SOLUTIONS TO HOMEWORK 10

1. (a) Suppose that n and m are coprime with n = th”n phand m = Hwh|m ",
say, with p and 7 denoting prime numbers. Since (n,m) = 1, the primes p and
7 occurring in these products are distinct, and thus

s(nm) = H p= Hp Hﬂ' = s(n)s(m).

plnm p|n wm

Moreover, one has s(1) = 1, and so we conclude that s(n) is a multiplicative
function of n.

(b) By Mdbius inversion, the arithmetic function f(n) defined by putting

f(n) = u(d)s(n/d)

dn

satisfies the property that s(n) = >_,, f(d). But u(n) and s(n) are both
multiplicative functions, and thus f is also a multiplicative function. We have
f(1) =1, and when p is prime and h > 1,

i B _Jp—1 when h =1,
p—p=20, when h > 2.

Thus, in all cases one has f(p") = p2(p")p(p"), and by multiplicativity we
conclude that f(n) = p?(n)e(n).

2. For each prime power p" one has

h h—1
> o () =Y (" ="+ 1) + (") (")
j=0 Jj=0
th+ph_1—|----+p—h+h+l:Zd:cr(ph),
dlp"
and so

a(p") = op"/d)r(d).

dlph

Thus it follows from multiplicativity of left and right hand sides that o(n) =

de é(n/d)7(d) for n € N.
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3. (a) We have a(n
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= >_4n , and hence

o(n) d d
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(b) Also, we have ¢(n) =

o(n
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4. (a) By multiplicativity, one has

12 (d)
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Plogm + O(1).
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when d is squarefree, and p?(d)/d* = 0 otherwise, and hence

[[Ja+1/p%) =

> - Z”dz

P d sqillarlefree pld

(b) Then

St TL0- VP oy
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Thus

wd) i) 1y _ =/6 _
z;x ; & (m E) = zijg0 T O/ =

5. Define

= Z log(a/n).

a=1
(a,n)=1

O(m/))

E—i—O(l/az:).
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Then, applying the formula that we are asked to recall in the question, one
obtains
n/d

=SS ) log(afn) = 3 p(d Zlog( )

dln a=1 dln
dja

=> p(n/d) Zlog b/d) = p(n/d)log(d!/d").
din

dn

Consequently, one finds that

(m) gBn) _ () d\
Ha—n —n H(dd) |
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