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1. INTRODUCTION.

Amongst our opera devoted to additive problems restricted to thin
polynomial sequences (see in particular [3], [4], [5]), the tertiary part is
devoted to estimates for exceptional sets associated with the expected
asymptotic formula for the number of representations of prescribed
type. While such estimates lead directly to lower bounds of the antici-
pated size for likewise restricted moments of the number of representa-
tions, uncertainties concerning integers associated with the exceptional
set prohibit any immediate inference of asymptotic formulae for such
moments. The purpose of this paper is to develop methods that es-
tablish such asymptotic formulae, thereby avoiding the aforementioned
uncertainties.

Continuing the tradition of our previous excursions in this series, we
illustrate our ideas with a discussion of Waring’s problem for cubes.
Denote by Rg(n) the number of representations of n as the sum of s
cubes of positive integers. A heuristic application of the circle method
suggests that for s > 4, one should have the asymptotic formula

(1.1) Ry(n) = T(4/3)°T(s/3) "' Ss(n)n*/*~! + o(n**~h),

as n — 00, where

Z Z 1S?) Qa ) ( na/q)

(w) 1

in which we write
q

S3(q,a) = Ze(ar?’/q),
r=1

and e(z) = exp(2miz). It is useful to recall that when s > 4, the
singular series G4(n) is known to satisfy the lower bound G4(n) > 1
(see Theorem 4.5 of Vaughan [13]), whence the relation (1.1) constitutes
an honest asymptotic formula.

The validity of the expected asymptotic formula (1.1) would imply
corresponding formulae for the moments of Rg(n). In particular, one
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expects that for s > 4 and for all positive values of h, one should have
the asymptotic formulae

(1.2) 3" Ry(n)" = Cy(s, h)a" /3 DH1 g ogh(e/3-D1),
n<lz
as x — 0o, where the quantity C;(s, h) is defined by the relation

B 1 r(4/3)"\"
) = T (o ) alsh)

in which
Ci(s,h) = lim y~ Sy
Jim vt 2, ©ln

We note that the latter limit does 1ndeed exist, as we establish in
Lemma 1 below for s > 5, the corresponding result for s = 4 following
with a little additional effort. When A = 2, this desired conclusion
is known to hold in all cases, the most difficult situation with s = 4
following from the celebrated work of Vaughan [11] (see Theorem 3
of the latter paper). For larger values of h, such asymptotic formulae
have entered the literature only very recently with work of Briidern
and Wooley [6]. Here the range of s for which the formula (1.2) holds
becomes more restricted as h increases. Thus, for example, when h = 3
the formula (1.2) is known to hold only for s > 5 (see Theorems 1.1
and 1.2 of [6]).

We now turn to analogues of the formula (1.2) in which the sum-
mation on the left hand side of the relation is restricted to values of
a thin polynomial sequence. It is convenient henceforth to describe a
polynomial ¢ € Q[t] as being an integral polynomial if, whenever the
parameter ¢ is an integer, then ¢(t) is also an integer. In such circum-
stances, we write a, for the leading coefficient of ¢(t), and we write
dy for the degree of . When a, > 0, the conjectured analogue of the
asymptotic formula (1.2) now becomes

(1.3) Z RS(¢(n))h = Cy(s, h)xd¢h(s/3—1)+1 + O(xd¢h(s/3—1)+1)’
n<x
where the quantity C4(s, h) is defined by the relation

/3D r(4/3)" h
Colo M) = AT 41 ( [(s/3) ) Eols, B,

in which

(1.4) Cols,h) = lim y~' Y &.(0

n<ly
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Again, the existence of this limit is assured by Lemma 1 below for
s > 5, and may be established for s = 4 with greater effort. We
remark also that the formula (1.4) may be replaced for integral h by
one more reminiscent of the definition of a conventional singular series.
Thus, for example, one may show that

€¢(S’ 2) = Z Z Z q_2s_1SS(Q7 a)SSS(Q7 _b)SS¢>(Q7 b— a),

q=1 a=1 b=1
(a,b,q)=1
where
So(g,t) = (dg)) ™ > e(te(r)/q).
r=1

Our first conclusion provides asymptotic formulae of the type (1.3)
when ¢(t) is a quadratic polynomial. We refer the reader to the proof of
this result in §3 for more precise but technical estimates corresponding
to minor arc behaviour alone.

Theorem 1. Suppose that ¢(n) is an integral quadratic polynomial with
positive leading coefficient. Then the anticipated asymptotic formula
(1.3) holds (i) when s = 6 and 0 < h < 2, and (i) when s = 7 and
0<h<A4

In view of Vaughan’s work [11] concerning the asymptotic formula
for sums of eight cubes, of course, the formula (1.3) holds for all positive
numbers h when s > 8.

