k increases to +o0.

We will also need the following density result.

6.5. Lemma. BV (Q) is dense in BVy(Q) in the strong topology of BV (). Likewise, BV.°(Q) is
dense in BV,(Q)), and BV>°(Q) is dense in BV () in the strong topology of BV ().
Proof. We shall only prove the first statement as the others can be shown in a similar way. Let
u € BV, (Q) and define

uj:=uANj, j=1,2,...
Obviously, u; — u in L'(Q2). We will now show that ||D(u —u;)|| () — 0. The coarea formula
yields

/|D(u—uj)| _ /WH”_I(QHB*{u—uj>t})dt
Q 0

/ H QN0 {u— 7 > t})dt
0

/ H QN0 {u > j+t})dt
0
= / HHQN O {u > s})ds.
J
Since [ °H" QN d*{u > s})ds < oo, the Lebesgue dominated convergence theorem implies that
0

(6.7) /Q |D(u —u;)| — 0 as j — oo.

If u € BVp(92), we write u = ut —u™ and define f; = ut Aj and g; = u~ Aj. Thus f; —g; € BVy(Q)
and

/|D(u—(fj—9j))| = /\DU+—DU_—ij+D9j|
Q Q
ut — f; U —g;
< /Q‘D( fj)|+/Q|D( 9J)|

— 0Oasj— oo,

due to (6.7). That completes the proof of the lemma. O

We are now ready to prove the main theorem of this section that makes precise the definition of
the space of functions of bounded variation in €2 with zero trace on the boundary of €.

6.6. Theorem. BV,(Q) = BV,(Q2).

Proof. Let Let u € BV (§2). Then Definition 6.2 implies the existence of a sequence {uy} € C()
such that

up —u in LY(Q) and / | Dug| — / | Dul.
Q Q
Since uy € C°(Q2), we have vyy(ur) = 0. Then Theorem 2.11 yields
yo(ug) — y(u) in L' (0Q),

and so
v(u) =0 and wue€ BVy(Q).
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In the other direction, let u € BVy(€2). Then, from Theorem 6.3 there exists a sequence uy € BV,(Q)
such that

(6.8) lim / |ug —ul = lim / |Duy, — Du| = 0.
k—o0 Q

k—o0 O

Given a sequence ¢, — 0, we consider the sequence of mollifications
Wk 1= Uk * Pey -

We can choose ¢, sufficiently small to have
wg € CF(Q).

Also, for each k,

hm |D Ug * pe)| = / | Duy|,

e—0

and
hm/ |ug * pe — ug| = 0.

Thus we can choose € small enough so that, for each k,

1
[ 1D s o)1= [ (D] < 5.
Q Q
and

1
(610) / |uk * Pep — Uk| < 7~

Using (6.10) and (6.8) we obtain

(6.11) lim / |wg, — u| < hm / |wg — ug| + hm / lug —u| = 0.

k—o0

(6.9)

Also, letting k — oo in (6.9) and using (6.8), we obtain

(6.12) hm / | D(uy * pe,, |_/ | Dul.

From (6.11) and (6.12) we conclude that wy — w in the intermediate convergence which implies that
u € BVo(Q). 0

Note that Theorem 6.6 implies the following Sobolev’s inequality for functions in BVy(€2) (see
also [23, Corollary 5.12.8] and [6, Theorem 4|):

6.7. Corollary. Let u € BVy(Q), where  is a bounded open set with Lipschitz boundary. Then

[l < C||Dul[ (),

LT ()
for a constant C = C(n).

Proof. The Sobolev inequality for smooth functions states that

(6.13) [l < C/ | Du| for each u € CZ°(R™).
Rﬂ,

Lﬁ(Rn)

From Theorem 6.6 there exists a sequence uy, € C2°(£2) such that

(6.14) up —u in L'(Q) and / |Dug| — / | Dul.
Q Q

Since u, — u in L'(£2) then there exists a subsequence {ug,} of {uy} such that

ug; (z) — u(z) for a.e. € Q.
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Using Fatou’s Lemma and (6.13), we obtain

n

n—1
71 < liminf (C/ D“’w) :
J—0o0 Q

n—1

(/ |u|n”1> ' §0/|Du|.
Q Q

By Corollary 6.7, we see that [ul 5y (q) is equivalent to ||Dul (2) whenever u € BVy(Q2) (or
BV, (€2)) and Q is a bounded Lipschitz domain. Thus, for the rest of the paper we will equip BV ()
with the homogeneous norm:

(6.15) lu|7™T < liminf/ |ug,;
Q 1= JQ

Finally, using (6.14) in (6.15) we conclude

O

[ell v ey = 1Dull (2)-

From Theorem 6.3 and Lemma 6.5 we obtain
6.8. Corollary. Let Q be any bounded open set with Lipschitz boundary. Then BV () is dense in
BVy(Q).
7. CHARACTERIZATIONS OF MEASURES IN BV{()*

First, as in the case of R", we make precise the definitions of measures in the spaces WO1 1)
and BV(Q2)*.

