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1. Introduction

The problem of establishing the solubility of homogeneous diophantine equations
in many variables is, with the exception of diagonal forms and their close kin, one of
considerable complexity. Methods based on that due to Hardy and Littlewood (the
circle method; see in particular [2] and [9]) are in general delicate, and do not lend
themselves to the investigation of problems in which the variables are restricted
to special sequences. The elementary method of Birch [1], meanwhile, in which
one first seeks to diagonalise the equation, and then apply the circle method to
the latter, replaces the original variables with linear forms in a new, much smaller
set of variables. Thus, any restriction of the variables in the original problem
to a special sequence demands that the resulting diagonal equation be solved in
conjunction with a very large number of additional linear equations in variables
from the restricted sequence. At present both approaches seem infeasible so far as
solving general homogeneous equations in prime numbers is concerned. Our goal in
this note is to show that homogeneous equations of odd degree in sufficiently many
variables may, nonetheless, be solved with the variables constrained essentially to
be prime numbers.

Theorem 1. Given odd natural numbers d1, . . . , dr, there exists a positive number
s0 = s0(d), depending at most on d, with the following property. Whenever s >
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s0(d), and fi ∈ ℚ[x1, . . . , xs] is a form of degree di for 1 ≤ i ≤ r, there exist fixed
integers c1, . . . , cs, with (c1, . . . , cs) = 1, satisfying the property that the system of
equations fi(c1p1, . . . , csps) = 0 (1 ≤ i ≤ r) possesses infinitely many solutions
in prime numbers p1, . . . , ps, not all equal.

The presence in the theorem of the auxiliary integers ci obstructs a clean
Goldbach analogue of Birch’s theorem [1], but the conclusion would be invalid
in their absence. Consider, for example, distinct prime numbers �1, . . . , �s, write
P = �1 . . . �s, and define Pi = (P/�i)

d+1. The diagonal equation P1x
d
1 + ⋅ ⋅ ⋅ +

Ps−1x
d
s−1 = Psx

d
s has the property that any integral solution x satisfies the con-

dition that �2
i divides xi for 1 ≤ i ≤ s, whence a solution in prime numbers is

impossible without some modification of the kind employed in the statement of
Theorem 1.

Hitherto, the only available conclusions of this type have been restricted al-
most exclusively to the diagonal case. Thus, conclusions for diagonal equations
are clearly within the compass of the methods of Hua [7] (see [4] and [13], for
example). There is also forthcoming work of Marasingha concerning solutions of
ternary quadratic equations in almost-primes. For general conjectures in this di-
rection, meanwhile, we refer the reader to the recent paper of Bourgain, Gamburd
and Sarnak [3]. The inquisitive reader will find some discussion concerning permis-
sible choices for s0(d) in section 2 below. In particular, one may take s0(3) = 36,
so that homogeneous rational cubic equations are essentially soluble in prime num-
bers whenever they have 37 or more variables.

Results on quadratic forms must necessarily take account of local solubility
issues.

Theorem 2. Suppose that Q ∈ ℚ[x1, . . . , xs] is a quadratic form having signature
(r, s− r), with min{r, s− r} ≥ 2. Suppose that either:

(i) one has s ≥ 7, or

(ii) the solution set of the quadratic equation Q(x) = 0 contains a projective line
over ℚp for every prime number p, and also contains a projective line over ℝ.

Then there exist fixed integers c1, . . . , cs, with (c1, . . . , cs) = 1, satisfying the prop-
erty that the equation Q(c1p1, . . . , csps) = 0 possesses infinitely many solutions in
prime numbers p1, . . . , ps, not all equal.

Our strategy for constructing prime solutions to equations is simple to de-
scribe. First we seek a rational line embedded in the solution set of the system of
diophantine equations under consideration, and then we employ the recent work of
Green and Tao [6] concerning long arithmetic progressions in the primes in order
to identify a point on this line which possesses, essentially, prime coordinates only.
The astute reader will recognise that the principal conclusions therefore also hold
when the primes are restricted to lie in a set of positive relative density.
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2. Marshalling lines of primes

Our key lemma provides the means of transforming rational lines on complete
intersections into points having essentially prime coordinates.

Lemma 3. Let r ∈ ℕ, and suppose that fi ∈ ℚ[x1, . . . , xs] is homogeneous for 1 ≤
i ≤ r. If the solution set of the system of equations fi(x) = 0 (1 ≤ i ≤ r) contains
a rational projective line, then there exist integers c1, . . . , cs, with (c1, . . . , cs) = 1,
satisfying the property that the system of equations fi(c1p1, . . . , csps) = 0 (1 ≤ i ≤
r) possesses infinitely many solutions in prime numbers p1, . . . , ps, not all equal.

Proof. If the solution set of the system f = 0 contains a rational projective line,
then by homogeneity, we may suppose that there exist linearly independent integral
s-tuples a and b with the property that

fi(at+ bu) = 0 (1 ≤ i ≤ r) (1)

for every pair of integers t and u. If for some index i one has ai = bi = 0, then
we take ci = 1. It is apparent that such coordinates make no contribution in the
system of equations f(x) = 0. We may consequently suppose without loss that
one at least of ai and bi is non-zero for each index i with 1 ≤ i ≤ s. Further,
since a and b are linearly independent, by replacing a and b by suitable linearly
independent linear combinations of a and b, there is no loss even in supposing
that ai and bi are both non-zero for 1 ≤ i ≤ s.

