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MODEL THEORY OF OPERATOR SYSTEMS AND C*-ALGEBRAS

THOMAS SINCLAIR

ABsTRACT. We survey the model theory of operator systems and C*-algebras.

1. INTRODUCTION

At the heart of the theory of operator algebras is the “noncommutative order” imposed
on the algebra B(H) of bounded linear operators on some Hilbert space H by the cone
of positive semidefinite operators, that is, operators 7" which admit a sum-of-squares
decomposition T' = S7S; + ...S}S, for some n and Si,...,S, € B(H) (equivalently
n = 1). This partial order structure, even in the finite-dimensional case, is incredi-
bly rich and complex and its understanding is deeply connected with many important
and outstanding open problems in fields as diverse as quantum information theory and
quantum computing, numerical linear algebra and optimization, combinatorics, com-
puter science, and random matrix theory. Beginning in the 1960s and 70s with work of
Arveson, Choi, Effros, Lance, Kirchberg, and Stinespring it became apparent that the
full power of the noncommutative order is captured not just by the “level one” order
structure but the higher-level order structure imposed by taking matrix amplifications.
In fact, the higher-order structure on a C*-algebra is powerful enough to capture the
norm-structure as well as many properties which would be considered algebraic in na-
ture. This conception of noncommutative order crystalized in the notion of an operator
system first systematically studied in the groundbreaking work of Choi and Effros [9].

In any semisimple category of algebras the finite-dimensional, simple objects are of
primary importance. In the case of C*-algebras, these are the (complex) matrix algebras.
Thus, it was a natural theme from the very beginning of the subject to try to understand
the structure of a C*-algebra by quantifying how well (or how poorly) it was algebraically
approximated by direct sums of matrix algebras. With the theory of operator systems, it
was realized that finite-dimensional order approximation through matrix algebras was an
equally vital aspect of the theory, and such properties as nuclearity and exactness have
become standard tools of the trade for working operator algebraists. The surprising
relations discovered by celebrated work of Kirchberg between two other well-studied
finite-dimensional order approximation properties, the local lifting and weak expectation
properties, and a famous conjecture of Connes have helped catalyze an entirely new
chapter in operator algebras through their connection with a deep problem of Tsirelson
arising in quantum information theory: see Goldbring’s article in this volume.

The goal of this set of notes is to introduce the reader to some aspects of the continuous
model theory of operator systems and C*-algebras mainly through the model theoretic
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properties of the noncommutative order and their relation with finite-dimensional ap-
proximation properties.
This article is organized as follows.

e Section 2 gives a brief overview of the theory of operator systems. While not
totally self-contained, the section aims at presenting enough material for the
reader to gain a basic working familiarity with operator systems, including such
topics at the Choi—Effros representation theorem, Arveson’s extension theorem,
duality and the double dual, and quotients. The latter part of the section pro-
vides several examples of canonical ways of constructing operator systems. The
reader may wish to consult the excellent books of Brown and Ozawa [6] and
Paulsen [36] for a fuller account of the theory. The reader may also wish to
read the article of Szabo in this volume for an introduction to C*-algebras before
proceeding beyond this section.

e Section 3 introduces the model theory of operator systems and C*-algebras.
The first part of the section constructs the language for operator systems, while
the next few sections serve to introduce basic model-theoretic concepts such as
theories, ultraproducts, and definability, illustrating these ideas in the operator
systems context before concluding with a discussion of the model theory of C*-
algebras. This section is largely based on the accounts found in the paper [20] of
Goldbring and the author and the monograph of Farah, et al. [15], though many
of the proofs of results given here are new and the centering of the account from
the perspective of matrix completion problems is also somewhat novel. A reader
wishing to explore these topics further would do good to consult [5] and [15].

e Section 4 surveys some applications of the model theory developed in the Sec-
tion 3 to the theory of finite-dimensional approximation properties for operator
systems and C*-algebras. The discussion of exactness and nuclearity is largely
sourced from [15] and [21], while that of the local lifting property is from [20],
[21], and [43|. The last part of this section on the weak expectation property
is sourced from [21] and [35], though the treatment here is substantially new.
We refer the reader to Goldbring’s article in this volume for the model-theoretic
aspects of the local lifting and weak expectation properties in relation to the
famous conjectures of Connes and Kirchberg, and the reader may also wish to
consult the recent monograph of Pisier [40] on this subject.

2. GENERAL BACKGROUND ON OPERATOR SYSTEMS

Definition 2.1. An operator system E is a closed subspace of B(H) which is closed
under taking adjoints and contains the unit.

Remark 2.2. Let E” be the set of hermitian elements. From the property that E is
closed under adjoints, it is immediate that E” is a real, unital subspace with E = CE".
Since E contains the unit, we have that for each € E" we may decompose x as a
difference of positive elements in F, namely as = (||z||1 + z) — ||z||1, which shows that
ET := ENB(H)" is a cone in E. In this way E" is an ordered (real) vector space
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under < y «— y —x € ET. Moreover 1 is an order unit, that is, for each = € E"
—rl <z < rl for some r > 0 which is archimedean in the sense that —el < z < €l for
all e > 0 implies that x = 0.

So far we have just established that an operator system is a Banach space with a
pleasant real, ordered structure. In the real case, these are referred to as function systems
and were studied and classified by Kadison [24] (see [2, Chapter 11| as well), while a study
of the complex case was undertaken by Paulsen and Tomforde [38]. What distinguishes
operator systems from function systems is the following enrichment of structure of the
objects or, to put it in a glass-half-empty way, restriction of the category maps between
the objects.

The enrichment comes from the following, seemingly modest, observation: if £ C
B(H) is an operator system, then so is E, := M, (F) C M,(B(H)) = B(H®"), where
H®" is the direct sum of n copies of H. Thus, from each operator system there may
be derived a sequence of order unit spaces (E,, E;,1,). Moreover, there is a natural
family of connecting maps defined as follows. For a € M, define ad(a) : E, — Ej, by
ad(a) : z — a*za. Notice that ad(a) preserves the order structure. For v € M,, ; with
v*v = 1} we will often refer to ad(v) as the compression induced by v. (Notice that vv*
is a rank k projection in M, so n > k.)

Given a x-linear map ¢ : F — F' between operator systems F and F', we can define
a *-linear map ¢, : E, — F,, coordinate-wise by ¢, ([xi;]) := [¢(i;)]. Thinking about
M, (E) = M, ® E, ¢, is nothing other than id;, ®¢. Note that the ¢,’s commute with
the structure maps (thus, compressions): ad(a) o ¢, = ¢, o ad(a).

Definition 2.3. A map ¢ : E — F is said to be n-positive (n=1,2,3,...) if p,(E) C
F;F and completely positive if ¢ is n-positive for all n. We say that ¢ is a complete order
embedding if it is unital and both ¢ and ¢ ~! : p(E) — E are completely positive.

It is easy to see that m-positivity implies k-positivity for all £ < n and that positive
maps are *-linear.

For an operator system E C B(H), we denote by || - ||, the restriction of the operator
norm on B(H%") to E,.

Definition 2.4. A linear map ¢ : E — F is said to be n-bounded if ¢, : (En, || - ||n) =
(Ey, || - ||n) is bounded, in which case we denote the norm of ¢, by ||¢|l,. The map
@ is said to be completely bounded if it is bounded for all n, in which case we write
llelleh = sup,, [[@|ln- (Note that ||¢||x < [|¢||n for all & < n.)

Perhaps the most important foundational fact in the the theory of operator systems
is that the higher-order norm structure is totally determined by the structure of the
positive cones.

Proposition 2.5. Let E C B(H) be an operator system. For x € E, we have that

. tl =z
|||, = inf {t >0: [az* tl] € E;;b} )
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b o] e i)

if and only if (a&,&) + 2Re (b, n) + (en,n) > 0 for all {,n € H with ||| = ||n]| = 1.
Since we have that

Proof. Tt clearly suffices to check the case n = 1. We have that

]l = sup{| (z&,m) | = [I€]] = [Inll = 1},

txl] is positive if and only if 2¢ + 2Re (x€,n) > 0 for all unit-norm

vectors §,n € H. This, in turn, is seen to be equivalent to t > | (z€,n) | for all such &, 7
by making substitutions of the form n +— e"*n for s € R chosen suitably. This completes
the proof. O

it follows that [;

Exercise 2.6. A unital, 2-positive map ¢ : E — F' is contractive.

Proposition 2.7. If o : E — F is a unital, *-linear contractive map between operator
systems, then p is positive.

Proof. Let * € E* with 0 < # < 1, and define y = 2z — 1 so that -1 < y < 1,
equivalently ||y|| < 1. Since ¢ is unital and *-linear ¢(y) = 2¢(z) — 1 is hermitian,
and [|¢(y)]] < 1 since ¢ is contractive. Thus, —1 < 2¢(z) — 1 < 1, which implies
o(x) = 0. O

Exercise 2.8. Any unital, contractive linear map between operator systems is *-linear.
We derive the following easily as a consequence of the previous two results.

Corollary 2.9. Every complete order embedding of operator systems is a completely
isometric embedding. FEvery unital completely isometric embedding is a complete order
embedding.

Exercise 2.10 (Kadison-Cauchy—Schwarz). Let E C B(H) be an operator system. If
¢ : F — B(K) is unital and 2-positive, then ¢(z)p(x*) < @(xa*) for all x € E. See
[36, Chapter 3| for this and many other basic properties satisfied by completely positive
maps.

Exercise 2.11. If ¢ : E — F is unital, completely positive, then [|¢|l., = [|¢(1)|| = 1.
See [36, Proposition 3.6].

Proposition 2.12 (Choi’s Theorem). FEvery completely positive map ¢ : M, — My, is
of the form p(x) = Ele a‘za; for some ay,...,a € My.

The converse is also seen to be true as z — a*za is completely positive. See [3,
Theorem 2.21]| for a proof.

Exercise 2.13. Use Choi’s Theorem to deduce that if ¢ : M,, — M} is completley
positive, then the adjoint map @' : M, — M, defined by the functional equation
tr(o(A)B) = tr(Ap!(B)) for all A € M,,, B € My is again completely positive.
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Exercise 2.14. For E = M5 show that

v [Z Z] ~ [(a +cd)/2 (a +bd)/2}

is unital and 1-positive, but not 2-positive. Show that |A\| = 1/2 is the optimal constant

so that
v [CCL Z] ~ [(a J&g)/z (a +M21)/2}

is completely positive.

Exercise 2.15. Let v1,vs be the generators of the Cuntz algebra s, and consider
E := span{1,vi,v2,v],v5}. We have that ¢ : E — E given by ¢(al + bv; + cva + dvj +
evy) = al + bv} + cvl + dv; + evq is unital and positive, but not 2-positive, as 2 is not
contractive.

Exercise 2.16. We have that ¢ : My — My given by transposition, p(z) := at, is

positive but not 2-positive.

Remarkably, the structure of higher ordered cones and connecting maps is totally
sufficient to abstractly characterize operator systems, as discovered in the seminal work

of Choi and Effros [9].

Definition 2.17. An abstract operator system (E, E™,1) is a real ordered *-vector space
with archimedean order unit 1 along with a real ordered *-structure (E,, E;, 1,,) for each
n=1,2,...,where E, ¥ M, ®FE, (a®x)* = a*®z*, and 1,, = [, ® 1, so that B} c E!
and a*E;fa C E; for all a € M,, .

Remark 2.18. Omitting the requirement of an order unit in the previous definition
leads to the definition of a matrixz ordered x-vector space

Theorem 2.19 (Choi and Effros). Every abstract operator system E admits a complete
order embedding into B(H) for some Hilbert space H.