In §3 we also establish a corresponding conclusion for cubic polyno-
mials.

Theorem 2. Suppose that ¢(n) is an integral cubic polynomial with
positive leading coefficient. Then the anticipated asymptotic formula
(1.3) holds when s =7 and 0 < h < 2.

Even in this brief excursion on the topic of asymptotic formulae
for restricted moments, two further examples deserve our attention.
We note first that an analogue of the asymptotic formula (1.3) holds
also in the binary Goldbach problem. Let r(n) denote the number
of representations of the integer n as the sum of two prime numbers,
and let ¢(t) be an integral polynomial with positive leading coefficient.
Then it is a simple matter to establish that for each positive number
h, one has

N pdoh+1
(1.5) > r(20(n))" = qu(h)w + o(z%"* (log ) ~*"),

n<x
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where the quantity By (h) is defined by the relation

Bulh) = ek (%)hg(l - =17)

in which

Bo(h) = lim y~' 3 ] (%)h.
)

n<y plé(n
p>2

We note that the existence of the latter limit may be readily confirmed
by means of a routine argument that need not detain us here. Mean-
while, in short, the formula (1.5) follows on observing that the methods
of [2] may be adapted to show that there are at most O(x/logz) inte-
gers n, with 1 < n < z, for which one has ¢(n) > 1 and

) Yy , 2¢(n) ¢(n)
(26(n)) — C(o( ) Tog20(m) |~ Tog )P

Here, we have written C'(m) for the familiar Goldbach constant defined

by
OWOZQllo_(pan!1<%E%>

p>2

But sieve methods establish that whenever ¢(n) > 1, one has

r(20(n)) < é(n)/(log é(n))?,

whence the latter set of exceptional integers make a negligible contri-
bution to the left hand side of (1.5). Also, the integers n with ¢(n) <1
are trivially negligible. The desired conclusion is then immediate via
partial summation.

Finally, we note that the methods of this paper extend routinely to
arbitrary powers. The following conclusion on sums of kth powers, with
k large, suffices to illustrate the associated ideas. We restrict attention
at this stage to quadratic polynomials for the sake of elegance rather
than for reason of technical obstructions. We write R, (n) for the
number of representations of n as the sum of s positive integral kth
powers.

Theorem 3. Let ¢(t) be an integral quadratic polynomial with positive
leading coefficient a4, and let k be a positive integer with k > 3. For
each positive number h, and every integer s with s > k + 2, define

altt/F= (r(1 +1/k)®
I'(s/k)

Ay(s, h) = o ) (s, h),

(s/k—1)+1



where
Ay(s,h) = lim 37 6, (o(n))",
yee n<y
and for natural numbers m we write

Z Z ~'Si(q,a))" e(—ma/q).

(aq) 1

i which
q

Sk(g,a) = e(ar’/q).
r=1
Then whenever h is a fixed positive number with h > 2, the asymptotic
formula

(1.6) ZRs,k(Cb(n))h — Ay (s, )z | o 2hls/k=1)51y

n<x

holds for

s> (1 - %)/ﬁ(logk +loglog k 4+ O(1)).

Once again, we note that the existence of the limit 24(s, h) is assured
by Lemma 1 below for s > k + 2. Finally, we recall that whenever
s > 4k, one has Szx(n) > 1 for all integers n (see Theorem 4.6 of
Vaughan [13]), so that Theorem 3 provides a proper asymptotic formula
(1.6).

We refer the reader to our earlier paper [3] for a lengthy discussion
concerning the basic plan of attack on problems associated with excep-
tional sets restricted to thin polynomial sequences. As in our earlier
papers, the key idea is to introduce an exponential sum that encodes
information concerning abnormal deviations from the expected asymp-
totic formula (1.1) within the sequence of integers n under investiga-
tion. Mean value estimates involving this exponential sum may then be
exploited to good effect, the preservation of underlying arithmetic in-
formation representing a critical advantage of our approach over more
traditional applications of Bessel’s inequality.

Throughout, the letter £ will denote a sufficiently small positive num-
ber. We take P to be the basic parameter, a large real number depend-
ing at most on €, k, s, h, and any coefficients and degrees of implicit
polynomials if necessary. We use < and > to denote Vinogradov’s
well-known notation, implicit constants depending at most on ¢, k, s,
h and implicit polynomials. Summations start at 1 unless indicated
otherwise. In an effort to simplify our analysis, we adopt the following
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convention concerning the parameter e. Whenever € appears in a state-
ment, we assert that for each € > 0, the statement holds for sufficiently
large values of the main parameter. Note that the “value” of ¢ may
consequently change from statement to statement, and hence also the
dependence of implicit constants on ¢.

