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Recent developments in the theory of diophantine inequalities and the
Davenport-Heilbronn method are discussed and then directed toward specific
inequalities of definite character. Special emphasis is on the value-distribution
of diagonal forms near thin test sequences.

1. Theme and results
1.1. Diophantine inequalities

The focus of our attention in this survey article is the distribution of the
values of the diagonal form

Mah + doxh + - Ak, (1.1)
as ri1,...,Ts range over Z or an interesting subset thereof; here s > 2 and
k > 1 are given integers and Aq1,...,\s; are non-zero real numbers. Our

goal is twofold. In one direction we wish to emphasise recent developments
in the analytic theory of diophantine inequalities, in another discuss the
potential of methods developed in earlier papers of this series pertaining
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to this circle of ideas. Some basic principles are also readdressed herein, so
that the paper should introduce the uninitiated reader to the subject.
When the polynomial (1.1) is a real multiple of a form with integer
coefficients, its values are discrete and can be studied by classical methods
as well as the techniques developed in this series. The complementary case,
in which (1.1) is not a multiple of a rational form, arises when at least one of
the ratios A1 /\; (2 < j < s) is irrational, and by renumbering the variables,
we shall from now on suppose that A1/ is irrational. In this situation, and
when s > k+1, one expects that the values of (1.1) are dense on the real line
unless k is even and all A; have the same sign. In the latter case, one might
hope that the gaps between these values shrink to zero as they approach
infinity. When k = 1, this is classical territory as long as the variables z; are
allowed to vary over the integers, but, for example, much less is known about
the distribution of Aip1 + Aaps when py, ps denote primes. When k = 2, an
affirmative theorem is available for indefinite quadratic forms from the work
of Margulis [28] (see also [19]), and also for the definite case when s > 5.
This was shown by Géotze [25], following the pivotal contribution by Bentkus
and Gotze [2]. Their work may be viewed as a formidable refinement of a
Fourier transform method developed by Davenport and Heilbronn [17]. This
very general method is a variant for diophantine inequalities of the famous
circle method of Hardy and Littlewood that delivered enormous insight into
the labyrinth of diophantine equations during the last century. Davenport
and Heilbronn themselves studied the indefinite case & = 2 of (1.1) and
showed that the values taken at integer points are dense on the real line.
Their pioneering paper was the igniting spark for much work on related
questions. It would take us too far afield to sketch the development of the
subject at large, so instead we follow a fruitful tradition in additive number
theory, where new ideas have often been tested on Waring’s problem for
cubes or on Goldbach’s problem. Thus, we now concentrate on the case
k =3 in (1.1), and later move on to the value distribution of A1p; + Agps,
although the methods that we develop apply in a much wider context.

1.2. Additive cubic forms

We discuss a slightly narrower problem from now on, by enforcing a kind of
definiteness. Let Aq,..., s denote positive real numbers, to be considered
as fixed once and for all. For 0 < 7 < 1 and v > 0, let ps(7,v) be the
number of solutions of the inequality

|)\11'?+)\2$§++)\51'§*I/| <T (12)
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in natural numbers z;. Note that for any solution counted here one has
T K v1/3. In accordance with our earlier remarks, we still expect the gaps
among large values of \jz$ + Aoz + - -+ + A\g23 to shrink to zero provided
that s > 4 and Ay /)y is irrational. One anticipates that ps(7,v) should be
large when 7 is fixed and v is large. The work of Freeman [21], [22] applies to
this problem, and so does the refinement by Wooley [44], and it is implicit
in the latter that for 7 fixed, one has

pr(r.v) > VM3, ps(r,v) = a1+ o(1)). (1.3)

Here c is a certain positive constant depending only on 7 and the coefficients
Aj. Freeman and Wooley consider in detail a different scenario: v is fixed,
one counts solutions of (1.2) in integers x; with |z;| < X, and examines
the growth for X — co. Little change is necessary to derive the “definite”
versions (1.3) by the arguments of Wooley [44], but older routines based on
the original work of Davenport and Heilbronn [17] do not apply. Instead
one would find only that (1.2) has infinitely many solutions in integers x;.

Thus far, the situation is in direct correspondence to what is known
when the cubic form in (1.2) is a multiple of a rational form. Focusing
on this case temporarily, when 7 is sufficiently small, the inequality (1.2)
reduces to an equation. Hence there is no loss in assuming here that all A;
are natural numbers, and that the equation is

x4+ Xoxs + -+ Nz = v (1.4)

Let ps(v) denote the number of its solutions with z; € N. The methods
of Vaughan [33], [34] provide the lower bound p7(v) > &(v)v*/3, and
the asymptotic formula pg(v) = CGg(v)v°/3(1 4+ o(1)), where G,(v) is the
singular series associated with (1.4), and C'is a positive constant depending
only on the A;. Similar formulae are expected when s > 4, and are at least
implicitly known on average. In fact, the envisaged formula for p4(v) holds
for all but O(N(log N)~3) of the natural numbers v not exceeding N.
This much follows from the work of Vaughan [33] and Boklan [3]. For an
analogue in the irrational case, one must first address the question of how
one should average over the now real number v. One could choose a discrete
sequence of test points that are suitably spaced, and then count how often
an asymptotic formula for ps(7,v) fails. Alternatively, one may estimate
the measure of all such real v € [1, N]. Only very recently Parsell and
Wooley [31] proved that this measure is o(N). As an illustration of the
averaging process, we improve their estimate when A;/A\g is an algebraic
irrational. The result, which we deduce as a consequence of Theorem 2.2
in §2.3 below, fully reflects the current state of knowledge for forms with
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integer coefficients, but it appears difficult to do equally well under the sole
assumption that A\; /Ay is irrational.

Theorem 1.1. Let A1, Ao, A3, Ay denote positive teal numbers with A1 /A2
irrational and algebraic. Then, whenever (log N)™3 < 7 < 1, one has

r

Previous articles within this series exposed methods for testing the con-

21"(%)371/1/3

2
pa(T,v) — Ordashg) /3 dv < 73/2N®/3(log N)==3/2,

jectural behaviour of counting functions such as ps(v) when v varies over
a thin sequence, for example the values of a polynomial. A typical result is
contained in Theorem 1.1 of III* that we now recall. It will be convenient
to describe a polynomial ¢ € RJt] of degree d > 1 as a positive polynomial
if its leading coeflicient is positive. If ¢ € Q[t] and ¢(n) is integral for all
n € Z, then ¢ is an integral polynomial. Let r5(n) be the number of positive
solutions of n = a% + #3 + ...+ 23. Then, for any 0 < 6 < 3, the inequality

|re(v) — F(%)GGG(V)Z/| > v(log v)~o

can hold for no more than O(N (log N)?=5/2%¢) of the values v = ¢(n)
with n < NV assumed by a positive integral quadratic polynomial ¢. There
is no difficulty in extending this to forms with positive integral coeflicients.

Our primary concern in the later chapters of this paper is to describe
methods that allow one to derive similar results in the context of diophan-
tine inequalities. Later we will comment on some of the difficulties that
arise, and we shall find the desired generalisation not as straightforward as
one might hope. A conclusion for pg(7,v) of strength comparable to the
aforementioned theorem on r4(v) is contained in the next result, the proof
of which may be found in §5.2.

Theorem 1.2. Let ¢ denote a positive integral quadratic polynomial, and
let A1, ..., ¢ denote positive real numbers with \1 /A2 irrational. Also, let
0 < 7 < 1. Then there exists a function £(v), with £(v) = o(1) as v — o0,
such that the inequality

lps (T, v) — 21"(%)6()\1 o Xe) VBTV > vE(v)

holds for at most O(N(log N)*~5/2) of the positive values v = $(n) with
1<n<N.

*Here and later we refer to our papers “Additive representation in thin sequences” by
their numeral within the series, I-VII. Hence, III refers to [9], for example.
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One might object that although it is rather natural to average over the
values of an integral polynomial in the case of diophantine equations, this
is not adequate for inequalities, and one should take the values of a real
polynomial as test points, or even a monotone sequence with a certain rate
of growth. In principle, our methods still apply in this wider context, but
some techniques such as certain divisor estimates do no longer have their
full impact on the problem at hand, and the ensuing results are sometimes
considerably weaker. We illustrate this in §§6.2 and 6.3 with an analysis of
following example.

Theorem 1.3. Let ¢ denote a positive quadratic polynomial, and let
AL,y ..., Ag denote positive real numbers for which A1 /A2 is irrational. Fix
0 < 7 < 1. Then, there exists a real number ¢ > 0 such that, for all but
O(N?3/2T) of the integers n € [1, N], one has pe(T, ¢(n)) > ch(n).

We have not been able to establish the expected asymptotic formula
almost always when ¢ is not an integral polynomial. Theorem 1.3 should
also be compared with Theorem 1.1 of I where the exceptional set is shown
to be O(N'9/28) when pg(, ) is replaced by r4(v).

Similar results for forms in five variables are not yet available. This ap-
plies even to the simplest examples in the rational case: it is not known
whether almost all squares are the sum of five positive cubes. In such situa-
tions our methods can sometimes be turned toward a lower bound estimate.
The idea is discussed in detail in IV, and then used to show that when ¢ is
a positive integral quadratic polynomial, then amongst the integers n with
1 < n < N, the equation ¢(n) = z3 + ...+ 22 has solutions with x; € N
for at least N'29/136 values of n (see Theorem 1.1 of TV). In §6.4 we prove
a result of similar flavour.

Theorem 1.4. Let ¢ denote a positive quadratic polynomial, and let
ALy ..., A5 be positive real numbers with A1 /Mg irrational. Fiz 0 < 7 < 1.
Then ps(7,¢(n)) > 1 for at least N3/ natural numbers n € [1, N].

Cubic forms in seven variables, in the rational case, have also been
discussed in IIT and VII, although only in the context of sums of cubes.
Moments of r¢(n) over polynomial sequences are one of the objectives in
VII, and in particular, Theorem 1 of VII contains an asymptotic formula
for the sum

> ra(¢(n)?

n<N
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when ¢ is a positive integral quadratic polynomial. The result coincides with
the formula that arises from summing the leading term in the anticipated
asymptotic expansion of r7(v). Similarly, under the assumptions of Theorem
1.3 (suitably adapted to the current context with seven variables), one can
derive an asymptotic formula for

S prlr, 6(n)).

n<N

It suffices to follow the pattern laid out in VII, but the argument is simpler
in the absence of a singular series, and we spare the reader any detail.

1.3. Linear forms in primes

We now turn to the value distribution of the binary form Aip; 4+ Agpe with
positive coefficients A1, Ao and large prime variables p1, ps. When A\ /Aq is
rational, we may as well suppose that A\, A2 € N, and one then wishes to
solve A1p1 + Agops = n for a given natural number n. A necessary condition
is that A\1x1 + Aoxe = n mod 2A; A2 has a solution in integers x1,x2 both
coprime to 2A1 Ay (the congruence condition). It is at least implicit in the
work of Montgomery and Vaughan [29] and of Liu and Tsang [27] that the
number of natural numbers n < N which satisfy the congruence condition,
but have no representation in the form n = Ayp; + Aops, does not exceed
O(N'=?), for some § > 0. Pintz has recently announced that one may
take any § < % here, at least when A\; = Ay = 1. A result of comparable
strength is available for the irrational case A\;/A2 ¢ Q when this ratio is
algebraic. This was observed by Briidern, Cook and Perelli [6]. We illustrate
the underlying idea in the second half of §2.3 with a related result. For
0<7<1land v >0,let o(r,v) denote the number of prime solutions to

[A1p1 + Aap2 — V| < T, (1.5)
with each solution py, ps counted with weight (logp;)(logp2).

Theorem 1.5. Let Ai, As denote positive real numbers such that A1 /s is
an algebraic irrational. Then, for any A > 1, the set of real numbers v with
1 <v <N, for which

2Ty TV

— >
)\1)\2 (IOgN)A,

o(r,v)

(1.6)

has measure O(t~*N?/3+€) uniformly in 0 < 7 < 1.
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For comparison, Parsell [30] works under the weaker hypothesis that
A1/Ag is irrational, and obtains a result that is essentially equivalent to

N
/ ‘J(T, V) — 2TV 4 = o(N9), (1.7)
0 A1A2

Our method also gives a proof of (1.7), as well as an improvement when
A1/2 is algebraic, but not by a power of N. Limitations arise from our cur-
rent knowledge concerning the zeros of the Riemann zeta function. Thus,
when A1 /) is algebraic, one may apply the methods described below to con-
firm that the integral on the left hand side of (1.7) is O(N? exp(—cy/log N))
for some ¢ > 0, and with only moderate extra effort one obtains a saving
that corresponds to the sharpest one currently known in the error term for
the prime number theorem.

Next, we investigate averages over polynomial sequences. Theorem 1
of II asserts that there is a constant § > 0 such that, for any positive
integral polynomial ¢ of degree d, the number of even values of ¢(n) with
1 < n < N that are not the sum of two primes does not exceed O(Nl"s/d).
In the irrational case we require A;/A2 to be algebraic, and the conclusion
is decidedly weaker. In §5.6 we sketch a proof of the following result.

Theorem 1.6. Let A1, Ao denote positive real numbers such that A1 /g is
an algebraic irrational. Fix 0 <7 <1 and A > 1. Let ¢ denote a positive
polynomial of degree d, and let E4(N) denote the number of integers n with
1 <n < N for which the inequality (1.6) holds with v = ¢(n). Then, there
is an absolute constant 6 > 0 such that

E¢(N) < leé/(dlogd).

