QUALIFYING EXAMINATION
Aucust, 1995
MATH 553

A CORRECT ANSWER TO EACH PART OF EACH PROBLEM BELOW IS WORTH 10 POINTS*.
IN ANSWERING ANY PART OF A QUESTION YOU MAY ASSUME THE PRECEDING PARTS.

NotaTiON: Q, R, C, and F, denote, respectively, the fields of rational numbers, real
numbers, complex numbers, and with p elements.

1. Let p and ¢ be distinct prime numbers. Prove that every group of order p?q is solvable.

2. Let S4 be the symmetric group on 4 elements, and let B be the group of permutations
of the set S = {Py,..., Ps} of Sylow 3-subgroups of Sy.

(a) List the subgroups Py, ..., Ps and justify your answer.
(b) Prove that the map S, — B, which sends each g € S; to the permutation

(g(PIlj)lgfl g(Pf;gfl g(PSngl) € B, is an isomorphism of groups.

3. Determine which polynomials are irreducible in the given ring:
(a) f(z) =2t + 23 + 322 + 2 € Q[a].
(b) f(z,y) =1+z+y*+zy® +ya® € Qz,y].

4. Prove the following assertions for the ring S = Rz]/((2? +1)?).
(a) There exist exactly two ring homomorphisms 7: S — C such that 7| = idg.

(b) Choose one of the homomorphisms in (a), and call it 7. Prove that there exists a
unique homomorphism of rings o: C — S such that o|g = idg and 7o = idc.

[HINT: Prove and use the following: if such a o exists, then (o(i))? = —1 and 7o (i) = 7(x).]

(c) The homomorphism o extends to an isomorphism of rings R[y]/(y?) — S .

5. Let p be a prime number, let L be the field of rational functions F,(z,y), and let F' be
the subfield F,(z?, y?) C L. For each integer n > 1 consider the element z, = z+yz?" € L
and the subfield F,, = F(z,) C L. Prove the following assertions.

(a) (L: F)=p?and (E,: F)=p.
(b) E,, # Ep, if n# m.

6. Let K = Q(\/g, \/6, N4&i ). Prove the following assertions.
(a) (K:Q) =8.

* Only the first 100 points you collect will count towards your score.



(b) K is a Galois extension of Q and Gal(K| Q) = Cy x Cy x Cy, where Cs is the cyclic
group of order 2.



