A NOTE ON SIMULTANEOUS CONGRUENCES, II:
MORDELL REVISED

TREVOR D. WOOLEY*

ABSTRACT. When p is a prime number, and kq, ..., k; are natural numbers
with 1 < k1 < ks < --- < Kk < p, we show that the simultaneous congru-
ences >.¢ a:fj = yfj (mod p) (1 < j < t), possess at most ky ... kpt
solutions with 1 < z;,9; < p (1 < 4 < t). Analogous conclusions are
provided when one or more of the exponents k; are negative.

1. INTRODUCTION

In a paper devoted to generalisations of Gauss sums published in 1932,
Mordell [11] obtained upper bounds for exponential sums over finite fields
through estimates for their mean values. Although eclipsed by Weil’s resolu-
tion of the Riemann Hypothesis for curves over finite fields (see [13]), Mordell’s
approach motivates Vinogradov’s use [12] of mean values in estimating Weyl
sums and their generalisations, and as such leaves an indelible mark on the
literature. Weil’s estimates are worse than trivial when the degree of the expo-
nential sum is large compared to the associated prime modulus, and in recent
years much effort has been expended on deriving estimates that remain non-
trivial for larger degrees (see [1], [2], [4], [5], [6], [7], [10], and [16]). The bulk
of this work revisits Mordell’s original approach, and is based on an estimate
for the number of solutions of certain polynomial congruences equivalent to
a mean value estimate (see [11], equation (16)). Mordell’s proof of this es-
timate involves notions of independent parameters and unstated elements of
elimination theory that are vestiges of a bygone era prior to the development
of modern algebraic geometry. As such, the mathematical reader of today will
likely demand some renovation of this proof going beyond a lick of paint to
a certain amount of structural reinforcement. Our object in this note is to
address the latter concerns, at the same time providing an estimate sharper
than that due to Mordell that is, in many respects, best possible. Improved
estimates for certain associated exponential sums are immediate corollaries of
our sharper bounds.

Before announcing our conclusions, we must introduce some notation. When
q is a power of a prime number p, we denote by F, the finite field having ¢
elements. Let ¢t be a natural number, and suppose that ki,..., k; are posi-
tive integers. We write N;(g; k) for the number of solutions of the system of
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equations

oYl = 2 (1<), (1.1)
with x € th. In view of the relation a? = a, valid for each element a of Iy, it
is apparent that there is no loss of generality in supposing that

1<k <ky<- <k <q. (1.2)

Furthermore, since the characteristic of IF, is p, for each natural number [ one
has

(1 +ah 2 = +af + oty
Thus we see that there is in addition no loss of generality in restricting attention
to systems (1.1) for which p{k; (1 <j <1).

Theorem 1.1. Suppose that ky, ...,k are integers with p 1 k; (1 < j < t),
and satisfying the condition (1.2). Then one has

Ni(q; k) < kiko .. kg (1.3)

In the situation in which ¢ is a prime number, the estimate (16) of Mordell

[11] supplies the bound
|
Ni(q; k) < %klkg . kgt

Under the same circumstances, Cochrane and Pinner (see Lemma 3.1 of [6])
provide an estimate analogous to this upper bound of Mordell, save that the
right hand side is multiplied by a factor 4/t*. Their proof avoids Mordell’s
result, instead applying a version of Bézout’s theorem for non-singular solu-
tions of polynomial congruences due to the author [15], and as such provides a
robust proof of Mordell’s estimate. The conclusion of Theorem 1.1 is superior
to both the estimates of Mordell and of Cochrane and Pinner. Moreover, as is
apparent from the discussion of Example 3.1 of [6], when k is a fixed natural
number with k|(¢ — 1), and k; = ik (1 < i < t), one has the lower bound

Ni(g;k) = kika ... k(g + Oi(¢"™)),

and thus the inequality (1.3) is asymptotically sharp. In some sense, therefore,
the conclusion of Theorem 1.1 is best possible. We should note in this context
that in the special case in which ¢t = 2 and ¢ is a prime number, the conclusion
of Theorem 1.1 is derived in Lemma 7 of [14], and is also recorded rather later
in Lemma 3.2 of [6].