In the absence of the hypothesis that A;/A\s be algebraic, it seems
difficult to establish a quantitative bound for E4(N), but proving that
E4(N) = o(N) is straightforward. In chapter 4 we average over even thin-
ner sets. Briidern and Perelli [15] have a corresponding result on Goldbach’s
problem.

Theorem 1.7. Let A1, Ao denote positive real numbers such that A1 /Ay is
an algebraic irrational. Fir 0 <17 <1l and A>1. Let 1 <y < %, and write
¢(t) = exp((logt)7). Let E4(N) be the number of natural numbers n with
1 <n < N for which the inequality (1.6) holds with v = ¢(n). Then, there

is a kK > 0 such that

E4(N) < N exp(—r(log N)3=27).
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1.4. Further applications

Various other examples of averages over thin sequences can be found in
[-VI, and one may extend most of them to diophantine inequalities along
the lines indicated above. We single out two results from V and VI that
concern the form (1.1) when the degree k is large. Theorem 1.5 of V shows
that whenever s > %klogk + O(kloglogk) and ¢ is a quadratic, positive
and integral polynomial, then for almost all n € N the number ¢(n) is the
sum of s positive k-th powers. This may be somewhat surprising, because
one cannot do substantially better in the seemingly simpler problem in
which the quadratic polynomial ¢(n) is replaced by a linear one; the lower
bound on s required here is again of the type s > tklogk + O(kloglogk).
This much is implicit in the work of Wooley [40].

Now suppose that Az¥ 4 ... + A\,z¥ is an irrational form with positive
coefficients, and let 0 < 7 <1 and v > 0. Let py s(7, ) denote the number
of solutions of the inequality

IMah + Xoxh + .+ N - <7

in positive integers x; (whence ps s = ps in the notation of §1.2). One
can now combine the methods used to prove Theorem 1.2 in this paper
with the strategy explained in V to confirm that whenever ¢ is a positive
integral quadratic polynomial and 7 is fixed, then for almost all n, one has
pk,s(T, ¢(n)) > 0, provided only that s > klogk -+ O(kloglog k). This is a
proper analogue of the aforementioned result on Waring’s problem. For a
general real polynomial, as we discover in §6.7, the problem is more difficult.

Theorem 1.8. Let Aq,...,\s be positive real numbers, and suppose that
A1/ Ao is irrational. Let 0 < 7 < 1. Let ¢ be a positive quadratic polynomial.
Then there is a number so(k), with so(k) = 3klogk + O(kloglogk), such
that whenever s > so(k), then for almost all n one has pg, (T, ¢(n)) > 0.

Similar conclusions can be obtained when ¢ is a polynomial of degree
d > 3, by a method akin to that used to establish Theorem 1.6.

One may also ask whether the form (1.1) takes values near an arithmetic
sequence, such as the primes. This theme was discussed in VI, and we derive
in §6.8 an analogue of Theorem 1 from that paper.

Theorem 1.9. Suppose that all Dirichlet L-functions satisfy the Riemann
hypothesis. Let \; be as in Theorem 1.8, and suppose that s > %k+2. Then,
the integer parts of M} + \oxh + ... 4+ X\a¥ are prime infinitely often for
natural numbers x;.
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1.5. A related diophantine inequality

A polynomial ¢ € R[t] is described as irrational if it is not a real multiple of
an integral polynomial. It is in this case that our results are usually rather
weaker than their equation counterparts in other papers of this series; for
integral polynomials we experienced little difficulty in extending our ideas
for averaging over polynomial values to diophantine inequalities. In part,
this is due to the available estimates for the number of solutions of such
inequalities as

> (@) — dlmy))| < 1. (1.8)

Jj=1

in natural numbers n;,m; < N. These differ substantially according to
whether ¢ is integral or irrational. Auxiliary bounds of this type are also
relevant for a class of diophantine inequalities recently discussed by Freeman
[24]. He considers a set of s non-zero positive polynomials

d
6;(t) =Y Aut" (1<j<s)
=1

without constant terms, and of degree at most d. Suppose that at least one
of the ratios Aj;/Agm is irrational. The number pg (7, v) of solutions of

|p1(21) + .o+ ds(as) — v <, (1.9)

in positive integers, generalises the counter py s(7, ) in a natural way. Free-
man’s result is that there is a number s¢(d), with so(d) ~ 4dlogd, and such
that for fixed 7 > 0 and large v one has pg(7,v) > 1 (see Theorem 2 of [24]).
Our investigation of (1.8) in §5.5 implies the following result, which we es-
tablish in chapter 7.

Theorem 1.10. For any d € N, there exists a number s1(d) with s1(d) ~
2d%logd and the following property. When ¢1,...,¢s are polynomials of
respective degrees dy, . ..,ds at most d subject to the conditions described in
the preceding paragraph, then

p¢(T> V) = C((p)TVDil + O(VDil)a
in which D = d;* 4 ... +d;" and

or(1+dyh)...T(1+dY)
c(¢p) = 1/ds 1/d, ’
T(D)A ™ .. A
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Under the current stipulations on ¢, the inequality (1.9) implies an
upper bound on z;, whence the problem remains “definite”. Freeman [24]
also considers a cognate “indefinite” problem, and the corresponding ana-
logue of Theorem 1.10 follows mutatis mutandis. These results are the first
recorded instances of asymptotic formulae for pg (7, v).

The individual chapters of this memoir are equipped with sections that
describe the methods used herein in greater detail than would be possi-
ble at this point. The next chapter is intended as an introduction to the
Davenport-Heilbronn method. Emphasis is on newer techniques that yield
asymptotic formulae. In particular, we discuss a central contribution from
the work of Bentkus and Gétze [2] and of Freeman [21]. Rather than follow-
ing their line of thought, we describe their device as an interference estimate
for certain major arcs (Theorems 2.7 and 2.8). This yields an independent
approach to asymptotic formulae for diophantine inequalities. In chapter
3, the work of chapter 2 is then illustrated with proofs for Theorems 1.1
and 1.5. A classical use of Plancherel’s identity suffices here. In chapter 4,
a discrete mean square approach is explained within a proof of Theorem
1.7. In chapter 5 we discuss the averaging tools from earlier papers in this
series, that are then used to establish Theorems 1.2 and 1.6. Along the way,
new mean value estimates for certain Weyl sums are obtained in §§5.4-5.5.
The next chapter combines the ideas from chapter 5 with mean values of
smooth Weyl sums, and also describes a lower bound method that was in-
troduced in IV. The final chapter is an appendix on the problem described
in Theorem 1.10.

The notation used in this memoir is standard, or otherwise explained
at the appropriate stage of the proceedings. We write e(a) = exp(2mic).
The distance of a real number « to the nearest integer is ||c||. The integer
part of « is [a], and [a] is the smallest integer n with n > a. We apply
the following convention concerning the letter e. Whenever € occurs in a
statement, it is asserted that this statement is true for all real £ > 0, but
constants implicit in Landau or Vinogradov symbols may depend on the
actual value of €.

2. The Fourier transform method
2.1. Some classical integrals

We begin with a review of the Fourier transform method, as pioneered
by Davenport and Heilbronn. The scene is set up to cover more recent
developments which yield asymptotic formulae, not only accidental lower



30 BRUDERN, KAWADA AND WOOLEY

bounds. Before we can embark on details, a few classical integral formulae
are required that we now collect.

The Fourier transform of an integrable function w : R — C is
@)= [ wly)e(-zy) v (21)
and for any positive real number 7, the functions
wy(x) = 17( )27 Wy(x) = max (O, - b;) (2.2)

are Fourier transforms of each other. Note that w and @ are non-negative.
One can use (2.2) to construct a continuous approximation to the indicator
function of an interval. When 7 > 0 and § > 0, define W, 5 : R — [0,1] by

sin mnx

™

1, for |z| < T,
Wrs(x) =<1~ (Jz| —71)/d, forT <|z|<T+5,
0, for |x| > 7 +4.
By (2.2), one has
TN ~ T
W, s(x) = (1 + g)wTH(x) - ng(x) (2.3)

Before we return to diophantine inequalities, we apply the function
wy(x), given by (2.2), to define a measure d,z on R with the property
that for any bounded continuous function ¢ : R — C and a measurable set
B, one has

/B (@) dya = /B () () de. (2.4)

We omit explicit mention of the range of integration when B = R. This
convenient notation avoids repeated occurences of the kernel w, in most of
the many integrals to follow.

2.2. Counting solutions of diophantine inequalities

The basic idea that underpins the strategy followed by Davenport and Heil-
bronn [17] is best explained in broad generality. Consider the polynomial
F € Z[z1,...,xs], and suppose that u : Z° — [0,00) is a weight that van-
ishes outside a finite subset of Z*. In practice v will be supported in a box
depending on a size parameter, say B. For a positive real number 7, we
then wish to evaluate the sum

P(r;u) = Z u(x), (2.5)

x€EZ°
|F(x)|<T
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at least asymptotically, as B — oo. This is approached through the cognate
yet analytically simpler expression

PH(r5u) = ) u(x)@-(F(x)). (2.6)

XELS

Occasionally, we shall use also the clumsier notation Pg(7;u), Pr(7;u) to
point out the dependence on F' more explicitly. If only a lower bound for
P(7;u) is desired, then it will suffice to proceed through the inequality

P(r;u) > P*(1;u) (2.7)

that is readily inferred from (2.2), (2.5) and (2.6). Moreover, it is an exercise
in elementary analysis to show that an asymptotic formula for P*(7;u)
implies a related one for the unweighted counter P(7;u). If one has to take
care of error terms, this needs some dexterity. There are several ways to
perform the transition. Freeman [22] and Wooley [44] describe a sandwich
technique. Another option is to choose ¢ in the range 0 < § < %7‘. Then
observe that

P(riu) < ) u(x)Wrs(F(x)), (2.8)

XEZL?

an upper bound that uses only the definition of W 5 and the non-negativity
of u(x). However, when § is much smaller than 7, the right hand side here
should be approximately equal to P(7;u). In fact, the difference between
the left and right hand sides of (2.8) arises only from solutions of 7 <
|F(x)| < 7+ 9, and by taking into account the actual definition of W, s,
we find that

P(riu) > 3 u(x)Wes(F(x) = Ph_ (5:u) — P (5 ).
XEZLS

We may combine these inequalities and apply (2.3) to conclude as follows.

Lemma 2.1. Let 0 < § < 7. Then, in the notation introduced in this

2
section, one has

P(r;u) = (1 + g) P*(r +d;u) — %P*(T;u) - E,

where E satisfies the inequalities 0 < E < Pp, (d;u) + Pr_ (0;u).
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2.3. Weighted counting

With the transition relations in (2.7) and Lemma 2.1 now in hand, we may
concentrate on P*(7;u). By (2.1), (2.2), (2.4) and (2.6) we have

P*(;u) = / > e(aF(x))u(x) d.a. (2.9)
XEZLS
It then suffices to establish an asymptotic formula for P*(7;u); a mild
uniformity in 7 comes with it at no cost so that Lemma 2.1 yields the
desired formula for P(7;u).

The integral (2.9) is the starting point for the Davenport-Heilbronn
method. Before we enter this subject, we make the rather abstract dis-
cussion in §2.2 more concrete and show how this can be used to reduce
the proofs of Theorems 1.1 and 1.5 to related weighted versions of these
theorems.

We begin with additive cubic forms. The classical Weyl sum

fla) = Z e(az®) (2.10)

<X
will be prominently featured. When Aq,..., As; are positive we choose
X =207 4 AT 1)NYB, (2.11)

Then, for any solution of [Ajz3 + ...+ Az — v| < 1 with v < N, one
has z; < X. Hence, we may take F' = A\jz$ + ... + A\;22 — v and u(x)
as the indicator function on the box 1 < z; < X (1 < j < s). Then
ps(T,v) = Pp(7;u) in the notation of the previous section, and the weighted
analogue P7}.(7;u) now becomes

pi(r) = [ Fna).. Fa)e(-va) dra

as a special case of (2.9). In this form, Lemma 2.1 shows that whenever
0<do< %77 one has

ps(T,v) = (1 + %)p:(T +6,v)— %p:(T, v)+ O(p:(é, v+71)+ pi(0,v — T))
(2.12)

For Theorem 1.2, we will have to work directly from this formula; see
the last part of §5.2. In order to establish Theorem 1.1, on the other hand,
we take s = 4, and invoke the following weighted variant which involves the

moment
N (437,173
T(T,N) :/ ( ) TV
0

3

1 - dv. 2.13
p4(T7 V) ()\1/\2)\3)\4)1/3 v ( )
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Theorem 2.2. Let A1, Ao, A3, Ay be positive real numbers with A1 /Ao irra-
tional and algebraic. Then, uniformly in (log N)™2 < 7 < 1, one has

T(r,N) < TN?/3(log N)*~3.