The representation obtained by the Choi-Effros theorem is canonical, but, like the
Gelfand—Naimark theorem, it is impractical to work with. Nonetheless, the abstract
characterization of operator provides us with a way to axiomatize the class of operator
systems as metric structures. Additionally, the proof of this theorem introduces some
important ideas, as we will see in the following sketch.

To begin, we introduce the notion of a state ¢ : E — C to just mean that ¢ is a unital,
positive map. It follows essentially by an application of the Hahn—Banach theorem for
archimedean ordered *-vector spaces that the states separate points in £ and completely
determined the positivity structure; to wit,

Lemma 2.20. For an abstract operator system E, we have that v € ET if and only if
o(x) >0 for every state .

See |38, Proposition 3.12] for a proof.
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Remark 2.21. Even if (E,E™,e) is an ordered x-vector space with e being an not
necessarily archimedean order unit, one may still consider the set of all states on £ and
define E’ to be their closed, linear span. For each z € F - we can define the evaluation
map & : E' — C by £(¢) := ¢(z). It can be seen that (E, E+,¢é) is now an archimedean
ordered, *-vector space which is known as the archimedeanization of E. We refer the
reader to 38, Section 3.2| for details.

The crucial point is that e is an archimedean order unit ezactly when the evalua-
tion map x — & is faithful, that is, has trivial kernel. In many of the constructions
going forward we will define some sort of higher-level positivity /order structure on a
archimedean ordered *-vector space, making it an operator system, by proscribing the
set of higher-order positive maps. At a technical level the positive maps really induce
an operator system structure on E which we can identify with F canonically as long as
we know the evaluation map is faithful.

Lemma 2.22. For an abstract operator system E, every positive map ¢ : E — C 1s
completely positive. In particular, every state is completely positive.

Proof. Let x € E;f. We want to show that ¢, (z) € M, is positive semidefinite. To this
end, choose a € M,, 1, and observe that a*¢,(r)a = p(a*za) > 0 since a*za € Et. We
are therefore done since a*¢,(x)a > 0 for all a € M, ; characterizes the matrix ¢, (z)
as being positive semidefinite. O

Notation 2.23. For (abstract) operator systems E and F, we use CP(E,F) and
UCP(E, F), respectively, to denote the set of all completely positive maps from E to F
and the set of all unital, completely positive maps from F to F.

Lemma 2.24. Let E and F be abstract operator systems. There is an affine bijection
between CP(E,, F') and CP(E, F,), CP(E,, F) > ¢ <> ¢ € CP(E, F,), given by

@(z) = [p(ei; @ )iy @([ziz]) = Z@(ﬂfzj)ij»

where e;; are the standard matriz units for M,

Proof. Let’s start with the assumption that ¢ : E, — F' is completely positive. It is
clear that the map A, : M,, — M, ® M, given by

An([zig)) =) eij @ mijes;
ij

is a (non-unital) *-homomorphism, hence is completely positive. Therefore by Proposi-
tion 2.12, we have that for all z € E;} that A, ® idg(z) € E,. Since ¢ is completely
positive, so is idys, ®p : M, ® B, — F,. Let 1, € M, be the matrix of all 1’s. We have
that the connecting map ad(1}) : E — E, as defined at the beginning of this section is
completely positive. We now compute that

¢(x) = (idar, @¢n) o (An @ idp) 0 ad(1},)(z),
so ¢ : E — F,, is completely positive.
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We now turn to the case that ¢ : E — F), is completely positive, so idys, ®p : By —
M, ® F, is as well. We have that

¢([zy]) = ad(1,) o (A], ®idp) o (idas, ©P)([zi5])
is completely positive by Exercise 2.13. O
We now sketch two slightly different proofs of Theorem 2.19.

Sketch of a First Proof of Theorem 2.19. Consider all ¢ € UCP(E, M,), over all n =
1,2,..., where we will write n(¢) := n for clarity. By Lemma 2.24 we have that
CP(E, M,) = CP(E,, C), which by Lemmas 2.22 and 2.20 shows that UCP(FE, M,,) com-
pletely determines the positive cone in E,,. For concision let’s denote I := |J;2 | UCP(E, M,,).

It is now relatively straightforward to check that setting H = @@e I C™%) we have
that ® : £ — B(H) given by

®(z) = Pele) € D My, C B(H)

pel pel
is a complete order embedding. O

For the second proof we will take a slightly different tack, essentially following the
proof of [36, Theorem 13.1]. This proof will be important later on when we attempt the
axiomatization of operator systems as metric structures.

Sketch of a Second Proof of Theorem 2.19. Following the ideas from Proposition 2.5 we
begin by defining a semi-norm |[|z||’, on each E, by

. te z +
|lz||}, := inf {t >0: [mf ten] € E2n} ,

where e, = I, ® e is the order unit in E,. The fact that e is an archimedean order
unit for £ can then be used to show that ||z||}, is actually a norm and that E;" forms a
closed cone. (We refer the reader to [36, Proposition 13.3| for details.) Once we know
that each E; is closed, setting E, to be the norm-closed linear span of UCP(E, M,,),
the Krein—Milman theorem for cones can be used to show, with some work, that the
evaluation map E, 3 x — 7 : E' — C satisfies Z(¢) > 0 for all ¢ € UCP(E, M,,) if and
only if x € E;f. Borrowing the notation from the sketch of the first proof,

o(z) = Po(x) € @ My, C B(H)
pel pel
is a unital complete order embedding. It follows from Corollary 2.9 that ® is a complete
isometric embedding. O

One of the main upshots of the Choi—Effros representation theorem from our vantage
is that it describes the following “dual” way of viewing an operator system structure via a
coherent collection of admissible positive maps into each matrix algebra. Let (E, E*,1)
be a real ordered *-vector space with archimedean order unit, and let S(E) denote the
set of states of F.
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Proposition 2.25. Suppose that for eachn = 1,2,... we define a closed set Sy, of unital,
linear maps from E to M, so that S = S(E) and for each f € S, and ¢ € UCP(M,,, M},)
we have that ¢ o f € Sg. Then the collection (S,,) completely determines an operator
system structure on E so that S,, = UCP(E, My,) for all n.

Sketch of Proof. For each ¢ € S, C L(E, M,), let p(z) = [p;j(z)]. Define E;f C E, to
be all x € E,, so that Zi,j @ij(xi5) > 0 for all p € S,,. We leave it as an exercise that this

defines a compatible family of real ordered structures on each FE,, satisfying Definition
2.17. O

Perhaps the most important basic result in the theory of operator systems is Arveson’s
extension theorem.

Theorem 2.26 (Arveson’s Extension Theorem). For every unital inclusion E C F of
operator systems and every unital, completely positive map ¢ : E — B(H), there exists
a unital, completely positive map ¢ : F — B(H) extending .

We will outline a proof here: for a detailed proof see [6, Theorem 1.6.1] or [36, Theorem
7.5|

Sketch of Proof. We first note that any positive map ¢ : E — C extends to a positive
(hence, completely positive) map ¢ : F' — C by the Hahn-Banach extension theorem for
ordered vector spaces [13, Corollary 9.12]. We now consider the case when dim(H) =
n < oo. We have that CP(E,B(H)) = CP(E, M,,) =2 CP(M,(E),C). As before, we can
now extend any ¢ € CP(M,(E),C) to ¢ € CP(M,(F),C) = CP(F, M,). Since ¢ is
unital and (2-)positive, it is contractive by Exercise 2.6.

Now let H be arbitrary and let (H;);c; be the directed set of all finite-dimensional
subspaces of H, ordered by inclusion. Let p; : H — H; be the orthogonal projection
onto H; and consider the unital completely positive maps ¢; : E — B(H;) defined
by @i(z) = pip(x)p;. We may extend each to @; : F — B(H;) unitally and completely
positively. Since all maps are contractive, we can now take a pointwise-ultraweak cluster
point of the net ¢; to obtain a unital, completely positive map ¢ : F' — B(H). It is
straightforward to check that ¢ extends . O

We now turn our attention to describing the dual of an operator system. We begin
with the following proposition.

Lemma 2.27. Let E be an operator system. Every bounded linear functional ¢ : E — C
s a linear combination of four states. Every completely bounded map ¢ : E — M, is a
linear combination of four completely positive maps.

Proof. Suppose E C B(H). By the Hanh-Banach theorem every bounded linear con-
traction ¢ : E — C extends to a linear contraction ¢ : B(H) — C. Now ¢ is a
linear combination of four states by the Jordan decomposition theorem for C*-algebras
[44, Proposition 2.1]. The rest of result follows from this by essentially the same proof
as Lemma 2.24 by noting the correspondence described therein converts any bounded
linear map ¢ : E — M, to a bounded linear functional ¢ : M, (E) — C. g
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In this we we see that E* is equipped with a matricial ordered *-vector space struc-
ture, where the positive cone in M, (E*) is identified with the completely positive maps
E — M,. This does not give E* the structure of an operator system, however, as there
is no clear choice of an archimedean order unit. In the case that E a finite-dimensional
operator system there is a way of placing an operator system structure on E* which is
non-canonical as it will depend on choosing an order unit. This is essentially a conse-
quence of the following lemma: see |26, Lemma 2.5] for a proof.

Lemma 2.28. For any finite-dimensional operator system E we can find a basis {x¢ =
Lz1,...,xp} of self-adjoint elements so that the dual basis {x§,x7,...,x%}, defined by
x}(z;) = dij, is a hermitian basis for E* with 6y an order unit.

A related, useful lemma appears as |6, Lemma B.10].

Lemma 2.29. For any finite-dimensional operator system E, we can find a spanning
set 1 = x1,...,x, consisting of hermitian elements of unit norm so that the dual ba-
sis x7, ..., x5 defined by x}(x;) = 6 satisfies ||z7]| = 1 as well for all i = 1,...,n.
Moreover, x5 may be taken to be an order unit in the cone S(E).

Even though E* is not an operator system, E** is, as it turns out that the evaluation
map 1 : E* — C is an archimedean order unit for the matricial ordered structure on E**
induced from E*. In fact, the following is true.

Proposition 2.30. The natural embedding E — E** given by sending x — T is a
complete order embedding of operator systems. If E is finite-dimensional, then it is a
complete order isomorphism.

Proof. We have that E C B(H) for some Hilbert space H. By [44, Section III.2] there
is a unital x-algebra embedding 7 : B(H) — B(K) so that there is a unique extension
7' B(H)* — B(K) which is a homeomorphism from the weak*-topology on B(H) to
the ultraweak topology on B(K). This implies that x € M, (B(H)*") is positive in the
matricial order structure defined on B(H)** if and only if 7’(z) is positive in M, (B(K))
as both are determined from taking the closures of M, (B(H))" in the respective weak
topologies. Since 1 = (1) € B(K) is archimedean, we have that 1 € E** is archimedean,
thus F** is an operator system. O

Definition 2.31. For an operator system E, a subspace J C F is said to be a kernel if
J = Njer ker(y;) where {y; : i € I} is a collection of states on E.

Given a kernel J C FE, we may put a quotient operator system structure on E//\J
for the ordered #-vector space quotient E/J by identifying UCP(E/J, M,,) with the
weak*-closed, convex subset UCP(E, M,;J) of UCP(E, M,,) consisting of all ¢ with

J C ker(¢). Note that in general the quotient structure must be placed on E/.J and not
E/J itself as the class of 1 in E/J is an order unit which is possibly not archimedean, so
we must pass through the evaluation map to obtain the archimedeanization. Quotients
of operator systems were first defined by Choi and Effros [9]. We refer the reader to
[26,29] for a in-depth treatment of quotients of operator systems.
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2.1. Examples of Operator Systems.