2. MAIN TERMS.

No substantial difficulty is involved in computations associated with
the main terms of the formulae that we aim to establish, and here we
dispose of this routine work in a form commonly applicable to all of
our theorems. Thus we begin by adopting the notation employed in
the statement of Theorem 3, except that now we suppose that ¢(t) is
an integral polynomial of degree d, with positive leading coefficient a.

For a large real number x, we define

(2.1) P=¢@)/* and  fla)= > e(amh),

so that for 1 <n <z, we have

Rur(6(n)) = / Fla) e —b(n)a)dor

We then dissect the unit interval [0,1) in accordance with §4.4 of
Vaughan [13]. Let 9 denote the union of the intervals

M(q,a) = {a €[0,1) : |ga —a| < P"7F/(2k) },

with 0 < a < ¢ < P/(2k) and (a,q) = 1. The contribution of 91 to the
last integral is evaluated by Theorem 4.4 of Vaughan [13]. In fact, on
writing

(22) m=[0,)\9M and Rsp(n;m)= / f(a)’e(—na) da,

it follows from the latter theorem that if s > max{5, k+ 1}, then there
exists a positive real number 9, depending at most on s and k, such
that whenever 1 < ¢(n) < ¢(z), one has

(A +1/k)

(28) Ruslo(n)) = =55 Suslo(m)o(m) !

+ Ry i(p(n);m) 4+ O(g(x)F179).

Here, we have written S, (m) for the familiar singular series defined
in the statement of Theorem 3 above.

Our theorems follow from suitable information on the minor arc con-
tribution Rsx(¢(n); m), and we make this clear in the form of Lemma 2
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below. In this context, when h is a positive number and s is an integer
with s > k + 2, we define

/=) T(1+1/k)*\"
Dsls,h) = d¢h(sq;k 141 ( T(s/k) ) Dols, ),
where
(2.4) Dy(s,h) = lim y ) G k(b(n)"

n<y

In order to confirm the existence of the limit occurring in the definition
of the quantity ®,(s, h), we must digress from the main path leading
to Lemma 2 below.

Lemma 1. With the notation introduced above, when s > k+ 2 and h
is a positive number, the limit (2.4) ezists, and whenever N is a large
positive number, one has

Dy(s,h) = N1~ S, 1(6(n))"| < (log N)~minttrd/ (k).

n<N

Moreover, for each positive number 0,

S S, = Y

= D,(s,h) + O(NOH(log )~ mintLa}/(4h))
n<N 0 + 1

Proof. We first note that for real numbers h, X and Y satisfying h > 0,
X >0and X +Y >0, we have

X+4Y
(X +Y)h - X" :h/ th=tat

X
< hY|max{X"' (X +Y)"1},

provided that the latter expression is defined. When h > 1, we have
(Xij)hfl < thl + |Y|h71’ S0

(2.5) (X +Y)" = X" < |Y|"+ | X" Y.
When 0 < h < 1, we see that if X > 2|Y| > 0, then X +Y > |Y]| and
(2.6) (X 4+ = X" < Y,

while in circumstances wherein X < 2|Y| or Y = 0, the latter inequality
holds trivially. We note in addition that when X <0 and X +Y > 0,
one has X +Y < Y and |X| < Y, and thus for o > 0 the trivial
estimate (X +Y)" — X" < (X +Y)" 4+ |X|" again ensures that the
estimates (2.5) and (2.6) hold.



Next we recall some basic features of the analysis of singular series
in Waring’s problem. Define the truncated singular series &, ;(m; Q)
by

Gsp(m; Q) = Z Z “1Su(q,a e(—ma/q).

1
=C =

Also, define the multiplicative function wy(q) by taking

wk(puk+v) _ kp7U71/27 when u Z 0 and v = 1,
pl when v > 0 and 2 <v <k,
for prime numbers p, and non-negative integers u and v. Then accord-

ing to Lemma 3 of Vaughan [12], whenever a € Z and ¢ € N satisfy
(a,q) = 1, one has ¢7'Sy(q, a) < wi(q), whence

Gsip(m) — G5 p(m; Q) K Z qui(q)® <K Z(Q/Q)l/(%)qwk(Q)s~

>Q

In view of our definition of wy(q), it follows that when u and v are non-
negative integers, and p is a prime number, then for each exponent s
with s > k 4+ 2, one has

(puk—i-v)l—&-l/(%)wk(puk—i-v)s < {ksp_u_5/4a when v > 0 and v =1,

pu3/2, when v >0 and 2 < v < k.