This will be proved in §§3.1-3.3. For the time being, we take Theorem
2.2 for granted and deduce Theorem 1.1. One uses (2.12) together with the
identity

2

2= (14 2)(r+0) - = -4 (2.14)

within the integral in Theorem 1.1. Then, by (2.13) and the trivial inequal-
ity |+ 8% < 2(Ja|? + |B8/?), one finds that

r

<<(

2F(§)3TV1/3

k% VA
pa(T, V) IS WWITE v

2N

2
) (T(r+6,N)+T(T,N))+/ |pi(8,v) |2 dv + 62N°/3
0

-
0
holds uniformly for 0 < § < 7 < 1. The term N°/35? arises from integrat-
ing the term —J in the expansion of 27, and the integral on the right hand

side stems from the error terms p*(d,v &+ 7) in (2.12). A similar argument
gives

2N oN
/ 13 (6, ) dv < Y (6,2N) +/ V2352 u,
0

0
and thus we conclude that

’

<

2F(%)37V1/3

Sk S:P At |
pa(T, V) NS SWIE v

r
5
The conclusion of Theorem 1.1 now follows from Theorem 2.2 on taking
0= %73/4(10g N)=3/4,

Similar techniques yield Theorem 1.5, but the details are more involved.
For A1, A2 > 0 we study the linear problem (1.5). In this new context, put

X =200+ AP+ 1)N, (2.15)

)Q(T(T +6,N) +Y(r,N)) + Y(5,2N) + §>N?/3.

and observe that for any ¥ < N and any solution of (1.5), one has p; < X.
In (2.5) we insert F' = A\z1 + doxo — v, and set u(x1,x2) = 0 unless
X1, T2 are primes p1, pa not exceeding X, in which case we take u(p1,p2) =
(log p1)(logp2). In the notation of Theorem 1.5 and that used in §2.2, we
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see that o(7,v) = Pp(7r;u). By (2.6) and (2.9), the formulae for P*(7;u)
mutate into

o*(r,v) = /h()\la)h()\Qoz)e(—l/a) d,a,

where now

h(a) = (logp)e(ap)

p<X

is a Weyl sum over primes. The formula (2.12) remains valid, with pg, p*
replaced by o, 0*, respectively. We conclude as follows.

Theorem 2.3. With the hypotheses of Theorem 1.5, for any A > 1, there
is a measurable function E,(v) such that, for 1 <v < N, one has

TV

A1

o*(r,v) = + E,;(v) + O(rN(log N)=%)

and

N
/ |E,(v)|? dv < TN®/3%=,
0

We defer the proof of this result to §3.4, for now is the moment to
deduce Theorem 1.5. Observing that the desired conclusion is trivial when

7 is smaller than N—1/3

, we are entitled to assume the contrary. Equipped
with the newly interpreted versions of (2.12) and (2.13), with ¢ in place of

ps, we deduce from (2.14) that for 0 < § < %T, one has

ov
)\1/\2

2TV T T
0—(7—7 V) - )\1)\2 = (1 + S)ET—O—J(V) - EET(V) +

2
—|—O(a*(6,1/—|—7') +o"(0,v—1)+ 7-?N(logN)*M).

Choosing 6 = 7(log N)™*4, it is an easy exercise in the theory of uniform
distribution to show that

(log N)"26*(6,v) < card {n,m < X : |[\in+ dam — v| < §} < SN.

Here it is worth recalling that X =< N and \;/Az is algebraic, and thus one
even obtains an asymptotic formula for the counting problem in the middle
term. The formula central to our discussion now reduces to

o(r.v) = 2| < (log NY (1B, 15(0)| + | B, (0)) + ﬁ ‘

2.16
)\1)\2 ( )
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Next, consider any real number v € [%N , N for which the inequality (1.6)
holds. Then, by (2.16), one of the two inequalities

TN or |Eris()] > TN
N B> N
(log N)54 0 (log N)54

must also hold. However, by Theorem 2.3, the measure of all v < N, for

|E-(v)] =

which this lower bound for |E,(v)| holds, cannot exceed

(log N)12A

N
ET 2d _1N2/3+E.
N2 /0 |E;(V)|*dv < 7

Since the same argument may be applied to E,,s5(v), the conclusion of
Theorem 1.5 follows via a dyadic dissection argument.

2.4. The central interval

As remarked earlier, the Davenport-Heilbronn method for diophantine in-
equalities embarks from (2.9). Whenever it succeeds, an asymptotic formula
is produced where the main term arises from an interval centered at the
origin, hereafter called the central interval. It has become common to refer
to the latter interval as the major arc, by analogy with the circle method,
but we reserve the term “major arcs” for classical major arcs.

We proceed in moderate detail and discuss the central interval for the
integrals p%(7,v) and o*(7,v). Our treatment of p¥(7,v) can be taken as a
model for any other application of the Fourier transform method to definite
diophantine inequalities. There is a certain overlap with the exposition in
Wooley [44], but the discussion there emphasises indefinite forms, and uses
a different kernology. We shall conclude as follows.

Lemma 2.4. Suppose that s > 4, that A1, ..., s are positive real numbers
and that X is defined by (2.11). Let C' > 0 denote a real number with
6CN; <1 foralll <j<s, and let € = [-CX 2, CX~2]. In addition, put

I= / faa)... f(Asa)e(—av)d a.
¢
Then, uniformly in 0 <7 <1 and 1 <v <N, one has

T=T(3)T(£) (A1 Xe) V3037 4 O(1 4 7X5710/3),
Proof. Let

b
v(a):/o e(aB?)dp. (2.17)
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Then, according to Theorem 4.1 of Vaughan [35], in the range |a| < §X 2
one has f(a) = v(a) + O(1). Also, Theorem 7.3 of Vaughan [35] yields

v(a) < X(1+ X3|a])~ Y3 (2.18)
For o € €, we therefore deduce that
fa@) ... fs@) = v(Ma)...o(hsa) + O(1 + X711+ X3|af)~67D/3).

Then, on multiplying the previous display by w, (a)e(—av) and integrating,
we obtain

I= / v(Ma) ... v(Asa)e(—av)dra + O(1 4+ 7X*log X).
¢
By (2.18), the singular integral
I, = /v()\la) cv(Asa)e(—rva)dra

converges, and by (2.18) and (2.2), for any Y > 0, one has

/ |’U()\10£)...U()\Soz)‘d7_a < 7—/ a—s/:} do.
Y Y
It is now immediate that
I=1Io40(1+7X°710/3), (2.19)

Within the singular integral, we resubstitute (2.17) and apply (2.1) and
(2.4) to arrive at the interim identity

Ioo:/ W (M3 + ..+ NP2 — 1) dB.
[0,X]°

Since the \; are positive, it follows from (2.2) that we may extend the range
of integration to [0,00)°. A change of variable then yields the alternative
formula

Ioo:()\l...)\s)_l/?’/ W, (25 + ...+ 23 —v)da.
[0,00)

Consider the equation t = 2§ + ... + 22, which defines a surface in R®
of codimension 1. The area of this manifold in the quadrant with all z;
positive is I'(3)*T'($)~'¢5 1. Hence, by the transformation formula and
Fubini’s theorem, one confirms that

Io = (A1 ..AS)—l/Br(g)sr(g)_l /Oots/3_1@7(t — ) dt.
0
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By (2.2), the remaining integral on the right hand side is equal to

/ (1 — M)(V + a)5/3_1 do = 705371 ¢ O(T2VS/3_2),
T

-7

and the lemma follows from (2.19). O

The analysis of the prime variables case is deeper because we need a
rather wide central interval, for a reason that will become more transpar-
ent in due course. In such cases, the distribution of primes in short intervals
comes into play. Fortunately, our discussion may be abbreviated by appeal-
ing to Briidern, Cook and Perelli [6].

Lemma 2.5. Let A\j, 2 >0 and 0 < 7 < 1, and suppose that X is defined
by means of (2.15). In addition, let € = [-X /2 X~1/2]. Then, for any
A > 1, and uniformly in 0 <7 <1 and 1 <v < N, one has

TV

Ah(Ala)h(Aga)e(—ua) dra = o +O(7X (log X)~™).

Proof. Let
h (@) = Z e(ax).

<X
Then one may apply the methods underlying the proof of Lemma 2 of [6]
to establish the estimate

/‘ Ih(\a) — h* (\ya)[? da < X (log X) 24, (2.20)

Here we note that although Lemma 2 of [6] states (2.20) only with A =1,
an inspection of the proof, which combines only Lemma 1 and estimate (5)
of that paper, shows that any positive value of A is permissible. Next, let

X
vl(a)z/o e(aB)dg.

By Euler’s summation formula, one finds that h*(a) — v1(a) < 1+ X|a/,
whence from (2.20) we obtain

/ |h(A\ja) — v (\ja)]? da < X (log X) ™24,
<

Then, on noting the trivial estimate w, () < 7 evident from (2.2), it follows
from Schwarz’s inequality that

/Qh(Ala)h(Aga)e(—Va) d,a

= / vi(Ma)vr(Aea)e(—va) d,a + O(TX (log X)~4). (2.21)
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We can now proceed as we have explained in detail for sums of cubes. By
partial integration, one has vi(a) < X (1 + X|a|)~!, and consequently,
the integral on the right hand side of (2.21) can be extended to the whole
real line, with the introduction of acceptable errors. Then, applying Fourier
inversion as before we confirm that
oo
/ v (A1a)v1 (Ae)e(—va) d,a = %,
0 1A2

the details being considerably simpler. This proves the lemma. O

2.5. The interference principle

In the previous section, we evaluated the contribution from the central
interval € to the Fourier transform that counts solutions of a diophantine
inequality. The complementary set ¢ = R\ consists of two disjoint half-
lines, and we therefore refer to it as the complementary compositum. For a
successful analysis, its contribution to the count should be of a lower order
of magnitude. The most important ingredient in any proof of this is an
interference principle asserting that, when A1, Ay are non-zero real numbers,
and Aj/)g is irrational, then two exponential sums such as f(Aja) and
f(A2a), or h(A1a) and h(A2ar), say, cannot be large simultaneously unless
« lies in the central interval. However, loosely speaking, when |f(\;a)]
is large, then as a consequence of Weyl’s inequality, or a suitable variant
thereof, one finds that A;ja has a rational approximation a;/g; with small
denominator. If this happens simultaneously for j = 1,2, then a1q2/(a2q1)
is an approximation to A;/Aa, and so the measure of the set of all a where
|f(A1a)] and |f(A2a)| are simultaneously large, should be quite small. In
this form, the interference principle becomes a statement about diophantine
approximations alone, and references to exponential sums can be removed
entirely. For another, rather different view of this phenomenon, see section
3 of Briidern [5].

We shall present here a simple derivation of the interference principle
along the lines indicated, based on ideas of Watson [38]. It appears to us
that the potential of this approach has been overlooked in the past. As
we shall demonstrate below, our method provides easy access to asymp-
totic formulae for diophantine inequalities, avoiding to a large extent the
entangled interplay between diophantine approximations and major arc in-
formation for exponential sums, as in the celebrated works of Bentkus and
Gotze [2], and Freeman [21], who were the first to obtain such asymptotic
formulae at all. The stronger bounds that are available when A; /A2 is not
only irrational but also algebraic, moreover, follow from the same principles.
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Before making these comments precise, we need to introduce some no-
tation. Let N > 1 denote the main parameter. For 1 < @Q < %\/N the
intervals |[ga —a| < Q/N with 1 < ¢ < Q, a € Z and (a,q) = 1, are pair-
wise disjoint. Their union, the major arcs M(Q), forms a 1-periodic set.
The subset M(Q) = M(Q) N [0,1] is the familiar set of major arcs in the
classical circle method. We also define here the minor arcs

m(Q) = R\M(Q), n(Q) = [0, 1\N(Q),

although these will not be needed until the next section. Watson’s method
is imported through Lemma 4 of Briidern, Cook and Perelli [6] that we
restate as Lemma 2.6. Temporarily, we suppose only that A;, Ay are non-
zero real numbers, so that our main estimates Theorems 2.7 and 2.8 apply
also to indefinite problems. With A;, Ay € R\{0} fixed, we define

R(Q1,Q2) ={aeR: N\jaeMQ;) (j=1,2)}.

In addition, when y > 0, we put
ﬁy(leQQ) = {Oé S ﬁ(QlaQQ) Yy < |OL| S 2y}

Lemma 2.6. Let A\, \y be non-zero real numbers such that \y /A2 is ir-
rational. There exists a positive real number €9 = €g(A1, o) with the fol-
lowing property. Suppose that 1 < Q; < %\/N (j = 1,2), andr € N
satisfies r < egN/(Q1Q2) and ||rAi/ Azl < 1/r. Then, for any y > 0 with
INily >2Q;/N (j =1,2), one has mes &,(Q1,Q2) < yN1Q1Qar~ 1.

Note that 91(Q) has measure about Q>N ~!. An application of Schwarz’s
inequality therefore reveals that mes &, (Q1, Q2) < yN~'Q1Q2. Lemma 2.6
improves on this estimate by a factor 1/r, and it is this saving that implies
that A\ja and Asa simultaneously lie on major arcs only for a slim set of
real numbers a.

