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ABSTRACT
It is conjectured that Lagrange’s theorem of four squares is true for prime variables, i.e. all
positive integers n with n = 4(mod24) are the sum of four squares of primes. In this paper,

the size for the exceptional set in the above conjecture is reduced to O(N %+E).
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1. INTRODUCTION

The celebrated theorem of Lagrange states that every natural number is the sum of four
integral squares. In 1938, Hua [10] proved that each large integer congruent to 5(mod24) can
be written as the sum of five squares of primes. In view of these results, it is conjectured that

each large integer n = 4(mod24) is a sum of four squares of primes,

n = pi +p3+p3 + . (1.1)
However, a result of this strength seems out of reach at present, and what we can prove is just
that the conjecture is true for almost all such integers n. More precisely, let F(IN) be the number
of all the positive integers n = 4(mod24) not exceeding N which cannot be written as (1.1). In
1938, Hua [10] proved that E(N) < Nlog=* N for some positive A. The size of E(N) has been

reduced further, see for example, Schwarz [18], Liu and Liu [15], Wooley [22], Liu [14].
In this paper, we improve the hitherto best upper bound for E(N) with the following theorem.

Theorem 1.1. For arbitrary € > 0, we have

E(N) < N&te, (1.2)

The circle method is applied to prove Theorem 1.1, but here the unit interval is divided into
three types of arcs: the major, the minor, and the intermediate. Now the main difficulty, and
hence our main novelty, arises in controlling the contribution from intermediate arcs, where we
shall combine the idea of [22] together with the pruning technique. We give two approaches
to treat the intermediate arcs: the first one employs the zero-density estimates for Dirichlet
L-functions, while the second a variant of the treatment on major arcs in [14]. These two
approaches are of independent interests, and also would be useful for further study on related
problems.
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The proof of Theorem 1.1 also requires an asymptotic formula (or a lower bound of approx-
imately the expected order of magnitude) on sufficiently large major arcs. Theorem 1.2 of [14]
has satisfied our need.

We conclude this introduction by mentioning other approximations to the conjecture (1.1).
Greaves [7] gave a lower bound for the number of representations of an integer as a sum of two
squares of integers and two squares of primes. Later Shields [19], Plaksin [17], and Kovalchik
[13] obtained, among other things, an asymptotic formula in this problem. Briidern and Fouvry
[3] proved that every large n = 4(mod24) is the sum of four squares of almost primes, and very
recently Heath-Brown and Tolev [9] have shown that such n is the sum of one square of prime
and three squares of almost primes.

Notation. As usual, p(n), u(n), and A(n) stand for the function of Euler, M&bius, and von
Mangoldt respectively, 7(n) is the divisor function. We use y mod ¢ and x° mod ¢ to denote a
Dirichlet character and the principal character modulo ¢, and L(s, x) is the Dirichlet L-function.
For integers a, b, ... we denote by [a, b, ...] their least common multiple. The letter N is a large
integer, and L = log N. And r ~ R means R < r < 2R. The letter € denotes a positive constant

which is arbitrarily small, and ¢ a positive constant; they may vary at different occurrences.

2. OUTLINE OF THE PROOF

Throughout the paper, we set
P,=Nw», P*=N3,  P=Ni. (2.1)

By Dirichlet’s lemma on rational approximations, we have that, for any given N® < H < N,

each a € [%, 1+ %] may be written in the form

a H
; N< g (2.2

for some integers a,q with 1 < a < g < % and (a,q) = 1. We denote by Mg (q,a) the set of
« satisfying (2.2), and write 9U(H) for the union of all My (q,a) with 1 < a < ¢ < H'™¢ and
(a,q) = 1. The major arcs 9t and minor arcs m are defined as
M = M(P"), m = [P/N,1+ P/N\IM(P).
Let & = M(P)\M(P*); these are the intermediate arcs. Then we have
[P/N,14+ P/N] =MMURKRUm.