Consider next the situation analogous to that described in the preamble to
Theorem 1.1 in which the exponents k, ..., k; are now non-zero integers, but
potentially not all of the same sign. In this situation, we define M;(q;k) to
be the number of solutions of the system of equations (1.1) with x € (F;)*.
Here, we may suppose without loss that

—q <k <ko<---<k<gq, (1.4)
that p1 k; (1 <j <t), and further that
(- Dti—k) (Q<i<j<i) (1.5)
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Finally, it is convenient to put
LT when k; > 0,
") tlki], when k; <0,

and
k;, when k; > 0,
m; =
<2t — 1)|k‘2|, when k‘z < 0.

Theorem 1.2. Suppose that ki, ...,k are integers with p t k; (1 < j < t),

and satisfying the conditions (1.4) and (1.5). Then one has the estimates
Mi(g; k) < mamy ...my(q — 1)1,
Mi(q;k) < 22t|/<?1/<?2 el (g = 1),
My(g;k) < (t+ Dlily. .. (g — 1)t

By way of comparison, when ¢ is a prime number, the estimate (16) of
Mordell [11] essentially provides the bound

M) < Gl - 1) (16)
One may verify that the third estimate of Theorem 1.2 is superior to (1.6)
for every natural number ¢ exceeding 1. Moreover, the second estimate of
Theorem 1.2 will be superior to the third whenever ¢ > 2, and the number
of the exponents k; that are negative is more than about (2log2)t/logt. We
should also remark that Lemma 3.2 of Cochrane and Pinner [6] establishes
an estimate matching the first provided by Theorem 1.2 in those special cases
wherein t = 2 and ¢ is prime.

We finish by recording some consequences of Theorems 1.1 and 1.2 for ex-
ponential sums. Let x be a Dirichlet character modulo p, and write e,(z)
for ¢2™#/P Then, when a € (Fx)*, we define the Laurent polynomial f(z) =
a1x® + -+ a2, and also the mixed exponential sum

SOG ) = ) x(@)ep(f(@)).

Corollary 1.3. When ky, ...k, are non-zero integers with p t k; (1 < j <t),
and satisfying 1 < ky < ky < --- < ky < p, one has

SO < (ko k) Ept =10, (1.7)
Meanwhile, when instead —p < ky < ko < -+ < ky < p and p 1 (ki — k;) for
1 <1<y <t, then one has the estimates

1S(x, /)] < (mamg . .omg)YEpt=1/@0)

1SO F)] < 2% ky |V /20 (1.8)
|S( )’ < (t + 1)1/t2(l1 o lt>1/t2p1_1/(2t)- (19)
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For comparison, Theorem 1.1 of Cochrane and Pinner [6] provides the bound
SO A< 2274 1) ptH e, (1.10)

This is weaker than the estimate (1.9) in all cases, since t + 1 < 4* for every
natural number ¢. It is also weaker than (1.8) whenever there is a change of
sign amongst the k;. Finally, in circumstances wherein the k; are all of the
same sign, the estimate (1.7) yields bounds superior to those of (1.10) by a
factor 2%/t. See [4] and [5] for refinements in special cases that may prove
superior to the estimates of Corollary 1.3.

Although the conclusion of Theorem 1.1 is, in some sense, best possible, it
is not apparent what the truth may be for the analogous situation examined
in Theorem 1.2, in which the exponents are of mixed sign. Let w be a natural
number, put { = 2w, and write

a=(—w,1l—-w,...,—2,-1,1,2,...;w—1,w).
Then by considering solutions x of (1.1) in which (z%, ..., 2% ) is a permutation
of (z5,.1,...,2%,), one finds that when ¢ is large and k|(g — 1), one has

Moy (g; ka) = (2w)1k* (g — 1)*" + Og0(¢® ).
Consequently, the bound
Mi(q;k) < Cilky .. k(g — 1)
cannot hold in general when C; < <[t;2})'
The author is grateful to the referee for useful comments.

2. COUNTING SOLUTIONS OF EQUATIONS IN FINITE FIELDS

In this section we bound N;(¢; k) and M;(q; k) by making use of rough data
available from modern versions of Bézout’s theorem, in combination with crude
but robust estimates for the number of F,-rational points on algebraic varieties
made available only relatively recently. We begin with a direct consequence of
Bézout’s theorem. In this context, we write deg(W) for the degree of a variety
W, and F, for the algebraic closure of F,.