For a non-zero real number A, define
T\(R) =max{r e N: r <R, |Ar|| < 1/r}. (2.22)

When A is irrational, then ||Ar|| < 1/r has infinitely many solutions, and
consequently Th(R) — oo as R — oo. If 7, is the sequence of solutions
of ||Ar|| < 1/r, arranged in increasing order, then for algebraic irrational
numbers A, Roth’s theorem gives r,,41 < r1F¢. Therefore, in this case,

TA\(R) > R'"©. (2.23)



40 BRUDERN, KAWADA AND WOOLEY

We can now put Lemma 2.6 into a form more readily applied. Subject to
the conditions of this lemma, we deduce from (2.2) and (2.4) that

/ dra < Q1Qo(NT) ™ min(ry, (ry) 1),
Ry (Q1,Q2)

where T' = Ty, /x,(e0N/(Q1Q2)). We choose a number Y with |[\;[Y" >
2Q;/N (j =1,2) and sum the previous estimate over y = 2'Y". This gives

d;a < Q1Q2(NT)™ L. (2.24)
la|>Y
a€f(Q1,Q2)

Theorem 2.7. Let A1, Ao be non-zero real numbers. If A\i/Ao is irra-
tional and algebraic, then uniformly in 0 < 7 < 1, @Q; < %\/N and
Y >2Q;/(|X\IN) (j =1,2), one has

/ dra < N2Q2Q2,
la|>Y
a€R(Q1,Q2)

The proof is immediate from (2.23) and (2.24).

Theorem 2.8. Let Q = Q(N) be a function that is increasing, unbounded,
and satisfies Q(N)/v/N — 0 as N — oo. Let A\i, Ay be non-zero real
numbers such that \1/A\g is irrational. Then, uniformly in 0 < 7 < 1,
1<Q; <Q(N) andY >2Q(N)/(|A\;|N), one has

_ coN 1
/ dra < N71Q1QoTh, i, (762(01\7)2)
la|>Y
a€R(Q1,Q2)

Again, this is merely a restatement of (2.24) if one observes that un-
der the current hypotheses, one has Q1Q2 < Q(N)?2, and Ty(R) is a non-
decreasing function. We note that the condition N/Q(N)? — oo ensures
that the upper bound in Theorem 2.8 is o( N~1Q1Q2) as N — oc.

3. Classical mean square methods
3.1. Plancherel’s identity

In this chapter, we complete the proofs of Theorems 1.1 and 1.5 by demon-
strating Theorems 2.2 and 2.3. However, our primary concern is to illus-
trate, in this and related enterprises, the use of Plancherel’s identity for
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take-off and Wooley’s amplifier [44] coupled with the interference principle
for landing.

As in previous sections, we begin with additive cubic forms. Under the
hypotheses of Theorem 2.2, for any measurable set 2l C R we write

pa(mv) = /Q[f()\104)f()\QOé)f()\gO[)f()\;la)e(*I/Oé) d,a. (3.1)

We define the central interval € as in Lemma 2.4, and the complemen-
tary compositum ¢ as in §2.5, and then have pj(7,v) = ps(1,v) + pi (1, v).
Consequently, recalling (2.13), we find that

* D(3)Prw!/?
,0@(7', V) - ( .

N
Doz 4 ¢ 2dw.
A1 A2 Az Ag)1/3 y+/0 lpé(,v)|” dv

T(T,N)<</ON

Next, applying Lemma 2.4 to estimate the term involving the central inter-
val, we deduce that

N
Y(r,N) < N(1+ N*/°72) +/ |pk (1, v)|* dv. (3.2)
0

Now, by (3.1) and (2.4), the number p.(7,v) is the Fourier transform, at v,
of the function that is

fua)f(Aea) f(Asa) f(Asa)wr (o)
for a € ¢, and 0 on €. By Plancherel’s identity,

| lar= [1f0ua).. e @)? da,

from which we deduce, via (2.2) and (2.4), the important inequality

/ |p% (T, 1/)|2 dv < T/|f()\1a) e f()\4a)|2 d,a (3.3)
0 c

through which the estimation will proceed.

3.2. Some mean values

We summarize here a few standard bounds for Weyl sums f(a). It will
be convenient, temporarily, to write 9t = 9(X3/4) and m = m(X3/4),
with 9 and n defined mutatis mutandis. Combining the methods used to
prove Lemma 1 in Vaughan [33] with the bounds for Hooley’s A-function in
Hall and Tenenbaum [26], we obtain an enhanced form of Weyl’s inequality
which asserts that

sup | f(a)| < X*/*(log X)"/*4+<. (3.4)

aem
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Boklan [3] supplies the bound
/ F(e)F da < X7 (log X)=—* (3.5)
n

as an improvement over Theorem B of Vaughan [33]. Standard applica-
tions of the circle method (see Chapter 4 of [35]) yield the complementary
estimates

/ |f(a)[*da < X1 / | ()|*T da < X0, (3.6)
Nn N

the latter being valid for any fixed 8 > 0. This last bound combines with
(3.5) to deliver the estimate

/O F(0)[* dor < X7, (3.7)

a conclusion that is also implied by Theorem 2 of Vaughan [33]. We now
transport these mean value bounds into integrals over l-periodic sets,
against the measure d,a.

Lemma 3.1. Let G : R — C be a function of period 1 that is integrable on
[0,1]. Then, for any T > 0 and any u € R, one has

oo

/G(a)e(—au) da= Y @(n—u) /01 Gla)e(—an) da.

n=—oo

Proof. This is a special case of formula (4) in Briidern [4], with w,(a) in
the role of the kernel K employed in [4]. Note that the sum on the right is
over |n — u| < 7 only. |

As an example, take u = 0, and put G(a) = |f(«)|® when a € m, and
G(a) = 0 otherwise. Then

/ f)Fda= S @ () / |F(@)Pe(—an) da,

In|<r

whence, in particular,
/ |f(a)]®dya < XP(log X)=73. (3.8)
m
Similarly, when 7 < 1 and 6 > 0, one infers from (3.6) that

/im If(a)[*dra < X1FE, /m |f(@)|* T d,a < X1 (3.9)
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and from (3.7) that

/If(oc)l8 dror < X°. (3.10)

3.3. The amplification technique

The first steps in the estimation of the right hand side of (3.3) follow Wooley
[44]. We need to cover ¢ by the sets

d={acc: Njaem (1 <j<4)},
D={acc: \jaeM(1<j<4)},
Cj={aecc: aeM, \ja € m} (1<i,5<4,i#7j).

Each of these sets a requires a different argument. For convenience, we write
1@) = [ 1f0ua)... fue) dra
a
By Holder’s inequality, one infers that

I(a)sf[(/A

Since a change of variable reveals that

[ 1oalda= [ i@
AaEm m

one derives from (3.8) the important bound

e dra)

jaem

I(0) < X°(log X)=3. (3.11)

Next, we use (3.4) and Holder’s inequality to conclude that

1(612) <<X3/2+€(/

A1aeM

< ([1r0ar aa) " ( [lrowlaa) "

Thus, by changes of variable together with (3.9) and (3.10), it follows that
I(¢1,) < X9/t By symmetry, this shows that

FOa)f*dra)

I(€;) < X% (1<d,j <4,i+# ). (3.12)

The amplification is now complete: since ¢ is the union of 9,0 and the &;;,
then in view of (3.11) and (3.12), it suffices to consider ®. Here all \j«
lie on a major arc. But by comparison with the analysis just undertaken,
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major arc moments are far easier to control (compare (3.5), (3.6)), and the
interference principle can be brought into play.

For |gor —a] < QX3 and ¢ < Q < X3/* it follows from Theorem 4.1
and Lemma 4.6 of [35] that

flo) < X(q+ X?|ga — a]) /3, (3.13)

and consequently, when o € M(2Q)\IM(Q), we find that f(a) < XQ /3.
Therefore, slicing © into sections

D(Q1,Q2) = {a €D : N\ja € M(2Q;)\M(Q;) for j =1,2},  (3.14)

with 1 < Q; < X3/4, we see from Theorem 2.7 that
/ [F(aa) f(hea)? dra < NT2X4(Q1Q2)"* < N°.
D(Q1,Q2)

By a dyadic dissection argument and trivial bounds for |f(Asc)f(Asc)],
it therefore follows that I(D) < N°X*. In combination with (3.11) and
(3.12), we may infer that the integral on the left hand side of (3.3) is
O(7X5(log X)*73), and Theorem 2.2 follows from (3.2). In view of the
discussion following the statement of Theorem 2.2, this also completes the
proof of Theorem 1.1.

3.4. Linear forms in primes

We now establish Theorem 2.3 by an argument paralleling that of the pre-
vious two sections. By Lemma 2.5, if we put ¢ = {a : |a| > X~1/2} and

E(v) = / h(ma)h(Asa)e(—va) dra, (3.15)

then just as in the discussion leading to (3.3), Plancherel’s identity gives

N
/ B ()2 dv < T/|h(A1a)h(/\2a)|2dTa. (3.16)
0 4
The dissection of ¢ this time is much simpler. For j = 1 and 2, we consider
m; = {a €c: Njaem(X3)}

Then ¢ is the union of m;, my and ¢ N KX/, X1/3),
Vinogradov’s estimate for exponential sums (Vaughan [35], Theorem
3.1) shows both that

sup  |h(a)| < X*/%(log X)*,
acm(X1/3)
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and, whenever Q < X/3_ that

sup |h(a)] < XQ1/2(log X)*. (3.17)
a€M(2Q)\M(Q)
Paired with the mean square bound
[inuPaa= S (ogposp) < Xlog X, (315)
A1lp1—p2|<T
p1,p2<X

the first of these estimates yields
/ |h(A1a)h(A2)? dra < X8/3(log X)°,
mo

and the same is true for the contribution from mj, by symmetry. For the
set ﬁ(Xl/?’, X1/3), we apply the same slicing technique as we used for ® in
§3.3. Then, importing (3.17) into Theorem 2.7, we find that

/ |h(>\106)h(/\2a)|2 d,a < X'8/3+g7
cNR(X1/3,X1/3)

an estimate that may also be found on p.97 of [6]. Collecting the upper
bounds obtained thus far, we conclude that

/ |h(A1a)h(Aa)? dra < XB8/3FE, (3.19)
C

and Theorem 2.3 follows from (3.16) and Lemma 2.5.

3.5. Bessel’s inequality

The continuous averages in Theorems 1.1, 2.2 and 2.3 could be replaced
by discrete ones. In such a setting, one chooses an increasing sequence of
test points v, that is roughly of linear growth; see [6] for one of the many
possibilities to make this precise. One would then study, for example, a
mean square of the type

ZF(%)STV},L/?’

T Um) —
VEN il ) (A1 A2z Ag)1/3

as the appropriate analogue of the integral in Theorem 1.1. This approach,
which has been used successfully by Briidern, Cook and Perelli [6], Parsell
[30], and others, is roughly of the same strength as the methods described
herein. Bessel’s inequality performs the averaging in the discrete world, and
replaces Plancherel’s identity in the work of §3.1 and elsewhere. For thinner
averages, it appears that it is almost mandatory to work with discrete test
points, and this will be the theme in most of the following sections.
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4. Semi-classical averaging
4.1. Another mean square approach

The main purpose of this chapter is to establish Theorem 1.7. Thus, we
continue the discussion begun in §§3.4 and 3.5, and examine the distribution
of the linear form Aip; + Aopo near the sequence

Vi = exp((logm)?), (4.1)
3

where 1 < v < 35 is fixed once and for all. As much as is possible, the
notation from the proof of Theorem 1.5 is kept throughout this chapter. The
parameters X and N are linked as in (2.15), and we apply the same notation
as in §3.4 and the statement of Lemma 2.5. This defines the central interval
and its complement ¢. With E,(v) as in (3.15), we recall that Lemma 2.5
asserts that for any A > 1, uniformly in 0 < 7 < 1land 1 <v < N, one has

o (1, v) = % + E.(v) + O(rN(log N)~4). (4.2)

Now define M through the equation
exp((log2M)7) = N.
Then log M = (log N)l/"y, and whenever m < 2M one has v,, < N.

Lemma 4.1. Let1 <~ < % Also, let A1, Ao > 0, and suppose that A /Xy
is an algebraic irrational. Then, there exists k > 0 such that

Z |ET(V’I’I’L)|2 < MN? exp ( _ 2:‘6(1OgM)3_2"/).
M<m<2M

This implies Theorem 1.7, for in view of (4.2) we infer that for any fixed
0 < 7 < 1, the asymptotic formula

o (1,v) = ﬁ +O(N(log N)™)

holds for all but O(M exp(—kr(log M)3=27)) of the values v = v, with
M < m < 2M. By the transfer principle (Lemma 2.1) and an argument
almost identical to the one given after the statement of Theorem 2.3, this
can be reformulated as an asymptotic formula for o (7, v). Theorem 1.7 then
follows by summing over dyadic intervals.

4.2. Exponential sums over test sequences

Let
o) = Y. elCvm), H(C) =n(MOh(A). (4.3)

M<m<2M
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Then, by (3.15), one has
> B = [[ H@HEDOE - ) dadp (@)
M<m<2M S

The next lemma is a special case of Theorem 2 of Briidern and Perelli [15].

Lemma 4.2. Let 1 <y < 3 and 0 < § < min(155,7 — 1). Then, there is a
real number k > 0 such that uniformly in N°~' < |(| < N°, one has

®(¢) < M exp(—2k(log M)>~27).