The bulk of the paper is devoted to the integral on the intermediate arcs K. In §§3-6, we will
prove the following
Lemma 2.1. Define M = NL™'2, and

flay=">_ (logp)e(p’a).
M<p?2<N
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Then we have

/ |f()[Cda < N2—5+e,
R

Now a proof of Theorem 1.1 is immediate.

Proof of Theorem 1.1. Let 3(N) be the set of integers n with n =

(2.3)

4 (mod 24) and

% < n < N for which the equation (1.1) has no solution in primes pi, ..., ps. Same as [22], we

define
gl@)= Y e(na),

ne3(N)
and let Z = Z(N) be the cardinality of 3(N). Then it is clear that

Oz/olf(a)‘lg(—a)da:/m—i-/ﬁ—l—/m.

By Theorem 1.2 of [14], for % <n <N,

/9ﬁf4(a)e(—na 1;6( )n +O<10§7N>’

where &(n) is the singular serires satisfing &(n) > 1 for n = 4(mod24). Thus,

/mf(@)49 Z / fla)*e(—na)da > ZN

ne3(N

and consequently (2.4) gives

> ZN.

da+/f a)dao

(2.4)

(2.5)

A simple argument similar to [22], combined with Ghosh’s estimate of f(«) on the minor arcs

[6], shows that
/ Fl@)tg(~a)da < N6+ (N3 Z + 2°)3.
m

By Lemma 2.1, we also have

[ fartat-ayia < ([ Ifte |da);</01’f(a)g(a)|2>;

< NY-%T(N3Z 4 722,
Therefore, (2.5)-(2.7) together yield

NZ < N'"16+5(N2Z + 22)2,

which implies that 7 < N 2+, Then a dyadic argument establishes Theorem 1.1. B
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To prove Lemma 2.1, we write

R = R U Ry,
where

R1 ={ q; thereexist 1 <a < ¢ < P, (a,q) =1, such that P*/N < |goo — a| < P/N},
and Ry the complement of &) in K. Then the left-hand side of (2.3) is

J1r@raa= [ 1f(a)ffda+ / 1f(@)da

We may first discard the integral on £; by the following estimate, which is Lemma 3.3 of [12]

Lemma 2.2. Suppose that a is a real number, and that there exist a € Z and q € N with

(0,9)=1, 1<g< N, and |ga—a] < N5,
Then we have

N%—i—s

7
fla) < N6 + .
qi(1+ Nla—a/q))?

Lemma 2.2 implies that, on K,
%Jrs

BN
q+(P*/q)>
where we have used the definitions of P, and P* in (2.1). Hence,

f(a) < NT6+€ + < Niete,

1
@)ffda < (max (@) [ 170 < 52
R aERy 0

Thus Lemma 2.1 is a consequence of the following

Lemma 2.3. For R defined as above,

If(a)|fda < N275+e.
Ro

(2.8)
In §§3-6, we will give two proofs for Lemma 2.3.
3. AN UPPER BOUND FOR f(«)
In this section, we give an upper bound for
S(a)= Y A(m)e(m’a) (3.1)
M<m2<N

when « is close to a rational number of large height. Such an upper bound will be employed in
our first proof of Lemma 2.3 in §4.



Let o = a/q + X with (a,q) = 1. We note that

S(a) = Z <Qh> ST Am)e(mA) + O(L?)

h=1 M<m2<N
a)= m=h( mod q)
1
) Y. Clea) Y x(m)A(m)e(m?)) +O(L?), (3.2)
A X mod ¢ M<m2<N
where C(x,a) is defined by
q 2
B ah
Clua =Y xtme (). (5.3
h=1 g
For C(x,a), the estimate of Vinogradov (see e.g. [21], Chap. VI, Problem 14b(«)) states that
1
Clx, a) < q27(q)- (3.4)
By applying the explicit formula [4]
log?(qaT
S x(m)A(m) = sy Z i (“gT@W +10g2(qT))
m<z h\<T

with 7 = Nz, the inner sum on the right-hand side of (3.2) is

N3 )
/M% e(\u )d{ > X(m)A(m)}

m<u

1
N2

=4 /1 (\u?)du — Ej/ w’te(Au?)du + O{L*(1 + N|\|)}
2

[yI<T

/ vhe(u)dy — Z/ v =le()dv + O{L(1 + N|A)}.