Lemma 2.1. Suppose that fi(x) € F,x1,..., 2] is a polynomial of degree
di for 1 < i < t. Let Vi,...,V,, C A® be the components of the complete
intersection defined by the system of equations f;(x) =0 (1 <i <t). Then

h
> deg(Vi) < didy ... dy.

Proof. Let Y be a variety in P, and let H be a hypersurface not containing Y.
Also, let 71, ..., Z,, be the irreducible components of Y NH, and let i(Y, H; Z;)
denote the intersection multiplicity of the varieties Y and H along Z;. Then
according to Theorem 7.7 of Chapter 1 of Harsthorne [8], one has

Zz (Y,H; Z;) deg Z; = (deg Y)(deg H).
J=1
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But (Y, H;Z;) > 1 for each j, and so it follows by induction that for the
complete intersection defined by the ¢ polynomials in question, one has

Zdeg H g(fi) = dids . . . d,.

~

O

Next we provide an upper bound for the number of [F;-rational points on a
variety of given degree and dimension.

Lemma 2.2. Let V C A® be an Fy-variety of dimension r > 0 and degree 9.
Then one has
card(V NIF;) < 6q",
and also
card(V N (F;)*) < d(g —1)".

Proof. The first estimate is supplied by Lemma 2.1 of Cafure and Matera [3].
The second estimate may be established using an immediate modification of
the argument of the proof of the latter lemma. For when 1 < i < s, we may
take W; C A® to be the F,-hypersurface defined by x;’_l — 1. Then we have
VNA(FX)*=VNWiN---NW;, and so from the argument underlying the proof
of Proposition 2.3 of [9], we obtain the inequality

card(V N (Fy)*) < deg(VNWin---NnW,) <d(g—1)".
This completes the proof of the lemma. 0

By combining Lemmata 2.1 and 2.2, we obtain an estimate for the number
of F,-rational points on a complete intersection.

Lemma 2.3. Suppose that fi(x) € F,[z1,...,x,] is a polynomial of degree
di for 1 < i < t. Let Vi,...,V, be the components in FZ of the complete
intersection V' defined by the system of equations f;(x) =0 (1 < i < t), and
denote by U, the union of the components Vy,...,V, having dimension not
exceeding r. Then
C&I‘d(UT N ]FZ) < d1d2 c dth

In the analogous situation wherein we consider the complete intersection in
(F;)S, one has instead

card(U, N (Fy)*) < didy ... di(q —1)".

Proof. Suppose that V;,,...,V; are the components of V having dimension not
exceeding r. Then U, is the union of V;,,...,V;,, so by first applying Lemma
2.2, and then Lemma 2.1, we obtain

card(U, NTFy) Z deg(Vi,)q" < ¢ Z deg(V;) < didy . ..dq"

The second conclusion of the lemma follows in like manner. O
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In order to discuss the singular locus of the complete intersection (1.1),
we require a lemma concerning the rank of matrices of Vandermonde type.
Suppose that kq,...,k; are distinct integers, and that s is a natural number
with s > t. When i1, ...,7; are natural numbers with 1 < iy <11y < --- <1y <
s, we define the determinant

Ai(x;k) = det(2 )1

Also, when k; > 0 (1 < ¢ < t), we define X4(k) to be the set of points x € Fz
satisfying the system of equations

Ai(x;k) =0 (1<ip <ig<---<ip<s). (2.1)
Likewise, without condition on k, we define 9),(k) to be the set of points
X € (F: ) satisfying the system of equations (2.1).

Lemma 2.4. (i) Suppose that ki, ..., k; are integers with 1 < ky < -+ < ky <
q, and that s > t. Then the components of the complete intersection Xs(k)
have dimension at mostt — 1;

(ii) Suppose that ky,... k, are integers with —q < ky < -+ < ky < q, and
further that (¢ — 1)|(k; — k;) for no indices i and j with 1 <1i < j <t. Then
for s > t, the components of the complete intersection (k) have dimension
at most t — 1.

Proof. The proof of part (ii) of the lemma may be applied, mutatis mutandis,
to establish part (i); all that is required is to include 0 as a possible value of each
coordinate. We therefore consider only part (ii), and assume the hypotheses
ambient in that part of the lemma.