7.1. Definition. For a bounded open set € with Lipschitz boundary, we let
Mioe () N W' (Q)* = {T € Wy (Q)* : T(p) = / @dp for some 1 € Mioo(), Vo € C(Q)}.
Q
Therefore, if 1 € Mioe(2) N Wy ' (Q)*, then the action < p,u > can be uniquely defined for all
u e Wyt (Q) (because of the density of CS°(Q) in Wy (2)).

7.2. Definition. For a bounded open set Q) with Lipschitz boundary, we let
Mioe () N BV(Q)* :={T € BV(Q)" : T(p) = / w*dy for some p € Mioc(2),Vp € BV (Q)},
Q

where ©* is the precise representative of w. Thus, if © € Miee(2) N BV(Q)*, then the action
< pyu > can be uniquely defined for all uw € BVo(Q) (because of the density of BV, () in BVy(§2)
by Corollary 6.8).

We will use the following characterization of VVO1 1(Q)* whose proof is completely analogous to
that of Lemma 4.1.

7.3. Lemma. Let Q be any bounded open set with Lipschitz boundary. The distribution T belongs
to WOI’I(Q)* if and only if T = div F for some vector field F € L*°(Q),R™). Moreover,

||T||W01=1(Q)* = min{HFHLm(QRn)}a
where the minimum is taken over all F € L (Q,R™) such that divF =T. Here we use the norm

VPl ey 1= [[(FF 4 B ot B2 for = (B ).

We are now ready to state the main result of this section.
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7.4. Theorem. Let Q be any bounded open set with Lipschitz boundary and p € Mioe(Q). Then,
the following are equivalent:

(1) There exists a vector field F € L (2, R™) such that divF = p.

(i) |u(U)| < CH"L(OU) for any smooth open (or closed) set U CC Q with H"~1(9U) < +oo0.

(iii) H"(A) = 0 implies ||| (A) = 0 for all Borel sets A C Q and there is a constant C such
that, for all u € BV(Q),

|<u,u>::‘/u*du‘§0/Du|,
Q Q

where u* is the representative in the class of u that is defined H"~*-almost everywhere.
(iv) u € BV(Q2)*. The action of u on any u € BVy(QY) is defined (uniquely) as
< pyu>:= lim < p,u, >= lim / ugdp,
k—oc0 k—oo Jq

where u € BV°(Q) converges to u in BVy(Q). In particular, if w € BV°(2) then

< pyu >= / u*dpu,
Q

and moreover, if u is a non-negative measure then, for all u € BVy(Q),

< phyu >= / u*dp.
Q

Proof. Suppose (i) holds. Then for every ¢ € C°(2) we have

/F~D<pdx:—/cpdu.
Q Q

Let U CC Q be any open (or closed) set with smooth boundary satisfying H"~1(0U) < co. We
proceed as in Theorem 4.4 and consider the characteristic function yy and the sequence ug :=
XU * p1/k- Since U is strictly contained in €, for k large enough, the support of {u;} are contained
in . We can then proceed exactly as in Theorem 4.4 to conclude that

lW(U)| < CH" V),

where C' = ||[F|| .« g, for closed sets U and C' = 3 [|F[[ (g for open sets U.

If p satisfies (ii) with a constant C' > 0, then Corollary 4.3 implies that [|u| << H"~!. We let
u € BV>*(Q) and {p.} be a standard sequence of mollifiers. Consider the convolution p. * u and
note that p. x u € C°(2), for € small enough. Then as in the proof of Theorem 4.4 we have, for €

small enough,
/pg*ud,u SC’/ | Du.
Q Q

Sending ¢ to zero and using the dominated convergence theorem yield

/u*du SC/ | Dul,
Q Q

with the same constant C' as in (ii). This gives (ii) = (iii).
From (iii) we obtain that the linear operator

(7.1) T(u) :=< p,u >= / u*dp, uw € BVX(Q)
Q
is continuous and hence it can be uniquely extended, since BV, () is dense in BV(Q2) (Corollary
6.8), to the space BV;(12).
Assume now that p is non-negative. We take u € BV(Q2) and consider the positive and negative
parts (v*)* and (u*)~ of the representative u*. By Remark 6.4, there is an increasing sequence



MEASURES IN THE DUAL OF BV 21

of nonnegative functions {vy} C BV.(Q) that converges to (u*)T pointwise and in the BV norm.
Therefore, using (7.1) we have