| I<T

Therefore, by Vinogradov’s bound (3.4),

Sla) < ¢ 2+EZ Z

rlg x mod r

Z/SAU

Iv<T

+q2 L2 (1 + NJA|) + ¢ 2T Nz, (3.5)
Since

P 84, (vlogv
Av) = —— 4 A
v2 te(M) =02 e< i + v),
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by the first and second deriviative tests, we have

N 1 1
5=le(\v)dv < NZmindl, ,
[, vEteow) A+ 4ol ]

1 : l1—¢
B if TO < |/Y| S TOJ
< N= { vhi herwi (3.6)
W otherwise,

where Ty = 874 for ¢ ~ H. Inserting (3.6) into (3.5), we get

Lemma 3.1. Let @ = a/q+ X\ with (a,q) =1 and g ~ H. Let T = N2 and Ty = 8L, We

have
S(a) < B(a) + D(a) + E(w), (3.7)
where
N5
_1 *
a)=q 2"y > > NEk
r|lg x mod r T175<\’Y\§T0 v
) =4 §+€Z Z Z —I—I’y\
rlg x mod r |y|<T
and

E(a) = q2*(1+ N|\ + N2g~ ') + L2,

In exactly the same way, we can establish the following Lemma 3.2, a general result on the

exponential sum

Se(a) = > A(n)e(ma).

M<mk<N

In proving Lemma 3.2, we only need to note that, in the general case, Vinogradov’s bound (see
e.g. [21], Chap. VI, Problem 14b(«)) is

where ¢ > 0 is a constant depending on k.

and

ESll

Lemma 3.2. Let a be as in Lemma 3.1, and k > 2 an integer. Define T = N
Ty = 4k7r§. Then

Sk(oz) < Bk(oz) + Dk(oz) + Ek(a),

where

Ealie

1 N
Bi(a) =q 2+6Z Z 2. NCT
r|lg x mod r Tl c<ly|<To
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D) = MY Y

rlg x mod r [7|<T +M

and

Ei(0) = 2" (1+ N[\ + Ntg™h) + L2,

4. FIRST PROOF OF LEMMA 2.3

We will establish

ﬁmem<N%%a (4.1)
2

from which we deduce Lemma 2.3. To this end, we need

Lemma 4.1. Forq > 1, x a Dirichlet character modulo q, and real numbers % <o<1,T>2,
let N(o,T,x) denote the number of zeros p = 3+ i~y of L(s,x) in the region

oc<p<1, [T
Then we have
N(o,T,x) < (¢T)* =) log®(qT),

and

Z Z J’T X < (HQT) ( )(1_‘7) 1Ogc(HT)7
q<H x mod ¢

where

A(U):min{ 5 12}

2—0" 5

Denote by I the left-hand side of (4.1). By definition, for o € K, there exist 1 < a < ¢ with
(a,q) =1 such that

a _ P
04:54—/\, P, <q< P'7¢ |)\|<qN (4.2)
and therefore,
£ 6
I< P*<q§<:Pl E 2 /’fv ( ) d. (4.3)

(a,q)=1
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We simply divide the range of ¢ into dyadic intervals, and apply Lemma 3.1, to get

a
I <« L max / (B*+ D*+ E* S<+>\>

(aq) 1

2
dA

= L max (Ip(H)+Ip(H)+ Ig(H)), say.