Thus we see that
Gsip(m) — Gsx(m; Q) K Qfl/(% H (1 + Z 1+1/ 2k),, +(p )S>

< Q—l/(Qk H (1 + 4ksp—5/4) < Q_l/ 2k:)‘
p

Here the product is implicitly restricted to run over prime numbers p.
In particular, since for each integer m one has 0 < &;(m) < 1, it
follows from the estimate (2.5) that when h > 1, one has

Zesk ngk’

n<ly n<ly

<Y Q7S k(g (m)) M+ Q)

n<y
(27) < yQ— min{l,h}/(?k)7

whilst for 0 < h < 1, the concluding estimate follows in the same
manner from (2.6).



Observe next that as a function of n, it is apparent that

(7" Sk(q, )" e(—ag(n)/q)
is periodic with period dividing d,!q. Consequently, when () is a natural
number, the function

SR => Z ¢,a))" e(—ad(n)/q)

Qs

is a periodic function of n with period dividing d,!Q!. Write
dy'Q!

‘S:sk ‘leesk

Then we see that for y > (ds!Q!)?, one has

dd)lQl
> S.k(6(n);Q d¢, ol Z Sl
n<y

de!Q!

<<Z‘Gsk |h<<Q'

whence

Z 65,k(¢<n)7 Q)h - ygs,k(@) < y1/2'
n<y
On substituting the latter estimate into (2.7), we find that when @ is

a sufficiently large natural number, and y > (d4!Q!)?, then

(28) S Q_ min{l,h}/(?:k)‘

Z 65 k - Ts,k(cz)

Given a posmve number &, take () to be a natural number with
Q > (3/e)3k/ min{Lh}  Then whenever y; and y, exceed (dg!Q!)?, we
deduce from (2.8) that

ZGSk __Zesk

n<y1 n<y2

(2.9) <e.

It follows that the sequence

(s wtmr)

y=

S 2@— min{1,h}/(3k)




10

is a Cauchy sequence, and hence has a limit ®,(s, h), as claimed in the
first assertion of the lemma. Moreover, on taking the limit as y, — 00
within (2.9), we find that

1 .
" D Gar(d(n) = Dy(s, h)| < 2Q7mnLA/ER,

n<y

Since we may take @ = [(logy)®/%], we conclude that

L — min
QZ Gox(p(n)" — Dy(s,h)| < (logy)~ minthhy/(4k),

n<y

and this completes the proof of the second assertion of the lemma.
The final assertion of the lemma follows at once from the second via
partial summation.
We next incorporate the singular series average into a mean value
for R x(¢(n)) conditional on suitable control of moments of the minor
arc contribution.

Lemma 2. With the notation introduced above, if s > k + 2 and
(2.10) > [Ra(d(n);m)[ = ofaeH/F-041),
n<z

for some positive real number H, then for any h with 0 < h < H, one
has

Z R, k(¢(n))h _ D¢(8, h)xd¢h(s/k_l)+l + O(x%h(s/k_l)"'l).
n<x

Proof. Let ¢ be the least natural number such that whenever n > c,
one has ¢(n) > 1. Also, for the sake of concision, write

=, = Z | Ry (¢(n); m)|".

Then, in view of (2.3), we may argue as in (2.5) that when A > 1 we
have

211) 3 Rolom) — 3 <M657k(¢(n))¢(n)s/m>h

c<n<x c<n<x F(S/k>

< Ty, 4 gle (/b)) T pdeh(s/k1-0)+1,
Now, by Holder’s inequality, we have E;, < x(t-9/ H)E%,/H whenever
0 < g < H. So, by our assumption (2.10), we see that if 1 < h < H,
then the right hand side of (2.11) is o(z%(s/k=1)+1),
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On the other hand, recalling the final conclusion of Lemma 1, the
second sum on the left hand side of (2.11) is seen to be

Dy (s, h)xd¢h(s/k—1)+1 + O($d¢h(s/k—1)+1>_

Hence, the desired conclusion follows immediately from (2.11) when
1 < h < H, as the contribution of natural numbers n < ¢ is obviously
O(1).

When 0 < h < 1, we may proceed as above, but use (2.6) in place of
(2.5). We then get a formula similar to (2.11) without the term involv-
ing =; on the right hand side, and we again obtain the desired formula
when 0 < h < min{1, H}, appealing to (2.10). We thus complete the
proof of the lemma.