Example 2.32. Every unital C*-algebra A is canonically an operator system where A}
is just the cone of positive elements in the C*-algebra M, (A). In particular the matrix
algebra M}, is naturally an operator system under (My); = (M, @ My)*. Note that
not every element of (M,, ® M)* can be written as a sum of simple tensors z ® y with
xr € M and y € M, ,j as soon as n, k > 2! In quantum information theory the elements
in (M,, ® My)" which are not in the span of simple tensors of positive elements are said
to be entangled.

Example 2.33. Let X be a finite set. For a vector space V, let V[X] denote the vector
space of all functions f : X — V. We have that C[X] is a real, ordered x-vector space
under pointwise conjugation and the cone R>[X] of all non-negatively-valued functions
f X — Ry, with order unit being the characteristic function 1x.

We can define the following “free” canonical operator system structure on C[X] as
follows. We have that M, (C[X]) & M, [X] canonically, so we can define C[X]; as the
cone of all functions f : X — M,f. In the dual picture, consider a map g : X — M,
which extends to a positive linear map ¢ : C[X] — Mj. We see that g, : M,[X]| —
M, (M) = M, ® My, is given by g,(f) = > ,cx f(2) ® g(x); hence, every positive
map from C[X] to My is completely positive. Conversely, consider the a positive map
g: X — M. For f € M,[X] we have the pairing Zi,j Gij(fij) as given in the proof of
Proposition 2.25 can be computed as

> 5ii(fiy) = Y tr(f(x)g(w)).

%, zeX
Since A € M, is positive semidefinite if and only if tr(AB) > 0 for all B positive
semidefinite, it follows that 37, ; Gi;(fi;) > 0 forall g : X — M, if and only if f(x) € M.}
for all z € X.

In summary, we see that this operator system structure on C[X] has the following two

universal properties: for every operator system E every positive map ¢ : E — C[X] is
completely positive and every function f : X — ET induces a completely positive map

f:C[X]— E.

Example 2.34. We now describe the construction of universal operator systems from
sets of linear relations. We equip C[X] with the usual inner product structure (f,g) :=
Y zex f(@)g(x). Consider a set of elements r1,...,r, € R[X] so that (r;,1x) =
>..ri(r) =0forall i =1,...,k. Let R = span{ri,...,r;}. We define an opera-
tor system structure on the quotient space C[X]/R by defining the completely positive
maps from C[X]/R to M, to be exactly the set of linear maps induced by functions
f:X = M sothat > .y ri(z)f(z) =0 foralli=1,...,k. Since 1x € R+ we have
that the constant function f(z) = ﬁjﬂ is a unital, completely positive map, so that
UCP(C[X]/R, M,,) is nonempty for each n.

This is a special case of the quotienting construction detailed above, as it is easy to
check that R C C[X] is a kernel. This construction seems rather simple, but this belies
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a very rich structure. For example, let us take | X| = 2n and label the elements of X as
S1,..+,8n,t1,...,t,. Consider the single element r defined by r(s;) =1 and r(t;) = —1
for all 4,57 = 1,...,n. It is a result of Kavruk [27] that in this case that C[X]/R is
canonically completely order isomorphic the operator subsystem of C*(Z/nZ x Z/nZ)
spanned by the generating set (Z/nZ x 1) U (1 % Z/nZ).

Example 2.35. Let P C R* be a closed cone with archimedean order unit e. We can
define an operator system structure on V' = (C", P, e) by declaring UCP(V : M,,) to be
the set of all linear maps f : C* — M, so that f(R") C M, f(e) = I,,, and f(p) € M,
for all p € P. This is the maximal operator system structure MAX(V') over V as defined
in [37]: the following is proved therein.

Proposition 2.36. The operator system MAX(V') is characterized by the universal prop-
erty that ¢ : MAX (V') — B(H) is completely positive if and only if o(P) C B(H)™".

We record this property by introducing new terminology.

Definition 2.37. We say that an operator system F is k-maximal if every k-positive
map ¢ : B — B(H) is completely positive. For ease of reference, we will say that E is
maximal if it is 1-maximal.

Remark 2.38. If K C R’ is compact, convex set with 0 as an interior point, we can form
the cone Px C R to consist of all vectors of the form te — tv where e = (1,0,...,0),
v € 0@ K, and ¢t > 0. It can be checked that e is an archimedean order unit for Px and
Px — Pg =R

Proposition 2.39. For the mazimal operator system structure on Vi := (CT1, P, e),
we have that UCP(Vi, M,,) is parametrized by the set of all {-tuples X1,..., X, of her-
mitian elements in M, satisfying the linear matrix inequalities I, = v1.X1 + ... + vy Xy
forallv e K.

We leave the proof as an exercise to the reader. Conversely, for a closed cone P
with archimedean order unit e, consider the “slice” K = {p € P : (p,e) = 1}. It can
be shown that Pg is affinely isomorphic to P, so that all maximal operator systems
essentially arise in this way. This is essentially a special case of the Webster—Winkler
Duality Theorem [45].

Example 2.40. Again, let P C R* be a closed cone with archimedean order unit e.
We can define an operator system structure on V = (C", P, e) by embedding V' via the
evaluation map into the algebra C'(S(V')) of continuous functions on the set S(V') of all
states, which is a closed and bounded, hence compact, subset of C™. This is the minimal
operator system structure MIN(V') defined on V' as described in [37]. The following is
proved therein.

Proposition 2.41. The minimal operator system structure on V is characterized by
the universal property that for every operator system E every positive map ¢ : E — V
extends to a completely positive map ¢ : E — MIN(V).
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3. MODEL THEORY OF OPERATOR SYSTEMS

A linear matrix *-polynomial in n-variables x = (z1,...,x,) is an expression of the
form
pr)=a @1+ -+, @, + b1 Q]+ + b @) +c®1
where (a1,...,an,b1,...,bn,c) are elements in M}, for some k. Equivalently, we may
think of p(x) as a k x k matrix where each entry is a linear *-polynomial in 1, z1,...,z,.

Definition 3.1. We say that a linear matrix *-polynomial is hermitian if p(x*)* = p(z)
which is to say that c is hermitian and a} = b; for all ¢ = 1,...,n. A linear matrix
x-polynomial is said to be homogeneous if p(0) = 0, that is, if ¢ = 0. We say that p(x)
has degree k if a1,...,an,b1,...,by,c € My, and we write deg(p) = k.

We define a linear matriz inequality to be an expression of the form p(x) > 0 where
p(x) is a hermitian linear matrix x-polynomial. Note that given a system pj(z) >
0,...,pm(z) = 0 of linear matrix inequalities we may without loss of generality combine
them into a single linear linear matrix inequality via a block diagonal embedding of the
matrix coefficients of each p; into a larger matrix. Many problems in functional analysis
can be essentially phrased as the following general problem:

Problem 3.2 (Matrix Completion Problem). Does there exist X = (X1,...,X,) € D"
for some domain D C B(H) so that p(X) = 07 (Here 1 is interpreted as the unit in
B(H).)

From the perspective of logic, the Matrix Completion Problem can be seen as whether
some existential sentence is true over some (hopefully) suitable domain of quantification
D. Notice that by Proposition 2.5, this framework captures problems involving norm
estimates as well: if we are interested in the statement

Se e D" lp(a)] < 1.

then setting p*(z) := p(z*)* we may write this equivalently as

n.| 1 p@)
Jx €D [p*(m) 1 ]EO.
If H is a finite-dimensional Hilbert space, the Matrix Completion Problem frequently oc-
curs in the context of semidefinite programming in terms of whether a given semidefinite
program is feasible. (We will not go any further into this here, but we refer the reader
to [19, 34] for an introduction to modern developments in the theory of semidefinite
programming,. )

3.1. Building the Language. One could say that the broad goal of building a model
theory for matrix operator systems is to devise a general framework where problems
such as the Matrix Completion Problem can be systematically studied. Following |20,
Appendix B] we give a description of how to axiomatize operator systems in the context
of first order continuous logic for metric structures. (We refer the reader to [15, Section
2.1] for the basics of first order continuous logic for metric structures.) In terms of
building the language, this immediately brings to attention the following considerations.
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(1) We will need a collection of sorts E, Eo, E3, ... intended to capture the oper-
ator system E = FEj as well as its matrix amplifications so that E, should be
interpreted as M, (E) when our work is done. Each of these sorts will need
domains of quantification D, (E,,) corresponding to the norm r-balls about the
origin. Since we are about to give each E, a real vector space structure, it will
suffice to consider D;(E,,) alone.

(2) We will need another collection of sorts C1,Co,Cs, ... for which each C,, will
need to be interpreted as the cone of positive elements F;I in E,, with domains
of quantification to be interpreted as the restriction of the r-balls in E,, to C,,.

(3) Sorts M, , for the complex n x k matrices with each domains of quantification
the operator norm r-balls.

(4) Sorts for C, R, and the non-negative reals R> with the domains of quantification
being the standard r-balls.

For each of these sorts we will need the corresponding relational symbols.
(1) We will need constant symbols 0,1 in D;(E;) for 0 and the order unit. We
require function symbols

m:CxE,— E,, +n:E,xE, — E,, and %, : £, — E,

to be used for scalar multiplication, addition, and involution, respectively. Ad-
ditionally one further set of function symbols

frg : My ¥ E, — Ej,
is needed for (a,x) +— a*za and another
pif B, — B
for projections giving the matrix coordinates. There are predicate symbols
|- lln = En = Rxo

which we will want to interpret as the norms induced from the matrix ordering
as in Proposition 2.5.
(2) We define constant symbols 0/, 1" in D1(C7) and function symbols

-%:RZO x C, —)Cn, —i—% :C, x C, —>Cn, and gn,k:Mn,k x Cp, — Ch

to be used for scalar multiplication, addition, and (a, x) — a*xa, respectively.

(3) Similarly to the first two items, there will need to constant symbols for 0 and func-
tion symbols for scalar multiplication, addition, and taking adjoints * : M), ;, —
M, ,, for each M, ;..

(4) Again, we must define symbols for 0,1 in R>p, R, and C with an additional
symbol ¢ in C, all in the unit domain of quantification. Function symbols are
needed for addition, scalar multiplication, and, in the case of C, conjugation.

(5) Besides these we need a couple of other sets of function symbols

in : Cp — By,
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obviously for the inclusion of the positive cone in each F, and
hn : En — EQn

which we want to interpret as

) 1, =z
hn.xrﬁ[x* 1n]

to be used to guarantee our predicate symbols are interpreted as intended.

Pertaining to the use of the h,’s we require the following result.

Lemma 3.3. For an operator system E and x € E,, we have that

. 1
|z)l, =1 =dist ([x 91”] EQ;)

Here x — y:= max{x —y,0}.

Proof. We may assume without loss of generality that n = 1 and r := ||z|| > 1. By
Proposition 2.5 we have that
1
[ ., ’"gc] € Ey;

1
;.%' 1

h(x) = dist ([; ﬂ ,E;> — dist ( :(1 - f/r)x* (1 S/T)$: ,Ej) .

T T e 8 -l

we see by simple arithmetic that
0 y| | a -0
y* 0 —-b* ¢

Oy__ab
y* 0] b* ¢

Hence, by averaging the two expressions and using the triangle inequality we see that

hence,

h(z) must be approached by elements in E; of the form 8 (C) . However, by the same

I e [ N e

which shows by averaging that a = ¢ = 0 is optimal. Therefore

N | P R O ) [

o =l gl o) .

argument as before

since
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We require one further technical result: see [20, Lemma B.1].
Exercise 3.4. For an operator system E and x € E; we have that dist(—z, E;") = ||z|».