(4.4)
P.<HKPl—=
By the definition of P, we have F(a) < N%“q*% in Lemma 3.1, and consequently,
2
Ip(H) < N*<H~ QZZ/HN <“+A>’ d).
q~H a=1 q
The last integral is
P
> n(n)e (‘m) / " e(mn)dx,
q __P
n HN
where
1
Nz2te if n=
= A(nq)A ’
= X aesew e { ¥ 1o
M2 <ny,ng<N2
n2-—n2=n
1 2
Therefore,
q P
an HN P
ZZ ( . )/_P e(nA)dA < 5=n(0) + o ) o Ne, (4.5)
a=1 HN 0<|n|<N
qln
Consequently,
Ip(H) < N*eg—1, (4.6)

Using (4.5) again, one has

ﬁ
N2

q~H

_P_

HN
_P_
HN

ﬁ
< o m(z >y )

rlg. x mod r |y|<T |’Y|

3
< H™ 2+5m<?§T (Zg Z ’ Z Ng><max Z : Z N§> .

r~R
T1<T r~R ~xmodr |y|~Ty x mod r |y|~T

By Lemma 4.1, we have

T max Y : 3 N « N3+ RA(1-0) pA@)1-0)-1

r~R
x mod r |y|~Ty
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by noticing that A(c)(1 — o) < 1. Similarly,

Tflz Z * Z NS < N3teR2A(0)(1-0),

r~Rx mod r |y|~T}
Thus we get

ID(H) < H—l—l—s max NQURSA(U)(I—U)—I
o,R

F5A(0)(1-0)—1
< N2+€H1<1+ max > (4.7)

5A(0)(1—0)>1  N2(1-0)

Similar to the estimation of Ip(H), we have

2
dA

)

o« SeogE s v )

__P
q~H a=1 \ r|g x mod r T0176<|7\§T0 HN

cumy(oy oy MY

a~H \ rlg x modr T1=¢<|4|<T,

3
H * %
< H7* 1;12[)} T22<ZR Z Z N§> (1315)%( Z Z N§> .

T01_5<<T2<<T0 r~R x mod r |y|~Th x mod  |y|~Th

Applying Lemma 4.1 again, we have

H
IB(H) < III%IE%X H—2+5T2—2 . N2o+e . E . (R2T2)A(a)(1—a) . (RT2)3A(U)(1—U)
2
1-0o
N2+e (H5T4)A(o)
<L — max T_2 A2l .
H? p<enen, ( N2

Since TolfE < Ty < Tpy, we can replace the Ty above by Ty, which causes at most an extra factor
N¢. Therefore,

max

-0
N2+e H5T4 A(o)
IB(H) < <(0)

H?TZ o N2

N2te (A 1T7
< — 072

HT2\ N

Troma max
H2T§ 5A(0)(1—0)>1

9
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Inserting Ty =< % < N6 into the right-hand above, and applying A(o) = % in the first term,

we have
l1-o
N2+e N2+e P5A(o)
Ig(H — . 4.8
s(H) < H + P2 5A(ar)?1a§a)21 ( N2 (48)
Now, collecting all the estimates (4.6)-(4.8) into (4.4), we have
l1-0o
N2+e N2+e [ fF5A(0)
I« pmax ( % + 72 ( e . (4.9)
5A(c)(1—0)>1

The maximum of the first term in (4.9) is trivially bounded by N2+¢P,~1 <« N2 57 From
now on, we use A(c) = 32-. When 3 < o < 1, we have 54(c)(1 — o) < 2, and therefore

N2+e [ [54A(0) 1= N2+e P5A(U) 1=
max < max u

e T\ g B\
N2+€ P*15 1-o N2+€
<L —5 < . 4.10
P2 (NQ P, ( )
When 1 < ¢ < 11, by noticing that 54(c)(1 — o) > 2, we have
N2+e [ f5A(0) I=o N2+e P% 1=o
rotier  H2 N2 < ;fi,ixg p2 N2
leo<1l 2—="—13
2-="=13
N 5 3 1-0o
2—1—‘,—5 4(2—0) 8(1—o)
< N ;L‘}i@ < N2
2—"—13
< N?ste, (4.11)

where we have used the fact

Now (4.1) follows from (4.9)-(4.11).
Lemma 2.3 can be deduced from (4.1) by a standard argument. W