T(Uk/\j):/vk/\jdﬂa j=12,...
Q

We first send j to infinity and then k to infinity. Using the continuity of T, (6.7), and the monotone
convergence theorem we get

T()) = [ (W) d
We proceed in the same way for (v*)~ and thus by linearity we conclude
Tw) = () ) = T((w)) = [ @) =) du= [ wan
Finally, to prove that (iv) implies (i) we take u € BVy(€2)*. Since Wy'' (Q2) € BVy(Q) then

fi= L Woh (@) € Wy ()7,

and therefore Lemma 7.3 implies that there exists F € L>(£2,R™) such that divF = i and thus,
since C° € W, (), we conclude that div F = ;i in the sense of distributions. O

7.5. Remark. If Q) is a bounded domain containing the origin then the function f given in Propo-
sition 5.1 belongs to BVy(Q2)* but | f| does not.

Theorem 7.4 and Lemma 7.3 immediately imply the following new result which states that the
set of measures in BV,(Q)* coincides with that of W, (€2)*.

7.6. Theorem. The normed spaces Mioe(Q) N BVo(Q)* and Muoe(2) N Wy ' (Q)* are isometrically
isomorphic.

The proof of Theorem 7.6 is similar to that of Theorem 4.7 but this time one uses Theorem 7.4
and Corollary 6.8 in place of Theorem 4.4 and Theorem 3.1, respectively. Thus we shall omit its
proof.

8. FINITE MEASURES IN BV (Q)*

In this section, we characterize all finite signed measures that belong to BV (Q)*. Note that
the finiteness condition here is necessary at least for positive measures in BV (Q2)*. By a measure
u € BV(Q)* we mean that the inequality

‘/ U*du‘ < Cllullpv(a)
Q

holds for all w € BV*°(§2). By Lemma 6.5 we see that such a u can be uniquely extended to be a
continuous linear functional in BV (Q).
We will use the following result, whose proof can be found in [23, Lemma 5.10.14]:

8.1. Lemma. Let Q be an open set with Lipschitz boundary and v € BV (Q). Then, the extension

of u to R™ defined by
u(z), x €l
up(x) = {0,( ) z € RM\Q
satisfies that ug € BV (R™) and
lluoll Bv@®ny < Cllullgy (@),
where C' = C().
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8.2. Theorem. Let 2 be an open set with Lipschitz boundary and let p be a finite signed measure
in Q. Eztend p by zero to R™\ Q by setting ||p||(R™\ Q) = 0. Then, p € BV(Q)* if and only if

(8.1) [w(U)| < CHH(U)
for every smooth open set U C R™ and a constant C = C'(2, u).

Proof. Suppose that € BV (Q)*. Let u € BV>°(R"™) and assume that u is the representative that
is defined H"1-almost everywhere. Consider v := uygq and note that v | Q € BV°(Q) since Dv is
a finite vector-measure in R™ given by

Dv =uDxq + xaDu,

and therefore,

[ 100l = [ 1uDxa+xabul < [ uiDxal + [ 1Du
Q Q Q Q
(82) - / Dul < / Du| = [ull gy (&) < +oo.

Q Rn
Since p € BV (Q)* there exists a constant C' = C(, i) such that
(8.3) ‘/de/l' < Clvlsve)-

Then,

‘/uwwﬂﬁmﬂ ‘AMASMMmm%wwm
= C ol +C [ 1D

C lloll sy + C / Dul, by (8.2)

IN

IN

C HUHLﬁ(Q) + C/R |Du|, since Q is bounded

= Clull s gy +C [ 1D
< C/ |Du| = ||u||BV(R”)’ by Theorem 2.4,
R’!L

which implies that ¢ € BV (R™)*. Thus, Theorem 4.4 gives
u(U)] < CH"(9U)

for every open set U C R™ with smooth boundary.

Conversely, assume that p satisfies condition (8.1). Then Theorem 4.4 yields that p € BV (R™)*.
Let u € BV*>(Q) and consider its extension uy € BV(R™) as in Lemma 8.1. Then, since uy €
BV (R™), there exists a constant C' such that

/ (UO)*du‘ < Clluol| By ®n)-
RT?,

Now, Lemma 8.1 yields |[ug||py ®n) < Cllul/pv (o) and since ug = 0 on R™\Q and 1o = u on Q,
we obtain from (8.4) the inequality

(8.5) ] / u*du] < Cllulsveo,

which means that ;1 € BV (Q)*.

(8.4)
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. Remark. [t is easy to see that if p is a positive measure in BV (Q)* then its action on BV ()

is given by

< pyu >= / u*dp
Q

for alluw € BV (Q).
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