3. WARING’S PROBLEM FOR CUBES.

We come to the central part of the paper, and in this section prove
Theorems 1 and 2. Therefore, setting £ = 3, we adopt the notation
introduced in the preamble to Lemma 1. Note in particular that now

fla) = Z e(am?).

We first provide useful mean value estimates in certain generality.

Lemma 3. Let (1,) be a sequence of complex numbers with |n,| < 1,
let Z be a set of natural numbers, and write Z for the cardinality of Z.
Also let ¢ be an integral polynomial with degree at least 2, and define

K(a) =) nae(ag(n)).

nez
Then, one has
(3.1) /01 |f(a)K(a)? da < PZ + P*(log P)?,
as well as
(3.2) /1 |f(@)K(a))?da < PZ + PY3% 4 72,
0

Proof. The inequality (3.1) is quite similar to (2.15) of [4], but here we
need to handle the divisor function a bit more precisely. By orthog-
onality, the integral estimated in the lemma is bounded above by the
number of solutions of the equation

(3.3) mi —mj = ¢(n1) — ¢(ns),
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with 1 < mq, ms < P and nq, no € Z. When m; = my, this equation
implies either that n; = ny or that ny and ny are both O(1), whence
the number of solutions of this type is O(PZ). So, on writing U for the
number of solutions in question with m; > ms, we find by symmetry
that

(3.4) / F(@)K(a)]2da < PZ +U.

For solutions counted by U, we put z = mq + mo and w = my — mo.
We then have 1 < 2 < 2P and 1 < w < P, and the equation turns into

w(3z% +w?) = 4(p(n1) — d(ny)).
Since the polynomial on the right hand side is divisible by n; —ns, and
the degree of our polynomial ¢ is at least two, we see that for each
given pair of integers z and w, there are at most O(7(w(32% + w?)))
choices for ny and ny satisfying the latter equation, where 7(n) denotes
the divisor function. Hence we have

(35) U< Y > rwB+w?)) <) r(w) Y r(32°+w?)

w<P z2<2P w<P 2<2P

In order to estimate the last double sum, we begin by evaluating the

sum
Uy(w, X) = Z 7(32% + w?),

2<X
(z,w)=1

for a natural number w < X and a parameter X > 2. Plainly we have

U(w, X)<2 > ) 1<2) > 1.

2<X  d|(3224w?) d<2X 2<X
(z,w)= 1d<«/3z2+w2 (z,w)=1

322 +w?=0 (mod d)

In the last innermost sum, we sort z according to its residue class
modulo d, noting that in view of the summation conditions, every z
necessarily belongs to a reduced residue class modulo d. Thus we have

(36) Ui(w,X)< Y > Yool Xx Y CL“’TM),

d<2X 1<a<d 2<X d<2X
(a,d)=1 z=a (mod d)
3a’=—w? (mod d)

where, as is apparent, we denote by a,(d) the number of integers a

satisfying 1 < a < d, with (a,d) =1 and 3a? = —w? (mod d).
One may swiftly confirm that a,(d) is multiplicative with respect to
d. So we naturally consider the case where d is a prime power, and
hereafter reserve the letter p to denote a prime. Then we may easily
recognise that a,(p”) = 0 in the following three cases: (i) p = 2 and
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v >3, (ii) p = 3 and v > 2, (iii) plw, p # 3 and v > 1. Moreover,
by the standard theory of quadratic residues, when p { w, p > 3 and
v > 1, we may express a,(p”) using the Legendre symbol as

aw(p”):1+(_—3) zl—i—(g).

p
Hence, from (3.6), we derive the estimate

[e%S) y v 9
)< x [T (142 =0 )<x T (1+2).
p<2X v=1 p p<2X p
p=1 (mod 3)

Since we know that

1 1
Z 5zéloglogX+O(1),

we have

1
Ul(w,X)<<XeXp(2 > —><<XlogX.

p<2X p
p=1 (mod 3)

Having acquired the last bound for U;(w, X'), we go back to (3.5),
and sort the double sum according to the value of [ = (w, 2), putting
w = lw" and z = [2’. Then, recalling in addition a basic estimate for
the mean value of the divisor function, we obtain

UK ZT(Z)3 Z 7(w)Uy (w',?)

I<P w' <P/l

< P(logP) Y 7(5)3 Y rw)

I<P w' <P/l

l 3
< P*(log P)* Y us < P*(log P)2.

12
<P

The estimate (3.1) now follows at once from (3.4).

