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ABSTRACT.

Let G be a finitely generated group, andlet S C G be a finite, unital, symmetric
generating set. Given a measure u € Prob(S) with full support and u(s) =
u(s™"), we consider the random walk on G generated by . The triple (G, S, i)
are fixed throughout. We recall the “long-range estimate” of Varopoulos which
states that

(0.1) 1w (g) < Cexp(—«a|gl*/n)

for all n for some constants C,x > 0. Here |g| denotes the word length of g
with respect to the generating set S. Really this is an application of the spectral
theorem; see [LP, Theorems 13.4 and 13.2] for more on this.

The goal of this brief note is to show the following weakening of a result of
Hebisch+Saloff-Coste [HSC]:

Theorem 0.1. If G is of polynomial growth, then every w : G — R which is p-
harmonic, large-scale lipschitz, and almost sublinear is constant.

Recall from [CS] that a function u : G — R is said to be almost sublinear if for
every € > 0 the set of g € G such that |u(g)| > €|g| has measure zero for any
finitely additive, (left) G-invariant probability measure on G.

Definition 0.2. The random walk generated by . is said to be subgaussian if there
exists 3 > 0 so that

0.2) limsupJexp(ﬁ|g\z/n)du*“(g) < o0.

n—oo

It follows from the main result of [HSC] that if G has (strong) polynomial growth,
then the random walk generated by 1 is subgaussian. It is unclear to the author
whether this is the case under the (a priori) weaker assumption that G is of weak
polynomial growth, though it seems more than likely there is some connection
between a random walk being subgaussian and it having slow entropy growth
in the sense of [Oz]. In particular, this partially answers Question 2.14 in [CS]
for the case of polynomial growth.
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Question 0.3. Are either of the properties of a random walk being subgaussian
or having slow entropy growth implied by the other?

One could further conjecture that admitting a subgaussian random walk is equiv-
alent to having (weak) polynomial growth.

Theorem 0.4. If w is a subgaussian random walk on G having slow entropy growth
and u : G — R is large-scale lipschitz, almost sublinear, and p-harmonic, then w is
constant.

Proof. We wil use a clever estimate of Ozawa [Oz, Section 4] which in turn draws
inspiration from the analysis in [EK]. For ease of notation, let

0.3) H(n) == —ju*“(g)log(u*“(g))dg.

By the proof of the main result of [Oz], we have that forany g € G, s € S.
(04)  |u(gs) —u(g)f* < Cs(H(n+1) —H(n)) Ju(X)Z(H*“(QSX) + ™ (gx))dx

where C; is a constant only depending on s € S. Setting v, (x) = w™(gsx) +
" (gx), we have by Cauchy-Schwarz inequality and the subgaussian property
of u that

1/2
(0.5) Ju(x)zdvn(x) <C (J u(x)4eﬁ|xz/“dvn(x))

for some constant C > 0. Since u(x) is large-scale lipschitz, it has at most linear
growth, thus optimizing the right hand side of the equation, we see that u hav-
ing almost sublinear growth implies that [ u(x)?dv,(x) grows sublinearly in n;
hence, |u(gs) —u(g)| = 0.
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