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CHAPTER 1

Operators on Hilbert Space

1. Basic Theory

Throughout H will denote a complex Hilbert space with inner product ⟨ξ , η⟩. The
inner product is a sequilinear form which we always take to be conjugate linear in the
second argument. We write ∥ξ∥ := ⟨ξ , ξ⟩1/2.

Proposition 1.1 (Cauchy–Schwarz Inequality). For all ξ, η ∈ H we have that

(1) | ⟨ξ , η⟩ | ≤ ∥ξ∥∥η∥.

Definition 1.2. Let T : H → K be a linear map between Hilbert spaces. We say
that T is bounded if there is a constant C so that ∥Tξ∥ ≤ C∥ξ∥ for all ξ ∈ H.

In this case, we define the operator norm ∥T∥ to be the infimum over all such C.
Equivalently,

(2) ∥T∥ = sup
ξ ̸=0

∥Tξ∥
∥ξ∥

= sup
∥ξ∥=1

∥Tξ∥

Note that by linearity, boundedness is the same as T being Lipschitz.

Lemma 1.3. Let T : X → Y be a linear map between normed spaces (not necessarily
complete). The following are equivalent.

(1) T is bounded.
(2) T is norm continuous.
(3) ∥ξn∥ → 0 implies that ∥Tξn∥ → 0.

Definition 1.4. A linear map T : H → H is said to be a linear operator. We denote
by B(H) the collection of all bounded linear operators.

Lemma 1.5. For T, S ∈ B(H) we have that ∥λT + S∥ ≤ |λ| ∥T∥+ ∥S∥ and ∥TS∥ ≤
∥T∥∥S∥.

Lemma 1.6. For T ∈ B(H) we have that

(3) ∥T∥ = sup
∥ξ∥=∥η∥=1

| ⟨Tξ , η⟩ |.

Proof. Fixing ξ, | ⟨Tξ , η⟩ | is optimized when η = Tξ
∥Tξ∥ over ∥η∥ = 1 by Cauchy–

Schwarz. □
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6 1. OPERATORS ON HILBERT SPACE

Proposition 1.7 (Riesz Representation Theorem). Let ϕ : H → C be a bounded
linear map (that is, a linear functional). There is a unique η ∈ H with ∥η∥ = ∥ϕ∥ so
that

(4) ϕ(ξ) = ⟨ξ , η⟩ .

Definition 1.8. We call a sesquilinear form κ : H ×H → C bounded if there is a
C so that |κ(ξ, η)| ≤ C∥ξ∥∥η∥. The infimum of all such C is denoted by ∥κ∥.

Lemma 1.9. κ is a bounded sesquilinear form on H if and only if there is a (unique)
bounded operator T ∈ B(H) so that κ(ξ, η) = ⟨Tξ , η⟩. Moreover ∥κ∥ = ∥T∥.

Proof. Clearly ⟨Tξ , η⟩ is a bounded sesquilinear form of norm ∥T∥ by Lemma 1.6.
In the other direction, fixing ξ, we have that η 7→ κ(ξ, η) is a bounded linear functional,
so κ(ξ, η) = ⟨ξ′ , η⟩ uniquely by the Riesz Representation Theorem (Proposition 1.7).
Define Tξ := ξ′. It is an exercise to check that T is linear. ∥T∥ = ∥κ∥ again by Lemma
1.6. □

Lemma 1.10. Let (Tn) be a net in B(H) with supn ∥Tn∥ ≤M . If (⟨Tnξ , η⟩) converges
for every ξ, η ∈ H, then ⟨Tξ , η⟩ := limn ⟨Tnξ , η⟩ defines a bounded linear operator with
∥T∥ ≤M .

Proof. It is straightforward to see that limn ⟨Tnξ , η⟩ defines a bounded sequilinear
form with norm at most M . The result then follows by Lemma 1.9. □

Definition 1.11. Let (Tn) be a net in B(H) we say that (Tn) converges to T ∈ B(H)
in the weak operator topology (WOT) if limn ⟨Tnξ , η⟩ = ⟨Tξ , η⟩ for all ξ, η ∈ H. Note
by the previous lemmas such a T is unique, so the WOT is Hausdorff.

Remark 1.12. The WOT is weaker than the norm topology on B(H) is the sense
that norm convergence implies WOT convergence.

Notation 1.13. For a normed vector space X, we denote the closed unit ball about
0 by (X)1.

Proposition 1.14. (B(H))1 is compact in the WOT.

Proof. Let X =
∏

(H)1×(H)1
D, where D is the closed unit disc about 0 in the

complex plane. By Tychonoff’s Theorem, X is compact in the product topology. Define
a map F : (B(H))1 → X by

F (T )(ξ,η) = ⟨Tξ , η⟩ .
By Lemma 1.10, we have that F has closed image. Moreover, it is straightforward
to check the F is an injection and the pullback of the product topology induces the
(relative) WOT on (B(H))1. This established the result. □

Lemma 1.15. The B(H) is norm complete, hence it is a Banach algebra.

Proof. A norm Cauchy sequence (Tn) has a WOT accumulation point T by Propo-
sition 1.14. It is an exercise to check that ∥Tn − T∥ → 0. □
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Definition 1.16. We say that T ∈ B(H) has an adjoint T ∗ ∈ B(H) if ⟨Tξ , η⟩ =
⟨ξ , T ∗η⟩.

Remark 1.17. It is clear from the definition that (T ∗)∗ = T , (λT +S)∗ = λT ∗+S∗

and (TS)∗ = S∗T ∗ if T and S have adjoints.

The proof of the following is an exercise in using the Riesz Representation Theorem
(Proposition 1.7).

Lemma 1.18. Every T ∈ B(H) has a unique adjoint.

Lemma 1.19 (The “C∗-Identity”). For T ∈ B(H) we have that ∥T ∗T∥ = ∥T∥2.

Proof. We have that

∥T ∗T∥ = sup
∥ξ∥=∥η∥=1

| ⟨T ∗Tξ , η⟩ | = sup
∥ξ∥=∥η∥=1

| ⟨Tξ , Tη⟩ |.

By Cauchy–Schwarz, the right hand side is optimized when Tξ = Tη □

Definition 1.20. For the T ∈ B(H), we say that T is self=adjoint if T ∗ = T and
normal if T ∗T = TT ∗.

Remark 1.21. If T is self-adjoint, then ⟨Tξ , ξ⟩ ∈ R for all ξ ∈ H. The converse is
also true, but left as an exercise.

Proposition 1.22. If T ∈ B(H) is self-adjoint, then

∥T∥ = sup
∥ξ∥=1

| ⟨Tξ , ξ⟩ |.

Proof. We assume ∥ξ∥ = ∥η∥ = 1. Using that T ∗ = T we have that

⟨T (ξ ± η) , ξ ± η⟩ = ⟨Tξ , ξ⟩ ± 2Re ⟨Tξ , η⟩+ ⟨Tη , η⟩

which yields that

4Re ⟨Tξ , η⟩ = ⟨T (ξ + η) , ξ + η⟩ − ⟨T (ξ − η) , ξ − η⟩

By the Parallelogram Identity we have that

4 = ∥ξ + η∥2 + ∥ξ − η∥2.

Altogether, this implies that one of the following inequalities must hold:

|Re ⟨Tξ , η⟩ | ≤ | ⟨T (ξ + η) , ξ + η⟩ |
∥ξ + η∥2

|Re ⟨Tξ , η⟩ | ≤ | ⟨T (ξ − η) , ξ − η⟩ |
∥ξ − η∥2

.

Adjusting η by a phase we may assume without loss of generality that ⟨Tξ , η⟩ is real,
which establishes the result. □
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2. Positive Operators

Definition 2.1. We say that T ∈ B(H) is positive if T ∗ = T and ⟨Tξ , ξ⟩ ≥ 0 for
all ξ ∈ H. We denote the set of all positive operators by B(H)+.

For T, S ∈ B(H), both self-adjoint, we write T ⪯ S if S − T is positive.

Lemma 2.2. The following are true:
(1) For all S ∈ B(H), S∗S ∈ B(H)+.
(2) B(H)+ is a cone and closed in the WOT.
(3) −∥T∥I ⪯ T ⪯ ∥T∥I for all T self-adjoint.
(4) If 0 ⪯ T ⪯ S, then ∥T∥ ≤ ∥S∥.
(5) If −S ⪯ T ⪯ S with 0 ⪯ S, then ∥T∥ ≤ ∥S∥

Remark 2.3. By a set C in a vector space V being a cone we mean that C+C ⊆ C,
tC ⊆ C for all t ≥ 0, and C ∩ (−C) = {0}.

Proof. For (1), we observe that ⟨S∗Sξ , ξ⟩ = ⟨Sξ , Sξ⟩ ≥ 0.

For (2), it is clear that a convex combination of positive operators or a positive
scalar multiple of positive operator is again positive. If T and −T are both positive,
then ⟨Tξ , ξ⟩ = 0 for all ξ, which implies T = 0 by Proposition 1.22. This shows
that B(H)+ is a cone. If Tn → T in the WOT with each Tn positive, we have that
⟨Tnξ , ξ⟩ → ⟨Tξ , ξ⟩ so ⟨Tξ , ξ⟩ ≥ 0 as well.

For (3), we note that if ∥T∥ ≤ 1, then −⟨ξ , ξ⟩ ≤ ⟨Tξ , ξ⟩ ≤ ⟨ξ , ξ⟩.

For (4), we have that (ξ, η) := ⟨Tξ , η⟩ defines a pre-inner product, so by Cauchy–
Schwarz we have that

| ⟨Tξ , η⟩ | ≤ ⟨Tξ , ξ⟩1/2 ⟨Tη , η⟩1/2 .
This implies that ∥T∥ = sup∥ξ∥=1 ⟨Tξ , ξ⟩ for all T ⪰ 0. The conclusion follows directly.

For (5), we have that −⟨Sξ , ξ⟩ ≤ ⟨Tξ , ξ⟩ ≤ ⟨Sξ , ξ⟩, so the result follows by the
proof of the previous item and Proposition 1.22. □

Proposition 2.4. For all T ∈ B(H)+ there is S ∈ B(H)+ so that T = S2.

Proof. Consider the following power series expansion of the square root

√
x =

∞∑
k=0

(−1)k
(
1/2

k

)
(1− x)k =

∞∑
k=0

1

22k−2

(2k − 3)!

k!(k − 2)!
(1− x)k.

Note that

O

(
1

22k−2

(2k − 3)!

k!(k − 2)!

)
= O

(
1

k
· 1

4k

(
2k

k

))
= O

(
1

k3/2

)
,

where the last equality follows by applying Stirling’s approximation formula to
(
2k
k

)
.

Therefore the series converges absolutely for all |1−x| ≤ 1, in particular for all 0 ≤ x ≤ 1.
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Write ak := (−1)k
(1/2

k

)
for the coefficients above. Since a0 = 1 and ak < 0 for all

k ≥ 1, we may set ck := −ak ≥ 0, so that

√
x = 1−

∞∑
k=1

ck(1− x)k.

Evaluating at x = 0 gives 0 = 1−
∑∞

k=1 ck, hence
∑∞

k=1 ck = 1.
Now suppose 0 ⪯ T ⪯ I, so that 0 ⪯ I − T ⪯ I and ∥I − T∥ ≤ 1 by Lemma 2.2.

Setting

SN := I −
N∑
k=1

ck(I − T )k,

the bound ∥(I − T )k∥ ≤ ∥I − T∥k ≤ 1 together with
∑

k ck < ∞ shows that (SN ) is
Cauchy, hence converges in norm to some self-adjoint S ∈ B(H).

We claim that S ⪰ 0. First note that each (I − T )k is positive: for k = 2m
we have (I − T )2m =

(
(I − T )m

)∗
(I − T )m ⪰ 0, while for k = 2m + 1 we have

(I − T )2m+1 = (I − T )m(I − T )(I − T )m ⪰ 0 since ⟨(I − T )m(I − T )(I − T )mξ , ξ⟩ =
⟨(I − T )(I − T )mξ , (I − T )mξ⟩ ≥ 0. As ∥(I−T )k∥ ≤ 1, Lemma 2.2 gives 0 ⪯ (I−T )k ⪯
I, so that

〈
(I − T )kξ , ξ

〉
∈ [0, 1] for every unit vector ξ. Therefore

⟨Sξ , ξ⟩ = 1−
∞∑
k=1

ck

〈
(I − T )kξ , ξ

〉
≥ 1−

∞∑
k=1

ck = 0,

which proves S ∈ B(H)+.
Finally, since S and T both lie in the commutative Banach algebra generated by

I − T , and the series for S converges absolutely, we may form the Cauchy product. As(∑
k aky

k
)2

= 1− y as an identity of formal power series, the Cauchy product yields

S2 = I − (I − T ) = T,

which completes the proof. □

Corollary 2.5. For T ∈ B(H), the following are equivalent:
(1) T is positive.
(2) T =

∑
i S

∗
i Si.

(3) T = S∗S.

Lemma 2.6. Let H0 ⊂ H be a closed subspace, and let P be the orthogonal projection
onto H0. Then P = P ∗ = P 2. Conversely, any P ∈ B(H) with P = P ∗ = P 2 is the
orthogonal projection onto its range.

Notation 2.7. For T ∈ B(H) we write |T | := (T ∗T )1/2 ∈ B(H)+, where the square
root is defined as in Proposition 2.4.

Proposition 2.8. Every self-adjoint operator T ∈ B(H) can be written as a differ-
ence of positive operators T = S1 − S2 with ∥S1∥, ∥S2∥ ≤ ∥T∥
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Proof. Let S1 = (|T |+T )/2 and S2 = (|T |−T )/2, and note that T , |T |, S1, and S2
are mutually commuting since T is self-adjoint which implies that |T | is a power series in
T . Let P be the orthogonal projection onto the kernel of S1, which is a closed subspace
of H. Then S1P = 0, which implies that PS1 = 0, by taking adjoints. Since S1S2 = 0
we have that PS2 = S2, so S2P = S2 again by taking adjoints. This gives the following
system of linear equations: {

PT = −P |T |
(I − P )T = (I − P )|T |.

Thus T = (I − 2P )|T | = |T |(I − 2P ). It therefore follows that{
S1 = (I − P )|T | = |T |(I − P )

S2 = P |T | = |T |P.

Since P is an orthogonal projection P = P ∗ = P 2 by Lemma 2.6, so S2 = P |T |P ∗ is a
positive with ∥S2∥ ≤ ∥|T |∥ = ∥T ∗T∥1/2 = ∥T∥ by the C∗-identity (Lemma 1.19). The
same holds for S1, which establishes the result. □

Corollary 2.9. Every T ∈ (B(H))1 is a linear combination of four positive con-
tractions.

Proof. We have that T = (T +T ∗)/2+ i[(T −T ∗)/2i] is a decomposition of T into
a linear combination of two self-adjoint contractions. □

3. States

Notation 3.1. For a (complex) normed space X, we write X∗ for the normed space
of all linear maps ϕ : X → C with ∥ϕ∥ := sup∥x∥=1 |ϕ(x)|.

Definition 3.2. A state ϕ ∈ B(H)∗ is linear functional satisfying ϕ(I) = 1 and
ϕ(T ) ≥ 0 for all T ∈ B(H)+.

Remark 3.3. Note that every state is ∗-linear, that is ϕ(T ∗) = ϕ(T ), since ϕ(T ) ∈ R
for all T self-adjoint by Proposition 2.4.

Remark 3.4. If ϕ is a state, then T ⪯ S implies that ϕ(T ) ≤ ϕ(S).

Proposition 3.5. We have that ϕ ∈ B(H)∗ is a state if and only if ϕ(I) = 1 and
∥ϕ∥ = 1.

Proof. For the forward direction, we have that ϕ being a state implies that (T, S) 7→
ϕ(S∗T ) defines a pre-inner product on B(H), so by Cauchy–Schwarz we have that

|ϕ(T )| ≤ ϕ(T ∗T )1/2ϕ(I)1/2 ≤ ∥T ∗T∥1/2 = ∥T∥

by the C∗-identity and the fact that T ∗T ⪯ ∥T ∗T∥I (Lemma 2.2).
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The reverse direction is slightly more involved. First, we claim that every functional
with ϕ(I) = 1 and ∥ϕ∥ = 1 is ∗-linear. This is equivalent to showing that ϕ(T ) ∈ R if
T = T ∗. We see that for a parameter s ∈ R

|ϕ(T ) + is| = |ϕ(T + isI)|
≤ ∥T + isI∥

= ∥(T + isI)∗(T + isI)∥1/2

= ∥T 2 + s2I∥1/2 ≤ (∥T 2∥+ s2)1/2

since T 2 + s2I ≤ (∥T 2∥ + s2)I by Lemma 2.2. Therefore, choosing s to have the same
sign as Imϕ(T ), we have that

| Imϕ(T )| ≤ (∥T 2∥+ s2)1/2 − |s| → 0

as |s| → ∞, which establishes the claim.
We next claim that every ∗-linear functional with ϕ(I) = 1 and ∥ϕ∥ = 1 is a state,

which now suffices to establish the result. Taking T ∈ B(H)+, we may assume without
loss of generality that ∥T∥ ≤ 1. We have that 0 ⪯ T ⪯ I; hence, −I ⪯ 2T − I ⪯ I and
∥2T − I∥ ≤ 1 by Lemma 2.2. It follows that |2ϕ(T )−1| ≤ 1, which shows that ϕ(T ) ≥ 0
since ϕ(T ) ∈ R by ∗-linearity. This establishes the claim, so the result. □

Definition 3.6. Let X be a normed space. We define the weak*-topology on X∗ by
a net (ϕn) in X∗ converges to ϕ ∈ X∗ weak* if ϕn(x) → ϕ(x) for all x ∈ X.

Lemma 3.7 (Banach–Alaoglu). We have that (X∗)1 is compact in the weak*-topology.

Recall, that for a convex subset C ⊂ V of a vector space, a point x ∈ C is extreme
if x = ty + (1− t)z for y, z ∈ C implies that x = y = z.

Lemma 3.8 (Krein–Milman). A closed, convex subset of (X∗)1 is the weak* closure
of the hull of its extreme points.

Notation 3.9. We write S(B(H)) for the set of all states on B(H).

Remark 3.10. By Proposition 3.5, we see that S(B(H)) is a weak*-closed, convex
subset of (B(H)∗)1. Thus S(B(H)) is compact by Banach–Alaoglu and the weak*-closure
of the convex hull of its extreme points by Krein–Milman.

Lemma 3.11. If ϕ ∈ B(H)∗ is a state and P ∈ B(H) is a projection with ϕ(P ) = 0,
then ϕ(PT ) = 0 = ϕ(TP ) for all T ∈ B(H).

Proof. By Cauchy–Schwarz,

|ϕ(PT )| ≤ ϕ(PP ∗)1/2ϕ(T ∗T )1/2 = ϕ(P )1/2ϕ(T ∗T )1/2 = 0.

The other case follows by ∗-linearity. □

Notation 3.12. We write a rank-one operator T = ξ ⊗ η̄, where T (ζ) = ⟨ζ , η⟩ ξ;
that is, ξ spans the range of T and η spans the range of T ∗, where T ∗ can be computed
to be η ⊗ ξ̄.
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This notation is justified as follows. We have that fζ : H × H̄ → H given by

fζ(ξ, η̄) = ⟨ζ , η⟩ ξ
is bilinear and fζ(λξ, η̄) = fζ(ξ, λη̄) for all λ ∈ C, thus fζ extends to a canonical
map on the (algebraic) tensor product H ⊗ H̄ → H and so this induces a linear map
F : H ⊗ H̄ → B(H) by

F (T )(ζ) = fζ(T ) =
∑
i

⟨ζ , ηi⟩ ξi

for T =
∑

i ξi ⊗ η̄i.

Lemma 3.13. F is an embedding. In this way H⊗H̄ is identified with the finite rank
operators on B(H), that is all T ∈ B(H) so that T and T ∗ both have finite-dimensional
range.

Proof. Writing T =
∑
ξi ⊗ η̄i we may assume without loss of generality that the

ξi’s are linearly independent. Thus F (T )(ζ) = 0 for all ζ ∈ H implies that ⟨ζ , ηi⟩ = 0
for all i and all ζ, so ηi = 0 for all i. □

Notation 3.14. For ξ ∈ H with ∥ξ∥ = 1 we define the vector state ϕξ(T ) := ⟨Tξ , ξ⟩.

Lemma 3.15. For each ξ ∈ H, we have that ϕξ is an extreme state.

Proof. Suppose that ϕξ = tϕ1+(1−t)ϕ2. We have that ∥ξ⊗ξ̄∥ = 1 (as an operator)
and ϕξ(ξ ⊗ ξ̄) = 1, so ϕi(ξ ⊗ ξ̄) = 1 for i = 1, 2. Let K be the orthogonal complement
of ξ in H and let P be the orthogonal projection onto K. We have that P + ξ ⊗ ξ̄ = I,
so ϕi(P ) = 0 for i = 1, 2. By Lemma 3.11 we may conclude that ϕ1 = ϕξ = ϕ2. □

Notation 3.16. We write F(H) for the algebra of all finite-rank operators on H.

Note that F(H) is an ideal in B(H), that is xTy ∈ F(H) for all T ∈ F(H) and
x, y ∈ B(H).

Definition 3.17. We define a pairing between F(H) and B(H) as follows. For
T =

∑
i ξ ⊗ η̄i ∈ F(H) and x ∈ B(H), we write

⟨T , x⟩ :=
∑
i

⟨xξi , ηi⟩

We again note that H × H̄ ∋ (ξ, η̄) 7→ ⟨xξ , η⟩ is bilinear and (λξ, η̄) and (ξ, λη̄) map
to the same scalar, so this pairing is well-defined.

Remark 3.18. When x = I, we write Tr(T ) = ⟨T , I⟩ =
∑

i ⟨ξi , ηi⟩. It is clear that
Tr is a positive linear functional on F(H) in the sense that Tr(T ∗T ) ≥ 0. Moreover, we
have that for every unitary u ∈ B(H), i.e., u∗u = uu∗ = I,

(5) Tr(uTu∗) =
∑
i

⟨uξi , uηi⟩ =
∑
i

⟨ξi , ηi⟩ = Tr(T ).

We refer to Tr as the trace on F(H).
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Problem 3.19. Check that Tr(TS) = Tr(ST ) for all T, S ∈ F(H).

Definition 3.20. We define the nuclear norm on F(H) by

∥T∥nuc := inf

{∑
i

∥ξi∥ · ∥ηi∥ : T =
∑
i

ξi ⊗ η̄i

}
We write L1(H) for the completion of F(H) in the nuclear norm.

Lemma 3.21. The following inequality is apparent from the definitions:

| ⟨T , x⟩ | ≤ ∥x∥ · ∥T∥nuc
for all T ∈ F(H) and x ∈ B(H).

Lemma 3.22. We have that ∥ξ ⊗ η̄∥nuc = ∥ξ∥ · ∥η∥.

Proof. Suppose that ξ⊗η =
∑

i xi⊗ȳi. Let Pξ and Pη be the orthogonal projections
onto Cξ and Cη, respectively. Then by linearity

ξ ⊗ η =
∑
i

Pξ(xi)⊗ Pη(yi),

and since orthogonal projections are contractions∑
i

∥Pξ(xi)∥ · ∥Pη(yi)∥ ≤
∑
i

∥xi∥ · ∥yi∥.

It follows that we may assume that xi ⊗ ȳi = ciξ ⊗ η̄ with
∑

i ci = 1. The result is then
apparent by the triangle inequality. □

Proposition 3.23. We have that T 7→ ⟨T , x⟩ isometrically identifies B(H) with
L1(H)∗.

Proof. Let ϕx(T ) := ⟨T , x⟩. By Lemma 3.21 we have that ϕx is defined on L1(H)
with ∥ϕx∥ = sup∥T∥nuc=1 | ⟨T , x⟩ | ≤ ∥x∥. For vectors ξ and η of unit norm we have that
by Lemma 3.22 that ∥ξ ⊗ η̄∥nuc = 1, so

|ϕx(ξ ⊗ η̄)| = | ⟨ξ ⊗ η̄ , x⟩ | = | ⟨xξ , η⟩ |

verifies that ∥ϕx∥ = ∥x∥. □

Remark 3.24. We observe that the pairing x 7→ ⟨T , x⟩ also identifies L1(H) iso-
metrically with a subspace of B(H)∗ by the theory of dual Banach spaces. In this way
L1(H) is weak*-dense in B(H)∗ by Goldstine’s Theorem. We refer to Proposition 3.26
below for the proof of a similar assertion.

Lemma 3.25. We have that T ∈ F(H), self-adjoint, defines a state on B(H) via
x 7→ ⟨T , x⟩ if and only if T =

∑
i ξi ⊗ ξ̄i with

∑
i ∥ξi∥2 = 1. Moreover, the ξi’s may be

taken to be an orthogonal family.
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Proof. In the reverse direction, we have that ⟨T , x⟩ =
∑

i ⟨xξi , ξi⟩ ≥ 0 for all
x ∈ B(H)+ and that ⟨T , I⟩ =

∑
i ∥ξi∥2 = 1, thus T defines a state.