To complete the language we need axioms that tell us that the symbols enumerated
above are interpreted as they should be. These would include, for instance, axioms
stating that each E,, has the structure of a x-vector space, E, isomorphic to M, (E),
and the x-vector space structure on FE, is the natural one induced from the *-vector space
structure on E; via matrix amplification. In addition to these, we need the following,
more specialized, axioms.

(1) There is an axiom that each || - ||,, is seminorm on E,,, and that this predicate is
the metric predicate, that is,

sup |dist(z,y) — [l = ylln| = 0.
%ZIGDl(En)

This implies that each || - ||, is, in fact, a norm.
(2) We need an axiom stating that i, : C), — E,, is an isometric inclusion, an axiom
for ensuring that the range of i,, lies in the hermitian part of E,,,

sup  dist(in(x),in(x)*) =0,
x€D1(C’n)

and an axiom (by way of Exercise 3.4) ensuring that —i,(Cy,) Ni,(Cy) = {0},

sup - |[|zln = dist(in(2), =in(y))| = 0.
xvyEDI(Cn)

(3) Finally, there is an axiom stating the content of Lemma 3.3, that is,

sup |[([[#]ln = 1) = dist(hn(z), Con)| = 0.
2€D,(En)

Remark 3.5. The last axiom is important as it guarantees that 1 is interpreted as a
(complete) order unit. To see this, let € E,, with x = z* and set r := ||z||,,. We have

that |1z, = 1, thus
1 |1, %x

We then have that v*h,(z)v = 1,, + %x € C,, where v = [%In, %In]t.

Remark 3.6. As a consequence of previous remark we have that i, (C),) spans E,, for
all n. Indeed, for all x € E,, with ||z|, <1 we have that

r=((In+ (z+2%/2) - 1,) + V-1 (1, — V-1(z — 2%)/2) — 1,,)

which expresses x as a linear combination of four elements in the positive cone, each
with norm at most 2.

So far the axiomatization says that any model can be interpreted as a matrix ordered
x-vector space with order unit (see Remark 2.18), the only difference from being an
abstract operator system then is the issue of whether 1 is an archimedean order unit.
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To bridge this last gap, we will rely crucially on the fact that the metric structure gives
rise to a norm || - ||, on each E,,.

Lemma 3.7. Let E be an matriz ordered x-vector space with order unit 1. Setting
. t1 x n
|z||, := inf {t >0: [:cf tln} € EQn} ,
we have that that E is an abstract operator system if and only if one of the following

holds:

(1) 1 is an archimedean order unit for E;
(2) 1, is an archimedean order unit for E,, for all n;
(3) || - 1I7, is @ norm for all n.
(4)

|- I} s norm.

Proof. (1 < 2) Suppose that 1,, is not archimedean for some n, that is, there exists a
non-zero x € E! so that r1, + x € E;} for all » > 0. We must have that y = v*zv # 0
for some unit vector v € R"™. Seeing that r1+y = v*(rl, £ z)v € B}, we verify that 1
is not archimedean. The converse is trivial.

(2 = 3) We leave it as an exercise to check that || - ||/, is always a seminorm, that
is, ||zl = || = @lln, Azl = [Alzll, and [z + gl < |2l + [[yll;, for all A € C and
x,y € F,. For a nonzero x € F,,, we have that

0 =z
Yy = |:$* O:| € Egna

thus, there is a t > 0 so that for all s < ¢ it is not the case that sly, =y € E;n It
follows that ||z||}, = t.

(3 = 2) We can assume without loss of generality that 1 is not archimedean as
witnessed by z € E". Now since = +rl1 € ET,

[w—i—rl r+rl

x+rl :B—I—rl] =1, 1] (= +rD[1,1] € Ey

and

(2r)1 x+rl] |z+rl z+rl| _ |rl-=z 0 c Bt
x+rl (2r)1 x+rl xz4+rl| | 0 rl—x 2

Since |||z 4+ 1|} = [|z||}| < |71} < r, we conclude that ||z} = 0, so || -]} is not a norm.
Finally, (4 = 3) is trivial and (1 = 4) is a special case of (2 = 3). O

With this lemma now in hand, we see that the axiomatization of abstract operator
systems as metric structures is complete. We note in passing that by the Choi-Effros
representation theorem for an abstract operator system E each E,, is metrically complete
in the || - ||/,-norm, so there was nothing lost in insisting upon this in the metric structure
language, though nothing is gained by doing so.
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3.2. Formulas, Theories, and Models. Now that the language is built we briefly
discuss the basic aspects of the continuous model theory of operator systems. We refer
the reader to [15, Chapter 2| and [5] for a more in-depth treatment.

Let £ be a language for metric structures as described in [15, Section 2.1]. To each
domain of quantification in each sort we assign an infinite number of variables.

Definition 3.8.

(1) An atomic formula ¢(x1,...,2,) is an expression in the language, built using
finitely many variables and function symbols, which terminates with the appli-
cation of a predicate. (We will assume all predicates take values in RT.) Since
each variable z; has an assigned domain of quantification D;, we have that f has
domain

domain(p) := D1 X -+ X Dy,
Since each variable comes with a (bounded) domain of quantification and each
function symbol has a modulus of uniform continuity we can assign a bounded
range [0, K] C R to ¢.

(2) A connective is a uniformly continuous function f : (RT)¥ — R*.

(3) If 1,. .., px are atomic formulas over a common set of variables x = (z1,...,zy),
we can define a quantifier-free formula as an expression of the form g(x) =
flp1(x),...,oK(xz)) where f is a connective.

(4) A formula h(x) is an expression of the form

hz)=Q---Q19(x1,...,25)

where ¢ < n, g is a quantifier-free formula, and @Q); is either the ewxistential
quantifier inf,ep, or the universal quantifier sup,,cp,. A formula is a sentence
if all variables are quantified, that is, if £ = n. Similarly to atomic formulas,
each formula has an associated domain and bounded range.

(5) To each formula h(z) = h(z1,...,2,) and each metric L-structure M, we can
associate an interpretation h(z)™ of h which is the function from D;(M) x
... X Dp(M) to R determined by interpreting all variables, function symbols,
domains of quantification, etc., in the language £ in M. If h has range [0, K], then
this means that h(x) € [0, K] for all L-structures M and all z1,...,z, € M.

Example 3.9. Let £ be the language of operator systems described above. As we will
explain below in Remark 3.26 the sorts corresponding to the positive cones do not add
any expressive power in terms of defining formulas, so it suffices to build formulas only
using the sorts (F,). Since the matrix entries of any variable in F), are interpreted as
being in the sort £ = Fj, it suffices to only consider formulas with variables in this
sort alone. Thus, in the language of operator systems, atomic formulas are effectively
expressions of the form ||p(x)||q where p(z) is a linear matrix *-polynomial of degree d,
where each variable is restricted to a domain of quantification in E;. It is a bit annoying
to have to deal with the domains of quantification at this level, rather than just assigning
each variable to the (unbounded) sort Ey. We will take this view, so each ||p(x)]||q is
technically what we will term an unbounded atomic formula.
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Definition 3.10. Let £ be a language for metric structures.

(1) Any collection T" of L-sentences is called a theory.

(2) An L-structure M models T, written M = T, if h™M = 0 for all sentences h € T.

(3) A theory T is said to be consistent if there is an L-structure M so that M =T

(4) The theory of an L-structure M, denoted Theory(M) is the collection of all
L-sentences h so that hM = 0. Cleary, M = Theory(M).

(5) We write Model(T') for the class of all models of a theory. We say that a class C
of L-structures is elementary if C = Model(T) for some theory T'.

We will discuss more about elementary classes at the end of the next section.

3.3. Ultraproducts. Let I be an arbitrary set, and let (E;);er be a collection of (con-
crete) operator systems index by I. We define the direct product [],.; E; to be the set
of all bounded functions x : I — |_|z‘e 1 E;, the disjoint union, with x; € E; for all i € 1.
This is a Banach space *-vector space under pointwise addition, scalar multiplication,
and involution and norm ||z|| = sup,cs ||2i||g,. For representations E; C B(H;), we see
that [ [,.; £; is a concrete operator system isometrically represented on the Hilbert space
direct sum @, ; H; via
(Dicréi) = Diervi&i.

It is left as an exercise to check that under this concrete representation we have that
(ILic; Bi)T = ILic; B with unit 1 = (1;);e; where 1; € E; is the unit.

For the rest of the section I will be a fixed directed set and U be a ultrafilter on I. Our
task will be to give a “concrete” definition of the ultraproduct of the operator systems
(E;)icr and then explain how this ultraproduct is the ultraproduct at the level of the
language of operator systems that we have developed. Consider an arbitrary collection
¢ = (¢i)ier of matrix states ¢; € S,,(F;). Each such ¢ induces a matrix state

¢u : [ [ Ei = My, defined by ¢y () = lim ¢ (7).
iel
Exercise 3.11. Show that for ¢ = (¢;) € [[;,c; S(£;)

[ ker(du) = {(a;i) € HE i || = o} = 7.
o=(4:) i€l

Hence, J is a kernel.

Exercise 3.12. Show that the class of 1 is an archimedean order unit for the ordered
*-vector space quotient; hence, the evaluation map * : [[,o; £;/T — ([Lic; Ei/T)*™ is
faithful and [[,.; E;/J itself is equipped with a quotient operator system structure.
Definition 3.13. We define the ultraproduct, [[,; E; of the operator systems (E;)ier
to be the operator system quotient [[..; F;/J. In other words, [[,, E; is the operator
system structure defined by the matrix states

UCP (HEi,Mn> = {qsu L p e HUCP(Ei,Mn)}.

u icl
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To check that this ultraproduct is an ultraproduct of metric structures in the lan-
guage of operator systems by |5, Chapter 5] it suffices to show that this construction is
compatible with the metric ultraproduct for each sort, that is,

Dy (H Mn(EZ)> = HDT(Mn(Ei))a Dy <(Mn(H E,))+> = H,DT(Mn(Ei)+)
u u u u

forallr > 0and n =1,2,.... In fact, checking this for = 1 suffices due to the existence
of a metric compatible scalar multiplication operation, and we may further assume with-
out loss of generality that n = 1. For the first equation this follows immediately from
Exercises 3.11 and 3.12. For the second equation suppose, by way of contradiction, that
there is = (v;) € D1 ([[, Ei)" so that limy dist(z;, D1(E;")) =: @ > 0. We can clearly
assume that each x; is hermitian. Since ||z; — 1|| > a/2 for i € U generic, we have that
llzi]] > 1+ /2 for i € U generic. However, this contradicts that 1 = ||z|| = limy [|z;]|,
and we have established the second equation holds.

Notation 3.14. In the case that E; = E, we write EY := Hu E; and refer to EY as the
U -ultrapower of E.

Let C be a class of L-structures. We say that C is closed under taking wultraroots if
E € C whenever EY for some ultrafilter 2. The following appears as [15, Theorem 2.4.1]

Proposition 3.15. A class C of L-structures is elementary (in the sense of Definition
3.10) if and only if C is closed under isomorphisms, ultraproducts, and taking ultraroots.

Example 3.16. We say an operator system FE is minimal if it is a subsystem of
an abelian C*-algebra; equivalently, if E c C(S(E)) is a complete order embedding.
Since the operator system ultraproduct of unital (abelian) C*-algebras is again a unital
(abelian) C*-algebra under the natural multiplicative structure, we have that the class
of minimal operator systems is elementary.

