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This paper contains SIX questions.
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1. [44+4+4+4+4=20 points| Decide which of the following statements are necessarily true,
and which may be false. Mark those which are true with “T”, and those which are false
with “F”.

a. Suppose that a is an integer for which the Jacobi symbol (i> = 1. Then a is a

35
quadratic residue modulo 35.

Solution: FALSE (One has (3%) = 1 when (g) = —1 and (%) = —1, and then a is not

a quadratic residue modulo 35. Such is the case when a = 3).

b. The function w(n) (the number of distinct divisors of n) is a multiplicative function.
Solution: FALSE (One has w(6) =2 # 1 = w(2)w(3)).

c. Suppose that p and ¢ are distinct odd primes with p # ¢ (mod 4). Then (12) <g> =1.
4q p

Solution: TRUE (If p # ¢ (mod 4), then either p =1 (mod 4) or ¢ = 1 (mod 4), in which
case (—1)P~D@=D/4 = 1 50 the desired conclusion follows from quadratic reciprocity).

d. The reduced residue 5 is a primitive root modulo 2202,

Solution: FALSE (There are no primitive roots modulo 2* when k > 3).

e. When ¢ is a primitive root modulo 72, then g is a primitive root modulo 7223,

Solution: TRUE (When p is an odd prime, then any primitive root modulo p? is also a
primitive root modulo p* for any k > 2).

2. [5+5+5+5=20 points]

(a) Define what is meant by a quadratic residue modulo m, and also what is meant by a
quadratic non-residue modulo m.

Solution: When (a,m) = 1, we say that a is a quadratic residue modulo m provided

that the congruence x*> = a (mod m) is soluble. If the latter congruence is insoluble, then

we say that a is a quadratic non-residue modulo m.

(b) Let m € N satisfy m > 2. Define what is meant by a primitive root modulo m.

Solution: If g belongs to the exponent (or has order) ¢(m) modulo m, then g is called a
primitive root modulo m. Equivalently, the reduced residue g has the property that the
smallest positive integer h with the property that ¢" = 1 (mod m) is p(m).

(¢) Define the Mobius function p(n).

(=1)“™ when n is squarefree,

Solution: yifn) = {0 otherwise

Thus, if n = pips . .. pr With py, ..., py distinct primes, one has u(n) = (—1)*, and otherwise
pu(n) = 0.
(d) Let p be an odd prime number. Define the Legendre symbol <g>.

p

+1, when a is a quadratic residue modulo p,
. a . . .
Solution: <§> = ¢ —1, when a is a quadratic non-residue modulo p,
0,  when p|a.

Continued. ..
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3. [8+8=16 points] (a) Let p and ¢ be distinct odd primes. Show that

<m) — (—1)F-Da/

pq
Solution: By the definition of the Jacobi symbol, and application of the Law of Quadratic

Reciprocity, one has (m) = (p—i—q) <p—i—q) = (2) <E> = (—1)P~Di-1/4,
pq p q p q

(b) Compute the quadratic residue symbol (%)

Solution: Use quadratic reciprocity for Jacobi symbols:

69 ) _ (qyosemna (897N _ (T
697 69 69
— (_1)(6)(68)/4 (g) — (%1) — (_1)(7—1)/2 - 1.

4. [12 points]In this question you may suppose that, whenever 7 is a prime number with
3 n . . .
m =5 (mod 12), then (—) = —1. Suppose that p = 22" 4 1 is prime with p > 3. Show
T
that 3 is a primitive root modulo p.

Solution: When p = 22" 4 1 is prime, it follows from Fermat’s Little Theorem that the
order of 3 modulo p divides p — 1 = 22". Then the order of 3 modulo p is a power of 2, and
if 3 is not a primitive root, then this order divides 22"~! = (p — 1)/2. But p = 1 (mod 4)
and p = (—=1)2" +1 = 2 (mod 3), whence p = 5 (mod 12). In such circumstances, we

3
find by means of Euler’s criterion that —1 = (=] = 3®~Y/2 = 1 (mod p), yielding a

p
contradiction. Thus 3 must be a primitive root modulo p.

—1
5. [7+7=14 points] (a) By considering the Jacobi symbol <—), prove that when n; and ns
m

are odd natural numbers, then one has
(_1)(11171)/2(_1)(71271)/2 _ (_1)(n1n271)/2'

—1 —1 —1
Solution: One has (—1)™~D/2(_1)r2=1)/2 — <—) (—) = ( > = (—1)(mn2=b/2,

ni No ning

(b) Define the function f : N — Z by putting
) (=1)=Y/2 when n is odd,
n)=
0, when n is even.

Show that f is a multiplicative function.

Solution: Note first that f(1) = (—1)° = 1. Suppose next that (n,m) = 1. If n is even,
then f(n) = 0 = f(nm), and thus f(nm) = f(n)f(m), and similarly when m is even.
When instead n and m are both odd, we have

Flm) = (=120 = (<1200 (=12 = () f(m).

Then we conclude that f is an arithmetic function satisfying f(nm) = f(n)f(m) whenever
(n,m) = 1 which does not vanish everywhere, and so f is indeed multiplicative.

Continued. ..
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6. [4+7+7=18 points] (a) For what values of n do primitive roots modulo n exist? (Provide
as complete a list as you are able, without justifying your answer).

Solution: For n equal to any of 1, 2, 4, p" and 2p", where p is any odd prime and r € N.

In the remainder of this question, we take p to be an odd prime and ¢g to be a primitive
root modulo p?.

(b) Show that each reduced residue modulo p? is congruent to g" modulo p? for a unique
integer r with 0 <r < p(p — 1).

Solution: The reduced residues ¢” are distinct modulo p? for distinct values of r with
0 < r < ¢(p?). Otherwise, if ¢" = ¢° (mod p?) for some integers 0 < r < s < (p?),
then ¢°" =1 (mod p?) with 0 < s —r < (p?), contradicting the primitivity of ¢ modulo
p?. The p(p?) distinct reduced residues g" (mod p?) with 0 < r < ¢(p?) must therefore be
precisely the p(p?) reduced residues a with 1 < a < p? with (a,p) = 1. Hence, each reduced
residue modulo p? is congruent to g" modulo p? for a unique integer r with 0 < r < p(p—1).

(c) Show that

Solution: Each reduced residue a modulo p? is uniquely represented in the shape a =
g" (mod p?), for an integer r with 0 < r < p(p — 1). Thus, by Euler’s theorem,

p2
I «
a=

(a,p)=1

r o (p2—p— _n-1\p-1/2 _ , _ _
H g :90+1+ +(@*—p-1) _ (gp(p 1) 1)pp = (g 1)p(p 1)/2 (mod ph).

0<r<p(p—1)

Write b = ¢g?®=1/2. Then it follows from Euler’s Theorem that b*> = 1 (mod p?), yet
b# 1 (mod p?), since g is primitive. Thus b = —1 (mod p?), and so

End of examination.
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