5. SECOND PROOF OF LEMMA 2.3

For x mod ¢, define C(x,a) as in (3.3), and C(q,a) = C(x°,a). If x1,..., x¢ are characters
modg, then we write

q

B(n7q7X17 "'7X6) = Z |O(X1>a)| e |C(X6>a)|
(a1
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We prove the following estimate.

Lemma 5.1. Let x; mod r; with j = 1,...,6 be primitive characters, ro = [r1, ...,7¢], and x°

the principal character modg. Then for any 0 < 5 <1,

1 )
>, ﬁB(n,q7xlx°,---,XGX°)<<y Pro 0 log™ a.
y<q|§z LN
rolg

Proof. Using Vinogradov’s bound (3.4), we have

B(n, g, x1x° - x6x%) < ¢*7°(q),

and consequently,

1 log q 76 70 76 q
> ﬁB(nvq,mxo,---,mxo) < Z < log’z 7E ) > (2)-
y<gq<z LAY y<g<z 0 L gt q
rola rolg 0 )

The last sum is
< min(1,79/y) log64 z < (ro/y)’B log64 z,

and this proves the lemma. W

Define
V)= Y em®), WA= > (Alm)x(m)—de(m)), (5.1)

M<m2<N M<m2<N
where 6, = 1 or 0 according as x is principal or not. Let £,7 be parameters such that
1/2+n <, 0<n<1/6. (5.2)
For
NY « H < N°® (5.3)

where 6 and © are positive parameters which will be specified later, define
J(g:€) = > lg,r]™¢ > max [W(x N,
r<2H x mod 7 A< HN

and

K(g:&) =Y lg.r]™¢ > *</H:|W(X,)\)\2d)\> .

r<2H x mod 7 HN

Our Lemma 2.3 depends on the following three lemmas, which will be proved in §6.
Lemma 5.2. Let n < ¢. For H as in (5.3) with

1 1 1

< mi 4

@_mln{8—4§’12—8§’5—10n}’ (54)
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we have

J(g:8) < g~ (g)N2 L,
Lemma 5.3. For H as in (5.3) with

) 1 1
63m1n{8_4€,12_8§}, (5.5)

we have

J(1;€) < N2 L°.

Lemma 5.4. Let
E>1, > —. (5.6)

Then

Proof of Lemma 2.3. We can rewrite the exponential sum S(«) as (see for example [4],

§26, (2))

s (“ + A) _ @9y Sp(lq) S ClhuaWA) +0(12),

q v(q) \ oo g

where V() and W (x, A) are as in (5.1). Let x* mod r be the primitive character inducing
x mod ¢q. Then W(x,\) — W(x*,\) < 7(q)L, and therefore, by (3.4),

s <Z + A) S Gy )L LS CaW () + Olab )L,

(q) vla) 4o,

Consequently,
1S(a)%da < I+ Ig+ P3¢, (5.7)
R

where for j = 0,6,

q £ o J
D R SR Ul rvmrﬁ-f{ > \c<x,a>uw<x*,x>\}dx-

6
P*<q§P175 SO (q) a=1 _q7N X mod q
(a,q)=1

In view of (2.1), the last term in (5.7) is obviously acceptable. By a standard argument (see
e.g. [15], end of §4), we can prove that, under the condition M = NL~!2,

Iy < &(n, P)n?,
12



where

G(TL,P*) — Z B(q7n X s X Z *—1+a’

q> Py SO > Py
by Vinogardov’s bound (3.4). Therefore,

Ip < N2-5+e, (5.8)