To establish (3.2), we estimate U in a different way. Let B(P) be
the set of natural numbers b with the property that there exist at
least two distinct integers m; and my satisfying b = m$ — m3, with
1 < my < my < P. It is a consequence of work of Heath-Brown [9]
that there are at most O(P*/3+¢) solutions of the diophantine equation
m$ —mj = m3 —m3, subject to 1 < m; < P (1 < j < 4), and for
which my # mgy and (my, ma) # (ms, my). From this we deduce that
the cardinality of B(P) is O(P*/3%¢).
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Now, recalling that the polynomial ¢ has degree at least two, and
that ¢(n1) — ¢(ns) is divisible by ny; — ng, one finds via an elementary
estimate for the divisor function that for each b with 1 < b < P3, there
are O(P*) integers n, and no satisfying b = ¢(ny) — ¢(n2). A similar
assertion may be confirmed concerning the equation b = m?3 — m3.
Consequently, the number of solutions of (3.3) with ¢(n1) — ¢(n2) €
B(P) is O(P*3*%). On the other hand, by the definition of B(P), for
any ni, ng € Z with 0 < ¢(ny) — ¢(n2) & B(P), there is at most
one pair of integers m; and ms satisfying (3.3). Thus the number of
solutions counted by U with ¢(ny) — ¢(ng) & B(P) cannot exceed Z2.
We may therefore conclude that U < P*/3+¢ 4+ Z2 and in view of (3.4),
we obtain the estimate (3.2). This completes the proof of the lemma.

The proof of Theorem 1. We use the notation introduced in the
preamble to Lemma 1, and set k£ = 3 and dy = 2, so that (2.1) yields
P3? <« 2 < P32 We aim to show that for any fixed small positive
number ¢, one has

(3.7) > |Res(é(n);m)[> < P2 (log P)*~%,
n<z

and

(3.8) > Rra(g(n);m)|* < PP (log P)°~ 12,
n<zx

On making use of the conclusion of Lemma 2, parts (i) and (ii) of
Theorem 1 follow from the respective bounds (3.7) and (3.8).
For s =6 or 7, and for n < z, we define the complex numbers 7, by

means of the equation
[ Faye(-aotn)) da

= | fla)’e(=ag(n))do

m

|Rsa(o(n);m)] =

unless R 3(¢(n);m) = 0, in which case we take 1, = 0. Plainly, one
always has |n,| < 1. Further, for 7" > 0, we define

Z(T) = {n < : T < |Rys(o(n);m)] < 2T},

write Zy(T') for the cardinality of Z,(T"), and introduce the function

Erd(@)= Y ne(ag(n)).

neZ(T)
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On recalling (2.2), we then have

2T < Y |Rus(é(n)m) = / F(@) Krs(—a) da,

neZs(T) m

from which, by applying Schwarz’s inequality, we infer that
. 1/2
39 20T < (upli@) ([ If) da)
m

>< ( / 1 |f<a>KT,s<a>|2da) "

We next note that by incorporating the bounds for Hooley’s A-
function supplied by Hall and Tenenbaum [8] into the proof of Lemma
1 of Vaughan [11], one may confirm the estimate

sup |f(a)| < P**(log P)V/**=.
aem
In addition, we recall that Boklan [1] showed that

(3.10) / |f(a)]Pda < PP(log P)=>.

Substituting these results into (3.9) together with the estimate (3.1) of
Lemma 3, we find that

ZS(T)T < P3(s—1)/4ZS(T)1/2(10g P>(s—11)/4+5
4 P(szl)/ll(log P)(577)/4+5’
whence
(3.11) ZS(T) < P3(3*1)/2(10g P)(sfll)/2+5T72
+ P(3s—1)/4(10g P)(S_7)/4+€T_1,

Using the estimate (3.2) of Lemma 3 in place of (3.1) here, we also
deduce from (3.9) that

ZJ(T)T < PP~ DM Z(T)?(log P)ts—1D/4He
+ P3s/477/12+5 + P(3375)/4<10g P)(sfll)/4+sZs(T).
Let 0 be any fixed positive number, and write
Ts — P(35—5)/4(10g P)(8_11+6)/4.

Then the final term on the right hand side of the last inequality is
irrelevant in circumstances in which T' > T, because we may suppose
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that e is sufficiently small in comparison with §. Therefore, provided
that T' > T, we have

(312) ZS(T) < P3(s—1)/2<10gP)(s—ll)/2+ET—2 +P38/4_7/12+ET_1.