In order to establish Lemma 4.1, we split the integration in (4.4) into
the three regions
T={(a,f) €cxc: |a—p|>2N,
U={(a,f) €cxc: N7 <|a—p] <2N°},
U ={(a,B) €cxc: |a—p] <N}
The corresponding contributions to (4.4) are denoted by J(%), J(L), J(V)
respectively, and we examine each in turn.
The set ¥ presents little difficulty. When |a — 8| > 2N?, then

max(|al,|3]) > N°. By symmetry and a trivial bound for ®(¢), this im-
plies that

[ee]
g <4 [HE)s [ Hldo
By Schwarz’s inequality and (3.18), the S-integral here is O(X log X). For
the a-integral, note that whenever A > 0, then

y+1/X 1
/\/ \h()\a)|2da:/ |h(a)? da < X log X,
Y 0

8

irrespective of y € R. Hence, we may split the range [N, c0) into intervals

of length 1/X to deduce via (2.2) and (2.4) that
/ |h(Aa)|?dya < 77N’ X log X.
N

We apply this bound with A = A\; and A = A5. Recalling that X =< N in the
current context, another application of Schwarz’s inequality reveals that

J(%) < MN*%(log N)?, (4.5)

which is more than is required.



48 BRUDERN, KAWADA AND WOOLEY

For the set 4, we argue similarly, but this time one estimates ®(a — 3)
using Lemma 4.2. The remaining double integral can be taken over R?, and
is then readily reduced to four integrals of the type (3.18). This yields

J() < MN?(log N)? exp(—2r(log M)>~27). (4.6

)

Rather more care is required for . The treatment begins with (4.4)

and the substitution 5 = « 4 ¢. With a trivial bound for ®({) and (2.4),
we infer that

N(Sfl
J(0) < M/|H(a)\[Ns_1 \H(a+ O)ws (@ + ¢) dC drar.

Reverse the order of integrations, and then apply Schwarz’s inequality to
the integral over ¢ to bring in the integral (3.19). This implicitly applies the
interference estimates from the work of §3.4, and reveals that

N5—1

1/2
s <arx s [ ([ Quaa+ P da)ac
_Ns-1
A trivial estimate for h(A2(a + ()), in combination with (2.2) and (3.18),

bounds the inner integral by

T X? / |h(A1(a + Q) Pw-(a + ¢) da < 72X % log X,

—00

which then implies the bound
J(V) < TMN1/6+0+e, (4.7)
The conclusion of Lemma 4.1 follows from (4.4), (4.5), (4.6) and (4.7).

4.3. Potential applications

The method exposed here is particularly useful if the test sequence v, is
uniformly distributed modulo 1, as is the case with the example (4.1). The
Fourier series ®(¢) then peaks only at ¢ = 0. The mean square method
produces a double integral that ® collapses to an expression reminiscent of
a one-dimensional situation, but with two sets of generating functions. This
far, there is a strong resemblence to the analysis via Plancherel’s identity.
The success of the method then depends on the savings that one can obtain
for ®(¢), and in the case (4.1) this is our Lemma 4.2.

At least in principle, the method is also applicable when v, runs through
an arithmetic sequence, such as the values of a polynomial, but then ®(¢)
may have large values when ( is in some set of major arcs IMM(Q). Yet, at
the cost of extra complication in detail, the method can still be pressed
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home when the initial estimations stemming from a suitable analogue of
Lemma 4.2 turn out to be successful. Perelli [32] is an example where these
ideas were used, and one could obtain a weaker version of Theorem 1.6
along these lines as well. However, for polynomial sequences in particular,
the methods developed in I - VI are more promising, and we now turn to
their initiation in the context of diophantine inequalities.

5. Fourier analysis of exceptional sets
5.1. An illustrative example

The work of chapter 4 depends on an analysis of the Fourier series of the
test sequence. From now on we take a different point of view, and examine
the Fourier series of the exceptional set to a representation problem.

Most of the results stated in chapter 1 that we have not yet established
have a common flavour. One investigates a diophantine inequality involving
a (large) parameter v, and it is expected that there are many solutions. This
expectation is tested on average over the values v, of a positive polynomial
(Theorems 1.2, 1.3, 1.6, 1.8). There may be exceptions to the anticipated
behaviour, but these are characterised by an analytic inequality: the inte-
gral over the complementary compositum must be unexpectedly large. This
gives a precise meaning to an “exceptional value” of m. These numbers form
a set Z, and we consider the exponential sum

Z e(avm).

meZ
This is no longer a classical Weyl sum, as was the case with (4.3), but
whenever the sum reappears within moment estimates, one can restore the
polynomial structure through an enveloping argument. This idea has been
explored in I, II, IIT and V, for diophantine equations, but there is little
difficulty to adapt the principal ideas to the wider context. The introductory
section of I contains a detailed account of the method to which we have
nothing to add. Instead, we introduce the reader to the basic strategy by
working through an illustrative example that can be handled from scratch.
This will ultimately yield a proof of Theorem 1.2.

Thus, we are now concerned with the weighted counter p§(r,v), we
suppose that 1 <v < N, and that X < N 1/3 is chosen in accordance with
(2.11). We can apply Lemma 2.4, the infrastructure of which also fixes the

central interval and the complementary compositum c¢. The result is that
I'(4)5rv

pe(T,v) = m + /CF(a)e(fz/a) dra+ 01+ TNS/Q). (5.1)
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where F(a) = f(Ma)... f(Asa). We will attempt to mimic the amplifica-
tion procedures in §3.3, and also the interference estimate. It is important
to observe that the latter can be performed without averaging, and we
therefore begin with this part.

Let m, 901 be defined as in §3.2. Following the pattern of §3.3, we write

D={acc: \jaeM(1<5<6)}

for the amplifying set, and slice it into the subsets ©(Q1, Q2) introduced
in (3.14). Let

T(N) = min(Tkl/)\z (50NX73/2)7 (log log N)4)
By (3.13) and Theorem 2.8, the bound

/ Ifva) fea)|* dra < XENTHQ1Q) V3T (N)
D(Q1,Q2)

holds throughout the relevant range 1 < Q1, Q2 < X3/*. We may therefore
sum over dyadic ranges for ()1 and @2 to confirm that

/ F @) f(hea)|* dya < N3/3T(N)~. (5.2)
)
Also, by (3.9) one has
[l da <X 3<j <o) (5.3)
D

and an application of Holder’s inequality combined with (5.2) and (5.3)
yields the final estimate

/@ 1F () ... Fea)| dra < NT(N) VA4, (5.4)

Another subset of ¢ needs to be removed before an averaging process
can be launched. Let I C {1,2,...,6} be a set with 4 elements, and let

EI)={aed\D: aeM(@iel)}.

We write € for the union of all (7). By symmetry, there is no loss of
generality in considering the special case where I = {3,4,5,6}. Then, since
a ¢ D, at least one of A\jav and Aq«v lies in m, and consequently, the bound
fhia)f(haa) < X7/**¢ follows from (3.4). By Holder’s inequality and
(3.9), we therefore obtain

6

/ @0 < X7 T /

1/4
|f(Aja)|4dTa> < X1/,
j=3 )\jaeﬁﬂ
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We conclude that
/@ F(0)|dya < X114+, (5.5)
Now let ¢ = ¢\(D U &) and write
H.(v)= /F(a)e(—ua) d;a. (5.6)
¢

Inserting (5.4), (5.5) and (5.6) into the initial formula (5.1) for p§(7,v), in
the restricted range (log N)~! < 7 < 1 we deduce that

* P(3)r
p6(7—’ V) = ()\1 o )\6)1/3

holds uniformly in 1 < v < N.

+ H,(v) + O(NT(N)~ /%) (5.7)

We are ready to define the exceptional set. Let ¢ denote a positive inte-
gral quadratic polynomial, as in Theorem 1.2. Also, let M be the positive
solution of the equation ¢(2M) = N. Then, for large N, the ¢(m) with
M < m < 2M are positive integers, and we define

Z(M)={M <m <2M : |H,(¢(m))| > N/loglog N'}.
We remark that when M < m < 2M, but m ¢ Z(M), then (5.7) yields the

asymptotic formula

L(3)°7¢(m)
()\1 e )\6)1/3
Hence it remains to establish a good bound for the number Z = card Z(M).

pe(T,¢(m)) = +O(NT(N)~1/4), (5.8)

5.2. A quadratic average

When m € Z(M), define the complex number 7,, by means of the equation
NmHr(p(m)) = |H-(¢(m))], and then write

K(@)= Y nme(—ad(m)). (5.9)
meZ(M)
From the definitions of H,(v) and Z(M), we have
v S Y M em) = [FEK@da (5.0

logl NS
08108 meZ(M)

This is the essential step: an upper bound for the size of the exceptional
set is provided by an integral, and K («) inherits the arithmetical structure
of the test sequence.
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Lemma 5.1. Let A > 0 be a fized real number, and let Z C [M,2M] NN
be a set of Z elements. Let ¢ be a positive polynomial of degree at least 2.
For 0 <1 <1, let U, denote the number of solutions of the inequality

l¢(m1) — p(ma) + A} — 23)| < 7, (5.11)
withm; € Z and 1 < x; < X. Then
U, < XZ+ X7 (5.12)

If ¢ is an integral polynomial, then one has also

U, < XZ + X*Te. (5.13)

Proof. When m; = may, the inequality (5.11) reduces to |3 — 23| < 7/,
which has O(X) solutions with 1 < z; < X. The number of solutions of
this type to be counted is therefore O(X Z). When my # mg, on the other
hand, one has |¢(m1) — ¢(ms)| > M. Hence, for any of the O(X?) possible
choices for x1, z2, the inequality (5.11) may have no solution with my # mq
and m; € Z, or else reduces to at most two equations

d(m1) — ¢(m2) =u, ¢(my) — Pp(ma) =u+1, (5.14)

for some u € Z with M < |u| < X3. When ¢ is an integral polynomial,
a divisor function estimate shows that (5.14) leaves at most O(X¢) choices
for m; and mo. The number of solutions with m; # msy is thus at most
O(X?%¢) in this case, and this completes the proof of (5.13).

In order to establish (5.12), we count the solutions with m; # mg in a
different way. There are O(Z?) possible choices for such my, ms, and for
each fixed such pair, the inequality (5.11) reduces to |23 — 23 — | < 7/, for
a suitable number k satisfying x > M. Again, a divisor function estimate
suffices to conclude that the number of solutions of this last inequality, in
integers x1,xo satisfying 1 < x; < X, is at most O(X*¢). On assembling
this bound together with our earlier estimate for the number of diagonal
solutions, we confirm (5.12). |

As an immediate consequence of this lemma, we infer from (2.2), (2.4)
and (5.9) that when A is any one of the numbers \;, then

/ |K(a)f(Ma)]?dya < ZX + X2F°, (5.15)

An estimate for Z can now be obtained through (5.10) and (5.15). Let
a C R be a measurable set, and write

2(@) = [ If(na).. FAsa) K (@) dra
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An estimate for Z(e) is needed, and this is accomplished by an individual
treatment of various subsets of e, specifically

d={ace: Njaem(1<j<6)}
and, when ¢, 7,1 € {1,2,...,6} are distinct, also
ei;(l) ={ae€e: Njaem, \ja e m, o € M}.
It is important to observe that ¢ is the union of ? and the ¢;;(1). To see this,
consider a € ¢\0. Then, there exists at least one [ with \ja € 9. Since «
is neither in ® nor €, there are two distinct ¢, j with \ja € m, \ja € m,

whence « € ¢;;(1), as required.
By Holder’s inequality,

70) < ([ 18R ac) “TL( [ 160 0a)” sup 5ol
11(),

A m
j 60 E

Here and hereafter, we write f; = f(\;c). By (3.4), (3.10) and (5.15), it
follows that
I(0) < X3/ ZX + X?+5)1/2(log X)=—5/4, (5.16)

Also, by (3.4), one has fof; < X3/2%% on ¢15(3), so by Hélder’s inequality,

Ten®) <« X2 [ kAP daa) ([ 18P da)”

< ([laPaa) /m|f3|4dfa)”4.

Employing (3.10) once again, we find that the eighth moments of f5 and f4
are bounded by O(X°®). The other factors can also be estimated via (5.15)
and (3.9), and thus

T(e12(3)) < X3F5(ZX + X2+e)V/2, (5.17)

a bound superior to (5.16). Also, by symmetry, this last bound holds for
any other ¢;;(1) in place of e12(3). Hence, the bound (5.16) remains valid
with 0 replaced by e.
Estimating the right hand side of (5.10) by means of (5.16) and (5.17),
we deduce that
ZN

ﬁ <<X13/4(ZX+X2+€)1/2(10gX)€75/4.
og log

But N = X3, whence it now follows that

Z < X*?(log X)*75/% « M (log M)*°/2.
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In particular, the asymptotic formula (5.8) holds for all but
O(M (log M)¥~5/2) of the integers m with M < m < 2M. One can now
apply the transference principle (2.12), with s = 6 and § = (loglog N)~'/2,
say, to conclude that the expected asymptotic formula

20 (4)070(m)
()\1 . >‘6)1/3

holds for all but O(M (log M)=~5/2) of the integers m € (M, 2M] as well. A
dyadic dissection argument completes the proof of Theorem 1.2.

po(T, 6(m)) = +O(NT(N)~1/8)

5.3. Some brief heckling

Most of the results in I, II, III, V and VI depend on mean value esti-
mates over exceptional sets, often in mixed form. Lemma 5.1 is only a
typical example, and one may take our proof of Theorem 1.2 as a model for
generalising our results on diophantine equations to the wider class of in-
equalities. However, it should be stressed that the estimate (5.13) applies to
integral polynomials only. Its proof crucially depends on a divisor estimate
that is otherwise not available. If the test sequence stems from a positive
polynomial that is no longer integral, different methods have to be applied,
and this is the main reason why in the non-integral case our exceptional
set estimates are considerably weaker. We proceed by presenting two mean
value estimates relating to general polynomials, and then illustrate their
use within the proof of Theorem 1.6.