By the same token, if C is an elementary class of unital C*-algebras, then the class of
all subsystems of elements of C is an elementary class of operator systems.

Question 3.17. Is there an elementary class of operator systems which is closed under
taking subsystems which is not the class of all subsystems of some elementary class of
unital C*-algebras?

3.4. Definability. From a practical viewpoint, the most important task at hand once
a theory T is constructed is to begin to explore the definable sets in the models of T
In short, this is because the definable sets are exactly those which it is permissible to
quantify over, so having a large class of natural sets being definable allows for a great
range of intuitive constructions of formulas, “breathing life” into the theory. From the
point of view of a working analyst, the concept of definability is perhaps the key feature
of continuous model theory as to say that a subset of a structure is definable is to say that
it possesses stability /rigidity under small perturbations. In this light many important
results in the theory of operator systems and C*-algebras can be seen as establishing the
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definability of sets elements satisfying certain formulas. Our treatment of definability
here is directly taken from [15, Chapter 3|, though we will center our discussion here on
the practical definition of definability for sets which is afforded by the Beth Definability
Theorem: see [15, Section 4.2] or [5, Theorem 9.32].

Let T be a theory and M an elementary class of models of T'. Let F' be an assignment
to each A € M a closed subset F'(A) C Hle Dy, (A), where D, (A),..., D, (A) are sorts
in A for d,ry,...,rq fixed. We write

d
codomain(F) := HDH'
i=1
Definition 3.18. We say that F' is a uniform assignment if F' is a functor, that is, for
every homomorphism ¢ : A — B with A, B € M we have that ¢(F(A)) C F(B).

Remark 3.19. In the language of operator systems defined above we have that the mor-
phisms are always the unital, completely positive maps which are, rather conveniently,
all contractions.

When considering the model theory of operator systems (or C*-algebras) it makes
sense to introduce the following unbounded variant of a uniform assignment. Let M be
an elementary class in the theory of operator systems. Suppose that F' assigns to every
A € M a closed subset

F(A) C My (A) X -+ x My, (A) x Mg, (A)T x - x M, (A)F x C?.

We say that F' is then an unbounded uniform assignment if its restriction to every
product of sorts is a uniform assignment.

Definition 3.20 (Beth Definability). Let M be an elementary class of operator systems
and F' be an unbounded uniform assignment on M. We say that F is definable or that
F(FE) is a definable set for each E € M if for every ultraproduct [],, E; of elements

FE; € M we have that
F(I[E) =TI F(E.
u u

To every (unbounded) formula f(z), there is a natural (unbounded) uniform assign-
ment Zy which assigns to every £ € M the zero set

Z;(E) = {z € domain(f)¥ : f(z) = 0}.

Exercise 3.21. Let f be a formula. We have that Z; is definable if and only if for every
¢ > 0 there is § > 0 so that for all A € M and = € domain(f)*, we have that f(z)4 <
implies that dist(z, Z¢) <.

Theorem 3.22 (Beth Definability Theorem). Let M be an elementary class of models
of a theory T, and let F' be a uniform assignment. Writing

pr(z) :=dist(z, F), x € codomain(F),
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we have that F is definable if and only if there is a sequence of formulas f1, fa,... with
domain(f;) = codomain(F’) so that

sup sup {\pp(ac)A — fu(@)A 2z e codomain(F)A} <1/n.
AeM

We refer the reader to [15, Section 4.2] or [5, Chapter 9] for a proof.

Definition 3.23. If F' is an (unbounded) uniform assignment, we refer to pp(z) =
dist(z, F') as a definable predicate. In the unbounded case, by the Beth Definability
Theorem pp restricted to any product of sorts in codomain(F') is a uniform limit of
formulas.

Example 3.24. The hermitian elements in any operator system form a definable set.

Example 3.25. For each n we have that d;} (z) := dist(z,i,(Cy)), z € E,, is a definable
predicate.

Remark 3.26. In fact, something even stronger may be said. Consider the (unbounded)
quantifier-free formula
pen(T) =22 —tl,||, ~t

for t > 0 with domain E”. We have that p;,,(z) = 0 if and only if ||z, < r and z € Cp,.
This is because for a hermitian element x € FE,, we have that |2z —t1,||,, <t if and only
if 0 < x < tl,. Therefore, every formula in the language of operators systems can be
replaced with an equivalent formula where all quantifiers have domain in FE,, for some
n. That is, it is never necessary to quantify over the positive cones.

Proposition 3.27. For each homogeneous, hermitian linear matriz x-polynomial p(x) of
degree d in x = (x1,...,2y,), the set of tuples X = (X1,...,X,) in Ey or E,}; satisfying
14 ® 1 = p(X) is a definable set.

Proof. For ease of notation we will write 1 for 1;®1;. Suppose that dist(1—p(X), Cyqx) <
€. Since 1 — p(X) is hermitian, we claim

(1+¢)l=p(X).
Indeed, since there exists Y € Cy so that |1 — p(X) — Y||ax < €, we have that
el=1—-p(X)—Y > —€l, 501 —p(X) =Y —el = —el.
Setting X’ = -1 X, by linearity and homogeneity 1 = p(X’) and || X! — X;||x < ]| Xi ||

I+
fori=1,...,n. 6The result now follows by Beth Definability and Exercise 3.21. O

Question 3.28. If p(z) is a homogeneous linear matrix *-polynomial, is the set of all

tuples Xi,..., X, in Fj satisfying 1 > p(X) definable? If not, is there a natural class
of operator systems or C*-algebras where all such sets are definable?

Remark 3.29. We may define a linear operator x-polynomial to be an expression of
the form ¢(z) = A1 @z + -+ A4, Qe+ B1®xi + -+ B, @z} + C ® 1 where
Ai,..., A, By,...,B,,C € B(H). All terminology from linear matrix *-polynomials
carries over to this more general context equally well. Just as an finite family of linear
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matrix *-polynomials can be combined into a single linear matrix *-polynomial, any infi-
nite family of linear matrix *-polynomials can be combined into a single linear operator
*-polynomial.

The main point is that by the same proof as Proposition 3.27, we have the following.

Proposition 3.30. For each homogeneous, hermitian linear operator x-polynomial q(x)
inx = (x1,...,Ty), the set of tuples Xy, ..., X, in Ey or E,? satisfying 1g @ 1 = q(X)
is definable.

Via block diagonal embedding we have the following consequence.

Corollary 3.31. Let {p; : i € I} be a collection of homogeneous, hermitian linear matriz
x-polynomials in x = (x1,...,x,). The set of tuples X1,..., X, in Ey or E,i‘ satisfying
1y, ® 1 = pi(X) for alli € I is definable.

For an operator system E we may regard the set UCP(M,,, E) as a closed subset of

D1 (E)™ via the correspondence ¢ <> (p(esj))ij- We following result was first observed
in [15, Section 5.8|.

Proposition 3.32. For each n we have that UCP(M,, E) is a definable set for the class
of all operator systems.

Proof. We have by Lemma 2.24 that UCP (M, E) = UCP(C, M,,(E)). This correspon-
dence identifies UCP(M,,, E) with the set of all X € M, (E)* with tr(X) =>", X;; = 1.
Suppose E = ][, E;. We have by the remarks after Definition 3.13 that for any
X € M,(E)" there is a net X; € M,(E;)" with X = (X;). Given any ¢ > 0 we
have that || tr(X;) — 1|] < € for ¢ € U generic. Let b; := tr(X;) € E*. Since ||b; — 1|| <€

we have that b is invertible with Hbi_l/2 — 1| < €'/2. Setting

(Xl = bfm[Xi]kzbfl/Q

(2
we have that X/ € M, (E;)* with tr(X}) =1 and || X; — X/|| < 2n2e'/2. O

Remark 3.33. Note that the proof above shows that UCP(M,,, F) is explicitly the zero
set of the quantifier-free (positive) formula f(X) := || tr(X) — 1| where domain(f) =
D,2(C).

Let S,, be the uniform assignment with codomain D;(E)™ x C" which assigns to each
operator system the (closed) subset of all (21, ..., Ty, A1, ..., \y) so that z; — \; extends
to a state. The following result is essentially contained in [15, Section 5.8], though we
give a different proof here.

Proposition 3.34. We have that S, is quantifier-free definable.

Proof. We will exhibit S,, as the zero set of a uniform limit of quantifier-free formulas.
Let D C C be the closed unit disk. For convenience we write x = (z_p, ..., ;) With
zo=1land z_; =z} and A = (A_p,..., \y) with A_; = \; and A\g = 1. Let

fa(z, A) = sup <H D aidill | Z%%H)
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and note that f,, is a uniform limit of quantifier-free formulas. (Recall z ~ y = max{z—
y,0}.) Indeed, let (K,) be a finite 1/p-net in D, and note that f, is a uniform limit of

the formulas

by an application of the triangle inequality.

From now on, let us fix an operator system E. We claim that f(z, \)” = 0 if and only
if ; — \; extends to a state on E. By Proposition 2.7, Lemma 2.22, and Theorem 2.26
it suffices to check that f,(z,A\)¥ = 0 implies that ¢ : 2; — ); defines a unital, *-linear
contraction on F := span{x_,,...,z,}. Observe that f,(x,\)¥ = is equivalent to

1Y il > 1) aii] for all a_y, ..., an € D.
7 7

Suppose that >, a;xz; = >, bjx; so that >, %(ai — b;)x; = 0; thus, >, %(ai —bj)\i = 0.
This shows that ¢ : F' — C is a well-defined, unital, *-linear map. Finally, {>", a;z; :

a; € D} contains a sufficiently small ball about the origin in F', so ¢ is a contraction. [

Since M, (C) C M, (F) canonically *-isometrically for any operator system FE, we
have the following corollary.

Corollary 3.35. Let Sy, be the uniform assignment with codomain D1 (E)" xD1(My(E))"
which assigns to each operator system the (closed) subset of all (x1,...,TnyY1y---,Yn)
so that yi,...,yn € My(C) and x; — y; extends to a matriz state. We have that Sk 18
quantifier-free definable.

Remark 3.36. The previous proofs do not show that the S, ;. are positive quantifier-free
definable since — is not a positive connective. In fact, it is not possible for n > 5 for S, 1.
to be positive quantifier-free definable for all £. This is because such a result would show
that any quotient of a nuclear operator system (see section 4.1 below) would be nuclear,
essentially following the reasoning of [15, Section 5.14], but there is five-dimensional
nuclear operator system with a non-nuclear quotient which is a variant of Example 2.34:
see [27].

3.5. Model Theory of C*-Algebras. We will treat the model theory of C*-algebras in
a much more abbreviated fashion than operator systems. We refer the reader to Szabo’s
article in this volume for background on the basic theory of C*-algebras and to [15,16] for
an in-depth treatment of the model theory. In brief, the language of C*-algebras is the
language of a normed, complex algebra A with a unary involution function * satisfying
the axiom

|z*z|| = ||=|? for all = € A.

The sorts are, naturally, axiomatized to be the balls around the origin. This is all
spelled out in |16, Section 3.1] or [15, Section 2.2]. The atomic formulas in the theory
of C*-algebras are of the form ||p(x)| where p is a noncommutative *-polynomial in the
variables z = (z1,...,y).



24 SINCLAIR

Let A be a C*-algebra. We say that an element x € A is positive if z = y*y for some
y € A. (Importantly, y can be chosen with ||y|| = /||z||.) It is well known that the set
AT of positive elements forms a closed cone. In the case that A is a unital C*-algebra
then the unit is an archimedean order unit with respect to AT. As in the case of operator
systems, this positivity structure is crucial to the theory of C*-algebras.