In the forward direction, we have that ⟨T , η ⊗ η̄⟩ = ⟨Tη , η⟩ ≥ 0 for all η ∈ H, so
T is positive, so T =

∑
i ξi ⊗ ξ̄i where the ξi’s form an (orthogonal) eigenbasis by the

Spectral Theorem for matrices. □

Proposition 3.26. Viewing F(H) ⊂ B(H)∗ via the standard pairing, let K :=
F(H)+ ∩ S(B(H)). We have that K is weak*-dense in S(B(H)).

Proof. Assume that there is a state ϕ which does not belong to the weak*-closure
of K. Since the weak*-closure of K is compact (Remark 3.10) we have that there is
a basic weak* open neighborhood of the origin V = {ψ ∈ B(H)∗ : |ψ(xi)| < ϵ} for
some x1, . . . , xn ∈ B(H) and ϵ > 0 so that (ϕ + V ) ∩ (K + V ) = ∅. By the Geometric
Hahn–Banach Theorem, there is q ∈ B(H)∗∗ so that

(6) sup
T∈K+V

Re q(T ) < Re q(ϕ).

Since Re q is bounded on V by the triangle inequality, we have that

ker q ⊇ ∩n
i=1 ker {B(H)∗ ∋ ψ 7→ ψ(xi)} .

It follows that

q(ψ) = ψ(x)

for all ψ where x belongs to the span of x1, . . . , xn. Setting s = (x + x∗)/2 we have
that by Proposition 2.8 we have that s = s1 − s2, with s1, s2 positive with s1 = psp and
s2 = −(1−p)s(1−p) for some orthogonal projection p. By Lemma 3.25 and Proposition
1.22 we therefore have that

sup
T∈K

Re q(T ) = sup
T∈K

⟨T , s⟩ = sup
∥ξ∥=1

⟨sξ , ξ⟩ = ∥s1∥.

On the other hand, since ϕ is a state we have that

Re q(ϕ) = ϕ(s) = ϕ(s1 − s2) ≤ ϕ(s1) ≤ ∥s1∥.

Altogether this contradicts inequality (6). □

Remark 3.27. The content of the previous theorem could be stated as follows. Let
ϕ ∈ S(B(H)). Then for any finite set of operators x1, . . . , xn ∈ B(H) and ϵ > 0 there is
an orthonormal set ξ1, . . . , ξk ∈ H with

∑
i ∥ξi∥2 = 1 so that∣∣∣∣∣∣ϕ(xi)−

∑
j

⟨xiξj , ξj⟩

∣∣∣∣∣∣ < ϵ.
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4. Normal Operators, Spectra, and Abelian C∗-Algebras

Recall that an operator T ∈ B(H) is normal if T ∗T = TT ∗. The following is the
crucial fact about normal operators.

Lemma 4.1. T ∈ B(H) is normal if and only if ∥Tξ∥ = ∥T ∗ξ∥ for all ξ ∈ H.

In what follows we will only make use of the “only if” direction.

Definition 4.2. We say that λ ∈ C belongs to the spectrum of T if T − λI is not
invertible in B(H). We write sp(T ) ⊂ C for the set of all spectral elements of T .

Remark 4.3. We have that sp(T ) is contained in the closed ball of radius ∥T∥ about
0. This is because for any |λ| > ∥T∥ we have that ∥ 1

λT∥ < 1, hence(
I − 1

λ
T

)−1

= I +
∞∑
k=1

(
1

λ
T

)k

which converges in norm.

Remark 4.4. We have that sp(T ) is always nonempty. We have that

(T − λI)−1 − (T − ωI)−1

λ− ω
= −(T − λI)−1(T − ωI)−1

which shows that for ϕ ∈ B(H)∗ that fϕ : λ 7→ ϕ
(
(T − λI)−1

)
is analytic on any

open region of C \ sp(T ). Thus if sp(T ) = ∅, we have that fϕ is entire and bounded
since ∥(T − λI)−1∥ → 0 as |λ| → ∞, so by Liouville’s theorem fϕ is constant 0 for all
ϕ ∈ B(H)∗. By the Hahn–Banach Theorem, this implies that (T − λI)−1 = 0, which is
absurd.

Lemma 4.5. If T ∈ B(H) is not invertible, then one of the following must happen:
(1) there is a sequence ξn ∈ H with ∥ξn∥ = 1 so that ∥Tξn∥ = 0;
(2) the closure of the range of T is not equal to H.

Proof. Suppose both do not occur. Then α := inf∥ξ∥=1 ∥Tξ∥ > 0 and T (H) = H.
Since the first condition implies that T is injective, we have that T−1 : T (H) → H exists
and that ∥T−1∥ ≤ 1

α . Since T−1 is Lipschitz, this implies that T−1 extends to a bounded
linear operator on T (H) = H. Thus T is invertible in B(H). □

Lemma 4.6. If T ∈ B(H) is normal, then λ ∈ sp(T ) if and only if there exists a
(possibly constant) sequence (ξn) of unit vectors so that ∥Tξn − λξn∥ → 0.

Proof. Since T is normal so is T − λI. If the result did not hold, then by Lemma
4.5 we would have that there is nonzero η in the orthogonal complement of (T −λI)(H).
Thus

0 = ⟨(T − λI)ξ , η⟩ = ⟨ξ , (T − λI)∗η⟩
for all ξ ∈ H, that is, ∥(T−λI)∗η∥ = 0. By Lemma 4.1 this means that ∥(T−λI)η∥ = 0,
so Tη = λη. □
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Remark 4.7. For the case of normal operators the previous result gives a quick
proof that sp(T ) is closed. Indeed if λi → λ with λi ∈ sp(T ), choose ξi a unit vector
with ∥Tξi − λiξi∥ ≤ 1/i. Then ∥Tξi − λξi∥ → 0.

Definition 4.8. A C∗-algebra A is an (operator) norm closed ∗-subalgebra of B(H)
for some H.

Remark 4.9. In these notes we will usually insist that I ∈ A.

Proposition 4.10. The following facts are true about a C∗-algebra A ⊂ B(H) (with
I ∈ A).

(1) If x ⪰ 0 and x ∈ A, then x1/2 ∈ A. In particular for every x ∈ A, |x| =
(x∗x)1/2 ∈ A.

(2) Every x ∈ A is a linear combination of four elements of A+.
(3) ϕ ∈ A∗ is a state if and only if ϕ(I) = 1 and ∥ϕ∥ = 1.
(4) The set of all states S(A) is weak*-compact in (A∗)1.
(5) S(A) is the weak*-closed convex hull of the extreme points.

Lemma 4.11. Let B ⊂ A ⊂ B(H) be C∗-algebras with I ∈ B. Every extreme state
on B has an extreme state extension to A.

Proof. Let ϕ ∈ S(B). By the Hahn–Banach theorem, there is a ϕ̃ ∈ A∗ which
extends ϕ so that ∥ϕ̃∥ = ∥ϕ∥. So ϕ̃(I) = 1 = ∥ϕ̃∥ and ϕ̃ is a state by Proposition
4.10. Let Sϕ ⊆ S(A) be the set of extensions of ϕ, which we can see is convex and
weak*-compact, so has an extreme point by the Krein–Milman theorem. Let ϕ′ be such
an extreme point.

We claim that ϕ′ is extreme in S(A) as well. If ϕ′ = tψ1 + (1 − t)ψ2 for 0 < t < 1,
then

ϕ = ϕ′|B = tψ1|B + (1− t)ψ2|B,
so ψi|B = ϕ for i = 1, 2 by extremality of ϕ. Thus ψ1, ψ2 ∈ Sϕ as well which establishes
the result. □

Definition 4.12. For T ∈ B(H) we let C∗(T ) be the C∗-algebra generated by
{I, T, T ∗}.

Remark 4.13. We see that C∗(T ) is abelian if and only if T is normal.

Proposition 4.14. Let A ⊂ B(H) be an abelian C∗algebra with I ∈ A. A state
ϕ ∈ S(A) is extreme if and only if it is multiplicative.

Proof. We begin by assuming that ϕ is multiplicative. For x = x∗ ∈ A and a
parameter s ∈ R, define eisx using the power series expansion, which is entire real
anayltic, so eisx ∈ C∗(x) ⊆ A. Via the power series expansion we also see that

(eisx)∗ = e−isx

and that
e−isxeisx = eisxe−isx = I
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since C∗(x) is a commutative algebra. Thus eisx is unitary and ∥eisx∥2 = ∥(eisx)∗eisx∥ =
1, so eisx is a contraction.

Suppose that ϕ = tψ1 + (1− t)ψ2 for some t ∈ (0, 1) and ψ1, ψ2 ∈ S(A). Since ϕ is
multiplicative and ∗-linear since it is a state we have that

1 = ϕ((eisx)∗eisx) = ϕ((eisx)∗)ϕ(eisx) = ϕ(eisx)ϕ(eisx),

so ϕ(eisx) ∈ T, the complex units. Since |ψj(e
isx)| ≤ 1 for j = 1, 2, this implies that

ϕ(eisx) = ψ1(e
isx) = ψ2(e

isx)

for all x = x∗, s ∈ R. Using the power series expansion and the triangle inequality, we
have that ∥∥∥∥eisx − I

s
− ix

∥∥∥∥→ 0

as s → 0, which implies that ϕ(x) = ψ1(x) = ψ2(x) for all x ∈ A self-adjoint. Hence
ϕ = ψ1 = ψ2 by ∗-linearity.

We next assume that ϕ is extreme. Let 0 ⪯ x ⪯ I. We will first show that ϕ(xy) =
ϕ(x)ϕ(y) for all y ∈ A. We write

xϵ :=
x+ ϵI

1 + 2ϵ

so 0 ⪯ xϵ ⪯ I for all ϵ > 0, ∥xϵ − x∥ ≤ ϵ, and ϕ(xϵ) ∈ (0, 1). We then have that

ϕ(xϵy) = ϕ(xϵ)

[
1

ϕ(xϵ)
ϕ(xϵy)

]
+ (1− ϕ(xϵ))

[
1

ϕ(I − xϵ)
ϕ((I − xϵ)y)

]
We claim that ψ1(y) = 1

ϕ(xϵ)
ϕ(xϵy) and ψ2(y) = 1

ϕ(I−xϵ)
ϕ((I − xϵ)y) are states. It is

clear that ϕi(I) = 1 for i = 1, 2. If y = (
√
y)2, then xϵy = (

√
xϵ
√
y)(

√
xϵ
√
y)∗ since A

is abelian. Thus xϵy is positive and so is ψ1(y) since ϕ is a state. A similar argument
holds for ψ2.

By extremality, it therefore must be the case that ϕ(y) = 1
ϕ(xϵ)

ϕ(xϵy) for all ϵ > 0,
so ϕ(x)ϕ(y) = ϕ(xy) for all 0 ⪯ x ⪯ 1 and all y ∈ A. By linearity, the same holds for
all x ∈ A+. Since every element in A is a linear combination of four elements of A+, it
follows that ϕ is multiplicative. □

Corollary 4.15. Let A be an abelian C∗-algebra with I ∈ A, and let ϕ ∈ S(A) be
an extremal state. For x ∈ A we have that ϕ(x) ∈ sp(x).

Proof. If ϕ(x) = λ, then ϕ(x − λI) = 0, so x − λI cannot be invertible since ϕ is
multiplicative. □

Corollary 4.16. If x ∈ B(H) is normal, then there is a one-to-one correspondence
between extremal states on C∗(x) and sp(x).

Proof. Suppose λ ∈ sp(x). Then there is a sequence ξn ∈ H of unit vectors so that
∥xξn−λξn∥ → 0. Let ϕλ be a weak*-cluster point of the sequence ϕξn(x) = ⟨xξn , ξn⟩ of
vector states which exists by weak*-compactness of S(C∗(x)). We have that ϕλ(x) = λ
and that ϕ restricted to C∗(x) is multiplicative, so extremal.
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By Corollary 4.15, every extreme state in S(C∗(x)) must be equal to ϕλ for some
λ ∈ sp(x) and this correspondence is one-to-one since for multiplicative states ϕ, ψ ∈
S(A) we have that ϕ = ψ if and only if ϕ(x) = ψ(x) by continuity. □

Definition 4.17. For T ∈ B(H) we define the spectral radius of T to be

| sp |(T ) := sup{|λ| : λ ∈ sp(T )}.

Lemma 4.18. If T ∈ B(H) is normal, then | sp |(T ) = ∥T∥.

Proof. Since S := T ∗T is positive, we have that there is a sequence of unit vectors
ξi so that ⟨Sξi , ξi⟩ → ∥S∥ =: σ. We compute using Lemma 2.2 that

lim sup
i

∥Sξi − σξi∥2 = lim sup
i

(
⟨Sξi , Sξi⟩ − 2σ ⟨Sξi , ξi⟩+ σ2

)
=

(
lim sup

i
⟨S∗Sξi , ξi⟩

)
− σ2 ≤ ∥S∗S∥ − ∥S∥2 = 0

where the last equality holds by the C∗-Identity.
Therefore, there is a multiplicative state ϕ on C∗(T ∗T ) so that ϕ(T ∗T ) = ∥T ∗T∥ =

∥T∥2. By Lemma 4.11 and Proposition 4.14 we then have that there is a multiplicative
state extension ϕ′ of ϕ to C∗(T ). We have that

(7) |ϕ′(T )|2 = ϕ′(T ∗)ϕ′(T ) = ϕ(T ∗T ) = ∥T∥2,
which gives the result by Corollary 4.15. □

Proposition 4.19 (Spectral Mapping Theorem). Let T ∈ B(H) be normal and p(x)
be a ∗-polynomial. Then sp(p(T )) = p(sp(T )).

Proof. If λ ∈ sp(T ), then by Corollary 4.16 there is a multiplicative state ϕ on
C∗(T ) so that ϕ(T ) = λ. Thus, ϕ(p(T )) = p(λ) and p(λ) ∈ sp(p(T )) by Corollary 4.15.
This shows that p(sp(T )) ⊆ sp(p(T )).

In the other direction, suppose that λ ∈ sp(p(T )), so there is a multiplicative state
ϕ on C∗(p(T )) so that ϕ(p(T )) = λ. By Lemma 4.11 and Proposition 4.14 we have
that there is a multiplicative state ϕ′ on C∗(T ) which extends ϕ. We have again that
ϕ′(T ) := θ ∈ sp(T ) and

p(θ) = p(ϕ′(T )) = ϕ′(p(T )) = ϕ(p(T )) = λ,

which shows that sp(p(T )) ⊆ p(sp(T )). □

Definition 4.20. Let X be compact hausdorff space. We let C(X) be the algebra
of continuous functions f : X → C. We have that C(X) is an algebra under pointwise
product with a involution given by f∗(x) = f(x) and a norm ∥f∥ := supx∈X |f(x)|.

Proposition 4.21 (Continuous Functional Calculus). Let T ∈ B(H) be normal.
There is an isometric ∗-isomorphism C(sp(T )) → C∗(T ) which is induced by

p 7→ p(T )

for every ∗-polynomial p.
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Proof. We have that sp(T ) is a closed and bounded subset of C. Let P (sp(T ))
be the subalgebra of all continuous functions on X which are the restriction of some
∗-polynomial to X. By Lemma 4.18 and Proposition 4.19 we have that

∥p∥ = sup
λ∈sp(T )

|p(λ)| = sup
θ∈sp(p(T ))

|θ| = ∥p(T )∥

so p 7→ p(T ) induces a well-defined isometric ∗-homomorphim of P (sp(T )) into C∗(T ).
The Stone–Weierstrass Theorem then implies that P (sp(T )) is dense in C(sp(T )), which
gives that this map extends to an isometric surjection from C(sp(T )) onto C∗(T ). It is
straightforward to check that the extension is a ∗-homomorphism as well. □

5. Strong Operator Topology and Borel Functional Calculus

Definition 5.1. The Strong Operator Topology (SOT) is the topology on B(H)
given by a net Tn → T if and only if ∥Tnξ − Tξ∥ → 0 for all ξ ∈ H.

The Strong* Operator Topology (S*OT) is the topology on B(H) given by a net
Tn → T if and only if ∥Tnξ − Tξ∥+ ∥T ∗

nξ − T ∗ξ∥ → 0 for all ξ ∈ H.

Remark 5.2. The operator norm, S*OT, SOT, and WOT are successively weaker
topologies on B(H). Indeed, if Tn → T in the SOT, then Tn → T in the WOT. Indeed,

| ⟨(Tn − T )ξ , η⟩ | ≤ ∥(Tn − T )ξ∥ · ∥η∥

by Cauchy–Schwarz. It is clear that operator norm convergence implies S*OT conver-
gence.

Remark 5.3. We have that Tn → T in the SOT if and only if (Tn−T )∗(Tn−T ) → 0
in the WOT. Moreover, we have that Tn → T in the SOT implies that T ∗

nTn → T ∗T in
the WOT. Indeed, by Cauchy–Schwarz we have that

∥(Tn − T )ξ∥2 ≥
(
⟨T ∗

nTnξ , ξ⟩
1/2 − ⟨T ∗Tξ , ξ⟩1/2

)2
.

Both assertions now follow from that fact that if ⟨Snξ , ξ⟩ → ⟨Sξ , ξ⟩ for all ξ ∈ H, then
Sn → S in the WOT since by the Polarization Identity

4 ⟨Sξ , η⟩ =
4∑

k=1

ik
〈
S(ξ + ikη) , ξ + ikη

〉
.

Example 5.4. Let ℓ2 be the space of square-summable sequence, and let S : ℓ2 → ℓ2

be the one-sided shift, that is, Sei = ei+1, where (ei) is the standard orthonormal basis
for ℓ2. We have that (Sn) and (S∗n) both converge to 0 in the WOT; however, (S∗n)
stills converges to 0 in the SOT but (Sn) has no cluster point in the SOT.

Lemma 5.5. Let (Pn) be an net of projections in B(H) which is increasing in the op-
erator order. Let Hn = Pn(H) be the range of Pn, K =

⋃
nHn, and P be the orthogonal

projection onto K. Then Pn → P in the SOT.
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Proof. Since ⟨Pnξ , ξ⟩ = ∥Pnξ∥2, we have that (Pn) is increasing in the operator
order if and only if ∥Pnξ∥ ≤ ∥Pkξ∥ whenever n < k, which happens if and only if (Hn)
is an increasing net of subspaces of H which happens if and only if PnPk = Pn for all
n < k.

For ξ ∈ H, we have that

∥(Pn − P )ξ∥ = ∥(Pn − P )(Pξ + (I − P )ξ)∥ = ∥(Pn − P )Pξ∥
since PnP = Pn and P 2 = P . Therefore it suffices to check SOT convergence only when
ξ ∈ P (H) = K.

Since ξ ∈ K for every ϵ > 0 there is n and ξn ∈ Hn so that ∥ξn − ξ∥ < ϵ. However,
it is a property of an orthogonal projection that

∥Pξ − ξ∥ ≤ ∥η − ξ∥
for all η ∈ P (H). Therefore ∥Pnξ − ξ∥ < ϵ.

We finally note that that for k > n, we have that I−Pk ⪯ I−Pn and are orthogonal
projections, so

∥Pkξ − ξ∥ ≤ ∥Pnξ − ξ∥,
and the result obtains. □

Remark 5.6. Note that the range of Pn maybe be strictly increasing, in which case
Pn has no cluster point in the operator norm topology.

Definition 5.7. Let X be a compact Hausdorff space, and let Bor(X) be the σ-
algebra of all Borel subsets of X. We say that a map

E : Bor(X) → B(H)

is a spectral measure if the following hold:
(1) For all A ∈ Bor(X), E(A) is an orthogonal projection;
(2) E(∅) = 0 and E(X) = I;
(3) E(A)E(B) = E(A ∩B); and
(4) E(

⋃
iAi) =

∑
iE(Ai) for any sequence of pairwise disjoint Borel sets.

The third condition implies thatE is increasing under set inclusion and that allE(A), E(B)

are mutually commuting. The infinite sum is understood in the sense that
∑N

i=1E(Ai) →
E(
⋃

iAi) in the strong operator topology, which is the natural topology for convergence,
since PN =

∑N
i=1E(Ai) can be seen under the assumptions to be an increasing sequence

of projections.

Notation 5.8. We let B(X) be the set of all bounded Borel functions f : X →
C, which is a normed ∗-algebra under pointwise product, f∗(x) = f(x) and ∥f∥ =
supx∈X |f(x)|. Note that C(X) ⊂ B(X) (isometrically) is a closed ∗-subalgebra.

Proposition 5.9 (Borel Functional Calculus). Let π : C(X) → B(H) be an iso-
metric ∗-isomorphism with π(1) = I. There is an extension π̃ : B(X) → B(H) so
that

(1) π̃ is a contractive ∗-homomorphism;
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(2) π̃(B(X)) ⊆ π(C(X))
WOT

;
(3) E(A) := π̃(1A) for all A ∈ Bor(X) is a spectral measure.

Proof. The Riesz–Markov–Kakutani Theorem shows that C(X)∗ is isometrically
isomorphic with the Banach space M(X) of all complex Borel regular measures on X
with total variational norm. Recall that µ : Bor(X) → C is a complex measure if for
every sequence of (Ai) of pairwise disjoint Borel sets we have that µ(

⋃
iAi) =

∑
i µ(Ai).

In particular, since the sum converges under rearrangements, the sum is converging
absolutely. The total variational norm is then defined to be

∥µ∥ = sup
⊔Ai=X

∑
i

|µi(Ai)|

Where the sup is taken over all countable Borel partitions of X.
Since

∫
fdµ is defined for all f ∈ B(X) and µ ∈M(X) and∣∣∣∣∫ fdµ

∣∣∣∣ ≤ ∥f∥∥µ∥

we have that there is an inclusion B(X) ↪→ M(X)∗ = C(X)∗∗. Since the point masses
δx, where δx(A) = 1 if and only if x ∈ A and δx(A) = 0 otherwise, belong to M(X), we
have this inclusion is isometric, hence we may regard B(X) ⊆ C(X)∗∗. In particular,
by Goldstine’s Theorem, C(X) ⊂ B(X) is weak* dense. That is, for every f ∈ B(X),
there is a net fn in C(X) with ∥fn∥ ≤ ∥f∥ so that

∫
fndµ→

∫
fdµ for all µ ∈M(X).

For each ξ, η ∈ H, we have that C(X) ∋ f 7→ ⟨π(f)ξ , η⟩ defines a bounded linear
functional on C(X) with norm at most ∥ξ∥∥η∥, hence there is a measure µξ,η ∈ M(X)
so that ∫

fdµξ,η = ⟨π(f)ξ , η⟩

for all f ∈ C(X). Note thatH×H ∋ (ξ, η) 7→ µξ,η ∈M(X) is contractive an sesquilinear,
so for all g ∈ B(X), we have that

H ×H ∋ (ξ, η) 7→
∫
gdµξ,η

is a bounded sesquilinear form of norm at most ∥g∥. Therefore, there is a unique operator
π̃(g) ∈ B(H) with ∥π̃(g)∥ ≤ ∥g∥ so that

⟨π̃(g)ξ , η⟩ =
∫
gdµξ,η

for all ξ, η ∈ H. By uniqueness π̃(f) = π(f) for all f ∈ C(X) and π̃ is ∗-linear. Further
we have that π̃(g) ∈ C(X)

WOT
since for any bounded net (gn) in C(X) converging to g

in the weak*-topology, we have that

⟨π(gn)ξ , η⟩ =
∫
gndµξ,η →

∫
gdµξ,η = ⟨π̃(g)ξ , η⟩ .

We have so far that π̃ : B(X) → B(H) is a well-defined extension of π which is
∗-linear and contractive and so that π̃(B(X)) ⊆ C(X)

WOT
. We now show that π̃ is
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multiplicative. For f ∈ C(X) and g ∈ B(X), choose a bounded net (gn) in C(X)
converging to g in the weak* topology. We have that fgn → fg weak* as well. Thus

π(f)π(gn) = π̃(fgn) → π̃(fg),

while π(f)π(gn) → π(f)π̃(g) in the WOT as well. Thus π̃(fg) = π(f)π̃(g). Now for
h ∈ B(X), we boundedly approximate through (hn) in C(X) in the weak* topology to
get that

π(hn)π̃(g) = π̃(hng) → π̃(hg)

while π(hn)π̃(g) → π̃(h)π̃(g) in the WOT. Thus π̃ is multiplicative.
Finally we show that E(A) = π̃(1A) is a spectral measure. It is clear that E(∅) = 0

and E(X) = I. By multiplicativity, we have that

E(A ∩B) = π̃(1A∩B) = π̃(1A1B) = π̃(1A)π̃(1B) = E(A)E(B).