5.4. An inequality involving quadratic polynomials

The sole purpose of this section is to establish the following simple mean
value theorem. Although the result is not needed until chapter 6, the
method is a model for the work in §5.5 which is more relevant for our
immediate needs.

Lemma 5.2. Let ¢ € R[t] denote a quadratic polynomial. Suppose that
Z C [1,M]NZ, and write Z = card Z. Finally, let Q(M, Z) denote the
number of solutions of the inequality

[¢(ma) + ¢(m2) — d(ms3) — p(ma)| <1 (5.18)
with mj € Z. Then one has Q(M,Z) < M'*T¢Z.

Proof. We may write ¢(t) = Aat?+\1t+ ) for some real numbers \g, A1, Ao
with Az # 0. Given a solution of (5.18) counted by Q(M, Z), let k; and ko
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be defined by means of the equations

ki =ml +m—m}—m] (j=1,2). (5.19)
The inequality (5.18) then reduces to
|)\2/€2 + )\1]€1| < 1. (5.20)

Substituting from the linear equation in (5.19) into the quadratic one,
we find that

2(m1 —m3 — kl)(mg —ms — kl) = ngkl + k‘% - kg. (521)

We note that |k1| < 2M, and that for any given kp, the inequality (5.20)
allows only O(1) possible choices for ky. Thus, when the right hand side of
(5.21) is non-zero, there are O(M Z) possible choices for k1, ko and mg, and
for any one of these choices, a divisor function estimate shows that there
are O(M?¢) possible values for m; and mqy satisfying (5.21). The solutions
of this type consequently contribute O(M1*¢Z) to Q(M, Z). On the other
hand, when the right hand side of (5.21) is zero, one has either k; = 0 or
ms3 = (ka—k?})/(2k1), and this implies that there are at most O(M) possible
choices for k1, k2 and mgs. For each fixed choice of this type, one finds from
(5.21) that m; = mg + ky for j = 1 or 2, whence there are at most O(Z)
integers my and mq satisfying (5.21). The solutions of this second type
therefore contribute at most O(MZ) to Q(M, Z). The conclusion of the
lemma now follows. O

5.5. An application of Vinogradov’s method

A version of Lemma 5.2 for polynomials of higher degree can be fabricated
through a suitable generalisation of the idea exploited in §5.4. The prob-
lem may be addressed through an application of Vinogradov’s mean value
theorem. Let Jj s(M) denote the number of solutions of the simultaneous
equations
S

D@ -y =0 (1<i<k),

j=1
with 1 <xj;,y; < M.

Lemma 5.3. Let ¢ € R[t] denote a polynomial of degree d > 3. Let s > 2,
and let Uy s(M) denote the number of solutions of the inequality

| > (6 — o] < 1, (5.22)
j=1
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in integers x;,y; with 1 <x;,y; < M. Then
Up (M) < Mz%4=1) 1, (M).

Proof. Motivated by the argument used to prove Lemma 5.2, we begin by
writing ¢(t) = A\gt?+ ...+ A\t + Ao, with Ay # 0. Given a solution of (5.22)
counted by Uy s(M), we define k1, ..., kq by

S

k= Z(xé - yj) (5.23)
j=1
Then (5.22) implies that |Agkq + ... + Mky| < 1. If kq,...,kq—1 are de-
termined, then this inequality leaves O(1) possibilities for k4. On not-
ing that |k;| < sM!, we find that the number of choices for ki,..., kg is
O(M=z%@=1)) "and hence
Us,s(M) <« MU0 max Jy s 5(M),

ki,....kq

where Jg s k(M) denotes the number of solutions of the diophantine system
(5.23), with 1 < z;,y; < M. But a well-known argument (see inequality
(5.4) of Vaughan [35]) shows that Jy k(M) < Jgs(M), and the lemma
follows. O

An upper bound for Jy s(M) is now required that is of the expected
order of magnitude. According to Theorem 3 of Wooley [42], there exists a
constant C with the property that whenever

s> d*(logd + 2loglogd + C), (5.24)

one has Jg (M) < M?s=24d+1)_Subject to the condition (5.24), one de-
duces from Lemma 5.3 the bound

Ugo(M) < M*~% (5.25)

5.6. Linear forms in primes, yet again

In this section, we briefly indicate how (5.25) may be applied to establish
Theorem 1.6. Thus, we now work under the hypotheses of that theorem. In
particular, we suppose that A;/\s is an algebraic irrational, and ¢ € R[]
is a polynomial of degree d. The argument, at the beginning, is largely
similar to that proceeding in §4.1, but we need to replace the test sequence
by vy, = ¢(m), and the parameter M by ¢(2M) = N. In all other respects,
we use the notation and work from §4.1 that is partly inherited from Lemma
2.5 and §3.4. This defines a complementary compositum, a parameter X
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with X < N, and E.(v) via (3.15). The substitute for Lemma 4.1 is the
following estimate.

Lemma 5.4. Let s denote a natural number, and suppose that (5.25) holds.
Then, whenever 0 < 7 <1 is fized, one has

S I (o(m))| < MN'Y 0+,
M<m<2M

This implies Theorem 1.6, as we now demonstrate. By Lemma 5.4,
the inequality |E,(¢(m))] > N(log N)~* can hold for no more than
O(MN—Y(63)+2¢) of the integers m with M < m < 2M, and for the
remaining values in this range, the relation (4.2) yields the asymptotic
formula

o om) = 2 4 o (log N ).

The now familiar transference principle takes this to an asymptotic for-
mula for o(r,¢(m)), outside an exceptional set that still has no more
than O(M N ~1/(65)+2¢) members. But M =< N/ and (5.25) holds when-
ever s satisfies (5.24). Consequently, a dyadic dissection argument deliv-
ers the conclusion of Theorem 1.6 with a permissible value of § satisfying
6= % + O(loglog d/logd).

It remains to prove Lemma 5.4. Define the numbers 7, by putting
Nm = 0 when E;(¢(m)) = 0, and otherwise via the equation |E;(¢(m))| =
NmEr(d(m)). Also, write

K@= Y me(-ag(m).
M<m<2M
Then, by (3.15) and Holder’s inequality,
> IB0m)] = [ K(@)h(ha)h(sa) d,a

M<m<2M

< (/|K(Oé)|2$ dToc)1/(28)‘]1/(23)(JlJz)%(l_l/s)»
where
J= /|h()\1a)h()\2a)|2 d,a, Jy = / |h(\@)]? dra.
c
A consideration of the underlying diophantine inequality reveals that

/ K (0)[2* dyr < Uy (M),
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and we may now apply (5.25), (3.19) and (3.18) to infer that

Z |E;(¢p(m))] < (MQS—d)l/@s)(N8/3+5)1/(28)(Nlog N)l—l/S,
M<m<2M

The proof of Lemma 5.4 is completed by recalling that M =< N/4,

Note that when ¢ is an integral polynomial, the work of Ford [20] gives
much better bounds for Uy s(M), and there is then no essential difficulty in
improving the exceptional set estimate to a full analogue of Theorem 1 of
IT. On the other hand, it seems more difficult to relax the hypothesis that
A1/A2 be algebraic. If A1/\g is merely supposed to be irrational, one might
have to accept weaker exceptional set estimates.

6. Outstanding arts
6.1. Smooth cubic Weyl sums

This chapter is devoted to all the remaining results concerned with additive
representation in thin sequences. In the next section we consider diagonal
cubic forms in six variables, and we establish Theorem 1.3 by applying a
complementary compositum estimate, the proof of which is the central fo-
cus of §6.3. We then pause to discuss diagonal cubics in five variables, the
topic of Theorem 1.4, and a situation in which we are restricted to contem-
plating only lower bound estimates via the methods of IV. The argument
here makes use of an asymptotic lower bound for the number of solutions
of the diophantine inequality in question, a matter we defer to §6.5, incor-
porated into a mean value involving the exceptional set within §6.4. Some
preparatory work concerning smooth Weyl sums of higher degree leads from
86.6 to the proof of Theorem 1.8 in §6.7. Finally, in §6.8, we consider prime
numbers close to diagonal forms using the methods of VI, completing our
journey with the proof of Theorem 1.9. All of these discussions are depen-
dent, in some way or other, on mean value estimates for smooth Weyl sums.
We finish this section by recording here those estimates that are needed to
establish Theorems 1.3 and 1.4.
Define

A(P,R) ={z e N:x <P, plx = p < R}.
Also, let > 0 denote a small real number, and write

g(a) = Z e(ax®). (6.1)

zeA(X,X"M)
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Lemma 6.1. Letu be one of 6 and 77/10. Then, there exists a real number
no > 0 such that, whenever 0 < n < ng, one has the estimate

1
[ gt da < P,
0
where pg = 3.2495 and prr/10 = 4.7.

The permissible exponent p,, claimed in Lemma 6.1 is a consequence of
Theorem 1.2 of Wooley [43] when u = 6, and is a special case of Theorem
2 of Briidern and Wooley [16] when w = 77/10. In fact, in the case u = 6,
we have rounded up; for a microscopically better bound see [43].

6.2. Senary cubic forms

In this and the next section we establish Theorem 1.3. Let A\i,...,Ag be
positive real numbers with A\ /g irrational. As always, our leading param-
eter is N, and X is chosen in accordance with (2.11), so that X < N.
With f(o) and g(a) defined by (2.10) and (6.1), and fixed 0 < 7 < 1, we
consider the integral

o) = [ FOna)fOaa)g(haa) . gOsa)e(-va)dra (62)

By considering the underlying diophantine inequality, it follows that for all
v € R one has

po(T,v) = 0" (7,0). (6.3)
The central interval is chosen as
¢={aeR:|a| < (logN)V/*N"1}. (6.4)

Then, as a consequence of Lemma 8.5 of Wooley [39], there exists a number
C = C(n) > 0 such that, whenever « € €, one has

FOqa) fFAea)g(Asa) ... g(Aear) — Co(Aa) ... v(Agar) < XO(log X)~1/2,

where v is defined in (2.17). Now, much as in the proof of Lemma 2.4, it
follows that

/@ Fna) f(Raa)g(Ma) ... gAsa)e(~va) dra
= C/Oo v(Aa) ... v(dsa)e(—va)d o + O(X3(log X)_1/4).

The integral on the right hand side here has also been evaluated in the
course of the proof of Lemma 2.4, the result being T'(3)%(A; ... o) V37w
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for 0 < v < N. In particular, we may conclude from the above that when-
ever %N < v < N, then one has

/@f()\la)f()\ga)g()\ga) ...g(Nea)e(—va)dra > 2¢N, (6.5)

where ¢ > 0 denotes a certain positive constant independent of v and N.

For the treatment of the complementary compositum ¢ = R\€, we en-
gineer an amplification procedure that is quite similar to the one used in
§3.3. The amplifier here will be

D ={a€c: M€ MX), da € MXP)].

We show in the next section that
[ 17007 aa)g00) .. g(hsa)| dr = o), (6.6)
D

a conclusion that for the remainder of this section we take as granted.

On the complement 0 = ¢\D, the averaging method described in §5.2
is required. Let ¢ be a positive quadratic polynomial. For large IV, let
M Dbe the unique positive solution of ¢(2M) = N. Then, for any m with
M < m < 2M, we have (N < ¢(m) < N. We define Z(M) to be the set
of integers m with M < m < 2M for which pg(7, $(m)) < ¢N, where c is
the number introduced in (6.5). In addition, we write Z(M) = card Z(M).
We note that Theorem 1.3 follows from a dyadic dissection argument, once
one has established the bound

Z(M) < M?/%7 (6.7)
Write
H(v) = /Df(Ala)f(Aza)g(Aga) - g(Asa)e(—va)d o

Then, one finds from (6.2), (6.3), (6.5) and (6.6) that for m € Z(M), one
has |H(¢(m))| > N. For m € Z(M), define n,, through the equation
|H(p(m))| = nmH(¢(m)), and then define K («) by means of (5.9). By the
argument that delivered (5.10) we now infer that

NZOD) < [ 1) f0ea)gs0) - g0 K @) dra. (63)
?
In the next section we show that

/ [f(M@) fA2a)g(Asa) ... g(Aea) [ drar < X W92 (6.9)
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where v = 107%. Equipped with this estimate, we may apply Hoélder’s in-
equality to the right hand side of (6.8) and bound the fourth moment of
K (a) by utilising Lemma 5.2. This yields

NZ(M) < (M1+€Z(M))1/4X43/12_U,

and the desired conclusion (6.7) follows.