Consider the subset (k) C (F; )* defined by the vanishing of all the (¢ xt)-
determinants (2.1). The elements x of (k) may be classified according to
the dimension of the linear space spanned by the column vectors (zz:f’ _1)1<]~<t
for 1 < i < s. This space must have affine dimension at most ¢t — 1 for
every element x of ,(k), for if the dimension were larger, then one could find
a non-vanishing (¢ X t)-determinant A;(x;k), contradicting the definition of
(k).

Let m be an integer with 1 < m < ¢ — 1, consider indices i; (1 <1 < m)
with

1<ii<ig < <y <8, (2.2)
and suppose that the column vectors (xfl] 71)1@@ are linearly independent for
1 <1 < m. Write T,,(i) for the set of points x € 9 ,(k) satisfying the property
that for 1 < i < s, all of the column vectors (Ifjil)lgjgt belong to the linear
space spanned by vectors of the above type, and let ngm) (k) denote the union
of the sets T, (i) over all choices of i satisfying (2.2). Then one finds that ), (k)
is the union of ngl)(k), 22)(1{), - ,Q)gtfl)(k). Moreover, for 1 <m <t —1,
the set T,,(i) is determined by the non-vanishing of at least one (m x m)-
determinant involving the variables z;,,...,z;, , together with the vanishing
of all ((m+1) x (m+1))-determinants obtained by adjoining another variable
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x; with ¢ & {iy,..., 4, }. The determinants in question here are of submatrices
of the matrix
k.f
(7 st
1<i<s
It follows that each x; with ¢ & {iy,...,4,,} satisfies a non-trivial polynomial
equation determined by z;,, ..., ;. We therefore deduce that the components

of @2’")(1{) have affine dimension at most m, whence the components of (k)
have affine dimension at most t—1. This completes the proof of the lemma. [

We are now equipped to establish the principal conclusions of this note.

The proof of Theorem 1.1. Suppose that kq,..., k; are natural numbers with
1 <k < ky < -+ < k. Recall from the discussion in the preamble to the
statement of Theorem 1.1 that we may suppose, without loss of generality, that
ki < qand p1k; (1 <i<t). Consider the complete intersection Z defined

by the simultaneous equations (1.1) with x € th. Note that Z is defined
by a system of ¢ polynomial equations, of respective degrees ki,..., k;, in 2t
variables. Let Z1,..., Z; be the distinct components of Z. We claim that the
affine dimension of each component Z; is at most ¢. If such were not the case
for the component Z;, then the intersection (1.1) must be improper, and Z;
must belong to the singular locus of Z. The latter is contained within the set

. =2 . . .
of points x € F qt satisfying the simultaneous equations
kj—1
det(kjz;] i<jict = 0,

with 1 <y <idp < -+ <4y < 2t. Since p{ k; (1 < j < t), it follows that this
singular locus is contained in the set X,;(k) defined in the preamble to Lemma
2.4. Tt therefore follows from Lemma 2.4(i) that the component Z; in question
must have dimension at most t — 1, contradicting our earlier hypothesis.

We have shown that the components Z,..., Z; of Z each have dimension
at most ¢, and so we may infer from Lemma 2.3 that

Ni(q;k) = card(Z NF) < kiks .. kg,
This completes the proof of Theorem 1.1. O

The proof of Theorem 1.2. Suppose now that ki,...,k; are non-zero integers
with —q¢ < k1 < ko < -+ < ky < g for which (¢—1) { (k;—k;) for 1 <i<j <t
There is again no loss of generality in supposing that p 1 k; (1 <@ < t). We
suppose that k; < 0 for 1 < i < wand k; > 0 for u+1 < ¢ < t. Here,
there is no loss of generality in supposing that © > 1 and t > u, for otherwise
the conclusion of Theorem 1.1 delivers the desired estimate, if necessary by
replacing x; by x; ! for 1 < i < 2t. It is convenient for the purpose of concision
to introduce the notational device of writing

By = H x (1<i<2t).
1<IL2t

I£i
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In addition, we write x; for —k;. Then by clearing denominators, it is apparent
that M,;(¢; k) counts the number of solutions of the system

2t

t
=) & (1<j<u), (2.3)
DD

i=t+1

t 2t
foj: Z 2 (u+1<j <), (2.4)
i=1 i=t+1
with x € (F)*. Notice here that, in view of the definition of #;, the degree
of the jth equation in (2.3) is (2t — 1)|k;| = m;.