From now on we concentrate on the integral Is. To this end, we firstly consider

P
n(JXh- 7X6) HN * *
SDIDINEEDY [ WG I (G Nl

q~H x1 mod g x6 mod ¢q T HN

and prove

Ig(H) < N2—st¢ (5.9)

for P, < H < P17¢. This interval for H will be divided into consecutive smaller ones of the
type (5.3) with # and © specified later.
Clearly, with x° being the principal character modulo ¢ and ro = [r1, ..., 7¢],

P

IR SIS DEND DERSID DI | (S (ER O[T

r1<2H re<2H x1 mod r1 x6 mod rg HN

B 0 vex®
XZ\ (n, g, x1x", s x6X")|

6
= ¢%(q)
rolg
_9 * *
S D DR DT LD DN
r<2H re<2H x1 mod r1 x6 mod rg

.
<[ WO W e, ),
T HN

by (5.3) and Lemma 5.1 with 8 = g;. In the last integral, we take out [W(x1, )
and then use Cauchy’s inequality, to get

I(H) < N75L¢ > 3™ 7 max [W(xi, )|

r1<2H x1 mod r1 RIRS HN

X s W)

r4<2H x4 mod ryq 1A ‘<

x> > (/? (X5,)\)|2d)\>

r5<2H x1 mod r5 HN

oo [W (X5 A,

1
2

N

< > gt 3 (/H;V |W(X6,)\)|2d)\> . (5.10)

re<2H x6 mod rg T HN
13



We will bound the above sums over rg, ..., 71 consecutively.
The first interval P, < H < Nis. We will work in the general case that H satisfies (5.3)
with any 6 > %, and finally specify 6 = %. This specification will give @ = 1%. In this way, we

can prove that Is(H) < N2-5+¢ when P.< H<« Nis.

Define
= — = =n5=0 (5.11)
771—772—4007 N3 =mn4 =15 =V, .
and
1
fo=2-gs—e §=&1—mn e (5.12)
In particular,
3 7
=2 > _2 =2 — — 1
&1 500 26 &2 100 3e, (5.13)

and clearly & > & > ... > &s.

We first estimate the above sum over rg and r5 in (5.10) consecutively by applying Lemma

5.4 twice. Actually, since 1o = [r1,...,76] = [[r1, ..., 5], 76], the sum over r¢ in (5.10) is
P 3
= X lerdnd® 3 ([ woe )
re<2H x6 mod rg T HN

= K([r1,....r5]; &) < [r1, ..., 75 S L,

and this contributes to the sum over rs in amount

-

_P_ 2
* HN
< L° Z [7’1,...77’5]_& Z (/ I ‘W(X57)\)‘2d)‘>
rs<2H x5 mod r5 T HN
— LCK([T‘l,...,Td;gl) < [Tla"'aT4]_£2Lc;
here Lemma 5.4 is applicable since
1

> 1 > —,
§0,§1 > 1, M 2 oo

The contribution of the last quantity [ry,...,74] "2 L¢ to the sums over ry,73,72 can be esti-
mated by applying Lemma 5.2 consecutively three times. Its contribution to the sum over ry
is

€ LY ™ 30T max W)

ry<2H x4 mod 74 N<ww

= LCJ([TI7"'7T3];§2) < [7"1,...,’/“3]_£3N%LC7
14



which contributes to the sum over r3 in amount

€ NILE Y frreers] ©0 30T max [W(xs M)

r3<2H x3 mod 73 —HN
= N2LJ([r1,ma);€3) < [r1,72] 4 NLE,

and its contribution to the sum over ro is

< ONLE Y D™ Y0 max [W(xe, M)

ro<2H X2 mod 7y =HN
= NLJ(r;&) < r{SN2L.

