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November 16, 2016

1 791---[4 pts]

Let f be differentiable on [a,b] and let R(f’) denote the range of f’ on [a,b]. Give examples to
illustrate that R(f") can be

(a) a closed interval.

(b) an open interval.

(c) a half-open interval.

(d) an unbounded interval.

Proof.
(a) flz) =22 €0,1], R(f)=[0,2].
(v o
) = xte” sm(;), xz€[-1,1,z #0, R(J') = (—24.24)
0, z=0.

Proof can be found on page 37-38, ”Bernard R. Gelbaum, John M. H. Olmsted. Counterexamples
in Analysis, Dover Books on Mathematics, 2003.” O

(¢) 38 > 0, define

1
2 +x+a’sin—, x#0,zc(0,0]
flx) = r
0, =0.
then L 1
() = 1—cos;+2x(1+sin;), x#0,z€10,5]

1, z=0.

s.t., Rf'(x) € (0, 3].
The tricky part is to prove the range is open at 0. For Vz, = ﬁ, k=12, f'(zp) = ﬁ >
0,for z # ap, f'(x) =1 —cos2 +2z(1+sinl) >1—cos2 > 0. So0 ¢ Rf(z). Moreover,

limg o0 f'(x) = 0, which proves 0 is a limit point. So, it’s open at 0.
(d) .
f(z) =a?sin =,z € [—1,1], R(f/) = (—00,00).
x
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2 7.10.9---[3 pts]

Corollary 7.35: Let f be defined on an open interval I.
(i) If f is differentiable on I, then f is convex on I if and only if f’ is nondecreasing on I.
(ii) If f is twice differentiable on I, then f is convex on I if and only if f” > 0 on L.

Proof. (i),= Claim, if f is differentiable on I, and f is convex on I, then

flai+h) = flz) _ fl@1+he) — f(2)

hy = ho ’
f(@) — f(x1) < f(x2) — f(2')
i - xe—x
f(x2) = flwz —h3) _ f(z2) = fx2 = ha)
hs - hy ’

for hy < hQ,ZL‘l <z < xg,hg > h4,

For the first inequality, since f(x1+h1) = f(%(a:ﬁ—hg) hy = hlxl) hlf(x—i—hg) th_thf(xl) =
ha(f (1 -ha) = (1)) < b (f (1 o) = f21)) = TN L2 < Lol dC) For the second
inequality, f(2') = f(;“zigu1 P ;01551) < ;_2 f(@2)+ 2= f(21) = (z2—2")[f(2")— f(21)] <

(' —z1)[f (z2)—f(2))] = f(zw)_j:gml) < f(m) f( ). Following same procedure can prove inequality
3. Then,

flxi+h) = flzy) _ flzr+hi) = f(z1)

fi(1) = Jimy h = hy
— flas—h ~ flea—h
< f@2) ££$2 2) lim f(2) £($2 ) _ (),

for hy > 0,hy > 0,29 — hy > 1 + hy. Hence f’ is increasing.
(i), < by mean value theorem, for any 77 < 2,0 < o < 1, Elm € (x1,ar1 + (1 — @)xa), 12 €
(axy+ (1 —a)xa, x2) s.t., f'(m) = Stewy +(—a)e) - f(xl),f (n2) = [zz)=flom+(1=a)aa) g0 m <

(I-a)(z2—=1) a(za—x1)
12 and f’ is nondecreasing, thus f(azzf_(g(ﬁmfi;f( D = f(ngy) < f(np) = Le2)= ﬁ((iflig 2)z2)
flazy + (1 — @)xs) < af(z1) + (1 — ) f(xz). which means f is convex.
(i), If f is twice differentiable, then f’ is nondecreasing if and only if f”/ > 0, then we complete

the proof by combining the result in (i). O

3 7.13.3---[3 pts]

Let p be a polynomial of the nth degree that is everywhere nonnegative. Show that
p(x) +p () +p"(x) + - +p"(x) >0 for all z.

Proof. Claim: If p(x) = anz™ + ap_12™" T4 ao > 0 everywhere, then a,, > 0 and n is even.

if © # 0, then p(x) = 2™ (a, + an_ll “Faow LY. since limy_s o0 Gy 1l +oFag= = =0=
Ve > 0,3N, s.t., when |z| > N, |an_1:c” Ly +ao| < € < %a,|. Then, if ap < 0, let z > N,
we will have p(z) < 2"(a, +€) < 3a,2" <0 Wthh is a contradiction, so a, > 0. If n is odd,
then let © < —N, we have p(z) < 2"(a, — €) < 3a,2" < 0 which is a contradiction, so n is even.

For our problem, define H(z) := p(x) + p/(x) + p"(x) + - - - + p(™) (z) then by same discussion
we can get IN > 0, when |z| > N, H(z) > 0. Assume {xg,21,...,2,—1} are the critical




points which means H'(z;) = 0, then choose Ny s.t., Ny > N and (—Ny,Ny) D {z;}. Since
H(x;) = H'(xi) + p(x;) = p(x;) > 0, then

H(z) > min{{H (x;)}, H(N1),H(—N1)} >0, x€[-Ny1,N]

Combined with H(x) > 0 in (0o, —N7] U [N, 00), we complete the proof.