Exercise 3.37. We have that A* is an (unbounded) definable set in the language of
C*-algebras; thus, dist(x, A™) is a definable predicate.

As noted above, every unital C*-algebra is an operator system under the natural
positivity structure imposed on M, (A) by the fact that M, (A) is again a C*-algebra.
We would now like to establish that the every property about A that can be expressed
in the language of operator systems can be expressed in the language of C*-algebras.
This reduces to proving the following result, due to Lupini, which can be found in
[20, Appendix C].

Proposition 3.38. Let A be a unital C*-algebra. The norm unit ball of My(A) is a

definable subset of Dl(A)”Q. Thus, the operator system structure on A is interpretable
in the language of C*-algebras.

We begin by noting the following lemma.
Lemma 3.39. The set of all tuples (x1,...,xy) so that || Y i, zix;|| <1 is definable.

Proof. Since Y ;" | xfx; is positive, we have that || Y " | zfz;|| <1 if and only if

n
Za:fxz =<1
i=1

The proof now follows along the similar lines to the proof of Proposition 3.27. O

Proof of Proposition 3.38. Let x € M,(A). Any unital representation 7 : A — B(H)
extends canonically to a unital representation 7 : M,(A) — B(H®"). It is not hard
to see that every unital representation of M, (A) arises this way: for a representation

p: M,(A) = B(K), set H=p(e11)K and m(x) = p(xzei1) for € A. Thus,

n n
|zl = sup sup 1> (wi&om) =D N&GI% D Inll* <1
,J i=1 j=1

(H,m) &mjeH
over all unital representations m : A — B(H). In fact, it suffices to consider cyclic
representations, each of which is given up to unitary equivalence by a state ¢ on A by

the GNS construction ¢ ~ (Hg,7s). Since ms(A)1y is dense in Hy for any cyclic vector
i¢ corresponding to the unit in A in the GNS construction, we have that

PES(A) aibjeA

lzln = sup sup 1O afzizhy)| : 6(Y_ ajai), d(Y_biby) <1
ij i j
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which by interchanging the order of the suprema equals

sup 3 | Y aiaibyl < 1) afaql, | ) bibll < 1
a;,b; € i i j

The result now follows since || >_; aja;|| <1 and || 32, [[bjb;]| < 1 are definable sets by
Lemma 3.39. u

Remark 3.40. Having just established that every formula in the language of operator
systems is interpretable in the language of C*-algebras, it is natural to ask whether the
converse is true. The following result shown in [22| verifies that this is indeed the case.

Proposition 3.41. The elementary class C of all unital C*-algebras is an elementary
class in the language of operator systems.

By Proposition 3.15, establishing that C forms an elementary class is equivalent to
establishing that if F is an operator system so that the operator system structure on
some ultrapower EY is a reduct of some C*-algebra structure on EY, then the same is
true for E. We note that while these languages are thus bi-interpretable (as adding a
unit to a C*-algebra is a definable operation), the quantifier complexity of equivalent
formulas may differ depending on the language chosen.

4. MODEL THEORY AND FINITE-DIMENSIONAL APPROXIMATION PROPERTIES

The importance of finite-rank approximations to the theory of Banach spaces and its
connection with the theory of Banach-space tensor products was first made apparent
by the seminal work of Grothendieck [23]. In case of C*-algebras, the theory of finite-
dimensional (matrix) approximations and the largely parallel theory of tensor products
of C*-algebras were developed in foundational works of Arveson, Choi, Connes, Effros,
Kirchberg, Lance, Takesaki, and Tomiyama, among others, and these ideas and concepts
continue to form a central part in the theory of operator algebras and operator systems.
In this last section, we survey some of the connections that have been made between the
model theory of operator systems and their finite-dimensional approximation properties.
We refer the reader to the books of Brown and Ozawa [6] and Pisier [40] for an in-depth
treatment of the connections between finite-dimensional approximation properties and
tensor products of C*-algebras and operator systems.

4.1. Nuclear and Exact Operator Systems.

Definition 4.1. An operator system F is said to be nuclear if there are nets ¢; : £ —
M, and v; : M,, — E so that 1) o ¢ converges in the the pointwise-norm topology to
the identity, that is, lim; ||1); o p;(z) — z|| = 0 for all z € E.

Remark 4.2. Technically nuclearity of a C*-algebra A refers to the condition that for
every C*-algebra B there is exactly one cross norm on the algebraic tensor A ® B which
can be completed to a C*-algebra: see Szabo’s article in this volume. The equivalence
of nuclearity and local completely positive factorization of the identity map through



26 SINCLAIR

matrix algebras is due to Choi and Effros [11] and Kirchberg [30] and was extended in
the appropriate way to the operator system category in [29].

Remark 4.3.

(1) It is trivial that M,, is nuclear for each n = 1,2,... and that M, (E) is nuclear
if and only if F is.

(2) The classes of AF and UHF C*-algebras as described in Szabo’s article in this
volume are nuclear. The Cuntz algebras O,, defined therein are also nuclear.

(3) B(H) is not nuclear for H infinite dimensional: see |6, Proposition 2.4.9|

(4) It is false in general that C*-subalgebras of nuclear C*-algebras are nuclear.

Remark 4.4. There is a subsystem of Mg which is not nuclear. Indeed, let E be the
subsystem of all matrices A € M3 with A13 = A3; = 0. If E was nuclear there would be
sequences of unital completely positive maps ¢, : £ — M, and 1, : M,, — E so that
¥ 0, — idg. By Arveson’s extension theorem, we may extend each ¢, to a unital
completely positive map ¢, : M3 — M,, and we see that a cluster point of ¥, o @,
gives a completely positive projection p : M3 — E. By |9, Theorem 3.1|, this would
define a C*-algebra structure on E under the multiplication = -y := p(zy). There are
two distinct, unital *-homomorphisms My — F,

A 0l [1 O
oo A
which by the proof of the same result must be respected by the C*-algebra structure

on E. This is however is a contradiction since FE is seven-dimensional and every finite-
dimensional C*-algebra is a direct sum of matrix algebras.

Exercise 4.5. Let X be a compact, Hausdorff space. Show that C'(X), the algebra of
continuous functions f : X — C under the norm || f||s := sup, |f(z)| is nuclear.

With the definition and basic examples established, we know turn to understanding
the model theory of nuclear operator systems.

Definition 4.6. Let T be a theory of L-structures, and let z = (z1,x2,...,2,) and
y = (y1,Y2,---,Yn) be finite collections of symbols. Let F be a family of (definable)
formulas for T, each depending only on x. We say that F is uniform if there is a
continuous function v : R — RT with u(0) = 0 so that

TE|f(2) = fy)] < w(maxd(z;, y;)), for all f € F.

For a class C of L-structures so that C' =T for all C' € C, we say that C is definable by
uniform families of formulas if there is a collection of formulas {f, 1 : n,k =1,2,...}
defined on a countable number of symbols = (z1,22,...) so that Fj, = {fnx} is
uniform for each k£ and

E =T and supinf f, x(z)¥ = 0 if and only if E € C.
k n

We refer [15, Section 5.7] for the connection between definability by uniform families
of formulas and being definable by omitting (partial) types.
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Proposition 4.7. The property that an operator system E is nuclear is definable by
uniform families of existential formulas.

Proof. The formulas f,, ; are given by
fog(@1, ..., x) == inf {max |zi — 1 op(x)| : ¢ € UCP(E, M,), ¢ € UCP(Mn,E)}

which are existential and definable by Propositions 3.32 and 3.34 and Corollary 3.35.
Since v o ¢ is a contraction, we have that each f, j is 2-Lipschitz, so the families F, are
uniform. Finally, if inf,, f, & (x)¥ = 0 for all tuples z in E, we can easily construct nets
(p;) and (¢;) indexed over the directed set of pairs (F, €) where F' is a finite subset of F
and € > 0 so that ¥; o ¢; converges to the identity on E in the pointwise-norm topology,
so FE is nuclear. Conversely, the existence of such a net easily implies that inf,, ffk =0
for all k. g

Question 4.8. For the elementary class of unital C*-algebras, is nuclearity defined by
a uniform family of positive existential formulas?

Since the values of positive existential formulas decrease under surjective morphisms,
this would recover the result due to Choi and Effros, [8, Corollary 3.3] and |10, Corol-
lary 4], that nuclear C*-algebras are closed under taking C*-algebra quotients avoiding
Connes’ [12] celebrated but difficult work on the classification of injective factors. How-
ever, as noted in Remark 3.36, this seems like it would require substantially different
ideas to avoid the false implication in the operator system category. We refer to [15, Sec-
tion 5.9] for one such attempt.

Definition 4.9. Let E be a finite-dimensional operator system. We say that E is ezact if
for every € > 0 there is a unital, completely positive map ¢ : E — M, for some n so that
o™ Hom lleb < 14€. We say that an operator system is ezact if every finite-dimensional
subsystem is exact.

Remark 4.10.

(1) Every nuclear operator system is exact.

(2) It is clear from the definition that any subsystem of an exact operator system is
exact. As a special case, every subsystem of M, is exact.

(3) Since every subsystem of any unital abelian C*-algebra A is exact, MIN(V) is
exact for any archimedean ordered *-vector space V.

(4) A difficult theorem of Kirchberg [32| establishes that C*-algebraic quotients of
exact C*-algebras are exact. This is again false in the operator system category
by the same counterexample as given in Remark 3.36.

We point out the exactness, similarly to nuclearity, can be phrased as in terms of
local completely positive factorization of some (equivalently, every) inclusion E C B(H)
through matrix algebras, the crucial difference being that the images of the approximat-
ing sequence need not land back in the system itself.
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Proposition 4.11. A finite-dimensional operator system E C B(H) is ezact if and
only if for each € > 0 there are unital, completely positive maps ¢ : E — M, and
v @o(E) — B(H) so that || o ¢ —idg || < € where idg is the restriction of the identity
map on B(H) to E.

Proof. We have that p(E) C M,, and that ¢! : p(E) — B(H) is unital and self-adjoint.
By [6, Corollary B.9] there is a unital, completely positive map 9 : ¢(E) — B(H) with
1% = ¢ leb < 2(|l¢ ™" leb — 1); hence,

lpow—idpll < [[pop—idp e =¥ ow -9~ o plla < ¥ — ¢ Hlewll@llen < 2e.

In the other direction, suppose there are unital, completely positive maps ¢,y as
above, and let y1,...,Yn, Y5, ...,y be such a basis/dual basis pair for ¢(E) as given in
Lemma 2.29. We have that

@ = )() =D v () @) — ¢ (W),
=) -
Il — ™" < dim(E) max |4 (i) — ™ (i)
Setting y; = ¢(x;) we have that
[@3]| < [0 (@) — @il + [[¥ o p(@i)|| < lle(@i)|| +e=1+¢
hence, max; [|v(yi) — ¢~ (yi) || = max; [[v 0 p(2;) — a4l| < (1+ €)e. O

Given the similarities between nuclearity and exactness it is natural to wonder if exact
operator systems have a similar low-complexity description in terms of the model theory.
A result of Goldbring and the author [21] shows that this is, however, not the case.

Proposition 4.12. The class of exact operator systems is not definable by uniform
families of existential formulas.

Question 4.13. Is the class of exact C*-algebras definable by uniform families of (pos-
itive) existential formulas?

4.2. The Local Lifting Property.

Definition 4.14. An operator system FE has the lifting property (LP) if for every unital
C*-algebra A and every ideal I, for every unital, completely positive map ¢ : E — A/I
there exists a unital, completely positive map ¢ : F — A lifting ¢, that is, go @ = ¢
where ¢ : A — A/I is the quotient map. An operator system has the local lifting property
(LLP) if every finite-dimensional subsystem has the lifting property.

