SOLUTIONS TO HOMEWORK 9

1. (a) The function p(n) is multiplicative, and hence p?(n) is also multiplica-
tive. Then it suffices to examine prime powers, where we find that for each
prime p and non-negative integer h, one has

h
1 when h =0
Qd: 2 l: ’ ’
o) =Y w0 L4 u(p)? =2, when h> 1.

d|ph =0

Thus, by applying multiplicativity, we see that when n = thanh, one has

> i #2(d) =TT, 2 = 241, as required.
(b) Since 7(n) is also multiplicative, we may proceed in like manner. Here we
note that 7(p') = [ + 1, and hence

Zu(d)T(d) = Zﬂ(pl>7'(pl) - {1’_ 2= —1, :Vvﬁiz Z ; 2’

d|ph =0

Thus, by applying multiplicativity, we see that when n = thanh, one has
>dpn A T(d) =T, (-1) = (—1)#( | as required.
2. (a) The sum of the first n positive integers is n(n + 1)/2, so

(Z a) = (n(n+1)/2)* = tn?(n + 1)%

a=1

Meanwhile, whenever

then one has

S at = (0 1)+ 2t 1)7 = St DA+ D)+ n) = L 12+ 2

a=1

Since 3°,_, a® = 1= 11%(1 + 1)2, we conclude by induction that
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and
h h

S =) (a+1)° =L(h+1)*(h+2)%
a=0 a=0
Thus, whenever n is a prime power, one has

Y@= (> @] .

din dn
and the desired conclusion follows by multiplicativity.
3. Let f be an arithmetic function.
(a) When a and n are positive integers, one has
Z )) . 1, when (a,n) = 1,
I an)'u 10, when (a,n) > 1.
(b) Thus
2 fl@= 3 > w@df@ =2 ud Y, flo
1<a<n 1<a<n d|(a,n) d|n 1<a<n
(an)=1 dla
(c) First taking f(a) = 1, we find that
o= ) Y 1= u(dn/d=p(n).
(1<a)<n dn Kd(‘zén d|n
a,n)=1 a

Next, taking f(a) = a, we obtain

S a=Sud) S a=" udyd- Sn/d)n/d+ 1)
1<a<n d|n 1<a<n dln
(a,n)=1 dla
=1n Z p(d)n/d+ in Z p(d) = inp(n).
dln din

4. (a) Suppose that n and m are coprime with n = [, phand m =[]
say, with p and 7 denoting prime numbers. Since (n, m) = 1, the primes p and
7 occurring in these products are distinct, and thus

:Hp: Hp H?T = s(n)s(m).

plnm pln xlm

7rh|m7T ’

Moreover, one has s(1) = 1, and so we conclude that s(n) is a multiplicative
function of n.
(b) By Mébius inversion, the arithmetic function f(n) defined by putting

Z/L s(n/d)

dln
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satisfies the property that s(n) = -, f(d). But p(n) and s(n) are both
multiplicative functions, and thus f is also a multiplicative function. We have
f(1) =1, and when p is prime and h > 1

_ p—1, when h =1,
Zu =s(p") —s(p"") = {

p—p=0, when h>2
Thus, in all cases one has f(p") = p2(p")p(p"), and by multiplicativity we
conclude that f(n) = u*(n)e(n).

5. (a) Suppose that a(n) and b(n) are multiplicative. Then whenever m,n € N
satisfy (m,n) = 1, we have a(mn) = a(m)a(n) and b(mn) = b(m)b(n), whence

c(mn) = 3" a(nm/d)b( ZZ( ) f)-

dlmn eln flm

Since the values of e and f in the latter summation are necessarily coprime,
we find that

c(mn) = Y a(n/e)a(m/f)b(e)b(f)

eln flm

= | > alnfe)ble) | | Y alm/b(f) | = c(m)e(n).

eln flm

Thus ¢(n) is indeed a multiplicative function.
(b) Let a(n) = ¢(n) and b( ) = 7(n). Then for each prime power p" one has

Zcﬁ(ph’j :Z Y G+ 1) + 6(0) (P

=p +p’”‘*1+~~+p—h+h+1:Zd:a(ph),
d|ph
and so
=Y " /d)T(d)
d|ph
Thus it follows from multiplicativity that o(n) = >_,, ¢(n/d)7(d) for n € N.
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