By Lemma 5.2, the above arguments are valid provided

1 1 1
6 < mi . 5.14
_mm{8—4£4’12—854’5—10175} (5.14)

Finally, inserting the last quantity § N3 L° into the sum over 71 in (5.10), we can estimate
Is(H) as

I(H) < NiLe >0 % 37 max [W(xa,))

r<2H x1 mod 7y A<mx
= J(1)N2L® < N2L°

by Lemma 5.3 with £ = &5; here © should satisfy

1 1
< mi . .
@_mm{8—4£5’12—8§5} (5.15)

The above argument holds for all 8 > 2%. Now we specify 8 = %, so that @ = 1% is acceptable

in (5.14) and (5.15). This proves (5.9) when H is in the first interval.

Other intervals. To prove (5.9) for other intervals for H, we let

1 1 7

—_— pr— pr— —_ - 5.16
100" N3 =14 =15 (5.16)

= = 3 1200

Obviously 13 = n4 =5 > 0 if 6 > 2. We still have (5.12), but (5.13) replaced by

7 41 17
_ 2 9 —o_ L 3 =4 — _5 — 14+ —— —6e,(5.17
00 5 % 209 05 G= gty T &=l o =6 (5.17)

We follow the treatment of the first interval until (5.15). With (5.16) and (5.17), it is easy to
check that 5 — 10nm5 > 8 — 4§, > 12 — 84 whenever 0 < 0 < % Therefore now we have (5.14)
replaced by

§1=2

= —7, (5.18)



and (5.15) by

O <1/4.

9
Let i3

(5.19)
The latter range (5.19) for © is actually good enough, so we can concentrate on (5.18).
3 be the new 60, and define the 7,

Inserting 6 = 13—6 into (5.18), we get © = %

..,M5 as in (5.16). Then we get a new © > 6 satisfying
(5.18). Repeating this procedure gives a sequence for ©, which, by (5.18), converges to the root
©* of the equation
1
0=< —.
3T e
Obviously ©* =

1. This proves (5.9) for P, < H < P'~¢, which together with (5.8) and (5.7)
gives (4.1), and hence Lemma 2.3. B

6. ESTIMATION OF J AND K
Let X3 <Y < X and My, ..., My be positive integers such that

270y < My - M < X,

and  2Ms,...,2My < X3
For j =1,...,10 define
logm, if j=1,
aj(m)=1< 1, if 7=2,...,5,

u(m), if j=6,...,10,
where p(n) is the Mobius function. Then we define the functions

fla= 3 W)

mS
m~M;
and

F(87X) = f1(87X) o 'f10(87X)7
where y is a Dirichlet character, and s a complex variable. The following hybrid estimate for
F(s,x) is important in our later argument.
Lemma 6.1. Let £ and n be as in (5.2).

(i) Let g be a positive integer. Then for any 1 < R < X? and T > 0,

) . 2T 1

- F |-+t dt
Dot Y /T ’ <2+z,x>‘
r~R x mod 7

< g_§+nT(g){RmaX(2—§71_77)T —+ R%_r’]11%)(1370 + R_UX%} logc X
16



(ii) In the special case g = 1, we have

S E kG

r~R x mod r

< {R* T+ R"¢T2X10 + R€X2}log" X. (6.2)

Proof. (i) We will use the simple property that [g,7](g,7) = gr. Then the left-hand side of
(6.1) is

S (@) 5 5[ )

dd<‘%% TNRxmod’r‘
CgIREY Y Y / P (5+in)|ar (63)
dd<‘3% TNernodr

By Lemma 2.1 in [14], for any 1 < R < X2 and T > 0,

>y

T~|R x mod r
s

2
< +it, x)’dt<< {}ZT—F}?T%X% +X§}1ogcx.
d2

Therefore the quantity in (6.3) can be estimated as

§+U{R2 gTstnl—i—Rl §T2X102d§" + R EXQZdE ”}logX
ik i< ik

The result in (i) now follows from (5.2) and the estimates

S ds et « graxEn107(g) - N @ < REEr(g), Y dE T < REIn(g).
dlg dlg dlg
d<R d<R d<R

(ii) In the special case g = 1, all of the three summations above are bounded by 1, from which
the desired estimate readily follows. W

We will not present in detail the proofs of the Lemmas 5.2-5.4, since they are similar to those
of Lemmas 5.1, 5.2, and 6.1 of [15].