The following result is due to Robertson and Smith [41].

Proposition 4.15. Let E be a finite-dimensional operator system and B/J be a quotient
C*-algebra. For each n = 1,2,... every unital, completely positive map ¢ : E — B/J
admits a unital n-positive lifting ¢ : E — B.

The following is immediate from Definition 2.37.
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Corollary 4.16. Every finite-dimensional, k-maximal operator system has the lifting
property.

Definition 4.17. A finite-dimensional operator system F is said to be CP-stable if for
every € > 0 there exist § > 0 and n so that for any unital map ¢ : F — A into any C*-
algebra A satisfying ||¢||, < 146, there is a unital, completely positive map ¢’ : E — A
so that ||¢" — ¢|| <.

Parts of the following result are due to Kavruk [26, Theorem 6.6] and Goldbring and
the author |20, Proposition 2.42|, |21, Section 7|, as well as [43].

Theorem 4.18. For a finite-dimensional operator system E, the following are equiva-
lent:

) E has the lifting property;

2) E* is exact;

) E is CP-stable;

4) for every sequence (A;) of unital C*-algebras and every non-principal ultrafil-
ter U, every unital, completely positive map ¢ : E — [[,; A; admits a unital,
completely positive lifting ¢ : E — [ Ai;

(5) for every sequence (My,) of matriz algebras and every non-principal ultrafilter,

U every unital, completely positive map ¢ : E — [[,, My, admits a unital, com-

pletely positive lifting ¢ : E — [[ Mp,.

This result allows one to give an interesting interpretation of the lifting property for
certain maximal-type operator systems in terms of definability via Proposition 3.27.

Example 4.19. Let p(z) with z = (z1,...,2,) be a homogeneous, hermitian linear
matrix *-polynomial of degree d. Consider the closed convex set

K :={recR":1q = p(x).}

(Any convex set of this form is known as a spectrahedron.) Suppose that K is bounded
with 0 as an interior point. Recalling the construction from Remark 2.38 of the archimedean
ordered *-vector space Vi = (C"*!, P, e) from K, we define an operator system struc-
ture on Vi by defining K, = UCP(Vy, My) to be given by all linear maps f : R*+! — Mlﬁ
with f(e1) = Iy so that the tuple X = (Xy,...,X,) given by X; := f(e;41) satisfies

1g® 1, = p(X)

where eq, e, ..., e,11 form the standard basis for R"*!. (Note the order unit e is e;.)
The collection of sets (Ky)sen is known as the free spectrahedron defined by p(z) [33].
Consequently, we refer to the operator system structure we have just constructed on Vi
as the free operator system generated by p, which we will denote by F(p).

Proposition 4.20. Using the same assumptions and notation as Example 4.19, the free
operator system F(p) has the lifting property.
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Proof. Let ¢ : F(p) — B(H) be a unital, completely positive map, and define X; :=
o(eiy1) fori =1,...,n as above. Since F(p) is finite-dimensional, we may assume with-
out loss of generality that H is separable. (This is just to avoid the slight inconvenience
of working with nets rather than sequences, but the subsequent arguments translate to
nets practically verbatim.) Let Hy C Hs C --- H be an increasing sequence of finite-
dimensional subspaces whose union is dense in H, and let p; : H — H; be the orthogonal
projection onto H;. We have that ¢\9) : F(p) — M,,; defined by oW (2) == pjp(x)p;
is unital, completely positive; thus, for the tuple X() = (Xl(]),...,X,(«L])) given by
Xi(]) = 0 (eiy1) = pjp(eir1)pj we have that X ) is hermitian and 1, ® Ly, = p(X )
holds. Since X() converges to X in the strong operator topology, p(X ( )) also converges
strongly to p(X), so 14® 1y = p(X) as well.

Now let ¢ : F(p) = [[;y Mm; be a unital, completely positive map. Since F(p) is
finite-dimensional, we may assume that ¢ = (¢;)y where @; : F(p) — My, is unital,

*-linear, and sends R"*! into Mﬁ@j. Setting Y;(j) = @j(ei+1), we have that
dist(1g ® Ly, — p(Y )y, Mjmj) < € for j € U generic.

By Proposition 3.27, we may perturb the tuple Y@ slightly to Z() so that cp}(eiﬂ) =

Zi(j ) defines a unital completely positive map. We have that ¢ = (gog) : F(p) — [ Mm,
is the required lifting. By the equivalence of (1) and (5) in Theorem 4.18, the result
obtains. O

Remark 4.21. Let ¢(x) be a homogenous, hermitian linear operator x-polynomial,
and assume that the closed, convex set K = {z € R" : 1y > ¢(x)} is bounded and
contains 0 as an interior point. Then, we may construct an operator system F(q) in
exactly the same way as we did in Example 4.19, which we will still refer to as the free
operator system generated by q. The proof of the previous proposition applies equally
well to this situation, using now Proposition 3.30, so F(g) is seen to have the lifting
property. Since every closed, convex set K arises in this way by combining all linear
inequalities it satisfies into a single linear operator *-polynomial, this recovers that all
maximal operator systems are CP-stable. (The equivalence of CP-stability and the
lifting property in Theorem 4.18 itself uses Proposition 4.15.)

4.3. The Weak Expectation Property.

Definition 4.22. We say that an operator system E has the weak expectation property
if for every unital inclusion £ C B into another operator system, there is a unital,
completely positive map ¢ : B — E** so that ¢(x) = & for all z € E. (Recall that
*: E — E** is the evaluation map as in Remark 2.21 and Proposition 2.30.)

Lemma 4.23. An operator system E has the weak expectation property if and only if for
every unital inclusion E C B and each hermitian b € B", there is a unital, completely
positive map ¢ : E 4+ Cb — E** so that ¢(x) = & for all x € E.
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Proof. Let us fix £ C B. We first show that for every finite set b1,...,b, € B there is
a unital, completely positive map ¢ : E + Cb; + --- + Cb,, — E** so that ¢(x) = & for
all z € F. Inductively, assume that this is true for choice of n elements, and consider
bi,...,bus1 € B" Let ¢ : E+ Cb + --- 4+ Cb, — E** be such a map. We have
that E** C B(H) for some Hilbert space H, so by Arveson’s extension theorem, we
may extend ¢ to a unital, completely positive map ¢’ : B — B(H). We have that
E~EC B(H), so setting d := ¢'(b,+1) by assumption there is a unital, completely
positive map v : E + Cd — E** so that ¢(x) = 2 for all z € E. Let ¢’ : (E + Cd)** &
E** 4+ Cd — E** be the continuous extension of 1 in the weak™ topology, which is again
unital and completely positive. Since ¢'(E + Cby + - -+ + Cbyy1) C E** + Cd, we have
that ¢/ o ¢’ : E 4+ Cby + - - - + Cb, 11 — E** is the required map.

Since every x € B is a linear combination of two hermitian elements, we have demon-
strated that for every subsystem F C A C B with A having finite co-dimension relative
to E, that there is a unital, completely positive map ¢4 : A — E** so that p(x) = & for
all x € E. Consider the directed set F of all such subsystems of B, ordered by inclusion.
We may take a pointwise-weak™ cluster point of the net (p4)aecr to define a unital,
completely positive map ¢ : B — E** so that ¢(x) = & for all x € E. This verifies that
FE has the weak expectation property. O

Lemma 4.24. An operator system E has the weak expectation property if and only if
for every unital inclusion E C B of operator systems for each finite subsystem A C B,
n = 1,2,..., and € > 0, there is a n-contractive *-linear map ¢ : A — E so that
lo(z) — x| < €|lz|| for all z € EN A. Moreover, it suffices to check that the second
statement holds only for all A = Ayg+Cb where Ag C F is a finite-dimensional subsystem
and b € B".

Proof. The proof that the weak expectation property implies the second statement is
essentially given in [20, Proposition 2.34] as there was no use of the assumption that F is a
C*-algebra therein. By the proof of Proposition 2.30, we have that M, (E**) is completely
order isomorphic to M, (E)**; hence, if ¢ : B — E** is a unital, completely positive map
witnessing the weak expectation property, by the principle of local reflexivity [1, Theorem
12.2.4] for any finite dimensional subsystem A C B and € > 0 there is a contraction
0 : M,(A) — M,(FE) so that ||0(x) — pn(x)| < €||z|| for all z € M,(E N A). Let G be
the group of all signed permutation matrices and set

1
= O Z 9" 0(gzh)h*.
g,heg

Since g*¢n(gxh)h* = n(x) for all g, h € G, we have that |0/ (x) — o ()| < €|z| for all
z € My(ENA) as well. It is not hard to check that ' (e;; ®x) = e;;®¢(x), 4,5 = 1,...,n,
for a unique linear map @ : A — FE, so that ¢ is n-contractive. Since v is linear and
n-contractive, so is ¢*(x) := ¥ (x*)*; thus, the average of the two is n-contractive and
*-linear, with the other properties being preserved.

In the other direction, let F bet the directed set of all finite-dimensional subsystems
of B ordered by inclusion, and let I be the directed set of triples (A, n,€) where A € F,

()
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n is a positive integer, and € > 0, ordered by (A’,n’,€') > (A,n,e) if A’ D A, n' > n,
and ¢ < e. For each (A,n,¢) € I, find ¢4, : A — E matching the conditions of the
second statement. Equip E** with the weak* topology, and take ¢ : B — E** to be a
pointwise-weak™ cluster point of the net (¢an.), where we identify E with E C E**.
We have that ¢ is unital, x-linear, and completely contractive with p(x) = & for all
x € E. By Proposition 2.7, ¢ is also completely positive.

For the last part, the previous argument can be easily adapted to verify that for each
hermitian b € B", there is a unital, completely positive map ¢ : E + Cb — E** so that

o(x) = 2 for all x € E. Thus, the result follows by Lemma 4.23. O

We say that a formula f is positive if it is built from atomic formulas only using
connectives 0(z1,...,x,) satisfying 0(x1,...,2,) < 0(y1,...,yn) when z; < y;, i =
1,...,n.

Definition 4.25. We say that an operator system E is positively existentially closed if
for every unital inclusion E C B of operator systems and every positive, quantifier-free
formula f(z,y) we have that inf, f(z,y)¥ = inf, f(z,y)? for all tuples = chosen from
E.

Remark 4.26. We can as easily talk about a specific inclusion £ C B being positively
existential if the condition in the definition is met. In the operator system category,
this is equivalent to the existence of an ultrafilter U on some set I so that there is a
unital, completely positive map ¢ : B — EY so that p(x) = 1(z) for all x € E, where
t: E — EY is the constant embedding, cf. [4, Remark 4.20]. The proof of Lemma 4.24
thus shows the following.

Proposition 4.27. The canonical inclusion * : E — E** is positively existential for any
operator system .

Remark 4.28. Since inf, f(z,y)¥ > inf, f(z,y)? automatically, checking positive ex-
istential closure is equivalent to checking inf, f(z,y)® < inf, f(z,y)? where the tuple
x is chosen from FE. It is straightforward to verify that this in turn is equivalent to
checking that for any finite collection fi(x,y),..., fr(z,y) of atomic formulas (that is,
fi(z,y) = ||pi(z,y)|la, for pi(z,y) a linear matrix *-polynomial of degree d;), any € > 0,
and any tuples a in F and b in B, there is a tuple ¥’ in E so that f;(a,b’) < fi(a,b) +€
foralli=1,...,k.

We say that an element x € B(H) is strictly positive if x — €l is positive for some
e > 0. We write z > 0 to denote the x is strictly positive.