The system (2.3), (2.4) is defined by a system of ¢ polynomial equations, of
respective degrees myq, ..., my, in 2t variables. Let Z be the complete inter-
section defined by the system (2.3), (2.4) with x € (F:)%, and let Zy,..., 2,
be the distinct components of Z. We claim that the affine dimension of each
component Z; is at most ¢. If such were not the case for the component Z;,
then the intersection defined by (2.3), (2.4) must be improper, and Z; must
belong to the singular locus of Z. Notice that for 1 < j < u, one has

) t 2t t 2
9y, (Z w2 y) = b (Z DI —wy:f> ,
' \i=1 =1

I=t+1 I=t+1

where wis 1 for 1 <i < t, and —1 for t + 1 <7 < 2t. Thus, when x satisfies
(2.3), (2.4), we find that

a t 2t
~ Kj ~Kj _ —1xK; k’j—l K
OV Zyl B Z Y = —wkz; & = —wkjr; (T D).
" \i=1 y=x

I=t+1
Consequently, by considering the Jacobian determinants arising from the sys-
tem (2.3), (2.4), and noting that x;zy... 2z # 0, we find that the singular

locus of Z is contained within the set of points x € (F: )? satisfying the
simultaneous equations

kiks ... ky det(xffﬁl)ml,jgt =0, (2.5)

with 1 < iy < dp < --+ < 4y < 2t. According to Lemma 2.4(ii), the set of
points x € (F: )% satisfying (2.5) has dimension at most ¢ — 1, contradicting
our earlier hypothesis.

We have shown as before that the components Z,..., Z; of Z each have

dimension at most ¢, and so we may infer from Lemma 2.3 that
My(q; k) = card(Z N (F;)*) < mams...my(q —1)".

This completes the proof of the first estimate of Theorem 1.2.

We next seek to establish the third estimate of Theorem 1.2. On this occa-
sion, we introduce the notational device of writing

pi= ] o Q<i<y),
oIt

I
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and

= ] = t+1<i<on.

t+1<I<2t+1
1

We again write r; for —k;. Finally, we define L;(q; k) to be the number of
solutions of the system of equations

t 2t+1
=0 i=t+1
2t
Z B= ) a7 (1< <), (2.7)
i=t+1
2t
Zaz?: Y oa (ut+1<j<), (2.8)
i=1 i=t+1

with x € (F;)*"*2. Notice here that in view of the definition of Z;, the degree
of the jth equation in (2.7) is t|k;| = ;.

Given a solution x of the system (1.1) counted by M;(¢;k), one has both
1.7 # 0 and 244y ...29¢ # 0. Then given zo € F, there is a unique
element w911 in F for which the equation (2.6) holds. Given such a (2t + 2)-
tuple x, we may multlply the equations of (1.1) with 1 < j < u by the non-zero
factor (xoxl ...x)" on the left hand side, and by (le .. ToTo41)™ on the
right hand side. In view of the relation (2.6), this is the same non-zero factor,

and so we obtain the equivalent equations (2.7). In this way we find not only
that the system (2.6)-(2.8) is satisfied, but further that

Li(q:k) = (¢ — 1) Mi(g; k). (2.9)

Recall the definition of the integers ; (1 < @ < t) given in the preamble
to the statement of Theorem 1.2. Then keeping in mind the definition of z;,
we find that the system (2.6)-(2.8) is defined by a system of ¢ + 1 polynomial
equations, of respective degrees t+1 and [y, ..., l;, in 2t 42 variables. Let Z be
the complete intersection defined by the system (2.6)-(2.8) with x € (]F )22
and let Zy,..., Z4 be the distinct components of Z. We claim that the affine
dimension of each component Z; is at most ¢t + 1. If such were not the case
for the component Z;, then the intersection defined by (2.6)-(2.8) must be
improper, and Z; must belong to the singular locus of Z. Notice that when x
satisfies (2.6), one has

2t+1 t
20 )]
y=x =

I=t+1

where wis 1 for 0 <7 <t,and —1fort+1<v < 2t+1. Next, when1 < j < u
and x satisfies (2.6) (2.8) write

: : /\K/J Z : ~Rj

I=t+1
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Then, when 1 < 7 < t, one has

o (5= 32| ()]

