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1 3.6.3---[5 pts]

Which of these series converge?
oo n(n+1)
a) Zn:l (n+2)2 00
Divergent. Let ¢ = 1, by limit comparison test 2, limg_, o i—: =1>0,since )~ 1 divergent,
then S°°° , 1) 45 divergent.

n=1 (n+2)2
3n(n+1)(n+2
b) YL, M
Divergent. Let ¢ = % by limit comparison test 2, limg_ o0 ‘;—: =3 > 0, since > o, ﬁ
divergent, then Y ° %\W is divergent.

o 1
C) En:Q ns logn '
If s = 1, divergent. By Cauchy’s Condensation Test, Z;’i2 2ay; = log2 Zj , j is divergent.
oo 1 . .
Soazkzg " loghk 18 divergent.

If s < 1, divergent. since m @.
If s > 1, Convergent since 0 < — Iogn < ni
d) o an —1
If @ = 0, divergent.
If @ = 1, convergent.
If a > 1, divergent. Consider ¢ = er — 1, by Taylor’s expansion, ¢ = er —1>1 —|— +—1=+,5s0

Sy er —1is divergent. by limit comparison test 2, limy_, o, ‘Z =loga > 0 So, 1t is dlvergent

If 0 < a < 1, divergent. ai = atr —1< 0, so consider bk = —ay. Let b= a, Zn 1—an +1=

bzfl > 0, and for sufficient large n, b» < 2, then by = b":l

s 1
e)  2in=2 wlogny

By Cauchy’s Condensation Test, 377, 2ay; = m >, J% Then,

%(b% — 1), so it is divergent.

Ift > 1, it is convergent.
Ift <1, it is divergent.

) X0l oy
Ifs>1,sinceo<m
If s =1, just the problem (e), it is convergent for ¢ > 1, divergent for t < 1
If s < 1 then 3r > 0,s.t.,s + 1 < 1, since for sufﬁc1ent large n,

< L

ns?

so it is convergent.

then

1
ar < (logn)” ns(logn)t >

9+T > =, so it is divergent.

9) Zn:l (1 - %)nz

Convergent. By root test, limg_,oo #ag = limg o0 (1 — %)’“ = % < 1, so it is convergent.



2 3.6.15---[2 pts]

. Let {a,} be a sequence of positive numbers and write

log(3-)
L= n/
logn

Show that if liminf L,, > 1, then ) a,, converges. Show that if L, <1 for all sufficient large n,
then > a, diverges.

Proof.

a), Let s; = inf,,>; L,,. Since sj increase monotonically and lims; > 1, then 3r > 0, s.t., for
. log(-L-

sufficient large n,s, > 1+ r, then L, = Oi(g“g) >s,>1+r= ai > pltT = q, < ﬁ =

> a, converges.
b),dN >0,Yn >N, L, <1=a, > % then > a,, diverges. O

3 3.6.16---[3 pts]

Apply the test in Exercise 3.6.15 to obtain convergence of divergence of the following series (x is
positive):
a, 2?22 xlogn7
b, 00_ xlog logn7
2&72 —logn
C, Z?L:Q (log Tl) 9

Proof.
a, L, = % = —logx, then by Exercise 3.6.15, if x > %, it diverges. if 0 < = < %, it
converges.
log(—ot=ss . o1
b, limy—ye0 Lp = limy, 500 % = lim,_co loil% log 1 =0 <1, so it diverges.
log n
¢, L, = ‘eglosn™") 1501000 > 1. So it converges. O

logn