Thus by ∗-linearity each E(A) is a orthogonal projection. To establish countable addi-
tivity, let (Ai) be a pairwise disjoint sequence of Borel sets. Since E is clearly finitely
additive we have that

E

(⋃
i

Ai

)
−

N∑
i=1

E(Ai) = E

( ⋃
i=N+1

Ai

)
,

therefore since the right hand side is an orthogonal projection∥∥∥∥∥
(
E(
⋃
i

Ai)−
N∑
i=1

E(Ai)

)
ξ

∥∥∥∥∥
2

=

∥∥∥∥∥E(
⋃

i=N+1

Ai)ξ

∥∥∥∥∥
2

=

〈
E(

⋃
i=N+1

Ai)ξ , ξ

〉
= µξ,ξ(

⋃
i=N+1

Ai) → 0

with the last line following from countable additivity of µξ,ξ. □

Corollary 5.10. Let T ∈ B(H) be a normal operator. Let E : sp(T ) → B(H) be
the spectral measure obtained from extending the Continuous Functional Calculus. We
have that

T =

∫
λ dE(λ)

in the sense that for any Borel partition A1, . . . , An of the spectrum of T and λi ∈ Ai

satisfying ∥ idsp(T )−
∑

i λi1Ai∥ ≤ ϵ we have that

∥T −
∑
i

λiE(Ai)∥ ≤ ϵ.
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Indeed for any f ∈ B(X) and we have that π̃(f) = f(T ) :=
∫
f(λ) dE(λ) in the sense

that for all Borel partitions A1, . . . , An of sp(T ) and λi ∈ Ai so that ∥f−
∑

i f(λi)1Ai∥ ≤
ϵ we have that

∥π̃(f)−
∑
i

f(λi)E(Ai)∥ ≤ ϵ.

We give a couple of applications of the Borel Functional Calculus before continuing.

Lemma 5.11. Suppose that Pn is an increasing sequence of projections converging
strongly to the identity. If (Tk) is a bounded net of operators so that limk ∥(Tk−T )Pn∥ =
0, then Tk → T in the SOT.

Proposition 5.12. Suppose P,Q ∈ B(H) are orthogonal projections. Let P ∧Q be
the orthogonal projection onto the intersection of their ranges. We have that (PQP )n →
P ∧Q in the SOT.

Proof. We have that PQP is a positive contraction, so the spectrum belongs to
[0, 1]. Let An = sp(PQP ) ∩ ([0, 1 − 1/n) ∪ {1}) and En = E(An). We have that⋃

nAn = sp(PQP ), so En → I = E(
⋃

nAn) in the SOT by countable additivity of the
spectral measure.

Further we have that (xk) converges uniformly on An as k → ∞ to the function δ1
for which δ1(1) = 1 and δ1(x) = 0 otherwise. Therefore by Borel Functional Calculus
we have that

((PQP )k − E({1}))En =

∫
An

(λk − δ1(λ))dE(λ)

and
∥((PQP )k − E({1}))En∥ ≤ sup

λ∈An

|λk − δ1(λ)| → 0

as k → ∞.
By Lemma 5.11 we thus have that (PQP )k → E({1}) in the SOT. But E({1}) is

by definition the set of vectors ξ ∈ H so that PQPξ = ξ. Clearly all ξ in the range of
P ∧Q belong to the subspace. On the other hand, since P and Q are strict contraction
off of their respective ranges PQPξ = ξ implies that Pξ = ξ and Qξ = ξ. In this way
we see that E({1}) = P ∧Q. □

Proposition 5.13 (Von Neumann’s Mean Ergodic Theorem). Let U ∈ B(H) be a
unitary operator, that is U∗U = I = UU∗. Let F be the orthogonal projection onto the
set of vectors fixed by U . We have that

1

N

N∑
k=1

Uk → F

in the SOT.

Proof. Since U is a unitary, we have that sp(U) ⊆ T, the set of all complex units.
Let An = {λ ∈ sp(U) : |λ − 1| ≥ 1/n} and Bn = An ∪ {1}. Let En = E(An) and
Fn = E(Bn).
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We first show that (I − U)En = En(I − U) is bounded from below on the range
of En. By partitioning An into small intervals, by Borel Functional Calculus for every
ϵ > 0 we have projections P1, . . . , Pk and λ1, . . . , λk ∈ An so that

∑
i Pi = En and

∥(I − U)En −
∑
i

(1− λi)Pi∥ < ϵ

For ξ in the range of En we compute

∥(
∑
i

(1− λi)Pi)ξ∥2 =
∑
i

|1− λi|2∥Piξ∥2 ≥
1

n2
∥ξ∥2

so (I − U)En is bounded from below.
We see that

(I − U)En

[
1

N

N∑
k=1

Uk

]
En =

1

N
(I − UN+1)En → 0

in operator norm as N → ∞. Since (I − U)En is bounded from below this shows that∥∥∥∥∥ 1

N

N∑
k=1

UkEn

∥∥∥∥∥→ 0

as N → ∞. It follows that ∥∥∥∥∥ 1

N

N∑
k=1

UkFn − F

∥∥∥∥∥→ 0

as N → ∞. As in the proof of Proposition 5.12, we result obtains. □

6. Von Neumann Algebras

Definition 6.1. A von Neumann algebra M ⊂ B(H) is a ∗-subalgebra with I ∈ M
which is closed in the WOT.

Lemma 6.2. Let C ⊂ B(H) be a convex subset. We have that

CWOT
= CSOT

.

Proof. The Geometric Hahn–Banach theorem implies that for any convex set C in
a locally convex topological vector space V , the closure is the set of points of V which
cannot be separated from C by a continuous linear functional. We have that ϕ : B(H) →
C is WOT (respectively, SOT) continuous if and only if ϕ−1(D) contains a WOT (resp.
SOT)-basic open neighborhood of 0. Since any WOT-basic open neighborhood contains
an SOT-basic open neighborhood, we have that any ϕ which is WOT continuous is also
SOT continuous.

In order to prove the result it therefore suffices to check that any SOT-continuous
linear functional on B(H) is WOT continuous. Let ψ : B(H) → C be SOT continuous.
We have that ψ−1(D) contains some SOT-basic open neighborhood of 0, say

V = {T ∈ B(H) : max
1≤i≤n

∥Tξi∥ < ϵ}.
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It follows that

(8) |ψ(T )| ≤ C(
∑
i

∥Tξi∥2)1/2

for all T ∈ B(H) for some constant C depending only on n and ϵ.
Consider the subspace K ⊂ H⊕n given by

K = {(Tξ1, . . . , T ξn) : T ∈ B(H)},
and define ψ′ : K → C by

ψ′(Tξ1, . . . , T ξn) := ψ(T ).

By the inequality (8) we have that ψ′ is well-defined and continuous, so extends con-
tinuously to K. Thus by the Riesz Representation Theorem we have that there exists
η = (η1, . . . , ηn) ∈ K so that

ψ(T ) = ψ′(Tξ1, . . . , T ξn) =
∑
i

⟨Tξi , ηi⟩

from which it is clear that ψ is WOT continuous. □

Definition 6.3. For a subset S ⊂ B(H) we define the commutant of S by

S ′ := {T ∈ B(H) : TS = ST, ∀S ∈ S}

Lemma 6.4. The following statements are true.
(1) I ∈ S ′.
(2) S ′ is a subalgebra and a ∗-subalgebra if S∗ = S.
(3) S ′ is WOT closed.
(4) S ′′ ⊃ S.
(5) S ′′′ = S ′.

Proof. The proofs of these facts are left as exercises. □

In this way S 7→ S ′′ is a closure operation on B(H). Remarkably this algebraically
defined closure operation is an analytic closure. The following cornerstone result of the
subject is due to von Neumann.

Proposition 6.5 (Double Commutant Theorem). The following statements are
equivalent.

(1) M ⊂ B(H) is a von Neumann algebra.
(2) M ⊂ B(H) is a ∗-subalgebra so that M′′ = M.

Proof. For (2) implies (1), we have that I ∈ M′′ and M = M′′ is WOT-closed
since M′′ = (M′)′ by Lemma 6.4. Thus M is a von Neumann algebra.

For (1) implies (2), we have that M is SOT-closed. Let HN = H
⊕

N . We define an
embedding θN : B(H) → B(HN ) by

θN (T )(ξ1, . . . , ξN ) := (Tξ1, . . . , T ξN ).

It is apparent that θN (M) is SOT-closed in B(HN ) for all N .
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There is a natural action of the symmetric group SN by unitary operators on HN by
permuting coordinates. We may also consider the group ΣN = {ϵ = (ϵ1, . . . , ϵN ) :
ϵi ∈ {−1, 1}} which acts by unitary transformations on HN by ϵ · (ξ1, . . . , ξN ) =
(ϵ1ξ1, . . . , ϵNξN ). Together GN := ΣNSN forms a unitary action of the group of signed
permutations on HN . These operators belong to θN (B(H))′. Moreover, for T ∈ B(HN )
we wrte T = [Tij ] where Tij = PiTPj with Pi being the projection onto the ith coordi-
nate. We have that

1

|GN |
∑
g∈GN

g∗Tg = θN (T )

where T = 1
N

∑
i Tii. We conclude that

θN (M)′′ = θN (M)′′ ∩ θN (B(H)) = θN (M′′).

For ξ1, . . . , ξN ∈ H, let ξ = (ξ1, . . . , ξN ) ∈ HN . Consider the orthogonal projection
P onto K := θN (M)ξ. Note that ξ = Iξ ∈ K and that θN (M)K ⊆ K. Therefore, we
have that P belongs to θN (M)′, so TP = PT for all T ∈ θN (M)′′ = θN (M′′). It follows
that T (K) ⊆ K for all T ∈ θN (M′′) so

θN (M′′)ξ = θN (M)ξ

since ξ ∈ K. Thus given any ϵ > 0 and T ∈ M′′ we have S ∈ M so that

∥θN (T )ξ − θN (S)ξ∥2 =
∑
i

∥(T − S)ξi∥2 < ϵ.

This shows that M′′ ⊆ MSOT
= M, hence M′′ = M by Lemma 6.4. □

Lemma 6.6. For T ∈ B(H) we have that ker(T ) = ker(T ∗T ) and ker(T )⊥ = T ∗(H).

Proof. Clearly, ker(T ) ⊆ ker(T ∗T ). On the other hand, if T ∗Tξ = 0, then 0 =
⟨T ∗Tξ , ξ⟩ = ∥Tξ∥2, so ker(T ∗T ) = ker(T ).

Now, let ξ ∈ ker(T ) so that 0 = ⟨Tξ , η⟩ = ⟨ξ , T ∗η⟩, thus T ∗(H) ⊆ ker(T )⊥. On
the other hand, if ξ ∈ T ∗(H)⊥ then 0 = ⟨ξ , Tη⟩ = ⟨Tξ , η⟩ for all η ∈ H which implies
that ξ ∈ ker(T ), so T ∗(H)⊥ ⊆ ker(T ). Therefore by taking orthogonal complements
ker(T )⊥ ⊆ T ∗(H). □

Definition 6.7. A partial isometry U ∈ B(H) is a linear operator so that ∥Uξ∥ =
∥ξ∥ for all ξ ∈ ker(U)⊥.

Proposition 6.8 (Polar Decomposition). For each T ∈ B(H) there is a unique
partial isometry U with ker(U) = ker(T ) so that T = U |T |, where |T | = (T ∗T )1/2.
Moreover T = |T ∗|U .

Proof. If η = |T |ξ, define Uη = Tξ. We have that U is well-defined since ker(T ) =
ker(T ∗T ) = ker(|T |) by Lemma 6.6. Since it is well-defined, it is clear that U is linear.
Further, we have that

∥Uη∥2 = ∥Tξ∥2 = ⟨T ∗Tξ , ξ⟩ = ∥|T |ξ∥2 = ∥η∥2
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so U is an isometry on |T |(H), thus extends to an isometry on |T |(H) = ker(T )⊥ again
using Lemma 6.6. By construction, it is clear that U : ker(T )⊥ → H is the unique linear
operator so that U |T | = T . We can extend U to H by setting Uζ = 0 for all ζ ∈ ker(T ).

For the last part, we have that for η = |T |ξ and η′ = |T |ξ′〈
U∗Uη , η′

〉
=
〈
U |T |ξ , U |T |ξ′

〉
=
〈
T ∗Tξ , ξ′

〉
=
〈
|T |ξ , |T |ξ′

〉
=
〈
η , η′

〉
,

Thus U∗U is the orthogonal projection onto |T |(H) = T ∗T (H) = ker(T )⊥ by Lemma
6.6, so

U∗U |T | = |T | = |T |U∗U

using self-adjointness. Since TT ∗ = U |T | · |T |U∗ = UT ∗TU∗ it follows that

(TT ∗)k = U(T ∗T )kU∗,

hence |T ∗| = (TT ∗)1/2 = U(T ∗T )1/2U∗ = U |T |U∗ by using a power series expansion as
in Proposition 2.4. Therefore |T ∗|U = U |T |U∗U = U |T | = T , and the result obtains. □

Lemma 6.9. Let A ⊂ B(H) be a C∗-algebra, and let U(A) be the group of unitaries
in A. We have that A′ = U(A)′.

Proof. Let x ∈ A be self-adjoint with ∥x∥ ≤ 1. Consider the functions

f±(t) = t± i
√
1− t2

which send [−1, 1] to T. Since sp(x) ⊆ [−1, 1], we have that f±(x) are unitaries by the
Continuous Functional Calculus. Further 2t = f+(t) + f−(t), so f+(x) + f−(x) = 2x.
Thus every self-adjoint contraction is an average of two unitaries, which implies that
U(A) spans A. The result now follows easily. □

Corollary 6.10. If M ⊂ B(H) is a von Neumann algebra, then for every T ∈ M
with polar decomposition T = U |T |, U ∈ M.

Proof. Let V ∈ M′ be a unitary. We have that

T = V ∗TV = V ∗UV · V ∗|T |V = V ∗UV |T |
since |T | ∈ M. Further we have that ker(T ) = ker(U) implies that

ker(V ∗UV ) = ker(V ∗TV ) = ker(T ) = ker(U),

So V ∗UV = U for all V ∈ M′ a unitary. Therefore by Lemma 6.9, we have that
U ∈ M′′ = M. □

Notation 6.11. For a C∗-algebra A, we write Ah for the set of all self-adjoint
elements of A.

Proposition 6.12 (Kaplansky’s Density Theorem). Let A ⊂ B(H) be a C∗-algebra
with I ∈ A. The following are true:

(1) (A)1 is SOT-dense in (A′′)1.
(2) (Ah)1 is SOT-dense in ((A′′)h)1.
(3) U(A) is SOT-dense in U(A′′).
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Proof. We first prove assertion statement (2). Consider the functions

f(t) =
1

1 + t2
, g(t) =

2t

1 + t2
, h(t) =

t

1 +
√
1− t2

,

and note that g, h map [−1, 1] to itself g ◦ h(t) = h ◦ g(t) for all t ∈ [−1, 1]. Using the
Continuous Functional Calculus (Proposition 4.21) we have that for any C∗-algebra B
that f(Bh), g(Bh) ⊆ (Bh)1. Moreover, we have that g(h(x)) = x for all x ∈ (Bh)1. Thus
we conclude that g(Ah) = (Ah)1 and g((A′′)h) = ((A′′)h)1.

Therefore it suffices to show that if xn → x, self-adjoint, in the SOT, then g(xn) →
g(x) in the SOT. We compute:

(g(x)− g(y))/2 = (1 + x2)−1x− (1 + y2)−1y

= (1 + x2)−1(x− y) + [(1 + x2)−1 − (1 + y2)−1]y

= (1 + x2)−1(x− y) + (1 + x2)−1(y2 − x2)(1 + y2)−1y

= (1 + x2)−1(x− y) + (1 + x2)−1(y − x)(1 + y2)−1y2

+ (1 + x2)−1x(y − x)(1 + y2)−1y.

We thus have that

∥(g(x)− g(y))ξ∥ ≤ 2∥(x− y)ξ∥+ 2∥(x− y)ξ′∥+ 2∥(x− y)ξ′′∥
where ξ′ = g(y)yξ and ξ′′ = g(y)ξ since ∥(1+x2)−1∥ = ∥f(x)∥ ≤ 1 and ∥(1+x2)−1x∥ =
∥g(x)∥ ≤ 1. It follows that if xn → y in the SOT, then g(xn) → g(y).

We now prove (1). Consider M2(A) ⊆ B(H ⊕H) and see that M2(A)′′ = M2(A′′).
For x ∈ A′′ we have that

x̃ =

[
0 x
x∗ 0

]
∈M2(A′′)

and ∥x̃∥ = ∥x∥. For x ∈ (A′′)1 by the proof of (2), we have that there exists a net
x̃n ∈ (M2(A)h)1 so that x̃n → x̃ in the SOT. Let p1 and p2 be the projections onto the
first and second components in H ⊕H. We have that y 7→ p1yp2 is a contraction and is
SOT-continuous, p1x̃np2 → x in the SOT.

We now turn to the proof of (3), which is more involved. We first claim that if x is
normal and (xn) is a net of normal operators so that xn → x in the SOT, then x∗n → x∗

in the SOT. Since xn and x are normal, we have that

∥(x∗n − x∗)ξ∥2 = ∥x∗nξ∥2 + ∥x∗ξ∥2 − ⟨xnx∗ξ , ξ⟩ − ⟨xx∗nξ , ξ⟩
= ∥xnξ∥2 − ∥xξ∥2 + ⟨(xx∗ − xnx

∗)ξ , ξ⟩+ ⟨(xx∗ − xx∗n)ξ , ξ⟩
= ∥xnξ∥2 − ∥xξ∥2 + ⟨(xx∗ − xnx

∗)ξ , ξ⟩+ ⟨ξ , (xx∗ − xnx
∗ξ⟩

≤ ∥xnξ∥2 − ∥xξ∥2 + 2∥ξ∥∥(xn − x)x∗ξ∥ → 0,

which establishes the claim.
We next claim that if (xn) and (yn) are bounded nets so that xn → x and yn → y

in the SOT, we have that xnyn → xy in the SOT. We leave the proof of this claim as
an exercise.
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Now we have that {f, g} separate points in R, so by the Stone–Weierstrass Theorem
the ∗-algebra generated by {f, g} is equal to C0(R). For any C∗-subalgebra of B we have
that f and g map B into (B)1 it follows that every h ∈ C0(R) is SOT-continuous since
by the previous claims for every ∗-polynomial p, we have that p(xn) → p(x) in the SOT
whenever xn → x in the SOT and is uniformly bounded.

Finally, if u ∈ A′′ is a unitary, by choosing a branch of the logarithm, we have that
2πih = log(u) with h ∈ (A′′)1 by the Borel Functional Calculus (Proposition 5.9). By
(2), we may choose contractions hn in A which converge to h in the SOT. Choosing
any function q ∈ C0(R) so that q(t) = exp(2πit) for all t ∈ [−1, 1], we have that
q(hn) ∈ U(A) by the Continuous Functional Calculus and by the previous paragraph
that q(hn) → q(h) = u in the SOT. □

Corollary 6.13. If I ∈ A ⊆ B(H) is a C∗-algebra so that (A)1 is SOT-closed, then
A is a von Neumann algebra.

Proof. Let M = ASOT . Suppose x ∈ M. Without loss of generality we may
assume that x ∈ (M)1, which by Kaplansky’s Density Theorem implies that x ∈ (A)1
as (A)1 is SOT-closed by assumption. Thus A is SOT-closed. □

In the last part of this section we return to the Banach space L1(H) defined in
Section 3.

Remark 6.14. Recall that in Proposition 3.23 we proved L1(H)∗ is isometrically
identified with B(H) via the pairing ⟨T , x⟩, T ∈ L1(H) and x ∈ B(H). It follows from
the Hahn–Banach Theorem that L1(H) embeds in B(H)∗ isometrically via this pairing,
thus

∥T∥nuc = sup
∥x∥≤1

| ⟨T , x⟩ |

Definition 6.15. We define the σ-Weak Operator Topology (σWOT) on B(H) by
∞∑
k=1

⟨Tnξk , ηk⟩ →
∞∑
k=1

⟨Tξk , ηk⟩

whenever
∑

k ∥ξk∥2,
∑

k ∥ηk∥2 <∞.
Similarly, we define the σ-Strong Operator Topology (σSOT) by

∞∑
k=1

∥Tnξk∥2 →
∞∑
k=1

∥Tξk∥2

whenever
∑

k ∥ξk∥2 <∞.

Proposition 6.16. Let M ⊂ B(H) be a von Neumann algebra, and let ϕ ∈ M∗.
The following statements are equivalent.

(1) ϕ(x) = ⟨T , x⟩ for some T ∈ L1(H).
(2) ϕ is WOT-continuous on (M)1.
(3) ϕ is SOT-continuous on (M)1.
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(4) ϕ is σSOT-continuous on (M)1.
(5) ϕ(x) =

∑
k ⟨xξk , ηk⟩ where

∑
k ∥ξk∥2,

∑
k ∥ηk∥2 <∞.

(6) ϕ is σWOT-continuous.

Proof. (1) ⇒ (2). We have that the finite-rank operators F(H) are dense in L1(H)
by construction, thus for any ϵ > 0 and T ∈ L1(H) by Remark 6.14 we can find a finite
rank operator T ′ =

∑
i ξi⊗η̄i so that | ⟨T − T ′ , x⟩ | ≤ ϵ∥x∥. Thus if xn → x in the WOT,

we have that ⟨T ′ , xn⟩ =
∑

i ⟨xnξi , ηi⟩ →
∑

i ⟨xξi , ηi⟩ = ⟨T ′ , x⟩, so if the net belongs to
(M)1, we have that | limn ⟨T , xn⟩ − ⟨T , x⟩ | ≤ 2ϵ. Since ϵ is chosen independently of n,
this shows that limn ϕ(xn) = ϕ(x).

(2) ⇒ (3) ⇒ (4). These follow trivially as each topology is successively stronger,
that is, convergence in one implies convergence in any preceding.

(4) ⇒ (5). We have that ϕ : (M)1 → C is σSOT-continuous only if ϕ−1(D) contains
a relative basic σSOT-open neighborhood V around 0. That is,

V = {x ∈ (M)1 : (
∑
i

∥xξi∥2)1/2 < ϵ}

for some ϵ > 0 and some (ξi) with C :=
∑

i ∥ξi∥2 <∞. Thus we have that

|ϕ(x)| ≤ K(
∑
i

∥xξi∥2)1/2

for all x ∈ M where K depends only on C and ϵ. Setting ξ := (ξi) ∈ ℓ2(H), we
define L := Mξ which is a closed subspace of the Hilbert space ℓ2(H). We have that
Φ(xξ) := ϕ(x) is well-defined and bounded on Mξ, thus extends boundedly to L. By
the Riesz Representation Theorem, we have that there is η = (ηi) ∈ L so that

ϕ(x) = ⟨xξ , η⟩ =
∑
i

⟨xξi , ηi⟩ .

Noting that ∥ξ∥2 =
∑

i ∥ξi∥2 with the same holding for η, the result obtains.
(5) ⇔ (6). This is tautological.
(5) ⇒ (1). We have by two applications of the Cauchy–Schwarz inequality that

|
∞∑

i=N

⟨xξi , ηi⟩ | ≤
∞∑

i=N

∥xξi∥∥ηi∥ ≤ ∥x∥

( ∞∑
i=N

∥ξi∥2
)1/2( ∞∑

i=N

∥ηi∥2
)1/2

.

Thus setting TN =
∑N

i=1 ξi⊗ η̄i we have that ∥ ⟨TN , x⟩−ϕ(x)∥ → 0 in M∗. By Remark
6.14 it follows that T =

∑∞
i=1 ξi ⊗ η̄i ∈ L1(H) and ⟨T , x⟩ = ϕ(x) for all x ∈ M.

□

Proposition 6.17. Let M ⊂ B(H) be a von Neumann algebra. We have that a state
ϕ ∈ S(M) is SOT-continuous on (M)1 if and only if for every net (pn) of projections
in M so that pn → 0 in the SOT we have that ϕ(pn) → 0.

Proof. The “only if” direction is clear. Now suppose that for (xn) in (M)1 we
have that xn → 0 in the SOT. Since ∥x∗nxnξ∥ ≤ ∥x∗n∥∥xnξ∥ ≤ ∥xnξ∥, we have that
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yn := x∗nxn → 0 in the SOT as well. We now fix ϵ > 0. Since yn is a positive contraction,
we have that sp(yn) ⊆ [0, 1], so pn = χ[ϵ,1](yn) defines a projection in M by the Borel
Functional Calculus (Proposition 5.9). Moreover, since

ϵχ[ϵ,1] ≤ id ≤ ϵχ[0,ϵ) + χ[ϵ,1]

we have
ϵpn ⪯ yn ⪯ ϵ(I − pn) + pn

by Borel Functional Calculus. The left inequality implies that pn → 0 in the SOT. Since
ϕ is a state, we have by the second inequality and Cauchy–Schwarz that

|ϕ(xn)|2 ≤ ϕ(yn)ϕ(I) ≤ ϵϕ(I − pn) + ϕ(pn) ≤ ϵ+ ϕ(pn)

By assumption we therefore have that lim supn |ϕ(xn)| ≤
√
ϵ for ϵ > 0 arbritrary which

implies the result. □

Definition 6.18. For M ⊆ B(H) be a von Neumann algebra, we define the predual
of M, denoted by M∗ as the set of all linear functionals ϕ ∈ M∗ which are WOT-
continuous on the unit ball (M)1.

Proposition 6.19. The following statements are true.
(1) M∗ is norm-closed in M∗.
(2) M∗ is weak*-dense in M∗.
(3) (M∗)

∗ ∼= M isometrically via the pairing ⟨ϕ , x⟩ = ϕ(x).