Proof of Lemma 5.2. Lemma 5.2 is a consequence of the estimate

Stlor] ™ Y T max W) < g () N2 LS, (6.4)

r~R x mod 7 A< HN

where R < 2H and c¢ > 0 is some constant.
Let T and Tj be as in Lemma 3.1. As in §5 of [15], we apply Heath-Brown’s identity (see

Lemma 1 in [8]), contour integration, and van der Corput’s method. Then (6.4) is a consequence
17



of the following two estimates: For 0 < T7 < T}, we have

Z[gﬂ’]fﬁ Z */:Tl

r~R x mod r

1
g (2 i X) ‘ dt < g~ ()N (Ty +1)2 L, (6.5)

while for Ty < To < T, we have

2T,
E r —£ E *
[ga ] /2

r~R x mod r

1
r (2 + it x) ' dt < gt (g)N1T,LC. (6.6)

By Lemma 6.1, the left-hand side of (6.5) is
< g (g)N(Ty + 1)} L RC-E1- T3 N—4 | RE-IN 15 4 R,
The quantity within the last braces is, by Ty < %,
< H™G-63-IN=% 4 H3 "IN~ + R < 1

if H< N® with

. 1 1
© < min , .
{12—85 5—1077}

This establishes (6.5).
By Lemma 6.1(i), the left-hand side of (6.6) is

< g M (g)NITR L R 61 N3 4 R3IN 10 + R},
The quantity within the last braces is
< HCOINTG L 3 INTT + R < 1

if H < N® with O satisfying

) 1 1 1
6 < min , , )
{8—4§ 4 —4n 5—1077}

This establishes (6.6). Note that for n < % we have 4 — 4n < 5 — 10n. This proves Lemma 3.2
under the condition (5.4). W

Proof of Lemma 5.3. This is similar to the proof of Lemma 5.2, except that here we apply
Lemma 6.1(ii) instead of (i). W

Proof of Lemma 5.4. It suffices to show that

Sler ey ( / H:\W(X,B)\Qdﬁ> < g 7 (g)L (6.7)

r~R x mod 7 T HN

-

holds for R < H and some ¢ > 0.
18



As in §6 of [15], we apply Gallagher’s lemma (see [5], Lemma 1) and Heath-Brown’s identity.

Then we see that it suffices to show

. 2 1
ot 3| (2 it, X) ‘ dt < g~ (g)NE L (6.9)
r~R x mod r Iy
holds for R < H and 0 < Ty < Ty, and
" 275 1 H 1
gl > /TQ F<2 +zt,X>‘dt<<g "r(g) S NATLe (6.9)

r~R x mod r

holds for R« H and Ty < Tp < T.
By Lemma 6.1(i), the left-hand side of (6.8) is

< g M (g)NTLE{ Rm—61-m T N~1 R%*"TO%N*TB + R},

The quantity within the last braces is, by Ty < g,

< RmaX(%E,lfn)gN*% 4 R3~" <§) ’ N~ + RN

< gPax(-&=MpN=F 4 H-TPiN~16 + R
<1+H'N© <1+ H NG < 1, (6.10)

if H > N? with 0 satisfying (5.6). This establishes (6.8). Applying Lemma 6.1(i) again, we can
bound the left-hand side of (6.9) as

H P _1p
< g‘f+’7¢(g)PNiTQLC{RmaX@—&l—n)HN—i + R3T EN_%O n 1}'

By (6.10), the above quantity within braces is < 1, if H > N? with 6 satisfying (5.6). This
establishes (6.9), and hence Lemma 5.4. B
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