Now we concentrate on the proof of part (i) of Theorem 1. First we
appeal to (3.12) with s = 6, and obtain

> Rss(p(n);m)|? < Zo(T)1*
nEZG(T)
(3.13) < P¥/%(log P)e=5/2 4 pATizte,
provided that T > Ty = P'¥/*(log P)0—5)/4,

Next we derive an upper bound for |Rg 3(¢(n); m)|. Recalling (3.10)
and the bound

(3.14) /01 F(0)| da < P?

that follows from Hooley [10], an application of Schwarz’s inequality
reveals that

rastotnym) < ([t aa) " ( i an)

< P"*(log P)*%/2,

So Zg(T) is empty for T > P7/2. Therefore, putting 7' = 2!Ts and
summing the inequality (3.13) over integers [ for which Ty < T < P"/2,
we obtain

(3.15) > |Rss(g(n);m)|* < P¥/2(log P/,

n<x

|Ro,3(¢(n);m)|>Ts
To treat the case where T' < Tg, we use (3.11), and find that
Z |Rss(p(n); m)]* < Z(T)T*
nEZg(T)
< P15/2(1og P)E_E’/2 + P17/4(10g P)5_1/4T.

Putting T = 2!Ty again, and summing up the latter inequality this
time for all integers [ with 1 < T' < T§, we secure the bound

(3.16) Z |Roa(6(n); m)[2 < PY/2(log P)=+0/4-3/2,

n<zx

2<|Rg,3(¢(n);m)|<Ts
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As the terms with |Rg3(¢(n);m)| < 2 are negligible, the desired
bound (3.7) is a consequence of (3.15) and (3.16), and part (i) of The-
orem 1 follows from Lemma 2.

We next turn to part (ii) of Theorem 1. Applying (3.12) with s = 7,
we find that

> |Rrs(d(n);m)|* < Z(T)T*

TLGZ7(T)
(3.17) < P%(log P)*72T? 4 PY/3+eT3,

provided that T' > T, = P*(log P)%/4~1,

We can obtain an upper bound for |R73(¢(n); m)| from (3.10) and
(3.14) as before, but here we expend a little effort to establish a slightly
sharper bound. Following Vaughan [11], we define J to be the set
of ordered pairs (mq,ms) such that m; < P, my < P, the greatest
common divisor of m; and ms is at most (log P)®°, and neither m; nor
my has a prime divisor p with (log P)** < p < PY7. Then, by the
methods of Vaughan [11] (see the argument on pp. 137-138 of [11]), one

obtains

On combining this bound with (3.10) and (3.14) within an application
of Holder’s inequality, one finds that

|[f(e)]® dow < P*(log P) ™"

Z Z e(am? — am3)

mi1,mo<P

(ml ma)ET

1/2
[ etamt —amd)| 1@ do
i
1/4 /4
([ e (fyra)
1/2
< ([| X ctamt - am (@ a)
i
(3.18) < P'"*(log P)~°

Next, by appealing to the linear sieve as in the conclusion of the
proof of Theorem B of Vaughan [11], one may see that there are at most
O(P(log P)*~1) natural numbers up to P without prime divisors in the
interval ((log P)®, P'/7]. By considering the underlying diophantine
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equation, we deduce from Lemma 2 of Vaughan [11] that

[ X3 ctomt —am

(m1,m2)eT
A swift application of Holder’s inequality therefore leads from (3.10)
to the estimate

/ Z Z e(am? — am3)
(m1,m2)eT
Z Z e(am? — am3)

</ (m1,m2)eT

(3.19) < P'/*(log P)=~11/4,

2
da < P*(log P)**

1/2
|f()]® dax

Since

— Z Z e(am? —am3) + Z Z e(ami — ams),

my,ma<P (m1,m2)eT
(m1,m2)gT

it follows from (3.18) and (3.19) that
320)  [Rea(o(mim)] < [ [7(@)[ da < P (log P

whence Z;(T) is empty for T > P'7/4(log P)®~11/4 Therefore, putting
T = 2'T; and summing (3.17) over integers [ for which T; < T <
P'"/4(log P)0=11)/4 e obtain

(3.21) Z |Ry(é(n);m)|* < P?/2(log P)=+0-19/2,

n<x
|R7,3(¢(n);m)|>T7

For T' < T7, we use (3.11) with s = 7, and find that

> |Rrs(p(n);m)|* < Zo(T)T* < POTE + P7HTS < PUTHe,

TLEZ7(T)

It follows easily from this that the contribution of numbers n with
|R73(¢(n);m)| < T to the left hand side of (3.8) is at most O(P7+e).
The upper bound (3.8) now follows from (3.21), and then part (ii) of
Theorem 1 follows by applying Lemma 2. In this way, we complete the
proof of Theorem 1.