Proof. For the first part, suppose ϕn ∈ M∗ and ∥ϕn − ϕ∥ → 0. If (xk) is a net in
(M)1 and xk → x in the WOT, then for any ϵ > 0, choose n so that ∥ϕn − ϕ∥ < ϵ, then
choose k so that |ϕn(x)− ϕn(xl)| < ϵ for all l > k. We have that

|ϕ(x)− ϕ(xl)| ≤ |ϕ(x)− ϕn(x)|+ |ϕn(xl)− ϕn(x)| < 2ϵ,

thus ϕ ∈ M∗.
For the second assertion, note that Proposition 6.16 applied to B(H) shows that

B(H)∗ ∼= L1(H). In fact, Proposition 3.23 and the remark following it show that this
identification is isometric. Every ϕ ∈ M∗ extends to some ψ ∈ B(H)∗ by Hahn–Banach.
We can find thus find a net (ψn) in B(H)∗ so that ψn → ψ in the weak*-topology. If we
denote by ϕn the restriction of ψn to M it is clear that ϕn ∈ M∗ and that ϕn → ϕ in
the weak*-topology.

For the third and last assertion, we note that by Proposition 3.23 we have that
L1(H)∗ ∼= B(H) isometrically via the pairing ⟨T , x⟩ defined in that section. By Propo-
sition 6.16 we have that ϕ ∈ M∗ if and only if there is T ∈ L1(H) so that ⟨T , x⟩ = ϕ(x)
for all x ∈ M. It now follows easily that ∥x∥ = sup{|ϕ(x)| : ϕ ∈ (M∗)1}. □

7. Unbounded Self-Adjoint Operators

Definition 7.1. A linear operator is a partially defined linear function T : H → H
whereH is a Hilbert space. We write D(T ) for the domain of T which is a (not necessarily
closed) linear subspace of H.
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We say that the linear operator S extends T , written T ⊆ S, if D(T ) ⊆ D(S) and
S|D(T ) = T .

For a linear operator T we define the graph of T to be

gr(T ) := {ξ ⊕ Tξ : ξ ∈ D(T )} ⊆ H ⊕H

We note that H ⊕H is a Hilbert space with inner product〈
ξ ⊕ η , ξ′ ⊕ η′

〉
=
〈
ξ , ξ′

〉
+
〈
η , η′

〉
.

Lemma 7.2. A subspace K ⊆ H ⊕H is the graph of a linear operator if and only if
K ∩ (0⊕H) = {0⊕ 0}. Moreover the linear operator is uniquely defined by K.

Proof. We note that if ξ ⊕ η, ξ ⊕ η′ ∈ K, then so is 0⊕ (η − η′) which shows that
η = η′. Therefore Tξ = η gives a well-defined linear operator so that gr(T ) = K. Clearly
T is the only such operator. The reverse reasoning shows that if K = gr(T ) for some
linear operator, then K satisfies the required properties. □

Corollary 7.3. For linear operators, we have that T ⊆ S if and only if gr(T ) ⊆
gr(S).

Definition 7.4. We say that T : H → H is a closed linear operator if gr(T ) is a
closed subspace of H ⊕ H. We say that T is closeable if it extends to a closed linear
operator. We write C(H) for the set of all closed, densely-defined linear operators on H.

Remark 7.5. If T is closed and D(T ) = H, then T is bounded by the Closed Graph
Theorem.

Remark 7.6. We have that T is closeable if and only if gr(T ) is a graph. Indeed,
if K = gr(T ) is a graph, then by Lemma 7.2 there is a linear operator S with K as its
graph. S is clearly a closed extension of T . Conversely, if T ⊆ S is a closed extension,
then gr(T ) ⊆ gr(S) = gr(S) and any subspace of a graph is clearly a graph.

We now turn to the subject of adjoints for linear operators. Suppose that T : H → H
is densely defined. We consider the set K of all η ∈ H so that

D(T ) ∋ ξ 7→ ⟨Tξ , η⟩
extends to a bounded linear functional on H. Note that K is a subspace of H. By the
Riesz Representation Theorem we have that there is ζ ∈ H so that

⟨Tξ , η⟩ = ⟨ξ , ζ⟩
for all ξ ∈ D(T ) and that such ζ is uniquely defined. Since ζ is unique we have that
T ∗η = ζ defines a linear operator with D(T ∗) = K. We refer to T ∗ as the adjoint of T .

Notation 7.7. We define an isometry J : H ⊕H → H ⊕H by

J(ξ ⊕ η) = (−η)⊕ ξ

and note that J2 = −I.

Lemma 7.8. Suppose T is densely defined. Then we have that gr(T ∗) = [J gr(T )]⊥.



7. UNBOUNDED SELF-ADJOINT OPERATORS 33

Proof. Choosing η ∈ D(T ∗), we have that for all ξ ∈ D(T )

⟨η ⊕ T ∗η , J(ξ ⊕ Tξ)⟩ = ⟨η ⊕ T ∗η , (−Tξ)⊕ ξ⟩ = −⟨η , T ξ⟩+ ⟨T ∗η , ξ⟩ = 0

by definition of T ∗, thus gr(T ∗) ⊆ [J gr(T )]⊥.
In the other direction, suppose ξ ⊕ η ∈ [J gr(T )]⊥. We then have that

0 = ⟨ξ ⊕ η , (−Tζ)⊕ ζ⟩ = −⟨ξ , T ζ⟩+ ⟨η , ζ⟩
for all ζ ∈ D(T ), thus η = T ∗ξ by the definition of T ∗. □

Corollary 7.9. We have that T ∗ is closed if T is densely defined.

Proof. By the previous result we have that gr(T ∗) is complemented, hence closed.
□

Corollary 7.10. Suppose that T ∈ C(H). We have that

H ⊕H = gr(T )⊕ J gr(T ∗) = (J gr(T ))⊕ gr(T ∗)

where the “⊕” symbol is interpreted to mean that the decomposition on the right hand
side is orthogonal.

Proof. Since J is an isometry J gr(T ) is closed if and only if gr(T ) is closed. We
therefore have that

gr(T ∗)⊥ = [J gr(T )]⊥⊥ = J gr(T ) = J gr(T ).

The other equality follows by applying J , noting that J2 = −I. □

Corollary 7.11. If T ∈ C(H) and ξ, η ∈ H, then there exist x, y ∈ H, unique, with
x ∈ D(T ) and y ∈ D(T ∗) so that

−Tx+ y = ξ

x+ T ∗y = η

Proof. This is straightforward translation of Corollary 7.10, so is left as an exercise.
□

Proposition 7.12. If T ∈ C(H), then T ∗ ∈ C(H) and T ∗∗ = T .

Proof. We first show that T ∗ is densely defined. Choose η ∈ D(T ∗)⊥, and note
that

⟨0⊕ η , (−T ∗ξ)⊕ ξ⟩ = 0

for all ξ ∈ D(T ). Thus by Corollary 7.10 it follows that 0 ⊕ η ∈ gr(T ), which implies
that η = 0 by the graph property (Lemma 7.2). Together with Corollary 7.9 this shows
that T ∗ ∈ C(H).

Applying Corollary 7.10 to T and T ∗, we have that

gr(T )⊕ J gr(T ∗) = H ⊕H = gr(T ∗∗)⊕ J gr(T ∗)

from which it follows from uniqueness of orthogonal decompositions that gr(T ) = gr(T ∗∗).
Again by Lemma 7.2 we have that T ∗∗ = T . □
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Proposition 7.13. For T ∈ C(H) set R = I + T ∗T and D(R) = {ξ ∈ H : ξ ∈
D(T ), T ξ ∈ D(T ∗)}. The following are true:

(1) R : D(R) → H is a bijection.
(2) There exist contractions B,C ∈ (B(H))1 so that B ⪰ 0, C = TB, and BR ⊆

RB = I.
(3) D(T ∗T ) is dense in D(T ).

Proof. For ξ ∈ D(R) we have that

∥ξ∥2 ≤ ∥ξ∥2 + ∥Tξ∥2 = ⟨ξ , ξ⟩+ ⟨T ∗Tξ , ξ⟩ = ⟨Rξ , ξ⟩ ≤ ∥Rξ∥ξ∥
so ∥ξ∥ ≤ ∥Rξ∥ and R is injective. To prove that R is onto H, by Corollary 7.11 we have
that for each ξ ∈ H there are x ∈ D(T ) and y ∈ D(T ∗) uniquely determined by ξ so
that

−Tx+ y = 0

x+ T ∗y = ξ,

thus
ξ = x+ T ∗y = x+ T ∗Tx = Rx.

This concludes the proof of (1).
We set Bξ := x and Cξ := y = Tx = TBξ and note that ξ 7→ Bξ is linear

by uniqueness. Now since 0 ⊕ ξ = [(−TBξ) ⊕ Bξ] + [Cξ ⊕ T ∗Cξ] is an orthogonal
decomposition of 0⊕ ξ by Corollary 7.10, we have that

∥ξ∥2 = ∥(−TBξ)⊕Bξ∥2 + ∥Cξ ⊕ T ∗Cξ∥2 ≥ ∥Bξ∥2 + ∥Cξ∥2

which shows that B and C are contractions. Moreover, by construction we have that
RBξ = ξ for all ξ ∈ H so it must be the case that B = R−1 : H → D(R) bijectively,
from which it follows that BR ⊆ RB = I.

Next, we have that for all ξ ∈ H there exists η ∈ D(R) so that ξ = Rη. It now
follows that

⟨Bξ , ξ⟩ = ⟨BRη ,Rη⟩ = ⟨η ,Rη⟩ = ∥η∥2 + ∥Tη∥2 > 0,

so B ⪰ 0 since B is automatically self-adjoint by Remark 1.21. This concludes the proof
of (2).

Finally, suppose that there is ξ ⊕ Tξ ∈ gr(T ) which is orthogonal to all η⊕ Tη with
η ∈ D(T ∗T ) ⊆ D(T ). We would then have that

(9) 0 = ⟨ξ ⊕ Tξ , η ⊕ Tη⟩ = ⟨ξ , η⟩+ ⟨ξ , T ∗Tη⟩ = ⟨ξ ,Rη⟩
for all η ∈ D(R). But R : D(R) → H is onto, so ξ = 0. Setting T ′ = T |D(T ∗T ) and using
that gr(T ) is closed, this shows that gr(T ′) is dense in gr(T ), hence D(T ∗T ) = D(T ′) is
dense in D(T ). □

Definition 7.14. A densely defined operator T is said to be self-adjoint if T ∗ = T .
Note this means that D(T ∗) = D(T ), hence T is closed by Corollary 7.9.

Lemma 7.15. For T ∈ C(H) we have that T ∗T is self-adjoint.
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Proof. We keep all of the notation from the proof of Proposition 7.13, so R =
I + T ∗T and B = R−1 is a positive, bounded contraction. It clearly suffices to show
that R is self-adjoint since D(R) = D(T ∗T ).

We first claim that gr(R) = J gr(−B). Indeed we have that ξ ⊕ η ∈ gr(R) if and
only if η ⊕ ξ ∈ gr(B). But this is equivalent to saying that η ⊕ −ξ ∈ gr(−B) which is
again equivalent to ξ ⊕ η ∈ J gr(B). This establishes the claim.

As a consequence, we observe that gr(R) is closed, so by Proposition 7.13, we have
that R ∈ C(H). Since B is bounded, hence closed, and self-adjoint from the claim and
Corollary 7.10 we have that

H ⊕H = J gr(−B)⊕ gr(−B) = gr(R)⊕ J gr(R).

Applying Corollary 7.10 to R, we have that

H ⊕H = gr(R∗)⊕ J gr(R),

hence comparing the two orthogonal decompositions, we have that gr(R) = gr(R∗) from
which it follows directly that R∗ = R. □

Lemma 7.16. Suppose that T ∈ C(H) is self-ajoint. Writing B = (I + T 2)−1 and
C = TB, we have that BT ⊆ C and BC = CB.

Proof. We first prove that BT ⊆ TB = C. Suppose that ξ ∈ D(BT ) = D(T ),
since (I + T 2) : D(T 2) → H is onto by Proposition 7.13, we have that ξ ∈ (I + T 2)η for
some η ∈ D(T 2). Since ξ ∈ D(T ), it is actually the case that η ∈ D(T 3). We thus have
that

Tξ = Tη + T 3η = (I + T 2)Tη,

from which it follows by Proposition 7.13 that

BTξ = B(I + T 2)Tη = Tη = TBξ = Cξ

since Bξ = η. This establishes the claim.
We now show that BC = CB. We let ξ ∈ H be arbitrary and choose η ∈ D(T 2)

so that ξ = (I + T 2)η as before by Proposition 7.13, noting again that Bξ = η. We
compute that

BCξ = BTBξ = BTη = TBη = (TB)Bξ = CBξ,

and the result obtains. □

We are now ready to state and prove the main result in this section on spectral
decomposition of unbounded operators.

Proposition 7.17. Suppose that T ∈ C(H) is self-adjoint. There is an increasing
sequence Hn of closed subspaces of H with H =

⋃
nHn so that letting Pn be the orthogonal

projection onto Hn we have that
(1) Hn ⊂ D(T );
(2) PnT ⊆ TPn = PnTPn;
(3) ∥TPn∥ ≤ n;



36 1. OPERATORS ON HILBERT SPACE

(4) Setting H0 =
⋃

nHn, we have that

gr(T ) = {ξ ⊕ Tξ : ξ ∈ H0}.

Proof. Consider B = (I + T 2)−1 which is a positive contraction by Proposition
7.13. Thus sp(B) ⊆ [0, 1]. Let EB be the spectral measure associated to B. By the
Borel Functional Calculus define Pn := EB([1/n

2, 1]) = χ[1/n2,1](B), noting that by the
same it holds that PnB = BPn and BPn ⪰ 1

n2Pn. Thus Bn := BPn : Hn → Hn is
invertible.

Since B is injective, we have that ker(B) = EB({0}) = 0, thus EB((0, 1]) =
EB(

⋃
n[1/n

2, 1]) = I. From the Borel Functional Calculus we conclude that Pn → I in
the SOT, hence

⋃
nHn is dense in H by Lemma 5.5.

It follows that for every ξ ∈ Hn there is η ∈ Hn so that ξ = Bη. Therefore ξ belongs
to the range of B which coincides with D(I+T 2) = D(T 2) ⊆ D(T ) by Proposition 7.13.
Hence Hn ⊆ D(T ).

We now would like to show that TPn = PnTPn. Again for ξ ∈ Hn choose η ∈ Hn

so that ξ − Bη. Since BC = CB by Lemma 7.16 and B is self-adjoint, we have that
C ∈ C∗(B)′. Thus C commutes with any operator in the WOT-closure of C∗(B) as
well, so CPn = PnC by the Borel Functional Calculus. We now have that

Tξ = TBη = Cη = CPnη = PnCη = PnTξ,

which establishes the claim. We have that D(T ) ∋ ξ 7→ ⟨PnTξ , η⟩ extends to a bounded
linear functional for all η ∈ H since ⟨PnTξ , η⟩ = ⟨Tξ , Pnη⟩ and Pnη ∈ Hn ⊂ D(T ) =
D(T ∗). Thus

⟨PnTξ , η⟩ = ⟨ξ , TPnη⟩ = ⟨ξ , PnTPnη⟩ = ⟨PnTPnξ , η⟩

for all ξ ∈ D(T ) and η ∈ H. Thus PnT ⊆ PnTPn.
Next, for ξ ∈ Hn we have that

∥Tξ∥2 =
〈
T 2ξ , ξ

〉
=
〈
[(I + T 2)− I]ξ , ξ

〉
=

〈[∫ 1

1/n2

(t−1 − 1)dEB(t)

]
ξ , ξ

〉
≤ (n2 − 1)∥ξ∥2

where EB is the spectral measure associated to B. Therefore ∥TPn∥ ≤ n.
Lastly, for ξ ⊕ Tξ ∈ gr(T ), we have that Pnξ ⊕ PnTξ → ξ ⊕ Tξ and

Pnξ ⊕ PnTξ = Pnξ ⊕ TPnξ

by the previous. □

Proposition 7.18. If T ∈ C(H), then there is a closeable operator |T | with D(|T |) =
D(T ) so that |T |2 ⊇ T ∗T and T = U |T | for a unique partial isometry so that ker(U) =
ker(T ).
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Proof. By Lemma 7.15 we have that S = T ∗T is self-adjoint. Let Hn be the
subspaces for S as guaranteed by Proposition 7.17, copying all of the notation used
therein. We have that Hn ⊆ D(S) ⊆ D(T ), so setting Sn := SPn = PnSPn we have that

⟨Snξ , ξ⟩ = ⟨PnT
∗TPnξ , ξ⟩ = ⟨TPnξ , TPnξ⟩ ≥ 0

which means that Sn ∈ B(Hn) is positive for all n. Therefore using a power series
expansion as in Proposition 2.4 (Sn)

1/2 exists. Since PkSn = SnPk = Sk for all k ≤ n,
so (Sn)

qPk = Pk(Sn)
q = (Sk)

q for all q ∈ N, using the power series expansion formula,
we have that (Sn)

1/2Pk = (Sk)
1/2 as well. It follows that S1/2 is a well-defined linear

operator on D(S1/2) := H0 =
⋃

nHn and that T ∗T = (S1/2)2 on H0.
By the proof of Proposition 7.13 we have that {ξ ⊕ Tξ : ξ ∈ D(T ∗T )} = gr(T ),

so D(T ) is the completion of D(T ∗T ) under the norm ξ 7→ ∥ξ∥ + ∥Tξ∥. Similarly,
from Proposition 7.17, part (4), we have that D(T ∗T ) is the completion of H0 under
the norm ξ 7→ ∥ξ∥ + ∥T ∗Tξ∥. Since ∥S1/2ξ∥2 = ⟨Sξ , ξ⟩ = ⟨T ∗Tξ , ξ⟩ = ∥Tξ∥2 and
∥Tξ∥2 = ⟨T ∗Tξ , ξ⟩ ≤ ∥T ∗Tξ∥∥ξ∥ for ξ ∈ H0, we have that the closure of S1/2 has
domain D(T ). We define |T | to be the closure of S1/2. Since |T |2ξ = Sξ for ξ ∈ H0,
another application of Proposition 7.17, part (4), shows that |T |2ξ = Sξ = T ∗Tξ for
ξ ∈ D(T ∗T ).

Note that by the proof of Proposition 7.17 we have that ker(T ) = ker(T ∗T ) ⊂ H1, so
ker(T ∗T ) ⊆ ker(|T |) as |T | is derived from T ∗T on H1 via a power series. On the other
hand T ∗T = |T |2 so ker(|T |) ⊆ ker(T ∗T ). Therefore ker(|T |) = ker(T ∗T ). It follows
that the map

U(|T |ξ) = Tξ

is well-defined, hence linear, for ξ ∈ D(|T |) = D(T ). Note that

∥U(|T |ξ)∥2 = ⟨Tξ , Tξ⟩ = ⟨T ∗Tξ , ξ⟩ = ⟨|T |ξ , |T |ξ⟩ = ∥|T |ξ∥2

for all ξ ∈ D(T ∗T ) since ξ ∈ Hn for some n, so U is isometric. Since ker(T ) ⊆ H1 we

have that S1/2
n (Hn) = ker(S

1/2
n )⊥ = Hn ∩ ker(T )⊥, so U extends to an isometry from

ker(T )⊥ to H and that U∗U |T | = |T |. □

Proposition 7.19. If A ∈ C(H) is self-adjoint, then for all t, s ∈ R, exp(itA) is a
unitary, exp(itA) exp(isA) = exp(i(t+ s)A), and t 7→ exp(itA) is SOT-continuous.

Proof. Using the same notation as in Proposition 7.17 we have that An := APn is
self-adjoint, so exp(itAn) ∈ B(Hn) is a unitary with exp(itAn) exp(isAn) = exp(i(t +
s)An). For each k ≥ n we have that exp(itAk)Pn = exp(itAn), so exp(itA) as an
operator defined from

⋃
nHn to itself is a bijective isometry. Thus this operator extends

to a unitary on B(H) which we will also denote by exp(itA). Since exp(itA) exp(isA) =
exp(i(t+ s)A) on

⋃
nHn, the same holds everywhere on H.

By the multiplicative property and the fact that the image is uniformly bounded it
suffice to check that t 7→ exp(itA) is SOT-continuous at 0. For ϵ > 0 and ξ ∈ H there is
n so that ∥Pnξ − ξ∥ < ϵ. Since An is bounded exp(itAn) → I in the operator norm as
t → 0. Thus there is δ > 0 so that ∥Pnξ − exp(itA)Pnξ∥ = ∥Pnξ − exp(itAn)Pnξ∥ < ϵ
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for all |t| < δ. By the triangle inequality and the fact that exp(itA) is an isometry, we
have that ∥ξ − exp(itA)ξ∥ ≤ 3ϵ for all |t| < δ. □



CHAPTER 2

Tomita–Takesaki Theory

1. σ-Finite von Neumann Algebras

Definition 1.1. Let A ⊂ B(H) be a ∗-subalgebra with I ∈ A. We say that ξ ∈ H
is:

(1) cyclic if Aξ = H and
(2) separating if for every x ∈ A, xξ = 0 implies that x = 0.

Lemma 1.2. Let A ⊂ B(H) be a C∗-subalgebra with I ∈ A. We have that ξ ∈ H is
A-cyclic if and only if ξ is A′-separating.

Proof. Suppose that ξ is cyclic for A. Suppose that x ∈ A′ is such that xξ = 0. It
follows that xAξ = Axξ = {0}, thus Aξ ⊂ ker(x) and so H = Aξ ⊂ ker(x). Therefore
x = 0.

Now suppose that ξ is separating for A′. Let K = (Aξ)⊥. Since A is a ∗-subalgebra
and Aξ is clearly A-invariant, we claim that K is also A invariant. Indeed let u ∈ A be
a unitary, so u∗Aξ = Aξ. For ζ ∈ K we have that

sup
η∈Aξ

⟨η , uζ⟩ = sup
η∈Aξ

⟨u∗η , ζ⟩ = sup
η′∈Aξ

〈
η′ , ζ

〉
= 0,

thus uK ⊆ K for all u ∈ A. Since A is spanned by its unitaries by the proof of Lemma
6.9 in Chapter 1 it follows that AK ⊆ K as well.

Let p be the orthogonal projection onto K. Since K is A-invariant, we have that
p ∈ A′. As I ∈ A, we have that ξ ∈ Aξ which implies that pξ = 0. As ξ was assumed
to be A′-separating, this shows that p = 0 which shows that Aξ = H. □

Corollary 1.3. If M ⊆ B(H) is a von Neumann algebra, we have that ξ ∈ H is
cyclic and separating for M if and only if it is cyclic and separating for M′.

Definition 1.4. For x ∈ B(H) we define the support of x, denoted supp(x), to be
the orthogonal projection onto ker(x)⊥ = ker(x∗x)⊥ = x∗x(H). Note that these are
equivalent by Lemma 6.6 of Chapter 1.

Remark 1.5. By the Borel Functional Calculus, we have that χ{0}(x
∗x) is the

projection onto the kernel of x, so supp(x) = χ(0,∥x∗x∥](x
∗x). Thus if x ∈ M, a von

Neumann algebra, we have that supp(x) ∈ M as well. We also note that if xξ = 0, then
ξ ∈ ker(x), from which it follows by definition that supp(x)ξ = 0.

39



40 2. TOMITA–TAKESAKI THEORY

Lemma 1.6. Let M ⊂ B(H) be a von Neumann algebra. For ξ ∈ H, ξ ̸= 0, there
is a non-zero projection p ∈ M so that Mp ∋ x 7→ xξ is injective. In particular, ξ is
pMp-separating.

Proof. Let Λ be the collection of all projections p ∈ M so that pξ = 0. We have
that 0 ∈ Λ and I is not, so Λ is non-empty and proper in the set of all projections in
M.

Suppose that p, q ∈ Λ. We can see that ker(p + q) = p ∧ q, the projection onto
the intersection of the ranges of p and q, hence supp(p + q) = (p ∧ q)⊥ = p ∨ q. Since
(p + q)ξ = 0, we have that (p ∨ q)ξ = 0 as well. It follows that for any finite collection
p1, . . . , pk ∈ Λ that

∨
i pi ∈ Λ as well. Let F(Λ) be the directed set of all finite subsets

of Λ and consider the net F(Λ) ∋ F 7→
∨

i∈F pi =: pF . This is an increasing net of
projections, so by Lemma 5.5 of Chapter 1 we have that

lim
F∈F(Λ)

pF =
∨
i∈Λ

pi =: p

for convergence in the SOT. Since pF ξ = 0, we have that pξ = 0 as well. In this way we
have shown that Λ contains a maximal element. Note by the previous that p ̸= I.

Now let q = I − p and suppose that there is x ∈ Mq, xq ̸= 0, so that xξ = 0.
It follows that supp(x)(H) = qx∗xq(H) ⊆ q(H), so that supp(x) ̸= 0 is orthogonal to
p with the property that supp(x)ξ = 0. It would then follow that p + supp(x) ∈ Λ,
contradicting the maximality of p. Therefore xξ ̸= 0 for all x ∈ Mq, x ̸= 0. □

Remark 1.7 (GNS Construction). Let I ∈ A ⊂ B(H) be a C∗-algebra, and let ϕ be
a state on A. Let

I = {x ∈ A : ϕ(x∗x) = 0}
and let Â = A/I. We define an inner product on Â by ⟨x̂ , ŷ⟩ϕ := ϕ(y∗x). This is well-
defined since (x, y) → ϕ(y∗x) is a positive semidefinite sesquilinear form, so satisfies
Cauchy–Schwarz, that is |ϕ(y∗x)|2 ≤ ϕ(x∗x)ϕ(y∗y). We define the completion of Â
under the norm ∥x̂∥ϕ =

√
ϕ(x∗x) to be the Hilbert space Hϕ.