Lemma 4.29. An operator system is positively existentially closed if and only if for any
unital inclusion E C B and any finite collection pi(x,y), ..., pr(x,y) of hermitian linear
matriz *-polynomaials, the following property holds:

(R) for any tuples a in E and b in B so that
pl(a7 b) = 07 ce apk’(av b) -~ 07
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there is a tuple b’ in E so that
p1(a,b’) = 0,....,pr(a,b’) = 0.

Proof. Assume that (R) holds. Let pi(z,y),...,pr(x,y) be a collection of linear matrix
*-polynomials of degree d1, . .., dy. Fixing tuples a in ' and bin B and € > 0, define r; :=
lpi(a,b)||4, and consider the hermitian, linear matrix *-polynomials q1(z,v), ..., q(x,y)
where
(ri +e)lg,  pilw,y)
pi(@,y)  (rit+e)ly]’

By Proposition 2.5, we have that g;(a,b) > 0 for alli = 1,..., k. Therefore, by (R) there
exists a tuple b’ in F so that ¢;(a,b’) = 0 for all i = 1,...,k, and again by Proposition
2.5 we have that ||p;(a,V)|lq, < +€fori=1,...,k That E is positively existentially
closed now follows from Remark 4.28.

For the converse, let pi(x,y),...,pr(x,y) be a collection of hermitian linear matrix *-
polynomials of degrees dy, . .., dj, and fix tuples a in E and b in B so that p;(a,b) = €lg,
for all i = 1,..., k for some € > 0 sufficiently small. Setting r; = ||p;(a, b)||4,, we define

qi(z,y) ==

qi('r:y) = zpi(xa y) - (ri + 6)1d¢'
By some basic arithmetic we have that —(r; — €)14, = gi(a,b) = (r; — €)14,, which is
equivalent to ||gi(a,b)||q, < i —e. Thus E being positively existentially closed guarantees
that there is a tuple b’ in E so that |¢;(a,V)|q, < for all i =1,..., k. Since ¢;(z,y)
is hermitian it only takes values in the hermitian elements; thus,

—rilg, < qi(a,b") = 2p;(a,b') —rily, — €lg,

1

for all = 1,...,k which shows that p;(a,t’) = 0 fori=1,... k. O

Since a positivity check on a collection of linear matrix *-polynomials is equivalent to
a positivity check on a single linear matrix *-polynomial obtained from the collection
via block diagonal embedding, the following is immediate from the proof of the previous
result.

Corollary 4.30. An operator system is positively existentially closed if and only if for
any unital inclusion E C B and any hermitian linear matriz x-polynomial p(x,y) of
degree d, one of the following property holds:

(R1) for any tuples a in E and b in B so that p(a,b) > 0 there is a tuple b’ in E so
that p(a,b’) > 0.

(Ra) for any tuples a in E and b in B so that ||p(a,b)||q < 1 there is a tuple b in E
so that ||p(a,b’)|| < 1.

The following result was proved by Goldbring and the author, [20, Section 2.4] and
[21, Proposition 5.1|, and by Lupini [35, Proposition 3.2| in full generality. We note that
in light of Remark 4.26 a characterization of the weak expectation property very much
in the same spirit appears as [40, Theorem 9.22].

Proposition 4.31. An operator system has the weak expectation property if and only if
it 1s positively existentially closed.
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Proof. Assume that F has the weak expectation property and that £ C B is an inclusion
of operator systems. Let p(z,y) be a hermitian linear matrix *-polynomial. Suppose
there are tuples a = (a1,...,a,) in E and b = (by,...,b;) in B so that ||p(a,b)|q < 1,
and let A C B be the subsystem spanned by ai,...,a,,b1,...,b;. As guaranteed by
Lemma 4.24, choose ¢ : A — FE to be x-linear, d-contractive, and have the property that
max; ||¢(a;) — a;]| < € for € > 0 suitably small, to be determined later. We have that

Ip(a, (0))lla < p(¢(a), p(0))lla + Ale) = lle(p(a, b))lla + Ale) < [[p(a, b)lla+ Ale),

where A(e) is the modulus of continuity for x — ||p(x, ¢(b))|/s. We now choose € > 0 so
that [|p(a,b)lla + Ae) < 1.

In the other direction, it is clear that for any tuples ¢ in F, bin B, and ¢, d in E** that
the statement, “the *-linear map ¢ on the span of a and b induced by sending a to ¢ and
b to d is n-contractive and satisfies max; ||a; — ¢;|| < €,” can be verified by a (countably)
infinite collection of expressions of the form ||p;(a,b)|l, < i = ||pi(c,d)||n < r; for p;
linear matrix *-polynomials with complex rational coefficients; thus, fixing a and b by
taking weak™*-limits of tuples ¢;,d; in E = E C E* satisfying the first ¢ statements we
can define an n-contractive x-linear map ¢, ; from the span of a and b to E** satisfying
max; ||¢(a;) — ;|| < e. The required map ¢ : B — E** is then obtained by taking a
pointwise-weak™ limit of the ¢, ;’s over the directed set of all finite tuples and numbers
e> 0. O

In light of Lemmas 4.24 and 4.29, the proof of the previous proposition can be easily
adapted to prove the following.

Corollary 4.32. An operator system is positively existentially closed if and only if for
any unital inclusion E C B and any hermitian linear matriz *-polynomial p(z,y) =
p(z1,...,%n,y) of degree d, one of the following property holds:

(R3) for any tuple a in E and b € B" so that p(a,b) = 0 there is ¥ € E so that
p(a,b’) = 0.

(R4) for any tuple a in E and b € B" so that ||p(a,b)|lq < 1 there is a tuple b’ € E"
so that ||p(a, V)| < 1.

Question 4.33. Is there a proof of this corollary which uses positive existential closure
directly without passing through the equivalence with the weak expectation property?

Remark 4.34. For the (elementary) class of operator systems which are C*-algebras,
there is an explicit, countable collection of universal formulas which verifies the weak
expectation property due to Farenick, Paulsen, and Kavruk [18, Theorem 6.1|. Consider
the hermitian linear matrix *-polynomial

(TG 0
(1,2, y1,92) == |27 Y2 T2
0 x5 1—y—w
A unital C*-algebra A has the weak expectation property if and only if for every unital
inclusion A C B of operator systems and every n = 1,2,... whenever aj,ay € M, (A)
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and by, by € M, (B) are so that p(ai,ag,by,b2) = 0, there are b},b, € M,(A) so that
p(a1,asz, b, bh) = 0.

Question 4.35. Can this result be extended to the entire class of operator systems?

Remark 4.36. By replacing the entries of p in the Farenick—Kavruk—Paulsen result
with matrices, we actually increase the number of variables as each variable is replaced
by a collection of variables standing in for the matrix units.

Question 4.37. Is there a countable sequence p;(x,y) of hermitian linear matrix *-
polynomials in a wuniformly bounded number of variables so that a C*-algebra has the
weak expectation property if and only if for all embeddings A C B(H) and all tuples a
in A and b in B(H) so that p;(a,b) > 0 for all i = 1,2, ... there is a tuple &’ in A so that
pi(a,b’) = 0?7 Would a single p suffice?

It was shown in |21, Section 4] that the weak expectation property is not elementary,
but the use of the strict positivity condition in the above seems to preclude its application
here.

Remark 4.38. Perhaps the simplest non-trivial hermitian linear matrix *-polynomial

1S
1=y 2z
p(l‘,y)—[ - y]~

For any C*-algebra A C B(H) it is an exercise in functional calculus to show that if for
any a € A there is some b € B(H) so that p(a,b) > 0, then there is a & € A so that
p(a,b’) = 0. (It is a bit easier to see that there is b’ € A** since A** is a von Neumann
algebra, then use Proposition 4.27.) As is pointed out in the introduction of [18], we
have that 3b : p(a,b) > 0 is equivalent to the numerical radius w(x) of x being less
than 1/2. It would be interesting to know if the weak expectation property could be
characterized in terms of this simple expression.

Question 4.39. Does a C*-algebra A have the weak expectation property if for some
(for all) n for all ay,...,a, € A for which there exists b € B(H) so that p(a;,b) > 0 for
alli=1,...,n there is b/ € A so that p(a;,b') = 0foralli=1,...,n?

We close this section with a model-theoretic proof of a characterization of the weak
expectation property which is an unpublished result due to Kavruk [25]. Kavruk’s
proof uses the theory of operator system tensor products [28,29] along with Kirchberg’s
tensorial characterization of the weak expectation property [31].

Notation 4.40. In the following, we write b to indicate a fixed choice of < or >, so
that, for instance, a; > by, as > by means one of four possible expressions with one
choice of < or > for each pair a;, b; which remains fixed throughout.

Definition 4.41. We say that any operator system FE has the complete tight Riesz
interpolation property if for any unital inclusion of operator systems F C B, any n =
1,2,..., and any tuple a = (a1...,a;) in M,(E)" and b € M, (B)" if b < a; for all
i=1,...,k, then there is a / € M, (E)" so that &' > q; for all i =1,..., k.
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Theorem 4.42 (Kavruk [25, Theorem 7.4|). An operator system E has the complete
tight Riesz interpolation property if and only if it has the weak expectation property.

Proof. Proposition 4.31 and Lemma 4.29 show that the weak expectation property im-
plies the complete tight Riesz interpolation property.

For the converse, we will show that that the complete tight Riesz interpolation prop-
erty implies property (Rs), therefore the weak expectation property by Proposition
4.31 and Corollary 4.32. Let E C B be a unital inclusion of operator systems and

p(z1,...,%n,y) be a hermitian linear matrix *-polynomial of degree d. Assume we have
chosen ay,...,a, € E and b € B" so that p(ai,...,an,b) > 0. Since b is hermitian, we
have that

plat,...,an,b) =X®b—A>0

where X € MZ; and A € M,(E)". By perturbing X by el; for e sufficiently small, we
may assume without loss of generality that X is invertible. Therefore, we have that
X = YXY* for Y invertible and ¥ a diagonal matrix with +1 entries on the main
diagonal. We may assume the first f entries of the main diagonal of 3 are 1 with the
remaining being —1. Let G be the group of signed permutation matrices in M, preserving
the set {%ey,...,>es} where ey, ..., eq is the standard basis for ce.

For each g € G, define A, := gV 1A(Y~1)*g* € My(E)", and consider the system of
inequalities

{(E®b>-A,:9€G},

noting that this system is consistent if and only if X ® b > A since g(X ® b)g* =X ® b
for all g € G. By the complete tight Riesz interpolation property, there is b’ € My(E)"
so that b/ = A, for all g € G. We have that gb'g* = Y LA(Y~1)* for all g € G; thus,

b |Q|Zgb’g*>Y LA(y —h*.
g€eg

It is not hard to check that b” is block diagonal of the form

b//: If®b1 0
0 Ig—5 @by

for some by, by € EM. It now suffices to find ¢ € E" with ¢ = b; — €l and —¢ = by — €l
for € > 0 sufficiently small as this would imply

YRc-b —elg= Y LAY ™Y, therefore X @ ¢ = A.

In order to do so, we choose € =: 20 > 0 sufficiently small so that the previous equation
line holds. Realizing E C B(H) and setting b} = b; — §1, we have that b = [b‘s] — [69]—
for some [b0]4, [b0]- € B(H)*, i = 1,2. Setting ¢ := [b5]+ — [B%]4 € B(H)", we can
check that

b1—61%bl—dljc’j—bg—i—(ﬂ%—bg—l—el.
Hence by the complete tight Riesz interpolation property there is ¢ € E” so that by —el <
¢ < —(bz2 — €l) verifying the claim. O
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