6.3. Two technical estimates

For notational convenience, we now write f; = f(\ja) and g; = g(\ja),
and we define

J(a) = / | f1.f293949596|*"% drav.
a
We split 0 into the three subsets
01:{a6c:)\1a6m, AQ&EW},
DQZ{OZEC:)\QO[Em, )\10[697{},
3 ={acc: Maem la €m},

where, as on earlier occasions, we put M = M(X>3/*), m = m(X3/4). By
making use of (3.4) in order to estimate fi, an application of Holder’s

inequality shows that
138 1/6
ol dra) T TL( [l )
j=3

J(Dl) < X1+E(/
A€M
The eighth moment of g; is O(X?); this can be seen either via (3.10), on
considering the underlying diophantine inequality, or by reference to Lemma
6.1. By (3.9), the restricted fourth moment of f; is O(X'*¢); and thus we
deduce that J(0;) < X 14/3+¢ By symmetry, the same bound holds also for
J(02). In order to estimate J(93), meanwhile, we again use (3.4) to bound
f1 and | f5]8/9, and then apply Hélder’s inequality, thereby confirming that

6
7@a) < x5 ( [t aca) T [l aa) ™
j=3

Here the fourth moment of |fa| is O(X?7¢), as one finds by considering
the underlying diophantine inequality, or by reference to Hua’s lemma. The
sixth moments of g; are each O(X*#¢), by Lemma 6.1. This then yields the
estimate J(03) < X*3/972Y_ In combination with our earlier bounds for
J(01) and J(92), the estimate (6.9) is confirmed on noting that J(d) =
J(Dl) + J(Dg) + J(Dg).
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We now turn to the proof of (6.6). Let T' = T}, /x, ((log N)'/*) be defined
via (2.22). Then T — o0 as N — co. Now let

E={ac®D: NaecMTY) for j=1,2}, e=2D\C

Then, one finds from Theorem 2.8 that

/ | f1f293949596| dra < XG/ dra < X3T71/2) (6.10)
¢ ¢

which is acceptable. Moreover, on combining (3.4) with the major arc upper
bound for |fi f2| derived from (3.13), we infer that

sup | f1f2| < X212,
[4
Now, by Holder’s inequality,

/|f1f293949596\ dra
[4
<@ulfif) ([ AP
4

A1aEM

) 37/154 5 10/77
x / LY da) T ( / 0,17/ dya)
A€M j=3

The moments of g; can be bounded using Lemma 6.1, and the moments of
f1, f2 by (3.9) (where it is important to note that 32 > 4). It follows that
the integral in question is O(X3T~1/52%), The desired estimate (6.6) now
follows by combining this bound with (6.10).

>37/154

6.4. The lower bound variant

We now embark on the proof of Theorem 1.4. The method derives from
IV to which we refer for a discussion of the main idea. Fundamental to its
success is a lower bound for the number of solutions of a related equation
or inequality in which the test sequence occurs as an additional variable.
Thus, we need the following result.

Lemma 6.2. Let ¢ € R[t] denote a positive quadratic polynomial, and let
A1, ..., A5 denote positive real numbers with A\1/Ay ¢ Q. Let X be suffi-
ciently large, and let M be a positive real number with M = X3/? satis-
fying the condition that ¢(2M) < 2X\; X3 for all j. Finally, for any fized
0<7<1, et

V=> @, (Mt 4.+ Aszd — ¢(m)),
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with the sum extended over m,xy,...,xs5 in the ranges
x1,20 < X, w3,x4,25 € AX, XT), M<m<2M.
Then, one has V > X2M.
Note that V' counts solutions of the diophantine inequality
IMzd .+ Asad — o(m)] < T, (6.11)

with a certain non-negative weight attached. A related result occurs as
Theorem 2 of Briidern [4], but it does not cover Lemma 6.2. The cited
work predates the innovations of Bentkus and Gotze, and of Freeman, and
therefore, one would find a lower bound for V only for a certain sequence
of values of the parameter X. Secondly, in [4] the polynomial ¢ has to be a
monomial. It is relatively straightforward to attend to these two problems.
More importantly, however, the method in [4] is laid out only for an alge-
braic irrational coefficient ratio. Therefore, we spell out a proof of Lemma
6.2 in the next section.

It is a delightful exercise to deduce Theorem 1.4. Let N be a large real
number, let X be defined in accordance with (2.11), and choose M as in
the statement of Lemma 6.2. Next, let Z(M) denote the set of all m with
M < m < 2M for which the diophantine inequality (6.11) has at least one
solution in positive integers x;, and put Z = card Z(M). We write

®la)= Y elag(m)), k)= Y elag(m)),

M<m<2M meZ (M)
G(a) = fi(a)fa(a)gs(a)ga(a)gs(a).

Then, on considering the underlying diophantine inequality, one verifies
that

/G(a)q)(—a) d,a = /G(a)k’(—a) d;a. (6.12)

By orthogonality, the left hand side here is equal to the quantity V' defined
in Lemma 6.2. Hence, by that lemma, it follows that the integrals in (6.12)
are asymptotically bounded from below by X?2M.

We now estimate the integral on the right hand side from above. With
this end in view, we cover the real line by the three sets

¢ ={aeR: \jaem} (j=1,2),
E={a eR: \ja €M, hhac M}
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When a is any one of these sets, we write

I(a) = / |G(a)k(a)| drar.
a
By (6.12) and the discussion thereafter, it follows that
X2M < I(ey) + I(e2) + I(€). (6.13)

It remains to establish upper bounds for I(e;), I(e2) and I(€). On the
set &, we use the trivial bound |k(a)| < Z, and apply Holder’s inequality
to infer that

e =z([ inltaa) ([ pita)
X ﬁ (/ l9;1° d‘ra)l/6-
j=3

One may estimate the first two integrals by applying (3.9). An upper bound
for the sixth moments of g; is given in Lemma 6.1, and we deduce that

1/4

I(€) < X'/87. (6.14)

A similar argument may be used to estimate I(e1). By (3.4), we find
that f1(a) < X3/t whenever a € ¢q. Holder’s inequality now reveals
that

5
I(e1) < X3/4+5(/\kf2|2d7a)1/2H (/|gj|6dTa)1/6.
=3

As before, the sixth moments of g; may be estimated through Lemma 6.1.
Moreover, by Lemma 5.1, we have

/I’f(a)fz(oz)l2 dra< X224+ XZ.

Therefore, it follows that I(e;) < X'9/8(Z2 + XZ)'/2, and by symmetry,
the same bound holds for I(es). On combining these estimates with (6.13)
and (6.14), we conclude that

XM < XY 7 4 X872 4 X 7)V/2.

This implies the lower bound Z > M3/, as required to complete the proof
of Theorem 1.4.
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6.5. An auxiliary inequality

In the notation of the previous section, our object is to evaluate the integral
V= /G(a)@(fa) d;a. (6.15)

Define € as in (6.4). Then, just as in the discussion following the latter
definition, there is little difficulty in adapting the arguments applied to
prove Lemma 2.4 so as to establish here the lower bound

/ G(a)®(—a)d,a > X*M. (6.16)
[

We feel entitled by now to omit the details.

The treatment of the complementary compositum depends on a tech-
nique sometimes referred to as pruning, and made available for diophantine
inequalities by Briidern [4].

Lemma 6.3. Let ¢(t) = M2 + ut + ¢ € R[t], with X\ # 0. In addition, let
R={aeR:  aecMX)}, and let t = R\R. Then given a fized non-zero
real number w, for any 0 < 7 <1, one has

[ @) doe < X7,
R
[1@ltga) P dra < ar2xie,
€
Moreover, these estimates remain valid if f is substituted for g.

Proof. Note that ¢, w and 7 are fixed in the current context. We may
substitute § = A« in both integrals. This replaces w by w/\, and 7 by
7/A. Hence, we may assume that A = 1 in the proof of this lemma. This is
mostly for notational convenience. Note that we now have & = M(X) and
t=m(X).

Next, we define the function T on R by taking

Y(e) = (¢ + Nlga — a|) ™, (6.17)

when a € m(%M ), and a and ¢ are the unique coprime integers with
1<¢< iM and |ga —al < M/(5N). We put Y(a) =0 for o ¢ M(LM).
Then, by Weyl’s inequality and a familiar transference principle (see [35],
Lemma 2.4 and Exercise 2 of §2.8), for all a € R, one has

|®()]? < M*TEY (o) + MTE. (6.18)
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Next, by Lemma 3 of Briidern [4], one finds that whenever 1 < Q < %M ,
one has

/ T(a)|g(wa) 2 dra < (QX + X2)N=1, (6.19)
M(Q)

We choose = X and observe that for a € M(X) one has Y(a) > 1 X1,
so that |®(a)]? < M?**Y(«). The first bound claimed in the lemma is
therefore immediate. In order to establish the second bound, we begin by
covering m(X) by a dyadic dissection of the form M(2Q)\M(Q), with X <
Q < 75M, and the residual set m* = m(X) \ M(£M). Then one finds from
(6.18) that |®()|> < M1*¢ for o € m*, whence

/ |®(a)|g(wa)]? dya < M*He / lg(wa) > dra < X M*Te.
e

Also from (6.18), one sees that when o € M(2Q)\IM(Q) and Q < -M,
then one has |®(a)|* < M***Q~1T(a), and thus (6.19) yields the bound

/ ()] lg(wa)|? dra < (X + X2Q 1) M2,
2Q)\M(Q)

The second bound of the lemma now follows on adding the contribution aris-
ing from the O(log N) values of @ comprising the aforementioned dyadic
dissection, and incorporating our earlier bound for the contribution stem-
ming from m*. Finally, when ¢ is replaced by f, then the conclusion of
Lemma 6.2 follows mutatis mutandis. O

We now consider the integral

a)=/|G(a)<I>(oz)|dToz.

In view of (6.16), it suffices now to show that Z(c) = o(X2M), for it then
follows from (6.15) that

V> XM, (6.20)

as required to complete the proof of Lemma 6.2. Recall the notation of the
statement of Lemma 6.3. We begin an amplification argument by consider-
ing the set

e={a€c: dacem(X)}.

Then, by Hélder’s inequality, one finds that

1) < ( [1o11aPa.0) " ([ 1APIAf d)” r_[ ([19i°ara)
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By Schwarz’s inequality, followed by applications of (3.10) and Hua’s
Lemma (see Vaughan [35], Lemma 2.5), we deduce that

[ineintaas ([inta0)”( [inrae)" < xiee

Consequently, by Lemmata 6.1 and 6.3, it now follows that
I(e) < (M2X)VAXT/8Te(XxH0) 2 = o(MX?),

a bound which does not interfere with the desired conclusion (6.20).
On the remaining set, we may suppose that Aa € 9(X). We next
dispose of the subsets

¢ = {acc: da e MX) and A\ja € m(X3/4)}.

Then, by (3.4) and Hoélder’s inequality, we have

5
7(€y) <<X3/4+6(/ﬁ<1>f2|2d7a)1/2H (/|gj|6d7a)1/6.
=3

The first integral may be estimated by applying Lemma 6.3, and for the
sixth moments of g; we again make use of Lemma 6.1. We then find that

(&) < X3/4+5(X2+5)1/2(Xu6)1/2 < MX5/8,

By symmetry, the same bound holds for Z(&,).
It remains to consider the amplifying set

D ={acc: aecMX)and \jo € MX34) (5 =1,2)}.

The endgame is almost identical to the one described in §6.3. If T is de-
fined as in the discussion surrounding (6.10), then one may show that the
portion of ©, wherein Ajar € M(TY4) and Apar € M(T/*) hold simulta-
neously, makes a contribution to Z(®) that is O(MX?T~'/2) = o(M X?).
The required argument follows exactly that leading to (6.10). This leaves
the two sets

D;={ae®: Njaem(TV} (j=1,2).

Here we apply (3.13) to bound f(Aj;a), and thereby conclude that one has
f(\ja) < XT~1/12 throughout D, whence

sup | fifo| < X2T7H/12
a€ED1UDo
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We now infer from Hoélder’s inequality that

a€®D UD;,

=3

17/80 17/80

([t aa) (1T ae)
D D

The last two integrals can be bounded with the aid of (3.9), and for the
eighth moments of g;, one may apply Lemma 6.1 combined with a trivial
estimate. In addition, when Aa € (X)), one may apply the recent work
of Vaughan [36] to show that ®(a) < MY (\a)'/2, with T defined as in
(6.17). Then, a straightforward calculation reveals that

. 1/5 0 1/8
I(D1UDy) < sup  |fifol “(/@@Pdfa) H(/IngSdTa)

/ ®()|? dya < M.
D

Note here the important feature that there is no inflation of the estimate
by an unacceptable logarithmic factor. Collecting together the estimates of
this paragraph, we find that Z(D; U D) < MX2T~/9, In summary, we
have shown that Z(®) <« MX?T-1/% and hence also Z(¢) = o(MX?).
The proof of Lemma 6.2 is therefore complete.

6.6. Additive forms of large degree

In the last three sections of this chapter, we discuss the distribution of the
values of the additive form (1.1) for larger degree. Theorem 1.8 will be
established in §6.7, and Theorem 1.9 in §6.8. Here, we summarize results
on smooth Weyl sums over k-th powers. The definition of g(«) in (6.1) is
now to be replaced by the more general

g(a) = Z e(az®).

zEA(X,X™M)

It will also be convenient to define
to(k) = [3k(logk +loglogk 4+ 1)] + [$k(1 + 1//Iogk)].