For a, x ∈ A, we define πϕ(a)x̂ := âx. Since a∗a ⪯ ∥a∥2I we have that x∗a∗ax ⪯
∥a∥2x∗x, which implies that

∥πϕ(a)x̂∥2ϕ = ϕ(x∗a∗ax) ≤ ∥a∥2ϕ(x∗x) = ∥a∥2∥x̂∥2ϕ
as ϕ is a state. Thus we can see that A ∋ a 7→ πϕ(a) is a well-defined ∗-linear contractive
homomorphism from A in B(Hϕ). Moreover, setting ξϕ := Î, we have that πϕ(A)ξϕ = Â,
so ξϕ is a πϕ(A)-cyclic vector. We refer to the triple (Hϕ, ξϕ, πϕ) as the GNS-construction
associated to (A, ϕ).

Definition 1.8. We say that a state ϕ on a C∗-algebra A is faithful if ϕ(x∗x) = 0
implies that x = 0.

Remark 1.9. Let I ∈ A ⊆ B(H) be a C∗-algebra. The state ϕ is faithful if and only
if the vector ξϕ in the GNS-representation of (A, ϕ) is separating. Indeed, we have that
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ξϕ is separating if and only if for all x ∈ A, ∥xξϕ∥2 = 0 implies x = 0. By construction
∥xξϕ∥2 = ϕ(x∗x) which shows the equivalence.

Lemma 1.10. Let I ∈ A ⊂ B(H) be a C∗-algebra. If π : A → B(K) is a ∗-
homomorphism with π(I) = I which is injective, then it is isometric.

Proof. Suppose that x ∈ Ah is self-adjoint. We have that x − λI is invertible in
B(H) if and only if λ ̸∈ sp(x) if and only if t 7→ (t − λ)−1 is continuous on sp(x) if
and only if (x − λI)−1 ∈ A by the Continuous Functional Calculus (Proposition 4.21
in Chapter 1). Since π(I) = I and π is a homomorphism this implies that x − λI is
invertible if and only if π(x) − λI is invertible in B(K), hence sp(π(x)) ⊆ sp(x). It
follows that ∥π(x)∥ ≤ ∥x∥ for all x ∈ Ah, which taking y ∈ A arbitrary shows that
∥π(y)∥2 = ∥π(y)∗π(y)∥ = ∥π(y∗y)∥ = ∥y∗y∥ = ∥y∥2, that is, π is contractive.

If this inclusion is proper, pick t0 ∈ sp(x) \ sp(π(x)) and choose continuous function
f on sp(x) so that f(t0) = 1 and f ≡ 0 on sp(π(x)), since π is contractive, by the
proof of the Continuous Functional Calculus we have that π(f(x)) = f(π(x)) = 0 while
f(x) ̸= 0, contradicting injectivity. Therefore sp(π(x)) = sp(x), which implies that
∥π(x)∥ = ∥x∥ by the Continuous Functional Calculus. Finally if y ∈ A is arbitrary as
similar argument as in the previous paragraph shows that π is isometric. □

Corollary 1.11. Let I ∈ A ⊂ B(H) be a C∗-algebra. If ϕ is a faithful state, then
πϕ : A → B(Hϕ) is isometric. Hence πϕ(A) is closed, thus a C∗-subalgebra of B(Hϕ).

Definition 1.12. A von Neumann algebra M ⊂ B(H) is said to be σ-finite if
whenever (pi)i∈I is a family of mutually orthogonal projections in M at most countably
many are non-zero.

Remark 1.13. If M ⊆ B(H) admits a separating vector, then M is σ-finite. In
order to see this, suppose (pi)i∈I is a mutually orthogonal family of projections in M.
By Bessel’s Inequality we have that for any F ⊂ I finite that

∑
i∈F ∥piξ∥2 ≤ ∥ξ∥2.

Therefore, letting F(I) be the directed set of all finite subsets of I, we have that the net
F(I) ∋ F 7→

∑
i∈F ∥piξ∥2 is convergent. It follows that for every n ∈ N there are at most

finitely many i ∈ I so that ∥piξ∥2 ≥ 1/n. Therefore, ∥piξ∥2 = 0 for all but countably
many indices. Since ξ is separating we have that ∥piξ∥ = 0 implies that pi = 0.

Remark 1.14. If M ⊂ B(H) is a σ-finite von Neumann algebra, then there is a
vector ξ ∈ H which is separating for M.

The rest of this section will be devoted to proving the following result.

Proposition 1.15. Let M ⊂ B(H) is a von Neumann algebra. The following are
equivalent:

(1) M is σ-finite;
(2) M admits a faithful σWOT-continuous state;
(3) M is isometrically ∗-isomorphic to a von Neumann algebra on some Hilbert

space admitting a cyclic and separating vector.
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Lemma 1.16. Let M ⊆ B(H) be a von Neumann algebra, and let p ∈ M be a
projection. Then pMp ⊆ B(pH) is a von Neumann algebra.

Proof. We clearly have that (pMp)1 = p(M)1p and that x 7→ pxp is a WOT-
continuous contraction. Thus (pMp)1 is WOT-closed as (M)1 is WOT-compact by the
proof of Proposition 1.14 of Chapter 1. It follows that (pMp)1 is SOT-closed, hence pMp
is SOT-closed by Kaplansky’s Density Theorem (see Corollary 6.13 in Chapter 1). □

Lemma 1.17. Let M ⊆ B(H) be a von Neumann algebra and let I ⊂ M be an
SOT-closed two-sided ideal. Then I = Mp for p a projection in the center of M.

Proof. Suppose x ∈ I is a contraction. There is a sequence of polynomials (pn(t))
so that pn(0) = 0 and converges uniformly to the constant function 1 on (ϵ, 1] for every
ϵ > 0. Since pn(0) = 0, we have that pn(x∗x) ∈ I and the convergence property implies
that pn(x) → χ(0,1](x

∗x) = supp(x) in the SOT by the Borel Functional Calculus. Thus,
if p and q are projections in I, then p ∨ q = supp(p+ q) ∈ I as well.

Since I is SOT-closed, we have similarly to the proof of Lemma 1.2 that I contains
a maximal projection p. For each u ∈ U(M) a unitary we have that u∗pu ∈ I is a
projection, thus u∗pu ⪯ p by maximality. Since upu∗ ⪯ p, by conjugating both sides we
have that p ⪯ u∗pu, so up = pu for all u ∈ U(M). Since the unitaries span M, we have
that xp = px for all x ∈ M. Thus p is in the center of M.

Finally, if x ∈ I but x does not belong to Mp, then y = x(I−p) ̸= 0, so supp(y) ∈ I
and is non-zero and orthogonal to p, contradicting the maximality of p. Therefore
I = Mp. □

Proposition 1.18. Let M ⊆ B(H) be a von Neumann algebra, and let ϕ be a normal
state on M. For the GNS-construction associated to (M, ϕ) we have that πϕ(M) ⊆
B(Hϕ) is a von Neumann algebra.

Proof. We first check that πϕ is WOT-continous on (M)1. To see this, note that
if xn → x in the WOT is a uniformly bounded net, then

⟨πϕ(xn)ŷ , ẑ⟩ = ϕ(z∗xny) → ϕ(z∗xy) = ⟨πϕ(x)ŷ , ẑ⟩

for all y, z ∈ M. As M̂ is dense in Hϕ and (xn) is uniformly bounded, this implies that
πϕ(xn) → πϕ(x) in the WOT.

Let I = ker(πϕ). Since πϕ is WOT-continuous on the unit ball of M, we have that
(I)1 is WOT-closed, hence SOT-closed. Letting A = CI + I, the unital C∗-algebra
generated by I, we have that (A)1 is SOT-closed as well, which shows by Kaplansky’s
Density Theorem via Corollary 6.13 of Chapter 1 that

CI + I = A = ASOT
= CI + ISOT

,

thus I is SOT-closed.
From Lemmas 1.17 and 1.10 we have that there is a (non-zero) central projection

q ∈ M so that πϕ(x) = πϕ(xq) for all x ∈ M and πϕ : Mq → B(Hϕ) is isometric. This
allows us to conclude that

(πϕ(M))1 = (πϕ(Mq))1 = πϕ((Mq)1) = πϕ((M)1)
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is WOT-closed as (M)1 is WOT-compact by Proposition 1.14 of Chapter 1. Thus
(πϕ(M))1 is SOT-closed as well, and the same appeal to Kaplansky’s Density Theorem
as in the previous paragraph shows that πϕ(M) is SOT-closed. □

Proof of Proposition 1.15. We have that “(3) implies (1)” follows from Remark
1.13, while “(2) implies (3)” follows from Proposition 1.18. Thus it remains to show that
every σ-finite von Neumann algebra admits a faithful, normal state.

To this end, suppose that (pi) are a family of pairwise orthogonal, central projections
in M so that ϕi is a faithful, normal state on Mpi. By the assumption that M is σ-
finite, we have that (pi) is countable, so letting p =

∑
i pi under SOT-convergence, we

see that p is central and we my also check that ϕ(x) :=
∑∞

i=1
1
2i
ϕi(xpi) is faithful on

Mp and WOT-continuous on (Mp)1 as well.
We may assume that the (countable) family (pi) is maximal by Zorn’s Lemma, and

we claim that p =
∑

i pi = I. If not, let q = I−p and x ∈ Mq, x ̸= 0. We have that there
is ξ ∈ qH, ∥ξ∥ = 1 so that ∥xξ∥ ̸= 0, therefore Mq ∋ y 7→ ⟨yξ , ξ⟩ =: ϕξ(y) is a normal
state so that ϕξ(x∗x) ̸= 0. Let p0 ∈ Mq be the central projection corresponding to the
kernel of the GNS-representation associated to (Mq, ϕξ) which exists by Lemma 1.17
and the proof of Proposition 1.18, noting that Mq ⊆ B(qH) is a von Neumann algebra
by Lemma 1.16. We have that ϕξ is faithful and normal on Mp0, which contradicts the
maximality of p. Thus p = I and ϕ(x) :=

∑∞
i=1

1
2i
ϕi(xpi) is faithful and normal on M.

□

2. The Tomita Operator in the Tracial Case

We now understand the class of objects to which Tomita–Takesaki Theory applies,
namely triples (M, H, ξ) where M ⊆ B(H) is a von Neumann algebra and ξ ∈ H is a
cyclic and separating vector for M.

Remark 2.1. Note that since ξ is cyclic and separating for M it is also cyclic and
separating for M′ by Corollary 1.3. Therefore if M is represented in this way the
commutant must be “sizable.”

Definition 2.2. Given such a triple (M, H, ξ) we define two (unbounded) operators
S, F : H → H by

S(xξ) = x∗ξ, F (x′ξ) = (x′)∗ξ

for all x ∈ M and x′ ∈ M′. We have D(S) = Mξ and D(F ) = M′ξ. Both operators
are well-defined as ξ is separating for both M and M′. They are densely defined by
cyclicity.

Remark 2.3. Upon inspection we see that S and F are not linear, anti-linear in the
sense that S(λη) = λ̄S(η) for all λ ∈ C and η ∈ D(S), with the corresponding statement
holding for F as well. In this way we may construe S and F as linear operators from H
to H or from H to H. Thus (

0 S
S 0

)
: H ⊕H → H ⊕H
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is a linear operator, so all basic theory of linear operators will apply to anti-linear
operators as well under this interpretation.

Remark 2.4. We have that S2 and F 2 are both linear and that S2(xξ) = xξ and
F 2(x′ξ) = x′ξ for all x ∈ M and x′ ∈ M′. Thus we have that S2, F 2 ⊆ I.

Even though the operators S and F may appear to have little to do with each other,
the remarkable fact is that they work in tandem to “intertwine” the actions of M and
M′. In this section we will focus on the simplest case, which occurs under the additional
assumption of traciality.

Definition 2.5. We will say that the triple (M, H, ξ) is tracial if

⟨xξ , yξ⟩ = ⟨y∗ξ , x∗ξ⟩ = ⟨x∗ξ , y∗ξ⟩

for all x, y ∈ M.

Remark 2.6. The term “tracial” is apt as the condition is equivalent to the state
ϕ(x) = ⟨xξ , ξ⟩ having the trace property: ϕ(xy) = ϕ(yx) for all x, y ∈ M.

Remark 2.7. If (M, H, ξ) is tracial, then ∥xξ∥ = ∥x∗ξ∥ = ∥S(xξ)∥ for all x ∈ M.
Therefore S is an anti-linear isometry and so has a continuous anti-linear extension to
H. We refer the extension by J and call it the Tomita operator. Since S2 ⊆ I with
dense domain, we have that J2 = I. Since J is the extension of an anti-linear isometry,
it is an anti-linear isometry as well.

Lemma 2.8. If (M, H, ξ) is tracial, then F ⊆ J .

Proof. Using the Polarization Identity and J2 = I we have that

4
〈
Jη , η′

〉
=

4∑
k=1

ik∥J(η) + ikη′∥2

=
4∑

k=1

ik∥η + (−i)kJη′∥2 = 4⟨η , Jη′⟩

for all η, η′ ∈ H.
For x ∈ M and y′ ∈ M′ we now calculate that〈

Jxξ , y′ξ
〉
=
〈
x∗ξ , y′ξ

〉
=
〈
(y′)∗x∗ξ , ξ

〉
=
〈
x∗(y′)∗ξ , ξ

〉
=
〈
(y′)∗ξ , xξ

〉
from which it follows that

⟨xξ , Jy′ξ⟩ = ⟨xξ , (y′)∗ξ⟩ = ⟨xξ , Fy′ξ⟩.

Since J is bounded this suffice to show that F ⊆ J . □

Proposition 2.9. If (M, H, ξ) is tracial, then JMJ = M′.
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Proof. For x, y, z ∈ M and η ∈ H we have that
⟨JyJxzξ , η⟩ = ⟨Jyz∗x∗ξ , η⟩

= ⟨zy∗ξ , x∗η⟩
= ⟨JyJzξ , x∗η⟩ = ⟨xJyJzξ , η⟩ .

Since this holds for all z ∈ M and Mξ = H this shows that

xJyJ = JyJx, ∀x, y ∈ M.

Therefore, JMJ ⊆ M′. Since F ⊆ J , the same logic applies to M′ and we have that
JM′J ⊆ M′′ = M. Thus M′ ⊆ JMJ as J2 = I. □

Corollary 2.10. We have that (M, H, ξ) is tracial if and only if (M′, H, ξ) is
tracial.

Remark 2.11. Having a faithful trace τ implies that M is finite in the sense that
every injective partial isometry v ∈ M is bijective. Indeed, by the trace property we
have that 1 = τ(I) = τ(v∗v) = τ(vv∗). Since vv∗ is also a projection, so is I − vv∗. We
then have that τ(I − vv∗) = 0 implies that vv∗ = I since τ is faithful.

Example 2.12. Let Mn =Mn(C) be the n×n complex matrices. We have that Mn

has a unique tracial state tr(x) = 1
n

∑
i xii. To see this, let Σn be the group of signed

permutation matrices, and let τ be a tracial state. We have that
1

|Σn|
∑
σ∈Σn

σxσ∗ = tr(x)I,

which by the trace condition implies that

τ(x) =
1

|Σn|
∑
σ∈Σn

τ(σxσ∗) = tr(x).

Let H = M̂n(C) with ⟨x̂ , ŷ⟩ = tr(y∗x) =
∑

i,j xijyij . We have the GNS-representation
πtr : Mn → B(H), that is, πtr(x)ŷ = x̂y. We also have a ∗-homomorphism π′tr : Mn →
B(H) given by π′tr(x)ŷ = ŷxt where xt is the transpose of x. Note that πtr and π′tr
having commuting images.

Let’s show that π′tr is a bounded representation of Mn. Using that xt(xt)∗ ⪯ ∥xt∥2I,
so yxt(xt)∗y∗ ⪯ ∥xt∥2yy∗, we have that

∥π′tr(x)ŷ∥2 = tr((xt)∗y∗yxt)

= tr(yxt(xt)∗y∗)

≤ ∥xt∥2 tr(yy∗)2

= ∥x∥2 tr(y∗y) = ∥x∥2∥ŷ∥2.

Note that the trace condition was used crucially twice. Finally we have that Jx̂ = x̂∗,
from which it follows that Jπtr(x)J = πtr′(x̄) where (x̄)t = x∗.
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Example 2.13. πk :M2k →M2(k+1) be given by

πk(A) =

(
A 0
0 A

)
where we viewM2(k+1)

∼=M2(M2k)
∼=M2⊗M2k . This is clearly an isometric ∗-embedding

preserving the normalized traces. We write πk,l : M2k → M2(k+l) as the composition of
these homomorphisms. We define an equivalence relation on

⋃
kM2k by [x, k] = [y, k+ l]

if x ∈M2k and y = πk,l(x) and denote the quotient by R0.
We may check that R0 is a ∗-algebra under the operations

[x, k] + λ[y, l] = [πk,l(x) + λπl,k(y), k + l],

[x, k][y, l] = [πk,l(x)πl,k(y), k + l],

and
[x, k]∗ = [x∗, k], [x, k]t = [xt, k].

Moreover, the class of [I, k] is the unit in R0. R0 is normed by ∥[x, k]∥ = ∥x∥ and this is
a norm satisfies ∥x∗x∥ = ∥x∥2. We have that R0 admits a positive cone R+

0 consisting of
all [x, k] with x ∈M+

2k
so [x, k] ⪯ [y, l] if and only if πk,l(x) ⪯ πl,k(y). Finally R0 admits

a faithful, positive trace τ0 given by τ0([x, k]) = tr(x). Note that R0 is not proven to be
a C∗-algebra, and in fact it is not complete in the given norm.

By copying the GNS construction for (R0, τ0), we can complete R̂0 to a Hilbert
space H and produce a ∗-homomorphic embedding π : R0 → B(H) with a vector ξ = Î
so that τ0(x) = ⟨π(x)ξ , ξ⟩ for all x ∈ R0 and so that R0ξ = H. Moreover π is isometric
by Lemma 1.10 as it is an injective ∗-homomorphism on each M2k ⊂ R0. We define
R = π(R0)

′′ to be the hyperfinite II1 factor. As τ0 restricts to the normalized trace
on each M2k , we have that this construction produces an ∗-homomorphic embedding
π′ : R0 → B(H) with π′(x)ŷ = ŷxt for all x, y ∈ R0.

Note that as in the case of matrices we have the Jπ(R0)J = π′(R0). Also note
that since π and π′ have commuting ranges, it follows that π′(R0) ⊆ R′. If ξ was not
separating for R, then ξ would not be cyclic for R′ by Lemma 1.2. However, we have
that R̂0 = π′(R0)ξ ⊆ R′ξ so R′ξ is dense. Therefore (R, H, ξ) is tracial, and it follows
that JRJ = R′.

3. Subspaces in General Position

Remark 3.1. Throughout this section H will be a real Hilbert space. If H is
a complex Hilbert space, we replace the inner product on H with its real part. In
particular all complements are assumed to be taken with respect to the real part of the
inner product.

Definition 3.2. For a (real) Hilbert spaceH, we say two closed subspacesK,L ⊆ H
are in general position if K ∩ L = {0} and K + L = H.

If (K,L) is a pair of subspaces in general position, we define (K,L)′ := (L⊥,K⊥),
and note that by closedness (K,L)′′ = (K,L).
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Lemma 3.3. If (K,L) is in general position, then so is (K,L)′.

Proof. We have that L⊥ ∩K⊥ ⊆ (K + L)⊥ = {0} since K + L in dense in H. We
also see that (L⊥ +K⊥)⊥ ⊆ K ∩ L, since any vector orthogonal to L⊥ lies in L⊥⊥ = L
and similarly for K⊥. Since K ∩ L = {0} this shows that L⊥ +K⊥ is dense in H. □

Definition 3.4. Suppose (K,L) is in general position inH. We define the operators,
S, F : H → H for all ξ ∈ K, η ∈ L, ξ′ ∈ L⊥, and η′ ∈ K⊥ by

S(ξ + η) = ξ − η, F (ξ′ + η′) = ξ′ − η′.

Note that D(S) = K + L and D(F ) = L⊥ +K⊥.

Lemma 3.5. The operators S and F are closed.

Proof. We will only prove the result for S as F corresponds to the S operator for
(K,L)′. We need to show that gr(S) ⊆ H ⊕ H is closed. Suppose that for sequences
(ξk) in K and (ηk) in L, we have that

[(ξk + ηk)⊕ S(ξk + ηk)] = [(ξk + ηk)⊕ (ξk − ηk)] → x⊕ y.

We thus have that ξk + ηk → x and ξk − ηk → y which implies that

ξk → (x+ y)/2, ηk → (x− y)/2.

This shows that (x + y)/2 ∈ K and (x − y)/2 ∈ L. This means that x = (x + y)/2 +
(x− y)/2 ∈ D(S) and

S(x) = S((x+ y)/2 + (x− y)/2) = (x+ y)/2− (x− y)/2 = y.

We conclude that x⊕ y = x⊕ S(x) ∈ gr(S). □

Lemma 3.6. If (K,L) is in general position in H, then S∗ = F .

Remark 3.7. Note that this implies that F ∗ = S as F ∗ = S∗∗ = S since S is closed.

Proof. For ξ ∈ K, η ∈ L, ξ′ ∈ L⊥, and η′ ∈ K⊥ we have that〈
S(ξ + η) , ξ′ + η′

〉
=
〈
ξ − η , ξ′ + η′

〉
=
〈
ξ , ξ′

〉
−
〈
η , η′

〉
=
〈
ξ + η , ξ′ − η′

〉
=
〈
ξ + η , F (ξ′ + η′)

〉
which shows that S ⊆ F ∗ and F ⊆ S∗.

Suppose that ⟨ξ + η , y⟩ = ⟨ξ − η , x⟩ for all ξ ∈ K, η ∈ L, that is, y = S∗(x). By
basic algebra, we would then have that ⟨ξ , y − x⟩ = −⟨η , x+ y⟩ for all ξ ∈ K, η ∈ K.
Setting ξ or η to 0 gives that

⟨ξ , y − x⟩ = 0 = ⟨η , x+ y⟩ ,
thus y − x ∈ K⊥ and x+ y ∈ L⊥. We then have that

y =
x+ y

2
+
y − x

2
= F

(
x+ y

2
− y − x

2

)
= F (x)

We thus have that S∗ ⊆ F , which by the first part gives that S∗ = F . □
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We now turn to the case that H has a complex structure.

Definition 3.8. Let H be a complex Hilbert space and let K ⊆ H be a real
subspace. We say that K is in general position if the pair (K, iK) is in general position.

Remark 3.9. Note that if K is in general position, then (K, iK)′ = (iK⊥,K⊥)
where

K⊥ = {y ∈ H : Re ⟨x , y⟩ = 0, ∀x ∈ K}
is still the real orthogonal complement.

Example 3.10. We now explore the connection between representations (M, H, ξ)
of a von Neumann algebra on a Hilbert space with a cyclic and separating vector and
real subspaces in general position. Specifically, given such a triple we define

K = Mhξ, K ′ = (M′)hξ.

We would like to establish that both K is in general position and that (K, iK)′ =
(K ′, iK ′).

Lemma 3.11. Keeping the same notation as in Example 3.10 we have that K and
iK ′ are orthogonal to each other.

Proof. For x ∈ Mh and y′ ∈ (M′)h we have that

Im
〈
xξ , y′ξ

〉
= − Im

〈
y′ξ , xξ

〉
= − Im

〈
xy′ξ , ξ

〉
= − Im

〈
y′xξ , ξ

〉
= − Im ⟨xξ , yξ⟩ ,

hence Re ⟨xξ , iy′ξ⟩ = − Im ⟨xξ , y′ξ⟩ = 0. The result follows by passing to the closures.
□

Corollary 3.12. Keeping the same notation as in Example 3.10 we have that

K ∩ iK = {0}.

Proof. By Lemma 3.11 we have that

K ∩ iK ⊆ (K ′ + iK ′)⊥ = {0},

where the last equality follows from M′ξ ⊆ K ′ + iK ′. □

Proposition 3.13. Keeping the same notation as in Example 3.10 we have that

K⊥ = iK ′.

Proof. By Lemma 3.11 we have that K and iK ′ are orthogonal to each other. As
both are closed subspaces, it suffices to show that K + iK ′ is dense in H, that is, that
(K + iK ′)⊥ = 0.

Define the representation π : M → B(H⊕H) by π(x)(η⊕ζ) := xη⊕xζ. We see that
π(M) is a von Neumann algebra and that π(M)′ = M2(M′). Choose η ∈ (K + iK ′)⊥.
Consider the subspace

L = π(M)(ξ ⊕ η) ⊆ H ⊕H,
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and let p be the orthogonal projection onto L. Since π(M)L ⊆ L we have that p ∈ π(M)′

so that

p =

(
q s
s∗ r

)
where q, r, s ∈ M′. Since p(ξ ⊕ η) = ξ ⊕ η we have that

(10) qξ + sη = ξ.

