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1. [3+343+3+3=15 points] Decide which of the following statements are necessarily true,
and which may be false. Mark those which are true with “T”, and those which are false
with “F”.

a. Every Cauchy sequence in a complete metric space converges.

TRUE (complete metric spaces contain all limits of Cauchy sequences, by definition).

b. € is the smallest positive real number.

FALSE (if true, €/2 would be smaller than €, giving a contradiction).

c. No open cover of (0, 1) contains a finite subcover.

FALSE (for example, the set (0,1) forms an open cover of itself).

d. Given a real sequence (s,), the phrase “(s,) converges to s” means: given any € > 0
there exists N € N such that if n > N then |s,, — s| < e.

TRUE (this is the definition).

e. Given a real sequence (s,), the phrase “(s,) converges to s” means: given any ¢ > 0
there exists N € N and some n > N such that |s, — s| < e.

FALSE (this is not the definition).

2. [44+4+4+44=16 points]

(a) Define what is meant by an open set E in a metric space (X, d).

E is an open set if every point in F is an interior point. (A point p € X is an interior point
of F if, for some positive number r, there is a neighborhood of p with radius r contained
within £).

(b) Define what is meant by a limit point of a set E in a metric space (X, d).

A point p € X is a limit point of E if every neighborhood of p contains a point ¢ € E with
q#p-

(c) Define what is meant by an open cover of a set E in a metric space X.

An open cover of F is a collection of open sets {G4}aca, With E C UyeaG.

(d) Define what is meant by a compact subset K of a metric space X.

K is compact if every open cover of K contains a finite subcover of K.

Continued. ..
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3. [84+8+8=24 points| This question concerns the metric space R with the usual absolute
value.

(a) Let (ng) be any sequence of integers with 1 = ny; < ny < .... Show that the collection
of sets (—ng, —1) U (—=1/ny, 1/ny), with & € N, forms an open cover of each of the sets

1
E, = R:z< -1 d Ey={0jUus——: N».
1={zeR:z } an 5 = {0} {n—l—l n e }

The first observation is that since for each k € N, the sets (—ng, —1) and (—1/ng, 1/ny)
are both open, then their union (say Gy) is also open.

Next we check that UpenGj forms an open cover of Fy. If x € Eq, then x < —1. We take
ng to be any integer larger than —z (since (ny) is monotonic increasing, there exists such
an ng), and then observe that z € (—ny, —1), whence x € Gy. Thus z is indeed contained
in the union of the open sets G with k € N, so that the claimed collection forms an open
cover of Ej.

Finally, we check that UpenG) forms an open cover of E,. If x € FEy, then either x = 0
or = 1/(n+ 1) for some n € N. Thus, in either case, we have z € [—1/2,1/2], and so
x € (=1/ny,1/ny) = (—1,1) C Gy. Thus z is indeed contained in the union of the open
sets G, with k € N, so that the claimed collection forms an open cover of Es.

(b) Is the set E; defined in part (a) compact? Justify your answer.

The simplest approach is to make use of the Heine-Borel theorem, which shows that the
set F4 is compact if and only if it is closed and bounded. But the set F; is not bounded
(if all elements x of E; were bounded in absolute value by M > 0, then by considering
—2M € FE; we obtain a contradiction). Since Fj is not bounded, it cannot be compact.

[One can also proceed directly: suppose that Ugex G, is any finite subcover of the open
cover in (a). Take N to be the largest of the integers ny with k£ € K and consider the point
x = —2N € E;. Then z is not contained in any of the sets G, (k € K), so E; is not
covered by the putative finite subcover. This contradiction shows that F; is not compact.]

(c) Is the set E, defined in part (a) compact? Justify your answer.

The simplest approach is again via the Heine-Borel theorem. The set E5 is contained in
[—1/2,1/2] so is bounded (every element has absolute value smaller than 1). In addition
the set Fs is closed, because it contains all of its limit points: the only limit point is 0 € Fj.
Thus Es is closed and bounded, and hence compact.

[One can also proceed directly: suppose that U,caB, is any open cover of FE,. Some
one of these open sets B,, contains 0, and since 0 is an interior point of B,,, there is a
neighborhood of 0 of some radius r > 0 contained inside B,,. Any point 1/(n+1) contained
in Fy with n > 1/r is contained inside this neighborhood inside B,,. Then if B,,,..., B,
are members of the collection of open sets respectively containing 1/2,1/3,...,1/([1/r]+1),
then we find that E5 is contained inside the finite subcover U ,B,,. Thus E, is indeed

compact.|

Continued. ..
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4. [15 points| Suppose that (p,)2, is a Cauchy sequence in a metric space (X, d), and some
subsequence (py, )7, converges to a point p € X. Prove that the full subsequence (p,)
converges to p.

Since (py, )72, converges to the point p € X, we see that for all € > 0, there exists
K = K(€) € N such that, whenever £ > K (¢), one has d(p,,,p) < e.

Likewise, since (p, )52, is a Cauchy sequence, for all € > 0, there exists N = N(e) € N such
that, whenever m > n > N(e), one has d(py,, p,) < €.

Thus, given ¢ > 0, whenever n > N(¢/2), we find from the triangle inequality that by
taking k > N(e/2) + K(e/2) (which implies that ny > N(e/2)) and m = ny, then one has

d(pn,p) < d(pn,pny,) + d(pny, p) < €/2+€/2 =€.

Thus, whenever € > 0, there exists N’ = N’(¢) € N such that, whenever n > N'(¢), one
has d(pn,p) < €. Thus (p,) does indeed converge to p.

. [15 points] Let (a,) be a convergent sequence of real numbers with lima,, = a. Put

an

by, = :
1+a?

Prove that the sequence (b,) converges, and determine its limit.

The simplest approach is to use the arithmetic of sequences. Since lima, = a, we have
lima? = (lima,)?* = a® and hence lim(1 + a2) = 1 + lima?2 = 1 + ¢®>. Thus (important!)
since 1 + a2 # 0 and 1 + a® # 0 (both are at least 1), we find that

1 1 1

li = = .
T a2 lm(l+a2) 14a?

Finally, again using arithmetic of sequences,

Qn lim a,, a

li = = .
lm1+a,% lim(1+a2) 1+4a?

Thus (b,) does indeed converge, and has limit a/(1 + a?).

One can also proceed directly. The convergence of (a,) implies that, for each € > 0, there
exists N = N(e¢) € N such that, whenever n > N(e), one has |a, — a| < e. Thus, whenever
n > N(e), one has

(an, —a)(1 — aya)
(T a2)i+a)

an a
1+a2 1+a?

’bn_b‘:‘

Thus, since |1 —ayal < 1+ |af* + |a?] < (1+a?)(1+ a?), we see that |b, —b| < |a, —a| < e,
and hence lim b,, exists, and is equal to a/(1 + a?).

Continued. ..
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6. [15 points] Suppose that (b,) is a sequence of positive real numbers having the property
that

lim inf b—n > 0.

n—oo N

=1

Prove that the series

converges.

We may suppose that there is a positive number 3 for which

liminfb—": lim inf{ bt :kEN} > [ > 0.

n—oo N n—oo n+ k

Thus, for all large enough natural numbers n, one has b,/n > 3, whence 1/b> < 1/(n)?. Thus,
by the comparison test, we find that >~ 1/b2 converges, since > 1/n? converges.

End of examination.
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