Now let ã = a1a2 . . . as, and put ãi = ã/ai (1 ≤ i ≤ s). In addition, put
M = max1≤i≤s ∣biãi∣. By Theorem 1.1 of [6], there exist infinitely many non-
trivial arithmetic progressions of length 2M + 1 consisting of prime numbers. Let
$1, . . . , $2M+1 denote any one such progression. For some integer l and natural
number q, one may write $j = l+qj (−M ≤ j ≤M). Put ki = biãi and then pi =
$ki for each index i. Then for 1 ≤ i ≤ s, one has aipi = ai(l+qbiãi) = ail+bi(qã),
and an inspection of equation (1) shows that with t = l, u = qã and ci = ai
(1 ≤ i ≤ s), the system f(x) = 0 is satisfied with x = at + bu = (c1p1, . . . , csps).
Thus the proof of the lemma is complete. □

We remark that developments in the Green-Tao theory offer the prospect of
finding primes by working directly with the linear space rather than embedding
into an arithmetic progression. Such would more efficiently handle the auxiliary
coefficients c.

The proof of Theorem 1 is now easily accomplished through the implications
of Birch’s theorem (see [1]). Given odd natural numbers d1, . . . , dr, let d be the
larger of 7 and max1≤i≤r di. Then it follows from Theorem 5.1 of [12] that whenever

s >  ((d−5)/2)(2dr), and fi ∈ ℚ[x1, . . . , xs] satisfy the hypotheses of the statement
of Theorem 1 above, then the solution set of the system f(x) = 0 contains a non-
trivial rational projective line. An application of Lemma 3 therefore delivers the
conclusion of Theorem 1 with s0(d) =  ((d−5)/2)(2dr).

The definition of the function  (n)(x), unfortunately still not even astronom-
ical, requires some explanation. Suppose that A is a subset of ℝ and Ψ is a function



4 J. Brüdern, R. Dietmann, J. Y. Liu and T. D. Wooley

mapping A into A. When � is a real number, write [�] for the largest integer not
exceeding �. Then we adopt the notation that whenever x and y are real numbers
with x ≥ 1, then Ψx(y) denotes the real number a[x], where (an)∞n=1 is the se-
quence defined by taking a1 = Ψ(y), and ai+1 = Ψ(ai) (i ≥ 1). Finally, when n is
a non-negative integer we define the functions  (n)(x) by taking  (0)(x) = exp(x),

and when n > 0 by putting  (n)(x) =  
(n−1)
42 log x(x). Thus the above bound on s0(d)

is of iterated exponential type. We note, however, that for cubics and quintics one
can extract sharper bounds from [5], [10] and [11]. Thus, for example, it follows
from Theorem 2(b) of [11] that the solution set of any homogeneous cubic equation
in 37 or more variables contains a rational projective line, whence s0(3) ≤ 36.

Finally, we describe the proof of Theorem 2. We refer the reader to [8] for
the necessary background material on the theory of quadratic forms. Let Q be a
quadratic form satisfying the hypotheses of the statement of Theorem 2. If s ≥ 7,
then since the signature of Q is (r, s − r) with min{r, s − r} ≥ 2, one finds that
Q is indefinite. On recalling that quadratic forms in 5 or more variables possess
non-trivial p-adic zeros for every prime p, it follows from the Hasse-Minkowski
theorem that Q has a non-trivial rational zero. By a change of variables, therefore,
we may suppose that Q takes the form

Q(x) = x1x2 +Q1(x3, . . . , xs). (2)

But again, in view of the signature hypothesis on Q, we find that Q1 is an indefinite
quadratic form in at least 5 variables, and hence the Hasse-Minkowski theorem
again shows that Q1 has a non-trivial rational zero. Thus we may change variables
again, and there is no loss in supposing that Q now takes the form

Q(x) = x1x2 + x3x4 +Q2(x5, . . . , xs). (3)

But now the rational line (t, 0, u, 0, . . . , 0) lies in the solution set of the equation
Q(x) = 0. Thus, prior to the various changes of variables encountered in this
argument, the solution set of the quadratic equation Q(x) = 0 does indeed contain
a rational projective line. The conclusion of Theorem 2 consequently follows from
Lemma 3 in case (i).

For case (ii) we must work a little harder. Observe first that under the hy-
potheses of case (ii), the quadratic form Q has zeros everywhere locally, and hence
the Hasse-Minkowski theorem implies that Q has a rational zero. There is conse-
quently again no loss in supposing that Q takes the form (2). Observe next that
since the solution set of the equation Q(x) = 0 contains a rational projective line
over ℝ, then by a change of variables one may rewrite Q in the form (3) over ℝ.
But the expression (2), which in the present setting is defined over ℚ, also holds
over ℝ. From Witt’s theorem we know that every maximal nullspace of Q has the
same dimension (see page 99 of [8]), and thus the rational quadratic form Q1 must
be isotropic over ℝ. The same argument applies when ℝ is replaced by ℚp, for
each prime p, and thus we find that the equation Q1(x) = 0 is soluble everywhere
locally. The Hasse-Minkowski theorem again shows that the quadratic form Q1 has
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a rational zero, and thus we may again change variables to show that Q takes the
form (3), but now over the rational numbers. We therefore deduce, just as in the
proof of case (i), that the solution set of the original quadratic equation Q(x) = 0
contains a rational projective line, and the conclusion of Theorem 2 follows from
Lemma 3 in case (ii).
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