As η ∈ K⊥, we have that Re ⟨xξ , η⟩ = 0, hence

⟨xξ , η⟩ − ⟨η , xξ⟩ = −⟨xη , ξ⟩

for all x ∈ Mh. This expression is complex linear in ξ or η, so it still holds for x ∈ M
arbitrary. We conclude that η ⊕ ξ is orthogonal to L, that is, p(η ⊕ ξ) = 0. This gives
that

(11) qη + sξ = 0.

Since η ∈ (iK ′)⊥, we have that Im ⟨y′ξ , η⟩ = 0, hence

(12)
〈
y′ξ , η

〉
=
〈
η , y′ξ

〉
=
〈
y′η , ξ

〉
for all y′ ∈ (M′)h. This is expression is linear in y′, so we conclude that the same holds
for y′ ∈ M′ arbitrary.

Using the inequalities (11), (12), and (10) respectively we see that

0 ≤ ⟨qη , η⟩ = −⟨sξ , η⟩ = −⟨sη , ξ⟩ = −⟨(I − q)ξ , ξ⟩ ≤ 0

since q is a positive contraction as p is. This shows that qη = 0 = (I − q)ξ, by Cauchy–
Schwarz. Since ξ is separating for M′ and I−q ∈ M′, we have that q = I, which implies
that η = 0. □

Corollary 3.14. If (M, H, ξ) is a von Neumann algebra M in B(H) with cyclic
and separating vector ξ, setting K = Mhξ, we have that the pair (K, iK) is in general
position.

4. The Tomita Operator

For the rest of this section the following notation will be fixed. Let (K,L) be a pair
of closed subspaces in general position in a real Hilbert space H with (K,L)′ = (L⊥,K⊥)
the dual pair. We let P and Q be the orthogonal projections onto K and L, respectively,
and write P ′ = I −Q and Q′ = I = P for the corresponding projections for (K,L)′. We
define the self-adjoint operators

Σ := I − P −Q, Θ := P −Q,

Σ′ := I − P ′ −Q′, Θ′ := P ′ −Q′.

We note that
Σ′ = −Σ, Θ′ = Θ

−I ⪯ Σ, Θ ⪯ I
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and that
Σ2 +Θ2 = (I − P −Q)2 + (P −Q)2

= (I − P −Q+ PQ+QP ) + (P +Q− PQ−QP ) = I.

Remark 4.1. If L = K⊥, that is all angles between pairs of vectors in K and L are
π/2, then Σ = 0 and Θ = I − 2P , so that Σ acts as the “cosine” operator and Θ as the
“sine” operator with respect to the relative positions of the subspaces K and L. If K
and L are one-dimensional subspaces of R2, then Σ and Θ can be seen to depend only
on sin(θ) and cos(θ), where θ is the angle between K and L.

Lemma 4.2. We have that Θ is injective. Considering the polar decomposition Θ =
JT , the following are true.

(1) T is injective.
(2) J is a self-adjoint orthogonal operator.
(3) JT = TJ

(4) T = (I − Σ)1/2(I +Σ)1/2.

Proof. To see that Θ is injective, suppose Θξ = Pξ − Qξ = 0. Thus Pξ = Qξ so
ξ ∈ K ∩ L = {0}. This implies that T is injective as well.

Since Θ is self-adjoint, we have that the T = |Θ| = |Θ∗|, hence JT = TJ , and
JT = (JT )∗ = TJ∗. Since TJ = TJ∗ and T is injective, it follows that J = J∗. Now
T 2 = Θ2 = (TJ)2 = T 2J2. Since T is self-adjoint ker(T 2) = ker(T ), so J2 = I by
injectivity of T 2.

Finally, a standard computation verifies that T 2 = Θ2 = (I − Σ)(I +Σ). □

Lemma 4.3. The following are true.
(1) T commutes with P and Q, hence with Σ.
(2) JP = (I −Q)J , JQ = (I − P )J , and JΣ = −ΣJ .

Proof. For the first assertion, we have that

PT 2 = P (P −Q)2 = P (P − PQ−QP +Q) = P − PQP,

T 2P = (P −Q)2P = (P − PQ−QP +Q)P = P − PQP.

Thus P and T 2 commute. It follows that P and T commute by the power series expansion
of (T 2)1/2. A similar calculation shows that T and Q commute.

For the second assertion, we have that

TJP = JTP = (P −Q)P = (I −Q)P = (I −Q)(P −Q) = (I −Q)JT = T (I −Q)J,

where we have used that T commutes with Q and J . It follows that JP = (I − Q)J
since T is injective. A similar argument shows that JQ = (I − P )J . □

The following shows that J is completely characterized by the properties we have
established.

Proposition 4.4. J is the unique self-adjoint orthogonal operator satisfying:
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(1) JK = L⊥, JL = K⊥;
(2) J ⪰ 0 on K and J ⪯ 0 on L.

Proof. That JK = L⊥ and JL = K⊥ follow directly from Lemma 4.3 and that J
is self-adjoint orthogonal. Using Lemma 4.2 we now calculate

PJP = P (I −Q)J = P (P −Q)J = PJTJ = PT,

which is positive since P and T are commuting and positive. Similarly,

QJQ = Q(I − P )J = Q(Q− P )J = −QJTJ = −QT,

which is negative in the operator order.
If J ′ is a self-adjoint orthogonal operator which satisfies these properties, then JJ ′

commutes with P and Q, hence Σ, Θ, and T = |Θ| as well. From uniqueness of the
polar decomposition, we then have that JJ ′ commutes with J .

From Lemma 4.2 we have that I +Σ = P +Q is injective, so

(P +Q)TJJ ′ = (P +Q)(P −Q)J ′ = [P (I −Q)−Q(I − P )]J ′ = PJ ′P −QJ ′Q ⪰ 0.

Since (P+Q)T = T (P+Q) is positive and injective, we have that JJ ′ = I by uniqueness
of the polar decomposition. □

Recall the operators S and F introduced in Definition 3.4.

Proposition 4.5. We have that JSJ = F and that JS and JF are self-adjoint.

Proof. Since D(S) = K + L and D(F ) = L⊥ +K⊥ we have that

JD(S) = D(F ), JD(F ) = D(S)

by Proposition 4.4. Thus D(JSJ) = D(F ). For ξ′ ∈ L⊥ and η′ ∈ K⊥ we have that
Jξ′ ∈ K and Jη′ ∈ L, hence

JSJ(ξ′ + η′) = JS(Jξ′ + Jη′) = J(Jξ′ − Jη′) = ξ′ − η′ = F (ξ′ + η′).

This shows that JSJ = F . Reasoning similarly about the domains, we see that

JS = (JSJ)J = FJ.

Now for ζ ∈ H, we have that

D(S) ∋ ξ 7→ ⟨JSξ , ζ⟩ = ⟨Sξ , Jζ⟩

extends to a bounded linear functional on H if and only Jζ ∈ D(S∗). But S∗ = F by
Lemma 3.6, which shows that (JS)∗ = FJ = JS. □

5. The Modular Operator

In this section H will be a complex Hilbert space and K will be a real subspace so
that (K, iK) is in general position. As complex operators, we observe that Σ and Θ as
introduced in the last section are linear and anti-linear respectively. It follows that Θ2

is linear, hence T is linear and J therefore anti-linear.
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Definition 5.1. We define the modular operator associated to K ⊆ H as

∆ = (I − Σ)−1(I +Σ).

The following lemmas will be key to understanding the properties of ∆.

Lemma 5.2. Let B ∈ B(H) be positive and injective with (dense) range H0 ⊆ H.
We have that B−1 is self-adjoint, D(B−1) = H0, and B−1 : H0 → H is a bijection.

Proof. Note that (H0)
⊥ = ker(B∗) = ker(B) = {0}, so H0 is in fact dense. By

definition, B−1η = ξ if and only if η = Bξ, so the latter two properties are clear. The
remaining part is a straightforward adaptation of Lemma 7.15 from Chapter 1. □

Lemma 5.3. Suppose that for B ∈ B(H) we have that both B and I −B are positive
and injective, then (I −B)−1B = B(I −B)−1 is self-adjoint with domain D((I −B)−1).

Proof. We first check that (I − B)−1B and B(I − B)−1 have the same domain,
namely D((I −B)−1). If ξ ∈ D(B(I −B)−1), then ξ = (I −B)η. Thus

Bξ = B(I −B)η = (I −B)Bη ∈ D((I −B)−1),

which shows that ξ ∈ D((I − B)−1B). On the other hand if ξ′ ∈ D((I − B)−1B), then
Bξ′ = (I −B)η′, which implies that B(ξ′ + η′) = η′. It follows that

(I −B)(ξ′ + η′) = (ξ′ + η′)− η′ = ξ′,

thus ξ′ ∈ D(B(I−B)−1). We leave it as an exercise to use these identities to check that
(I −B)−1B and B(I −B)−1 agree on D((I −B)−1).

Now for ζ ∈ H we have that D((I−B)−1 ∋ ξ 7→
〈
B(I −B)−1ξ , ζ

〉
=
〈
(I −B)−1ξ ,Bζ

〉
extends to a bounded linear functional on H if and only if Bζ ∈ D((I − B)−1), which
by the previous paragraph occurs if and only if ζ ∈ D((I − B)−1). Since (I − B)−1 is
self-adjoint, we now see that〈

B(I −B)−1ξ , ζ
〉
=
〈
ξ , (I −B)−1Bζ

〉
=
〈
ξ ,B(I −B)−1ζ

〉
,

which establishes the result. □

Corollary 5.4. We have that ∆ is self-adjoint (thus densely defined).

Proof. We see that I − Σ = P +Q ⪯ 2I and I +Σ = (I −Q) + (I − P ) ⪯ 2I are
both positive and injective since (K, iK) are in general position, similarly to the proof
of Lemma 4.2. Since I − Σ = 2I − (I +Σ), the result follows from Lemma 5.3. □

Corollary 5.5. We have that ∆1/2 := (I − Σ)−1/2(I + Σ)1/2 is self-adjoint and
densely defined and that (∆1/2)2 = ∆.

Proof. The same reasoning as for ∆ shows that ∆1/2 is self-adjoint and densely-
defined. By Lemma 5.3 we have that

(∆1/2)2 = [(I − Σ)−1/2(I +Σ)1/2][(I − Σ)−1/2(I +Σ)1/2]

= (I − Σ)−1/2(I − Σ)−1/2(I +Σ)1/2(I +Σ)1/2 = ∆
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on the range of (I −Σ), that is D(∆), which is contained in the range of (I −Σ)1/2, the
domain of ∆1/2. Thus (∆1/2)2 ⊇ ∆. Since (∆1/2)2 = (∆1/2)∗∆1/2 is again self-adjoint,
it follows that (∆1/2)2 = ((∆1/2)2)∗ ⊆ ∆∗ = ∆, thus (∆1/2)2 = ∆. □

Corollary 5.6. We have that ∆−1 = (I+Σ)−1(I−Σ) and ∆−1/2 = (I+Σ)−1/2(I−
Σ)1/2.

Proof. Indeed, we have that D(∆) = (I − Σ)(H) which is the range of ∆−1 as
(I − Σ)−1 : (I − Σ)(H) → H is onto and D(∆−1) = (I + Σ)(H) which is the range of
∆. From the previous two lemmas we have that ∆∆−1,∆−1∆ ⊆ I.

A similar argument works for ∆1/2. □

We now explore the relation between ∆ and the operators S and F .

Proposition 5.7. We have that S = J∆1/2 = ∆−1/2J and F = J∆−1/2 = ∆1/2J .

Proof. We begin by showing that S = J∆1/2 and F = J∆−1/2. To do so we first
note that

(13) (I +Σ)S ⊆ JT, (I − Σ)F ⊆ JT.

Indeed, for ξ, η ∈ K

(I +Σ)S(ξ + iη) = (I +Σ)(ξ − iη)

= [(I − P ) + (I −Q)](ξ − iη)

= (I −Q)ξ − (I − P )iη

= (P −Q)ξ − (Q− P )iη

= (P −Q)(ξ + iη) = JT (ξ + iη),

where we have used that Pξ = ξ and Qiη = iη. A similar computation works for F .
Applying J on the left to the identities (13) and using Lemma 4.3, we see that

(I − Σ)JS ⊆ T = (I − Σ)1/2(I +Σ)1/2, (I +Σ)JF ⊆ T = (I +Σ)1/2(I − Σ)1/2.

Since I +Σ and I − Σ are injective, we have that

(I − Σ)1/2JS ⊆ (I +Σ)1/2, (I +Σ)1/2JF ⊆ (I − Σ)1/2,

hence,
JS ⊆ ∆1/2, JF ⊆ ∆−1/2.

Since JS and JF are self-adjoint by Proposition 4.5 and that ∆1/2 and ∆−1/2 are self-
adjoint by Lemma 5.3 and its corollaries, we have that

JS = (JS)∗ ⊇ (∆1/2)∗ = ∆1/2, JF = (JF )∗ ⊇ (∆−1/2)∗ = ∆−1/2

which completes the demonstration of equality in this case.
Since JT = TJ by Lemma 4.2, we can repeat the argument by multiplying by J on

the right of the identities (13) to derive the other set of equations. □
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While the following is not strictly necessary for our approach, it is good to point out
the connection between the last result and polar decompositions as they were defined
for unbounded operators in Proposition 6.8 of Chapter 1.

Corollary 5.8. We have that FS = S∗S = ∆ and SF = F ∗F = ∆−1, hence
S = J∆1/2 = J |S| and F = J∆−1/2 = J |F | are the polar decompositions of S and F
respectively.

Before continuing, we pause to collect some of the algebraic relations we have im-
plicitly proven.

Corollary 5.9. The following identities hold among the operators S, F, J,∆, and
T .

(1) FS = ∆ and SF = ∆−1

(2) J∆J = ∆−1

(3) S + F = (JT )−1 = 2Θ−1

6. The KMS Condition

As in the previous section, H will be a complex Hilbert space and K will be a real
subspace so that (K, iK) is in general position.

Definition 6.1. An SOT-continuous one-parameter group of unitaries (Ut) on H
is said to satisfy the KMS condition with respect to K if Ut(K) = K for all t ∈ R and
if for all ξ, η ∈ K there is a function f : {−1 ≤ Im(z) ≤ 0} → C so that f is continuous
and analytic on the interior and so that

f(t) = ⟨Utξ , η⟩ , f(t− i) = ⟨η , Utξ⟩ = f(t)

for all t ∈ R.

The goal of this section is to create a SOT-continuous one-parameter group of uni-
taries R ∋ t 7→ ∆it from the modular operator ∆ constructed in the previous section
and show that it uniquely satisfies the KMS condition for the inclusion K ⊂ H to which
it is associated. Before continuing further, it will serve to recall a few basic results from
complex analysis.

Proposition 6.2 (Morera’s Theorem). Let Ω be a region in the complex plane. A
function f : Ω → C is analytic if

∮
γ f(z)dz = 0 for all closed, rectifiable paths in γ in Ω.

Proof. We will provide a sketch only. Fixing z0 ∈ Ω for all z ∈ Ω the function
F (z) =

∫ z
z0
f(w)dw is independent of the path from z0 to z. It follows that F ′(z) = f(z)

is complex differentiable, thus holomorphic. □

Proposition 6.3 (Schwarz Reflection Principle). Suppose that Ω is a simply con-
nected region in {Im(z) ≥ 0} so that Ω ∩ R is connected. If f : Ω → C is continuous,
analytic in the interior, and real-valued on Ω ∩R, then f my be extended to an analytic
function g : Ω ∪ Ω → C so that g(z) = f(z) for all z ∈ Ω.
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Proof. We will provide sketch only. The hypotheses show that any integral
∮
γ g(z)dz

for γ a path in Ω∪Ω can be split over Ω∩R. The two resulting integrals can be seen to
be zero by the assumptions of simple connectedness, continuity, and analyticity on the
interior, in which case Morera’s Theorem applies. □

Lemma 6.4. Let f, g : {−1 ≤ Im(z) ≤ 0} → C be continuous functions which are
analytic on the interior. If f(t) = g(t) for all t ∈ R, then f ≡ g.

Proof. Applying the Schwarz Reflection Principle, we may extend f − g to an
analytic function h : {−1 < Im(z) < 1} → C. Since h(t) = 0 for all t ∈ R, we must have
that h is identically zero. □

Corollary 6.5. For ξ, η ∈ K fixed, there is at most one function f : {−1 ≤ Im(z) ≤
0} → C which is continuous and analytic on the interior so that f(t) = ⟨Utξ , η⟩ for all
t ∈ R.

The following result gives a reformulation of the KMS condition which is more con-
venient to use in practice.

Lemma 6.6. An SOT-continuous one-parameter group of unitaries (Ut) on H satis-
fies the KMS condition with respect to K ⊂ H if and only if for all ξ, η ∈ K there is a
function f : {−1/2 ≤ Im(z) ≤ 0} → C which is continuous and analytic in the interior
so that f(t) = ⟨Utξ , η⟩ and so that f(t− i/2) ∈ R for all t ∈ R.

Proof. If f : {−1/2 ≤ Im(z) ≤ 0} → C is such a function, we may apply the
Schwarz Reflection Principle over the line R − i/2 to obtain a function g : {−1 ≤
Im(z) ≤ 0} → C which extends f continuously, is analytic on the interior, and satisfies
g(t− i) = f(t). The existence of such g verifies the KMS condition.

In the other direction, if f : {−1 ≤ Im(z) ≤ 0} → C satisfies the KMS condition
for (Ut) for some ξ, η ∈ K, we have that g(z) := f(z̄ − i) can also be seen to satisfy the
KMS condition for the same. Thus by Lemma 6.4 we have that f(z) = g(z), so

f(t− i/2) = g(t− i/2) = f(t− i/2)

for all t ∈ R. □

Lemma 6.7. Suppose that R ∈ B(H) is positive and injective. There is a SOT-
continuous map z 7→ Riz which is defined on {Im(z) ≤ 0} with the following properties:

(1) Riz is bounded on horizontal strips of finite width;
(2) z 7→

〈
Rizξ , η

〉
analytic on {Im(z) < 0} for all ξ, η ∈ H; and

(3) R ∋ t 7→ Rit defines a one-parameter group of unitaries.

Proof. The SOT-continuity in the parameter z is somewhat tricky to prove via
direct application of the Borel Functional Calculus as stated above, so while we can
define Riz by the Borel Functional Caluculus applied to the function (0,∞) ∋ λ 7→
exp(iz log(λ)), we will work instead directly with the spectral measure. Let E be the
spectral measure associated to R. For each n ∈ N let En = E([1/n,∞)), Hn = En(H),
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and Rn = REn. Since R is injective, E({0}) = 0, so
⋃

nHn is dense in H and En → I
in the SOT. We have that log(Rn) ∈ B(Hn) is bounded and hermitian and that |λiz| ≤
∥R∥− Im(z) for all 0 < λ ≤ ∥R∥, so

z 7→ exp(iz log(Rn)) =: Riz
n

is operator norm-continuous on {Im(z) ≤ 0}, analytic on {Im(z) < 0}, and uniformly
bounded on horizontal strips with the bound being independent of n. Since EkR

iz
n =

Riz
n Ek = Riz

k for all k ≤ n, we have that for fixed z the sequence (Riz
n ) defines a bounded

operator on
⋃
Hn. Thus by density we may extend this to a bounded operator on H

of norm at most ∥R∥− Im(z). which we denote by Riz. We note that for z real, Riz
n is a

unitary, thus so is Riz as being a unitary is the same as being a bijective isometry. Since
Rit

nR
is
n = R

i(t+s)
n by the Continuous Functional Calculus, it follows that RitRis = Ri(t+s)

as well for all t, s ∈ R.
Now, fix z with Im(z) ≤ 0 and ϵ > 0. For ξ ∈ H, we may choose ξn ∈ Hn with

∥ξn∥ ≤ ∥ξ∥ for n sufficiently large so that ∥ξ − ξn∥ < ϵ. For this value of n we can find
δ > so that ∥Riz

n −Riw
n ∥ < ϵ when |z − w| < δ and Im(w) ≤ 0. We then have that

∥(Riz −Riw)ξ∥ ≤ ∥Riz(ξ − ξn)∥+ ∥(Riz −Riw)ξn∥+ ∥Riw(ξ − ξn)∥
= ∥Riz(ξ − ξn)∥+ ∥(Riz

n −Riw
n )ξn∥+ ∥Riw(ξ − ξn)∥

≤ ∥R∥− Im(z)∥ξ − ξn∥+ ∥Riz
n −Riw

n ∥∥ξn∥+ ∥R∥− Im(w)∥ξ − ξn∥

≤ (∥R∥− Im(z) + ∥ξ∥+ ∥R∥− Im(w))ϵ.

This suffices to show that z 7→ Riz is SOT-continuous.
Let γ be a closed, rectifiable path in {Im(z) < 0}. Since Riz

n is analytic in this
simply connected region, it is clear that

∮
γ

〈
Riz

n ξ , η
〉
dz = 0 for all ξ, η ∈ H. Since all

Riz
n and Riz are uniformly bounded on compact sets, and Riz

n ξ → Riz
n ξ we have by the

Dominated Convergence Theorem that∮
γ

〈
Riz

n ξ , η
〉
dz →

∮
γ

〈
Rizξ , η

〉
dz.

Thus
∮
γ

〈
Rizξ , η

〉
dz = 0, so

〈
Rizξ , η

〉
is analytic on {Im(z) < 0} by Morera’s Theorem.

□

Lemma 6.8. Suppose that R,S ∈ B(H) are commuting positive operators which are
both injective. For a fixed α > 0 we have that for all ξ, η ∈ H that z 7→

〈
RizS−iz+αξ , η

〉
is continuous on {−α ≤ Im(z) ≤ 0} and analytic on the interior.

Proof. By Lemma 6.7 we have that z 7→ Riz and z 7→ S−iz+α are uniformly
bounded and SOT-continuous on the specified domain. This, along with the fact that
the ranges are commuting by the Borel Functional Calculus allows us to use the standard
proof of the product rule for differentiation to obtain the result. The details are left as
an exercise. □
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We are now ready to introduce the one-parameter unitary group associated to ∆ for
a real subspace K ⊂ H in general position.

Lemma 6.9. We have that (∆it) is an SOT-continuous one-parameter group of uni-
taries on H and that ∆it = (I + Σ)it(I − Σ)−it for all t ∈ R. Moreover, we have
that

J∆it = ∆itJ, ∆itK = K

for all t ∈ R.

Proof. We have that ∆ is self-adjoint by Corollary 5.4, injective by Corollary 5.6,
and is equal to (∆1/2)2 with ∆1/2 self-adjoint by Corollary 5.5. Therefore by the proof
of Proposition 7.17 of Chapter 1, we have that there is an increasing sequence of closed
subspaces (Hn) of H so that

⋃
nHn is dense in H, each Hn lies in D(∆), ∆(Hn) ⊆ Hn,

and the restriction of ∆n of ∆ to Hn is bounded, positive, and injective. By Lemma
6.7, we have that ∆it

n is an SOT-continuous one-parameter group of unitaries for Hn and
that ∆it

k ξ and ∆it
nξ agree for all ξ ∈ Hmin(k,n). Arguing similarly to the proof of that

lemma allows us to extend (∆it
n )n∈N for t fixed to a unitary ∆it on H and show that

these unitaries are SOT-continuous in t.
By Lemma 5.3 we have that

(I − Σ)∆ ⊆ ∆(I − Σ) = I +Σ.

Since ∆n : Hn → Hn is bounded, positive, and injective, ∆n(Hn) = Hn (see Lemma 6.6
in chapter 1), thus each Hn is an invariant subspace for I − Σ, hence I + Σ as well. It
follows from the Continuous Functional Calculus that

∆it
n (I − Σ)itξ = (I − Σ)it∆it

nξ = (I +Σ)itξ

for all ξ ∈ Hn. Consequently, (I − Σ)it∆it = (I +Σ)it.
Since (I ± Σ)K ⊆ K, we have that ∆itK ⊆ K by the previous result and the

Borel Functional Calculus. Since ∆−itK ⊆ K by the same, we have equality. Since
(I ± Σ)K⊥ = (I ∓ Σ′)K⊥ ⊆ K⊥, we have that ∆itK⊥ = K⊥ as well. This shows that
J ′ := ∆itJ∆−it satisfies the hypotheses of Proposition 4.4, thus ∆itJ∆−it = J . □

This final Corollary will be key to our analysis of the KMS condition for ∆it.

Corollary 6.10. For all ξ, η ∈ H, we have that z 7→
〈
∆iz(I − Σ)1/2ξ , η

〉
is con-

tinuous on the strip {−1/2 ≤ Im(z) ≤ 0} and analytic in the interior.

Proof. This is a straightforward application of Lemma 6.8 and Lemma 6.9 noting
that both I − Σ and I +Σ are positive and injective. □

We are now ready to prove the main results of this section.