The proof of Theorem 2. We adopt the notation employed in the
proof of Theorem 1 above, fixing s = 7, save that ¢ is now supposed
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to be an integral cubic polynomial. Since ¢ is cubic in the situation at
hand, it follows from (2.1) that

(3.22) P<z<P.

This change has no effect, in particular, on the argument leading to
(3.12), and we may therefore infer that for T > Ty = P*(log P)%/4~1,
one has

Z |R73(d(n);m)|* < Z7(T)T?
n€Z7(T)
< P(log P)*72  pl/3teT,
On noting that (3.20) remains valid in the current situation, we may

put T = 2!T% and sum the last inequality over integers [ for which
T, < T < PY/* Thus we deduce that

ST |Rea(@(n)im)]? < PP(log )
n<x
|R7,3(p(n);m)|>T7

Moreover, in view of (3.22), it is apparent that
> |Rrs(g(n)im)|? < 2T7 < PP(log P)**72.

n<x
|R7,3(¢(n);m)|<T7

Consequently, we find that
> |Rra((n);m)|? < P*(log P)!
n<x

On noting that in the current situation, we have dy = 3, and recalling
(3.22), the conclusion of Theorem 2 follows from Lemma 2.

4. WARING’S PROBLEM FOR LARGER EXPONENTS.

We close this paper by proving Theorem 3 using an argument similar
to that employed in the preceding section. We again adopt the notation
introduced in the preamble to Lemma 1, but here we suppose that k is a
sufficiently large integer, and set d, = 2. Thus ¢ is an integral quadratic
polynomial with positive leading coefficient, so that from (2.1) one has
Pk? <« ¢ <« P*?2. By virtue of Lemma 2, the asymptotic formula
(1.6) will follow once we have established an estimate of the shape

(4.1) Z!Rsk cm)|l < Phs—R+k/2=€
nlx

for some positive number &.
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As before, we define the complex numbers 7,, by means of the equa-
tion

| Rk (d(n); m)| =

| Hayel-agin)) da
ey / F(0)e(—ag(n)) da,

unless R, ;(¢(n);m) = 0, in which case we take 7, = 0. Thus, for each
natural number n, we have |n,| < 1. Also, for T' > 0, we introduce the
set

ZM) ={n<z : T <|Rp(¢(n);m)] < 2T},
we write Z(T') for the cardinality of Z(T), and we define the function
Kp(a) = ) nae(ag(n)).
neZ(T)

With these definitions in hand, an application of Holder’s inequality
reveals that

207 < Y |Rus(o(im)] = [ fla)Ke(-a)da

neZ(T)

1 1/(2h) 1-1/(2h)
(4.2) < (/ \KT(a)\%da) </ ]f(a)|2h8/(2h_1)da) .
0 m

In the first part of this series of papers [3], we established an estimate
tantamount to

1
/ Kr(a)*da < Z(T)’P?
0

(see (3.16) of [3]). Making use of this inequality and the trivial bound
|Kr(a)| < Z(T), we derive for h > 2 the upper bound

(4.3) / 1 |Kp(a)['da < Z(T)*1 / 1 |Kr(a)[*da < Z(T)*"2Pe.
0 0
Moreover, one may apply the conclusions of Ford [7] to show that
(4.4) / |f(Q)|"da < P*7F¢,
for some € > 0, provided that u > k?(log k + loglog k + O(1)). Indeed,

by the computation leading to the estimate (4.25) of [4], we see that
provided one has

1
u > 2k bk(logk + loglog k + 1)—‘ + 6k,
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then (4.4) holds with & = (5logk)~!. Here, as usual, we have written
[ X for the least integer n with n > X. In the application at hand, we
take u = 2hs/(2h — 1). Then for large values of k, the last condition is
satisfied if, for example, one has

1
(4.5) s> (1 — %>k2(logk+loglogk+8).
We insert the bounds (4.3) and (4.4) into (4.2), and with a modicum
of computation we infer that

Z(T)l/hT < Ps_(2h_1)(k+£)/(2h)+€.
From this we deduce that

D |Rap(d(n);m)|" < Z(T)T" < phmhhthi2=mt/2iere,
neZ(T)

On noting the trivial bound |R;;(¢(n); m)| < P*, and observing that
the terms with |R;;(¢(n);m)| < 1 are negligible, the desired bound
(4.1) follows for each h > 2, and exponents s satisfying (4.5), on putting
T = 2!, and summing this inequality over integers [ with 0 < [ <
2slog P. Hence, in view of Lemma 2, the conclusion of Theorem 3
follows at once.
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