Lemma 6.4. For any € > 0 there exists no(e) > 0 such that whenever
0<n<ny andt €N, one has

1
/ |g(a)|2t da < X2t—k+At+57
0
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where the real number A; satisfies Are®t/F < ke'=2t/F . Moreover, when
t > to(k), then

1
/ lg(a)[* daw < X27F,
0

Proof. The first estimate is the corollary to Theorem 2.1 of Wooley [41],
the second is (5.2) of V. |

Lemma 6.5. Let Y = X?2/3. Then, uniformly for a € m(Y), one has
g(a) < X1=# for some p = up > 0. Moreover, for 1 < T < (log X)?
and a € m(T), one has g(a) < XT==Y %) Finally, for any real number
t > 4k, one has

/ lg(a)|*da < X",
N(Y)

Proof. The first bound, of Weyl’s type, follows from Theorem 1.4 of Woo-
ley [40], for example. By combining Lemmata 7.2 and 8.5 of Vaughan and
Wooley [37], one may confirm that

l9(e)] < X (q + X*|ga — af)* 1/

whenever ¢ < Y, [ga —a| < YX % and (a,q) = 1. The second upper
bound for g(«) is now transparent, and the major arc estimate follows via
a straightforward calculation. O

We also present a rather general treatment for the expected main terms.
Suppose that A1,...,\; are positive real numbers. Also, define
X =200+ AR ) NYE (6.21)
Then, whenever 1 <v < N and 0 < 7 <1, and z; € N satisfy
IMah 4. Nk - < T,

one finds that z; < X. The central interval € remains defined by (6.4).
Then for any fixed 7 € (0,1], uniformly in 1 < v < N, it follows that
whenever ¢ > k one has

/Qg(/\la) gva)e(—va)dra = /P O(X R (log X)), (6.22)

Here, the constant ¢ > 0 is independent of v and X. This is readily estab-
lished by following the method of proof of Lemma 2.4, but the approxima-
tion of g(\ja) is accomplished via Lemma 8.5 of Wooley [39], for example.
The reader is entitled to be spared further details.
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6.7. Proof of Theorem 1.8

Consider the situation described in Theorem 1.8. Suppose that 1 < v < N,
and that X < N'* is chosen in accordance with (6.21). In particular, let
s € N with s > max(3to(k) + 1, 4k + 3), and consider the integral

30) = [ glia)....gra)e(-va) dra, (6.23)

where 0 < 7 < 1 is fixed from now on. Then by (6.22), uniformly for 1—10]\[ <
v < N, the central interval € contributes > X*N~! to the integral in (6.23).
On the complementary compositum ¢, we first define 7' = T, /», (log N) via
(2.22), and then the amplifying set by

D ={aecc: \aeMTY, \ya € M(TV4)).

Then, as in (6.10), one may employ Theorem 2.8 to establish that the
contribution of D to the integral (6.23) does not exceed O(X*N~1T-1/2)
uniformly in v.

We are now reduced to the set @ = ¢\D, and here we average over the
quadratic polynomial ¢. Let M be the positive solution of ¢p(2M) = N.
Suppose that m is an integer with M < m < 2M for which

Mzh 4+ .4 Axh —p(m)| <7

has no solution in natural numbers x;. Then J(¢(m)) = 0. Let Z(M) be
the set of all such m, and write Z (M) for its cardinality. Recalling what has
just been said concerning the contributions of € and © to (6.23), it follows
that for all m € Z(M), one has the lower bound

’/09()\104)...9()\5@)6(gb(m)a)dfa > X*N~L.

We sum over these exceptional m. Then, for suitable 7, € C with |n,,| = 1,
and with K («) defined by (5.9), we infer that

X*N~'z(M) <</D|g()\1a)...g(/\soz)K(a)\dToz.

Let Y = X?/3, and let 2, be the set of all a € d with A\;ja € m(Y).
Then, by Hoélder’s inequality and Lemma 6.5,

/ g1+ 9sK|drax
01

<<X17”</\K|4 dwz)lﬂlﬁ (/|9j|(4574)/3 dTa)3/(4s_4).
j=2
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We estimate the first integral using Lemma 5.2. Also, since 3 (s—1) > 2to(k),
one may apply Lemma 6.4 to the moments of g;. Thus we obtain the upper
bound

g1 - .. gs K| dyor < (MY Z(M)) /A X538/ 40
01

By symmetry, the same bound holds for any other ;. It therefore remains
only to discuss the contribution from the set

e={a€cd: NjaeMY) (1<j<s))

The definition of ® combined with Lemma 6.5 shows that for o € d one has
g(Ma)g(hoa) < X271/ k) Moreover, by applying Hélder’s inequality
in combination with the major arc estimate from Lemma 6.5, it is clear
that

/|ggg4 e gs|ldra < X527k,
(4
whence
1o g K| dya < X5FTe= VR Z2(0p).
g g
4

Assembling together the estimates of this section, we find that
Xstlz(M) < XsfkTsfl/(Sk:)Z(M) + (M1+5z(M))1/4Xsf3k/47u’

and we may therefore conclude that Z(M) < M'teX~4/3 This estab-
lishes Theorem 1.8.

6.8. Proof of Theorem 1.9

In this section, we discuss the diophantine inequality
Mzb+. o+ Azt —p—1 <3 (6.24)

by the methods of §6.7. If p is a prime and z1, ...,z are natural numbers
satisfying (6.24), then

Azh + ..+ Azh) = p.

We choose N and X in accordance with (6.21), and set 7 = 1. In the
present context, it is appropriate to modify the definition of hA(«a) so that

ha) = Y (log p)e(pa).

p<N
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We then put
J = /g(/\la)...g(/\soz)h(—oz)e(—%a) d.a. (6.25)

This integral provides a weighted count of the solutions of (6.24) with z; <
X and p < N, in which the weight is non-negative. We assume the Riemann
hypothesis for Dirichlet L-functions, and proceed to show that for s >
%k + 2, one has J > X%. This suffices to establish Theorem 1.9.

It will be useful to denote the contribution to (6.25) from a measurable
set a C R by J(a). In order to estimate J(€), we choose v = p + % and
T = % in (6.22). Multiplying by logp and summing over primes p < N,
we confirm the lower bound J(€) > X*°. Hence, if ¢ denotes the comple-
mentary compositum, it now suffices to show that J(¢) = o(X?). It is only
at this point that the Riemann hypothesis is required, and it is invoked
through Lemma 2 of Briidern and Perelli [14]. As a consequence of the
latter, we have

sup  |h(a)| K NB/6+e,
acm(N1/6)
Also, when a € 9(N'/6), one has h(a) < YT*(a), where for a = a/q+
with (a,q) = 1,1 < ¢ < N'/¢ and || < ¢ 'N—%/6, the function Y* is
defined by

T*(a) = No(q)~ (1 + N|B) 7"

Here (q) denotes Euler’s totient.
We split ¢ into various subsets of which we first treat

e={acc:aecm(NYO.

On this set, Holder’s inequality yields

70 <N T ( [lgraa)'”
j=1

and since s > %k + 2, we may apply Lemma 6.4 to establish the bound
/ lg;]° dra < X gkn,

for some p > 0. Consequently, one deduces that J(¢) < X*~#%¢ which is
acceptable.
It remains to consider the set ¢ N M(N'/6). The auxiliary estimate

1
[ @lsa) P da < N5 (N [ gl da+ X*) (6.20)
M(N1/6) 0
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is now required, and this may be verified by a route paralleling that which
arrives at (6.19). Note here that the irritating factor ¢(q) !
by ¢~1 at the cost of an inflationary factor O(loglog N) that can be ab-
sorbed into the term IN°. The amplification is now similar to the work in
86.7. Let

can be replaced

v ={a e cnMNYS): \ja e m(Y)}.

Then, by Lemma 6.5 and Hélder’s inequality, one obtains

1 Eas 2k 1/(2k) 2k—1
Jo) <x ] (/ T (a)|g(Ajo) d7a> X1
j=2 %

On combining (6.26) with the first estimate of Lemma 6.4, it readily follows
that J(01) < X®7#¢. By symmetry, the same is true for J(9;) when
2<j5<s.
It now remains to discuss the set

¢={aeccnMNYS):\jaecMY)for1<j<s}).
Define T' = T, /»,(log N) as in (2.22) once again, and put

D ={ae€: \aecMTY and \aa € M(T/*)}).
Then, again as in §6.7, one finds that J(®) < X*T~'/2 which is again
acceptable. For « € €\D, it follows from Lemma 6.5 that

g(A1a)g(Aga) < X271/ (BR),

The estimate

/ T*(a)® dra < / T*(a)®d,a < N2
¢ M(N1/0)

follows by a simple calculation. In addition, on noting that %(s —1) > 4k
and Aja € M(Y) for all j, an application of Holder’s inequality in alliance
with Lemma 6.5 confirms the upper bound

/(|9192|1/2\g3---gs|)3/2 d,a < X3(s—1)/2—k.
¢

Here, and in what follows, we have written g; for g(A;«). It now follows by
Holder’s inequality that

. 1/3
[ @ gldia < s gl ([ T(0)" d-0)
e\D aEE\D ¢

2/3
< ([l Plas )2 dc0)
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We therefore deduce that J(€\D) < X7~ 1/(16k) "3 hound that in concert
with our earlier estimates yields J(c) = o(X*®). This suffices to complete
the proof of Theorem 1.9.

7. An appendix on inhomogenous polynomials
7.1. The counting integral

In this final chapter we sketch a proof of Theorem 1.10. Freeman’s work
[24] will be invoked when appropriate, but the argument relies heavily on
Lemma 5.3, and is otherwise largely standard.

We keep as much notation from earlier chapters as is possible, and in
particular apply the conventions of §1.5. We can then rewrite the polynomi-
als ¢; as ¢;(t) = Ajq, thi4 .+ Ajit, and rearrange the indices of ¢1, ..., ¢
so as to assure that

A1, and Aoy, are not in rational ratio (7.1)

for some 1 < Iy < dy, 1 <l < dy. To see this, suppose first that all the
¢; are multiples of rational polynomials. Then, there exist non-zero real
numbers p; such that p;¢; € Q[t]. Under the current hypotheses, there
must be an index j with pq1/p; ¢ Q. Exchanging j with 2, we find that
(7.1) holds. In the contrary case, at least one of the polynomials ¢; is
irrational, and we may assume that this is so for ¢;. Then d; > 2, and
A1d, /A1; is irrational for some ¢ with 1 < ¢ < dy — 1. Hence, one of the
numbers A14, /Aad,, A1i/A24, 1S also irrational, as required.

From now on, suppose that (7.1) holds, and that v is large. Define X
to be the unique positive solution of ¢;(X;) = v. Then, for any positive
solution of (1.9) with 0 < 7 <1, one has x; < 2X;. Define the Weyl sums

fila)= ) elag;(x)), (7.2)

and the integral

poriv) = [ e fu(@)e(-va) dra.

In view of (7.2) and (2.4), this is a counting integral with weight, of the type
considered in (2.6), and can therefore be compared with the number pg (7, v/)
through the now familiar mechanism based on Lemma 2.1. In particular,
the proof of Theorem 1.10 is made complete with the verification of the
asymptotic formula

pip(7.v) = Se(@)rrP ! + o(wP 1), (7.3)
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7.2. The central interval

In the interests of brevity, we put

2(0) = [ (@) fo(@)e(~va) dra.

Set d = maxd;, and write Y = v*/(29~1 and € = [V, Y]. One may closely
follow the proof of Lemma 2.4, or the arguments of Freeman [24], pp. 239
243, in order to evaluate Z(€). One replaces f;(«) with the function

2X;
vla)= [ elagy(e)
0
and then completes the singular integral

Too(v) = /U1(a) covs(a)e(—va) dra.

The error terms in these processes can be controlled by appealing to Lemma
4.4 of Baker [1] (see also Lemma 4 of [24]) and Theorem 7.3 of Vaughan [35].
In this way, one may confirm that

I(€) = I (v) + O(P 171/ D),

provided only that s > 2d. This asymptotic relation is more than we need
later. Under the same condition on s, the concluding part of the proof of
Lemma 2.4 is readily modified to yield

Too(v) = 3e(¢)yrvP~ (1 + O/ D)),

where ¢(¢) is the positive real number defined in the statement of Theorem
1.10. If ¢ = R\ €, then, in order to confirm (7.3), it now suffices to show
that Z(c) = o(vP~1).

7.3. The complementary compositum

The prearrangement in (7.1) is required only within the following lemma,
which combines Lemmata 8 and 9 of Freeman [24]. We choose § = 1/(2d)
in Lemma 9 of [24], and then conclude as follows.

Lemma 7.1. Suppose that (7.1) holds. Then there exists a monotone func-
tion T(v), with T(v) — 0o as v — oo, such that

sup | fi(@) fa(@)] = o(X1X).
Y<[a|<T(v)
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We remark that this is an estimate of Bentkus-Gotze-Freeman type. In-
stead, it would be possible to work with Theorem 2.8, but at this stage the
tidy reference for Lemma 7.1 saves some effort.

Now let C' > 1 be a suitably large positive number with the property
that t(d) = d*(log d+2loglog d+ C) is an integer. From (5.25) we have the
bound

/ (@)D dra < X370 < X2 (7.4)

By Lemma 11 of Freeman [24] (which is essentially already in Davenport
and Roth [18], Lemma 2), it then also follows that

/| o £(0) 2D dya < X24D, 1)L (7.5)
a|>T(v

Write
L={a: Y <l|of<T)} and [={a: |of>T{)}.

Then for s > 2t(d)+2 and j > 3, we may apply (7.4), together with Holder’s
inequality and Lemma 7.1, to confirm the estimate

Z(L) = o(X1 Xy ... X,vh).
Likewise, by Holder’s inequality and (7.5), we infer that
() = o(X1 Xo ... Xsv7h).

These two bounds combine to deliver the conlusion Z(¢) = o(v”~1), which
was all that was required to complete the proof of Theorem 1.10.
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