Proposition 6.11. We have that (∆it) satisfies the KMS condition with respect to
K ⊂ H.
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Proof. For ξ ∈ K note by Lemmas 4.2 and 4.3 that

ξ = Pξ =
1

2
((I − Σ) + JT )ξ =

1

2
(I − Σ)1/2(I + J)(I − Σ)1/2ξ

Therefore setting

(14) ζ :=
1

2
(I + J)(I − Σ)1/2ξ

we have that ξ = (I−Σ)1/2ζ. For ξ, η ∈ K we therefore define the function f : {−1/2 ≤
Im(z) ≤ 0} → C by

f(z) =
〈
∆iz(I − Σ)1/2ζ , η

〉
=
〈
(I +Σ)iz(I − Σ)−iz+1/2ζ , η

〉
which by Corollary 6.10 is continuous and analytic on the interior. We also note that
for t ∈ R we have that

f(t) =
〈
∆it(I − Σ)1/2ζ , η

〉
=
〈
∆itξ , η

〉
.

By Lemma 6.6 it will suffice to show that f(t− i/2) is real for all t ∈ R.
To this end, we see that

f(t− i/2) =
〈
(I +Σ)iz+1/2(I − Σ)−izζ , η

〉
=
〈
∆it(I +Σ)1/2ζ , η

〉
.

We have that

(I +Σ)1/2ζ =
1

2
(I +Σ)1/2(I + J)(I − Σ)1/2ξ

=
1

2
[(I +Σ)1/2(I − Σ)1/2 + J(I − Σ)]ξ

=
1

2
J [JT + (I − Σ)]ξ

= JPξ = Jξ,

(15)

thus
f(t− i/2) =

〈
Jξ ,∆−itη

〉
.

This quantity is real since JK = iK⊥ by Proposition 4.4 and ∆−itη ∈ K by Lemma
6.9. □

Proposition 6.12. We have that ∆it is the unique SOT-continuous one-parameter
group of unitaries which satisfies the KMS condition with respect to K ⊂ H.

Proof. Let (Ut) be SOT-continuous one-parameter group of unitaries on H. We
say that ξ ∈ H is entire if h(t) = Utξ extends to an entire function h : C → H. We have
that the entire vectors are dense since for each n and ξ ∈ H we can define

ξn :=

√
n

π

∫ ∞

−∞
exp(−nt2)Utξdt,
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noting that ξn → ξ by SOT-continuity of Ut and that

hn(z) :=

√
n

π

∫ ∞

−∞
exp(−n(t− z)2)Utξdt

is entire.
Suppose that ξ ∈ H is entire with function h(z). We have that h(t+ z) = Ut(h(z))

for z ∈ R and both sides are analytic in z, so h(t + z) = Ut(h(z)) for all z ∈ C. In
particular, h(t+ is) = Ut(h(is)) for all s ∈ R.

Now suppose (Ut) satisfies the KMS condition with respect to K. Since Ut(K) = K,
we have that the set of entire vectors for (Ut) is dense in K by the argument in the first
paragraph. Let K0 be the entire vectors. Given ξ, η ∈ K0, we would like to show that〈

Utξ ,∆
itJη

〉
= ⟨ξ , Jη⟩

as the complex spans of K0 and JK0 are dense in H, this would show that Ut = ∆it.
To this end, let h(z) be entire for ξ and define

g(z) =
〈
h(z) , J∆iz(I − Σ)1/2ζ

〉
=
〈
h(z) , (I +Σ)iz(I − Σ)−iz+1/2ζ

〉
where η = (I − Σ)1/2ζ as derived in line (14) above. Note that g(z) is bounded,
continuous on {−1/2 ≤ Im(z) ≤ 0}, and analytic on the interior. We have that
g(t) =

〈
Utξ ,∆

itJη
〉
∈ R since Utξ ∈ K and ∆itJη = J∆itη ∈ iK⊥. If we can show

that g(t − i/2) is real for all t ∈ R, then since g would assume only real values on its
boundary, we could repeatedly apply the Schwarz Reflection Principle to extend g to a
bounded entire function, implying that g is constant. Consequently we would see that
g(z) = g(0) = ⟨ξ , Jη⟩, and the proof would be concluded.

We will now show that g(t− i/2) is real. Similarly to the proof of Proposition 6.11,
we have that

g(t− i/2) =
〈
h(t− i/2) , J∆it(I +Σ)1/2ζ

〉
=
〈
h(t− i/2) , J∆itJη

〉
=
〈
h(t− i/2) ,∆itη

〉
where we have used line (15) above. Let s ∈ R be fixed, and let f(z) be the KMS
function for (Ut) associated to ξ, ∆isη. We have that

f(t) =
〈
Utξ ,∆

isη
〉
=
〈
h(t) ,∆isη

〉
for all t ∈ R, which implies that f(z) =

〈
h(z) ,∆isη

〉
whenever both are defined by

Lemma 6.4. By Lemma 6.6, this shows that
〈
h(t− i/2) ,∆isη

〉
= f(t − i/2) ∈ R.

Setting s = t shows that g(t− i/2) is real. This completes the proof of the claim, hence
the result obtains. □

We now give an application of these results to the study of von Neumann algebras.
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Definition 6.13. For a von Neumann algebra M we will say that a homomorphism
α : R → Aut(M) is a strongly continuous one-parameter group of automorphisms if
αt(x) → x in the SOT as t→ 0 for all x ∈ M.

Definition 6.14. For a von Neumann algebra M and a faithful, normal state ϕ
we say that a strongly continuous one-parameter group of automorphisms satisfies the
KMS-condition with respect to ϕ if ϕ(αt(x)) = ϕ(x) for all t ∈ R and x ∈ A and if for
all x, y ∈ M there is a function f : {−1 ≤ Im(z) ≤ 0} → C which is continuous and
analytic in the interior so that

f(t) = ϕ(αt(x)y), f(t− i) = ϕ(yαt(x))

for all t ∈ R.

Lemma 6.15. Suppose that α is a strongly continuous one-parameter group of au-
tomorphisms of a von Neumann algebra M, and let ϕ be a faithful normal state on M
so that ϕ ◦ αt = ϕ for all t ∈ R. Let (M, Hϕ, ξϕ) be the representation of M on the
Hilbert space Hϕ with cyclic, separating vector ξϕ obtained from the GNS-construction
associated to (M, ϕ) as described in section 1. (Note that we are implicitly identifying
M with πϕ(M).) We have that

Ut(xξϕ) := αt(x)ξϕ

for all x ∈ M defines a SOT-continuous one-parameter unitary group on Hϕ. Moreover,
for all t ∈ R, x ∈ M, and η ∈ Hϕ, we have that

αt(x)η = UtxU
∗
t η.

Proof. As ξϕ is separating, Ut is well-defined, thus linear, on Mξϕ. We have that

∥Ut(xξϕ)∥2 = ⟨αt(x)
∗αt(x)ξϕ , ξϕ⟩ = ϕ(αt(x

∗)αt(x)) = ϕ(αt(x
∗x)) = ϕ(x∗x) = ∥xξϕ∥2,

so Ut is isometric. Hence Ut extends to a unitary on Hϕ for all t ∈ R. Further, we have
by similar computations that

∥(Ut − I)xξϕ∥2 = ⟨αt(x)
∗αt(x)ξϕ , ξϕ⟩ − ⟨αt(x)

∗xξϕ , ξϕ⟩ − ⟨x∗αt(x)ξϕ , ξϕ⟩+ ⟨x∗xξϕ , ξϕ⟩
= 2ϕ(x∗x)− ϕ(αt(x

∗)x)− ϕ(x∗αt(x))

= 2ϕ(x∗x)− 2Reϕ(αt(x
∗)x).

Since ϕ is normal, (αt(x
∗)) is uniformly bounded, and αt(x

∗) → x∗ in the SOT, we have
that that ϕ(αt(x

∗)x) → 0, hence ∥(Ut− I)xξϕ∥ → 0 as t→ 0. Since Mξϕ is dense in Hϕ

and (Ut) is uniformly bounded, this suffices to show that Ut → I in the SOT as t→ 0.
For the second assertion, we note that

UtxU
∗
t yξϕ = UtxU−tyξϕ = Utxα−t(y)ξϕ = αt(xα−t(y))ξϕ = αt(x)yξϕ

for all x, y ∈ M. The assertion now follows as it holds on the dense subspace Mξϕ of
Hϕ. □
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Proposition 6.16. Let M be a von Neumann algebra, and let ϕ be a faithful, normal
state on M. If α is a strong continuous one-parameter group of automorphisms of M
which satisfies the KMS-condition with respect to ϕ, then the one-parameter unitary
group (Ut) defined in Lemma 6.15 satisfies the KMS-condition with respect to K =

Mhξϕ.

Proof. We begin by noting that by definition Utξϕ = ξϕ. Let x, y ∈ Mh. We have
that

ϕ(αt(x)y) = ⟨UtxU−tyξϕ , ξϕ⟩ = ⟨UtxU−tyξϕ , Utξϕ⟩ = ⟨xU−tyξϕ , ξϕ⟩ = ⟨yξϕ , Utxξϕ⟩
and

ϕ(yαt(x)) = ϕ(αt(α−t(y)x)) = ϕ(α−t(y)x) = ⟨U−tyUtxξϕ , ξϕ⟩ = ⟨Utxξϕ , yξϕ⟩ ,
hence if f : {−1 ≤ Im(z) ≤ 0} → C witnesses the KMS-condition for α with respect to
x and y, we have that

f(t) = ⟨Utxξϕ , yξϕ⟩ = f(t− i)

which verifies the KMS-condition with respect to (Ut) for all xξϕ and yξϕ. Now if
η, ζ ∈ K, we can find sequences (xn) and (yn) in Mh so that ∥xnξϕ−η∥, ∥ynξϕ−ζ∥ → 0.

Let fn be the function witnessing the KMS condition with respect to xnξϕ and ynξϕ.
Using Cauchy–Scwarz and the fact that Ut is a unitary, we have that

|⟨Utxnξϕ , ynξϕ⟩ − ⟨Utη , ζ⟩|
= |⟨Utxnξϕ , ynξϕ⟩ − ⟨Utxnξϕ , ζ⟩+ ⟨Utxnξϕ , ζ⟩ − ⟨Utη , ζ⟩|
≤ |⟨Utxnξϕ , ynξϕ⟩ − ⟨Utxnξϕ , ζ⟩|+ |⟨Utxnξϕ , ζ⟩ − ⟨Utη , ζ⟩|
≤ ∥Utxnξϕ∥∥ynξϕ − ζ∥+ ∥Ut(xnξϕ − η)∥∥ζ∥
= ∥xnξϕ∥∥ynξϕ − ζ∥+ ∥xnξϕ − η∥∥ζ∥,

thus (fn(t)) and (fn(t − i)) are uniformly Cauchy sequences of functions with t ∈ R.
By the Maximal Principle for analytic functions, we therefore have that (fn) converges
uniformly on {−1 ≤ Im(z) ≤ 0} to a continuous function f satisfying f(t) = ⟨Utη , ζ⟩ =
f(t− i). That f is analytic in the interior is a consequence of Morera’s theorem and is
similar to the argment given in the proof of Lemma 6.7. □

Corollary 6.17. Let M be a von Neumann algebra with a normal, faithful state
ϕ if (αt) is a strongly continuous one-parameter group of automorphisms which satisfied
the KMS condition with respect to ϕ, then (αt) is the unique such strongly continuous
one-parameter automorphism group.

Proof. By the previous result, this follows directly from Proposition 6.12. □

7. The Main Theorem of Tomita–Takesaki Theory

We are now ready to prove the main theorem of Tomita–Takeski Theory. In this
section we will fix (M, H, ξ) to be a von Neumann algebra M (faithfully) represented
on a Hilbert space H with cyclic and separating vector ξ with ∥ξ∥ = 1. We will let
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K = Mhξ, and note that K ⊂ H is in general position by Corollary 3.14. The operators
J and ∆ are defined with respect to K.

Proposition 7.1. We have that ∆itM∆−it = M and JMJ = M′.

The proof will occupy the rest of this section, and we will need several lemmas. The
first is a variant of Sakai’s Radon–Nikodym Theorem.

Lemma 7.2. Suppose that x′ ∈ (M′)h. For any λ ∈ C with λ ̸= 0 there is a unique
x ∈ Mh so that 〈

yξ , x′ξ
〉
=
λ

2
⟨yξ , xξ⟩+ λ̄

2
⟨xξ , y∗ξ⟩

for all y ∈ M.

Proof. Since both expressions are real linear in x′, x, and λ, we may assume without
loss of generality that x′ is a positive contraction and that Reλ = 1. We define

ϕ(y) :=
〈
yξ , x′ξ

〉
, ψx(y) :=

λ

2
⟨yξ , xξ⟩+ λ̄

2
⟨xξ , y∗ξ⟩ .

Note that ϕ and ψx are linear and ϕ(y∗) = ϕ(y) and ψx(y
∗) = ψx(y). We recall the

predual M∗ of M as introduced in Definition 6.18 of Chapter 1. It is easy to see that
ϕ, ψx ∈ M∗ for all x ∈ M.

Consider the set C := {ψx : x ∈ (Mh)1} ⊂ M∗ which is convex as the map x 7→ ψx

is real linear. If (xn) is a net in (Mh)1 so that xn → x in the WOT, we clearly have
that ψxn(y) → ψx(y) for any y ∈ M. Since M = (M∗)

∗ and (Mh)1 is compact in the
WOT, we have that C is compact in the weak topology on M∗. The result would follow
from establishing ϕ ∈ C.

If it was the case that ϕ ̸∈ C, then by the Geometric Hahn–Banch Theorem, we
would have that there is z ∈ M so that Reψx(z) < Reϕ(z) for all x ∈ (Mh)1. Since
2Reψx(z) = ψx(z + z∗) and 2Reϕ(x) = ϕ(z + z∗), we may have that there is w ∈ Mh

so that ψx(w) < ϕ(w) for all x ∈ (Mh)1. Since w is hermitian, we have that the polar
decomposition w = j|w| is such that j = j∗ and jw = |w|. Notice that if y ∈ M
is positive, then since y, x′ are positive and commuting and ∥x′∥ ≤ 1, we have that
0 ⪯ x′y = y1/2x′y1/2 ⪯ ∥x′∥y ⪯ y. It follows that ϕ is a positive linear functional and
that

ϕ(|w|) =
〈
|w|ξ , x′ξ

〉
=
〈
x′|w|ξ , ξ

〉
≤ ⟨|w|ξ , ξ⟩ = ⟨wξ , jξ⟩ .

However, since Reλ = 1 and w ⪯ |w| this shows that

ψj(w) < ϕ(w) ≤ ϕ(|w|) ≤ ⟨wξ , jξ⟩ = Re(λ ⟨wξ , jξ⟩) = ψj(w),

a contradiction. □

Recall the anti-linear operator Θ = P − Q = J |Θ| = JT defined in section 3. The
next lemma is crucial to our approach as it shows that the function Θ maps M′ξ into
Mξ without taking closures.
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Lemma 7.3. For each x′ ∈M ′ there is x ∈M so that

Θx′ξ = xξ, Θ(x′)∗ξ = x∗ξ.

Proof. We first assume that x′ ∈ (M′)h. Setting λ = 1, by Lemma 7.2 we have
that there is x ∈ Mh so that for all y ∈ Mh

Re
〈
yξ , x′ξ

〉
=
〈
yξ , x′ξ

〉
= Re ⟨yξ , xξ⟩

where we have used that x′ and y commute to show the first equality. This shows that
Px′ξ = Pxξ = xξ. On the other hand, x′ξ ∈ iK⊥ by Proposition 3.13, so Qx′ξ = 0.
Therefore

Θx′ξ = (P −Q)x′ξ = xξ.

The general result follows from anti-linearity of Θ. □

Remark 7.4. We note that by considering the triple (M′, H, ξ) instead of (M, H, ξ),
we have that the Θ function for this “dual” triple is equal to Θ′ = Θ for (M, H, ξ), hence
the result holds verbatim exchanging the roles of M′ and M.

Remark 7.5. Note that as Θ−1 = S+F = J(∆1/2+∆−1/2), the above lemma shows
that for every x′ ∈ M′, there is x ∈ M so that x′ξ = (S+F )xξ and (x′)∗ξ = (S+F )x∗ξ.

Lemma 7.6. For x ∈ M and x′ ∈ M′, we have that

Θxξ = (I +Σ)x∗ξ, Θx′ξ = (I − Σ)(x′)∗ξ.

Proof. We begin by assuming that x ∈ Mh and x′ ∈ (M′)h. We have that
Pxξ = xξ and Qx′ξ = 0, thus

Θxξ = (P −Q)xξ = (2I − P −Q)xξ = (I +Σ)xξ,

Θx′ξ = (P −Q)x′ξ = (P +Q)x′ξ = (I − Σ)x′ξ.

The result follows since Θ is anti-linear and I ± Σ are (complex) linear. □

Lemma 7.7. For each x′ ∈M ′ and λ ∈ C with λ ̸= 0 there is x ∈ M so that

Θx′Θ = λ(I +Σ)x(I − Σ) + λ̄(I − Σ)x(I +Σ).

Proof. Since the expressions are linear on both sides of the equation, we may
assume that x′ ∈ (M′)h. By Lemma 7.2 there is x ∈ Mh with

(16)
〈
yξ , x′ξ

〉
= λ ⟨yξ , xξ⟩+ λ̄ ⟨xξ , y∗ξ⟩ ,

where the x in that lemma has been rescaled by a factor of 1/2. For y, z ∈ M, we may
substitute y by z∗y in (16) to obtain〈

yξ , x′zξ
〉
= λ ⟨yξ , zxξ⟩+ λ̄ ⟨yxξ , zξ⟩ .

Given y′, z′ ∈ M′, we can find y, z ∈ M so that Θy′ξ = yξ and Θz′ξ = zξ, hence we
obtain 〈

Θyξ , x′Θz′ξ
〉
= λ

〈
Θy′ , zxξ

〉
+ λ̄

〈
yxξ ,Θz′ξ

〉
.
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Since Θ is anti-linear and Θ∗ = (JT )∗ = TJ = JT = Θ by Lemma 4.2, we derive from
this that

(17)
〈
Θx′Θz′ξ , y′ξ

〉
= λ

〈
Θzxξ , y′ξ

〉
+ λ̄

〈
z′ξ ,Θyxξ

〉
.

From Lemmas 7.3 and 7.6, we have that

Θzxξ = (I +Σ)x∗z∗ξ = (I +Σ)x∗Θ(z′)∗ξ = (I +Σ)x∗(I − Σ)z′ξ

and similarly
Θyxξ = (I +Σ)x∗(I − Σ)y′ξ.

Substituting these expressions into (17) we obtain〈
Θx′Θz′ξ , y′ξ

〉
= λ

〈
(I +Σ)x∗(I − Σ)z′ξ , y′ξ

〉
+ λ̄

〈
z′ξ , (I +Σ)x∗(I − Σ)y′ξ

〉
.

Using the assumption that x′ and x are hermitian, this shows that〈
Θx′Θz′ξ , y′ξ

〉
= λ

〈
(I +Σ)x(I − Σ)z′ξ , y′ξ

〉
+ λ̄

〈
(I +Σ)x(I − Σ)z′ξ , y′ξ

〉
,

hence the result holds by density of M′ξ in H. □

Remark 7.8. One may consider Lemma 7.7 as a “quantized” version of Lemma 7.3.
In the unbounded operator picture it asserts that for every x′ ∈ M′ and λ ∈ C with
Re(λ) > 0 we have that there is x ∈ M so that

Jx′J = λ∆1/2x∆−1/2 + λ̄∆−1/2x∆1/2.

We would like to solve this equation for x, which is somewhat akin to inverting cosh(x) =
e−x/2 + ex/2. The following technical lemma may be viewed in this context.

Lemma 7.9. Let θ ∈ (−π, π) and set λ = eiθ/2. Suppose that f : {|Re(z)| ≤ 1/2} →
C is bounded, continuous, and analytic on the interior. Then

f(0) =
1

2

∫ ∞

−∞
e−θt cosh(πt)−1

(
λf(it+ 1/2) + λ̄f(it− 1/2)

)
dt

Proof. Set g(z) := πeiθz sin(πz)−1f(z), which is defined and meromorphic on the
interior of the strip {|Re(z)| ≤ 1/2} with a simple pole at z = 0 (π sin(πz)−1 ∼ z) with
residue f(0). We have that g(z) → 0 as |z| → 0, thus by Cauchy’s Integral Formula,

f(0) = Res(g)(0) =
1

2πi

∫ ∞

−∞
[g(it+ 1/2)− g(it− 1/2)]idt.

The result follows by noting that sin(πit± 1/2) = cosh(πt). □

Lemma 7.10. For x′ ∈ M′ and θ ∈ (−π, π), set λ = eiθ/2 and let x ∈ M so that

(18) Θx′Θ = λ(I +Σ)x(I − Σ) + λ̄(I − Σ)x(I +Σ).

as guaranteed by Lemma 7.7. We have that

x =
1

2

∫ ∞

−∞
e−θt cosh(πt)−1∆itJx′J∆−itdt
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Proof. For ζ, η ∈ H, we define

f(z) :=
〈
(I +Σ)z+1/2(I − Σ)−z+1/2x(I − Σ)z+1/2(I +Σ)−z+1/2ζ , η

〉
.

From Lemma 6.9 we have that ∆it = (I +Σ)it(I −Σ)−it, hence by Lemma 6.8 we have
that f(z) is continuous and bounded on and analytic in the interior of {|Re(z)| ≤ 1/2}
with

λf(it+ 1/2) = λ
〈
∆it(I +Σ)x(I − Σ)∆−itζ , η

〉
λ̄f(it− 1/2) = λ̄

〈
∆it(I − Σ)x(I +Σ)∆−itζ , η

〉
f(0) = ⟨TxTζ , η⟩ ,

where Θ = JT = J(I + Σ)1/2(I − Σ)1/2. Since J , T = T ∗, and ∆it mutually commute
by Lemma 4.3 and Lemma 6.9, we have by (18), Lemma 7.9, and the identities above
that

⟨xTζ , Tη⟩ = 1

2

∫ ∞

−∞
e−θt cosh(πt)−1

〈
∆itJx′J∆−itTζ , Tη

〉
dt.

Since T is positive and injective by Lemma 4.2, we have that the range of T is dense in
H (see Lemma 6.6 in chapter 1), hence the result holds. □

Lemma 7.11. For all x′ ∈ M′ and t ∈ R, we have that ∆itJx′J∆−it ∈ M.

Proof. We fix ζ, η ∈ H, x′, y′ ∈ M′, and define

g(t) :=
〈
[y′,∆itJx′J∆−it]ζ , η

〉
,

where [A,B] = AB − BA is the commutator. Note that g(t) is uniformly bounded.
Setting

h(z) =
1

2

∫ ∞

−∞
e−zt cosh(πt)g(t)dt,

we see that h is analytic on {|Re(z)| < π}. By Lemma 7.10, it follows that

h(θ) =

[
y′,

∫ ∞

−∞
e−θt cosh(πt)−1

〈
∆itJx′J∆−itζ , η

〉
dt

]
= 0

for all θ ∈ (−π, π) which implies that h(z) = 0 identically. However, for s ∈ R we have
that h(is) is the Fourier transform of cosh(πt)−1g(t). Since the Fourier transform is
injective, it follows that g(t) = 0 identically, establishing the result. □

We are now ready to prove the main result of the section.

Proof of Proposition 7.1. Lemma 7.11 shows that for every x′ ∈ M′, we have
that ∆−itJx′J∆−it ∈ M. Setting t = 0, this shows that JM′J ⊆ M. Considering
the triple (M′, H, ξ), we have that by the beginning of section 4 that the Tomita and
modular operators, respectively J ′ and ∆′, for this triple satisfy J ′ = J and ∆′ = ∆−1.
It now follows by the same reasoning that JMJ ⊆ M′, thus JMJ = M′. Having
established this, it is now straightforward to see from Lemma 7.11 that ∆itM∆−it = M
and ∆itM′∆−it = M′ for all t ∈ R. □
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8. The Modular Automorphism Group: First Properties

As a ready consequence of Proposition 7.1 we have the following result.

Proposition 8.1. Let M be a von Neumann algebra, and let ϕ be a faithful, normal
state. We have there is a (unique) strongly-continuous one-parameter group of automor-
phisms (σϕt ) of M which satisfies the KMS condition with respect to ϕ.

Remark 8.2. We refer to σϕ as the modular automorphism group associated to ϕ.

Before giving the proof, we pause to present a key lemma.

Lemma 8.3. Let M ⊆ B(H) be a von Neumann algebra. Given a faithful, normal
state on M, we define ∥x∥ϕ := ϕ(x∗x)1/2. We have that ∥x− y∥ϕ metrizes the SOT on
(M)1.

Proof. Let πϕ : M → B(Hϕ) be the GNS representation associated to (M, ϕ)
as described in 1 with cyclic vector ξϕ ∈ Hϕ so that ϕ(x) = ⟨πϕ(x)ξϕ , ξϕ⟩. Since ϕ
is faithful, by the results in that section πϕ is an isometric ∗-isomorphism and ξϕ is
separating. Further, by Proposition 1.18 and its proof we have that πϕ(M) ⊆ B(Hϕ)
is a von Neumann algebra and πϕ is continuous from (M)1 equipped with the WOT
to πϕ((M)1) = (πϕ(M))1 with the WOT. Since (M)1 and (πϕ(M))1 are both WOT-
compact, πϕ is a continuous bijection between them, and the WOT is Hausdorff, we
have that πϕ is a homeomorphism, that is π−1

ϕ : (πϕ(M))1 → (M)1 is WOT–WOT
continuous as well. Since xn → x in the SOT if and only if (xn−x)∗(xn−x) → 0 in the
WOT topology, we conclude that a net (xn) in (M1) converges in the SOT if and only
if (πϕ(xn)) converges in the SOT.

Now suppose that (xn) is a net in (M)1 so that ∥xn − x∥ϕ → 0 for some x ∈ (M)1.
Since ξϕ is separating for πϕ(M), it is cyclic for πϕ(M)′ by Lemma 1.2, thus πϕ(M)′ξϕ
is dense in Hϕ. By abuse of notation we will identify xn and πϕ(xn). We note that

∥xn − x∥2ϕ = ϕ((xn − x)∗(xn − x)) = ⟨(xn − x)ξϕ , (xn − x)ξϕ⟩ .

For a ∈ πϕ(M)′ we have that

∥(xn − x)aξϕ∥2 = ⟨(xn − x)aξϕ , (xn − x)aξϕ⟩
= ⟨a∗(xn − x)∗(xn − x)aξϕ , ξϕ⟩
= ⟨(xn − x)∗a∗a(xn − x)ξϕ , ξϕ⟩
≤ ∥a∥2 ⟨(xn − x)∗(xn − x)ξϕ , ξϕ⟩
= ∥a∥2∥xn − x∥2ϕ → 0.

For ϵ > 0 and η ∈ Hϕ, there is some a ∈ πϕ(M)′ so that ∥η − aξϕ∥ < ϵ. We then have
that

|∥(xn − x)aξϕ∥ − ∥(xn − x)η∥| ≤ ∥xn − x∥∥aξϕ − η∥ ≤ 2ϵ.

It follows that ∥(xn − x)η∥ → 0 for all η ∈ Hϕ, that is, πϕ(xn) → πϕ(x) in the SOT.
Hence xn → x in the SOT. The converse is easily seen by the considerations above. □
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Proof of Proposition 8.1. Let (M, Hϕ, ξϕ) be the GNS construction associated
to (M, ϕ), and let ∆ be the modular operator associated to this triple. By Proposition
7.1 we have that σϕt (x) := ∆itx∆−it is a ∗-automorphism of M. Clearly R ∋ t 7→ σϕt ∈
Aut(M) is a homomorphism, so in order to show that σϕt is a strongly continuous one-
parameter group, we need to check that σϕt (x) → x as t→ 0 in the SOT for all x ∈ M.
We compute

∥σϕt (x)− x∥2ϕ =
〈
(σϕt (x)− x)∗(σϕt (x)− x)ξϕ , ξϕ

〉
=
〈
(σϕt (x

∗x)− x∗σϕt (x)− σϕt (x
∗)x− x∗x)ξϕ , ξϕ

〉
=
〈
∆itx∗x∆−itξϕ , ξϕ

〉
− 2Re

〈
x∗∆itx∆−itξϕ , ξϕ

〉
+ ⟨x∗xξϕ , ξϕ⟩

= 2 ⟨xξϕ , xξϕ⟩ − 2Re
〈
∆itxξϕ , xξϕ

〉
as ∆itξϕ = ξϕ. Since (∆it) is SOT-continuous, the claim holds by Lemma 8.3. □

Remark 8.4. Considering the GNS representation (M, Hϕ, ξϕ) associated to (M, ϕ),
we notice that ∥x∥2ϕ = ϕ(x∗x) = ∥xξϕ∥2 while

∥x∗∥2ϕ = ϕ(xx∗) = ⟨x∗ξϕ , x∗ξϕ⟩ = ⟨Sxξϕ , Sxξϕ⟩ =
〈
J∆1/2xξϕ , J∆

1/2xξϕ

〉
= ∥∆1/2xξϕ∥2.

This shows that ∆ can be viewed as the “Radon–Nikodym derivative” for ϕ(xx∗) with
respect to ϕ(x∗x). The following result uses the modular automorphism group to make
this precise.

Definition 8.5. Let ϕ be a faithful, normal state on M. We define the centralizer
of ϕ to be

Mϕ = {a ∈ M : ϕ(ax) = ϕ(xa), ∀x ∈ M}.

We notice that Mϕ is a von Neumann subalgebra of M and that ϕ is a trace on
Mϕ.

Lemma 8.6. We have that a ∈ Mϕ if and only if σϕt (a) = a for all t ∈ R.

Proof. For a ∈ Mϕ we have that

ϕ(ax) = ⟨xξϕ , a∗ξϕ⟩ = ⟨xξϕ , Saξϕ⟩ ,
so xξϕ 7→ ϕ(ax) = ϕ(xa) extends to a bounded linear function on Hϕ. On the other
hand, ϕ(xa) = ⟨aξϕ , Sxξϕ⟩, so altogether aξϕ lies in the domain of S∗ = F . Thus,

(19) ⟨xξϕ , Saξϕ⟩ = ϕ(ax) = ϕ(xa) = ⟨aξϕ , Sxξϕ⟩ = ⟨xξϕ , Faξϕ⟩ ,
where in the last equality we have accounted for the fact that F is anti-linear. It follows
that Saξϕ = Faξϕ. As F as range of F is the same as its domain and F 2 ⊆ I, we thus
have that

∆aξϕ = SFaξϕ = F 2aξϕ = aξϕ.

Therefore
σϕt (a)ξϕ = ∆ita∆−itξϕ = ∆itaξϕ = aξϕ,
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and we can conclude that σϕt (a) = a as ξϕ is separating.
In the other direction, we have that σϕt (a) = a for all t ∈ R implies, as above, that

∆itaξϕ = aξϕ for all t ∈ R. By Lemma 6.9 it follows that

(I − Σ)itaξϕ = (I +Σ)itaξϕ

for all t ∈ R.
By Lemma 6.7 we have that for all η ∈ H that

f(z) =
〈
(I − Σ)izaξϕ , η

〉
, g(z) =

〈
(I +Σ)izaξϕ , η

〉
are defined and continuous on {Im(z) ≤ 0} and analytic on the interior. Since f(t) =
g(t), by the Schwarz Reflection Principle it must be the case that f(z) = g(z) identically,
from which we conclude using z = −i that

(I − Σ)aξϕ = aξϕ = (I +Σ)aξϕ,

which implies (for instance, by the powers series expansion of the square root)

(I − Σ)1/2aξϕ = aξϕ = (I +Σ)1/2aξϕ.

Since S = J(I +Σ)1/2(I − Σ)−1/2 and F = J(I − Σ)1/2(I +Σ)−1/2 by Proposition 5.7,
we have that Saξϕ = Faξϕ. Thus by the same reasoning as used in line (19), it follows
that ϕ(ax) = ϕ(xa) for all x ∈ M. □

Remark 8.7. This lemma, though rather simple looking, has profound consequences.
Indeed, let N =M2(M). If ϕ1 and ϕ2 are faithful normal traces on M, then

ϕ

([
a b
c d

])
:= ϕ1(a) + ϕ2(d)

is a faithful, normal state on N . Let {eij} be the matrix units for M2 viewed as elements
of N . It is straightforward to check that eii ∈ N ϕ for i = 1, 2, thus

σϕt (eiixejj) = eiiσ
ϕ
t (x)ejj

for all x ∈ N and i, j ∈ 1, 2. In other words,

σϕt (xij) = [σϕt (x)]ij

where xij denotes the operator eiixejj ∈ N for x ∈ M. As ϕi(x) = ϕ(xii), we see
that αi

t(x) = σϕt (xii) is a strongly continuous one-parameter group of automorphisms
for M satisfying the KMS condition with respect to ϕi. By Corollary 6.17 it follows
that σϕt (xii) = σϕi

t (x) for all x ∈ M.
Setting ut := σϕt (e12) = [σϕt (e12)]12 as an element of M we have that

u∗tut = σϕt (e21e12) = σϕt (e11) = σϕt (I11)

and
utu

∗
t = σϕt (e12e21) = σϕt (e22) = σϕt (I22).

Thus ut ∈ M is a unitary. Moreover,

utσ
ϕ2
t (x)u∗t = σϕt (e12x22e21) = σϕt (x11) = σϕ1

t (x)
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which shows that σϕ1
t and σϕ2

t are related by an inner automorphism of M.
Further, we see that

[ut+s]12 = σϕt ([us]12) = σϕt (e12[us]22) = [utσ
ϕ2(us)]12,

so we have that (ut) satisfies the cocycle relation ut+s = utσ
ϕ2(us) for all t, s ∈ R.

We denote by Inn(M) the normal subgroup of Aut(M) consisting of all inner auto-
morphisms, that is, all automorphisms of the form x 7→ uxu∗ for some u ∈ M a unitary.
Thus we have shown the following.

Lemma 8.8. The homomorphism R ∋ t 7→ [σϕt ] ∈ Aut(M)/ Inn(M) is independent
of the choice of faithful, normal state ϕ.

Corollary 8.9. The set T (M) := {t ∈ R : σϕt ∈ Inn(M)} is independent of the
choice of faithful, normal state. Thus T (M) is a ∗-isomorphism invariant of M.

Example 8.10. It follows that if M admits a faithful, normal tracial state τ , then
T (M) = R as Mτ = M.

Example 8.11. We have that T (B(H)) = R for H separable. Indeed, by Propo-
sition 6.16 of chapter 1 a normal linear functional ϕ on B(H) is of the form ϕ(x) =∑∞

i=1 ⟨Tξi , ηi⟩ with
∑∞

i=1 ∥ξi∥2,
∑∞

i=1 ∥ηi∥2 < ∞. These inequalities show that ρ :=∑∞
i=1 ξi ⊗ η̄i is a bounded operator on H, and by Remark 3.24 of chapter 1 we may

compute that ϕ(x) = Tr(xρ) = Tr(ρx) for all x ∈ B(H). Indeed, if x, y ∈ B(H)h, we
have that

(20) Tr(xρy) =
∑
i

⟨xξi , yηi⟩ =
∑
i

⟨yxξi , xηi⟩ = Tr(yxρ),

and the result holds since the relation is clearly linear in x and y. Since ⟨ρζ , ζ⟩ =
Tr(ρ(ζ ⊗ ζ̄)) = ϕ(ζ ⊗ ζ̄) > 0 if ϕ is a faithful state, we have that ρ is positive and
injective. (It also follows that H must necessarily be separable.)

By Lemma 6.7 we have that ρit is a unitary in B(H) and ρiz is analytic in z when
Im(z) < 0. Using line (20) we may verify directly that αt : x 7→ ρitxρ−it satisfies the
KMS condition with respect to ϕ. Indeed, for x, y ∈ B(H) and z ∈ C with −1 ≤ Im(z) ≤
0, we let

f(z) = Tr(ρiz+1xρ−izy)

which is continuous on {−1 ≤ Im(z) ≤ 0} and analytic on the interior. We see that for
t ∈ R,

f(t) = Tr(ρρitxρ−ity) = Tr(αt(x)yρ) = ϕ(αt(x)y)

while

f(t− i) = Tr(ρitxρ−it+1y) = Tr(ρitxρ−itρy) = Tr(yαt(x)ρ) = ϕ(yαt(x)).

In the next section we will calculate some non-trivial examples of the T (M).



70 2. TOMITA–TAKESAKI THEORY

9. Powers Factors

Definition 9.1. By a pointed Hilbert space (H, ξ) we will mean a complex Hilbert
space H with a distinguished unit vector ξ.

For a sequence (Hn, ξn) of pointed Hilbert spaces, we can define the tensor product⊗
n∈N(Hn, ξn) as follows. Notice that (

⊗K
n=1Hn, ξ1 ⊗ · · · ⊗ ξK) is a pointed Hilbert

space. For each K there is an isometric embedding

(21) ιK :

K⊗
n=1

Hn ↪→
K+1⊗
n=1

Hn

given by
ιK : η1 ⊗ · · · ⊗ ηK 7→ η1 ⊗ · · · ⊗ ηK ⊗ ξK+1.

These connecting maps define an inductive limit of pointed Hilbert spaces, which can
be see to have the structure of a pointed inner product space, the completion of which
is a pointed Hilbert space. We denote this pointed Hilbert space by

⊗
n∈N(Hn, ξn).

Remark 9.2. Given a sequence of pairs (Mi, ϕi) of von Neumann algebras equipped
with faithful, normal states, we have that M :=

⊗K
n=1Mi is a von Neumann algebra

and ϕ := ϕ1 ⊗ · · · ⊗ ϕK is a faithful, normal state on M. To see this, let (Mi, Hi, ξi)
be the GNS construction associated to (Mi, ϕi), and set M′

i be the commutant of Mi

in B(Hi). Since each ϕi is faithful, we have that ξi is cyclic for both Mi and M′
i, thus

ξ := ξ1⊗ · · · ξK is cyclic for both M and M′ ⊇
⊗K

i=1M′
i acting on

⊗K
n=1Hi. It follows

by Lemma 1.2 that ξ is separating for M and ⟨xξ , ξ⟩ = ϕ(x) for all x ∈ M.

Now, let (H, ξ) =
⊗

n∈N(Hi, ξi) be the tensor product of pointed Hilbert spaces and
suppose that Mi ⊆ B(Hi) is von Neumann algebra with ξi a cyclic and separating vector
for Mi. For x = x1 ⊗ · · · ⊗ xn ∈

⊗n
i=1 B(Hi), we have that x acts as bounded operator

on
⊗K

i=1Hi for each n ≤ K by

x(η1 ⊗ · · · ⊗ ηK) = (x1η1)⊗ · · · ⊗ (xnηn)⊗ ηn+1 ⊗ · · · ⊗ ηK .

It is clear that these actions of x commute with the connecting maps, so induce an
isometric action of x on B(H). We note that ⟨xξ , ξ⟩ =

∏n
i=1 ϕi(xi).

We denote by M the von Neumann algebra in B(H) generated by the operators⋃
n∈NM1⊗ · · ·⊗Mn. There is a normal state on M given by ϕ(x) = ⟨xξ , ξ⟩. We write

(M, ϕ) :=
⊗

i∈N
(Mi, ϕi).

We note that ξ is a separating vector for M as ξ is a cyclic vector vector for M′ as⊗n
i=1M′

i ⊆ M′ and
⋃

n∈N(M′
1 ⊗ · · · ⊗ M′

n)ξ is dense in H. It is clear by the same
reasoning that ξ is a cyclic vector for M.

Definition 9.3. We denote by Aut(M, ϕ) the set of all ∗-automorphisms α so that
ϕ ◦ α = ϕ.
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Lemma 9.4. For any sequence αi ∈ Aut(Mi, ϕi), we have a unique induced ∗-
automorphism α ∈ Aut

(⊗
i∈N(Mi, ϕi)

)
so that α(x1⊗· · ·⊗xn) = α1(x1)⊗· · ·⊗αn(xn)

for all xi ∈ Mi.

Proof. Let (Mi, Hi, ξi) be the GNS construction associated to (Mi, ϕi). For each
αi ∈ Aut(Mi, ϕi), we construct a unitary operator Ui ∈ B(Hi) so that UixU

∗
i = αi(x)

for all x ∈ Mi. The operator is defined on Miξi by

Uixξi = αi(x)ξi.

Since αi is an automorphism, it is clear that Ui is linear and well-defined. Further, we
have that

∥Uixξi∥2 = ⟨αi(x)
∗αi(x)ξi , ξi⟩ = ⟨αi(x

∗x)ξi , ξi⟩ = ϕi(αi(x
∗x)) = ϕ(x∗x) = ∥xξi∥2,

so that Ui is an isometry. As Miξi is dense in Hi, we have that Ui extends uniquely to
a bijective isometry on Hi. We now verify for all x, y ∈ Mi

UixU
∗
i yξi = Uixα

−1
i (y)ξi = αi(xα

−1
i (y))ξi = αi(x)yξi,

which shows again by density that UixUi = αi(x) for all x ∈ Mi. We note that Uiξi = ξi.
We now see that each U1 ⊗ · · · ⊗ Un is a unitary operator on H1 ⊗ · · · ⊗Hn which

fixes ξ1 ⊗ · · · ⊗ ξn, so these unitaries commute with the connecting maps as in line (21).
Thus the sequence induces a unitary U on (H, ξ) =

⊗
i∈N(Hi, ξi) so that Uξ = ξ. It is

clear that
U(x1 ⊗ · · · ⊗ xn)U

∗ = α1(x1)⊗ · · · ⊗ αn(xn)

for all xi ∈ Mi. Since x 7→ UxU∗ is SOT continuous and

U(M1 ⊗ · · · ⊗Mn)U
∗ = M1 ⊗ · · · ⊗Mn ⊆ M =

⊗
i∈N

(Mi, ϕi),

we have that UMU∗ = M. □

Lemma 9.5. For (M, ϕ) =
⊗

i∈N(Mi, ϕi), we have that the modular automorphism
group σϕt of (M, ϕ) is given by

σϕt =
⊗
i∈N

σϕi
t .

Proof. By the previous lemma, we have that αt :=
⊗

i∈N σ
ϕi
t belongs to Aut(M, ϕ).

It is clear that αt ◦ αs = αt+s, so we must show that (αt) is a strongly-continuous one-
parameter group and that is satisfies the KMS condition with respect to (M, ϕ).

Let A be the C∗-algebra generated by
⋃

n∈NM1⊗· · ·⊗Mn. By Kaplansky’s density
theorem, we have that (A)1 is SOT-dense in (M)1. Since αt(A) = A and

∥αt(x)− αt(y)∥ϕ = ∥x− y∥ϕ
as ϕ ◦ αt = ϕ, we have that it suffices to show that ∥αt(x) − x∥ϕ → 0 for all x ∈ A.
(Recall that by Lemma 8.3, ∥x− y∥ϕ metrizes the SOT on (M)1.) In fact, since

∥x∥2ϕ = ϕ(x∗x) ≤ ∥x∥2ϕ(I) = ∥x∥2
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it suffices to check this on the ∗-subalgebra
⋃

n∈NM1⊗· · ·⊗Mn. For x ∈ M1⊗· · ·⊗Mn,
we have, using the same notations as in the proof of Lemma 9.4 that

∥αt(x)− x∥2ϕ = ⟨(αt(x)− x)∗(αt(x)− x)ξ , ξ⟩
= ⟨αt(x

∗x)ξ , ξ⟩ − 2Re ⟨αt(x
∗)xξ , ξ⟩+ ⟨x∗xξ , ξ⟩

= 2ϕ(x∗x)− 2Re ⟨Utx
∗U∗

t xξ , ξ⟩
= 2ϕ(x∗x)− 2Re ⟨U∗

t xξ , xξ⟩
= 2ϕ(x∗x)− 2Re ⟨(U1,t ⊗ · · · ⊗ Un,t)x(ξ1 ⊗ · · · ⊗ ξn) , x(ξ1 ⊗ · · · ⊗ ξn)⟩

where we have used U∗
t ξ = ξ. The last expression clearly converges to 0 as U1,t⊗· · ·⊗Un,t

is SOT continuous on
⊗n

i=1Hi.
Now, if (αi,t) is a strongly-continuous, one-parameter group satisfying the KMS con-

dition for (Mi, ϕi) with αi,t(x) = Ui,txU
∗
i,t for (Ui,t) the corresponding SOT-continuous,

one-parameter group of unitaries for the GNS space (Hi, ξi) □

Remark 9.6. Although naively the tensor product (M, ϕ) =
⊗

i∈N(Mi, ϕi) seems
like it ought to behave similalry to the direct product

∏
i∈NMi acting on

⊕
Hi, this

is very far from the truth. Indeed a bounded sequence xi ∈ Mi defines an element
x1 ⊗ x2 ⊗ · · · in M if and only if the sequence yn := x1 ⊗ · · · ⊗ xn is Cauchy in the
∥ · ∥ϕ-norm, that is, if and only if

n∏
i=1

ϕi(x
∗
ixi)

[
1− 2Re

n+k∏
i=n+1

ϕi(xi) +
n+k∏

i=n+1

ϕi(x
∗
ixi)

]
→ 0

as n, k → ∞. For this reason an infinite tensor product of inner automorphism need not
be inner. In fact, the next result gives a necessary and sufficient condition for this to
occur.

Proposition 9.7. Let (Mi, ϕi) be a sequence of von Neumann algebras which are
factors equipped with faithful, normal states. Suppose ui ∈ Mϕi

i are unitaries so that
αi(x) := uixu

∗
i ∈ Aut(Mi, ϕi) for each i ∈ N. We have that α =

⊗
αi is an inner

automorphism of
⊗

i∈N(Mi, ϕi) if and only if
∞∑
i=1

1− |ϕi(ui)| <∞.

Proof. By multiplying by a phase we may assume without loss of generality that
ϕi(ui) > 0. Let

vk := u1 ⊗ · · · ⊗ uk ⊗ 1⊗ 1⊗ · · · ∈
⊗

i∈N
(Mi, ϕi) =: (M, ϕ).

We will first show under the convergence assumption that (vk) converges in the S*OT.
By Lemma 8.3 it suffices to check that ∥vk − vl∥ϕ and ∥v∗k − v∗l ∥ϕ both tend to 0 as
k, l → ∞. Since the unitary group of a von Neumann algebra is closed in the S*OT
(exercise), we have that vk → v for some unitary v ∈ M. Computations similar to those
in Lemma 9.5 then show that α(x) = vxv∗.
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We now compute. Assuming l > k we have that

∥vk − vl∥2ϕ = ϕ((vk − vl)
∗(vk − vl))

= 2− ϕ(v∗kvl)− ϕ(v∗l vk)

= 2− 2Reϕ(v∗kvl) = 2

(
1−

l∏
i=k+1

ϕi(ui)

)
Now we have 0 ≤ a1, . . . , aN ≤ 1, then using a telescoping sum we have that

1−
N∏
i=1

ai = (1− a1) + a1(1− a2) + a1a2(1− a3) + · · · ≤
N∑
i=1

(1− ai).

Hence ∥vk − vl∥2ϕ ≤ 2
(∑l

i=k+1 1− ϕi(ui)
)
→ 0 as k, l → ∞. A similar estimate works

for ∥v∗k − v∗l ∥ϕ.
Next, suppose that α is inner, so there is v ∈ M so that α(x) = vxv∗. For N ∈ N,

let MN :=
⊗N

i=1(Mi, ϕi) and MN = 1⊗ · · · ⊗ 1⊗
⊗∞

i=N+1(Mi, ϕi). Since each Mi is
a factor, we have that M′

N ∩ M = MN . Using the same notation as before, we have
that α(x) = vNxv

∗
N for all x ∈ MN . Setting wN := v∗vN , it follows that wNxw

∗
N = x

for all x ∈ MN , thus wN ∈ MN .
However, since v ∈ M there exists L ∈ N and x ∈ ML so that ϕ(x∗v) > 0. Without

loss of generality we can take x = x1 ⊗ · · · ⊗ xL so that for all N > L

κ := ϕ(x∗v) =

[
L∏
i=1

ϕi(x
∗
i v)

]
·

 N∏
j=L+1

ϕi(ui)

 · ϕ(wN ) > 0.

Since |ϕ(wN )| ≤ 1, we have that

1 ≥
N∏

j=L+1

ϕi(ui) ≥
κ∣∣∣∏L

i=1 ϕi(x
∗
i v)
∣∣∣ =: C > 0

for all N > L. Thus we have that
N∑

i=L+1

− log ϕi(ui) ≤ − logC <∞

for all N > L. Since − logα > 1 − α for all 0 < α < 1, it follows that
∑∞

i=1 1 − ϕi(ui)
converges. □

Definition 9.8. For λ ∈ (1/2, 1), let ρλ :=

(
λ 0
0 1− λ

)
and ϕλ(x) := tr(xρλ) for

all x ∈M2(C), noting that ϕλ is faithful. We define the Powers Factor (Rλ, τλ) as

(Rλ, τλ) :=
⊗

N
(M2(C), ϕλ).
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Proposition 9.9. We have that T (Rλ) =
2π

log( λ
1−λ

)
Z.

Proof. By Lemma 9.5 we have that

στλt (x1 ⊗ x2 ⊗ · · · ) = (σϕλ
t (x1)⊗ σϕλ

t (x2)⊗ · · · ) = (ρitλx1ρ
−it
λ ⊗ ρitλx2ρ

−it
λ ⊗ · · · ).

Thus by Proposition 9.7 we have that στλt is inner if and only if
∞∑
k=1

1− | tr(ρitλρλ)| ≤ ∞,

that is, if and only if

| tr(ρ1+it
λ )| = |λ1+it + (1− λ)1+it| = 1.

Since |λ1+it + (1 − λ)1+it| ≤ λ + (1 − λ)1, this occurs if and only if λit and (1 − λ)it

have the same phase, that is, if and only if ( λ
1−λ)

it = 1. This is true exactly when
t log( λ

1−λ) ∈ 2πZ. □

As a consequence of Corollary 8.9 we have the following

Corollary 9.10. Rλ is not ∗-isomorphic to Rµ for λ ̸= µ. Hence, there is a
continuum of non-isomorphic factors.

10. Dynamical Systems and Krieger’s Asymptotic Ratio Set (to do)

IN PROGRESS

11. Connes’ Classification of Type III Factors (to do)

IN PROGRESS
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Algebraic Quantum Field Theory (to do)
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