= ko N(X) =l (wory L)

Likewise, when t + 1 < ¢ < 2t, one finds that

lay (Z ] Z J)] = —rja;  N(x) + ﬁjxf” Naomy ... )™
y=x

= I=t+1

In addition,

=1 I=t+1

B (z |

We extend the definition of A;(x) by setting A\;(x) = 0 for u +1 < j < 2t.
Then, when 1 < iy < iy < -+ < 4y < 2t, we deﬁne the determinant =(i) =

Ex(x;i) by »
_ u’
=(1) = det ( v A) :

where u and v are the column vectors

u=(z; ha<, v= (25 XX))i<j<t;
and
kj—1 P
A= (—x-” (Tox1 - 0)"™ + 27 Aj(x)

)

>1<l,j<t '

Given a singular pomt X € (IF )2t+2 on Z, the determinant =y (x; i) must van-

ish for 1 <1 < iy < --+ <4y < 2t. In order to see this, one has only to note
that xory... 1y = 2441 ... Ty 1 # 0, and to observe that the Jacobian de-
terminant, corresponding to the partial derivatives indexed by xg, x;,, ..., %,
vanishes if and only if Z(i) = 0. For 1 < I < ¢, we may subtract the first
column multiplied by zoz;' from the (I 4 1)th column. In this way we find

that N
oy z, O
=(i) = det ( v B> ,

B= (—xflj*l(a:oxl . .xt)“j> .
1<l j<t
But then Z(i) = 2" det(B), and hence Z(i) vanishes if and only if
kj—1
det(z; <<t = 0.

From the above discussion, we find that if Z; has dimension exceeding ¢t + 1,
then the set of points (z1,2,...,72) € (F:)Qt, for which (xq,x1,..., T2 41)
lies on Z;, must be contained in 2y (k). From Lemma 2.4(ii), this set has
dimension at most ¢ — 1. But the equation (2.6) ensures that x, is uniquely

determined from x9,, ;1 together with a given choice of (x1,zs, ..., zq), and so

where
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Z; can have dimension at most (t — 1) + 1 = ¢. This contradicts our earlier
hypothesis that dim(Z;) > ¢ + 1.

We have shown on this occasion that the components Z1,. .., Z; each have
dimension at most ¢ + 1, so by Lemma 2.3 we deduce that

Ly(q; k) = card(Z N (F;)**?) < (t 4+ Dlily .. Li(g — 1)
Consequently, the relation (2.9) delivers the estimate
My(g;k) < (t+ Dhly. . li(g = 1),

and this confirms the third estimate of Theorem 1.2.

An alternative approach is required to establish the second estimate of The-
orem 1.2. Given a solution x € (F})* of the system (1.1), there is a unique
element y € (F;)* for which z;y; = 1 (1 < i < 2t). Consequently, if we define
K;(q; k) to be the number of solutions of the system of equations

t

YW —yl) =0 (1<j<u), (2.10)
i=1
t
Sl —a) =0 (u+1<j<t), (2.11)
=1

with x,y € (F;)*, then one finds that
Ki(q;k) = Mi(q; k). (2.13)

Let Z be the complete intersection defined by the system (2.10)-(2.12) with
X,y € (F;)Qt. Let Z,..., 24 be the distinct components of Z. We claim
that the affine dimension of each component Z; is at most ¢. If such were
not the case, then the intersection defined by (2.10)-(2.12) must be improper,
and Z; must belong to the singular locus of Z. The Jacobian determinants
corresponding to the system (2.10)-(2.12) are not particularly simple to de-
scribe, and so we must introduce some additional notation. The system
(2.10)-(2.12) possesses 3t equations and 4t variables. Let hq,...,h; be in-
tegers with 1 < hy < hy < -+ < hy < 2t, and write H = {hq,...,h} and
define T =Z(H) by Z = {1,...,2t} \ H. Then T is a set of integers iy,..., 1
with 1 <4 < --- <4y < 2t. For each set H of the above type, we define the
Jacobian determinant T (H) = Tk (x;H) by

Y(H) = det

OO =
mHQO QO
O OWw

where A, B, C are the diagonal matrices

A = diag(yn)nen, B = diag(xp)nen, C = diag(¥i)iezn),
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and D, E, F' are the generalised Vandermonde matrices

D = (/fszf_l) st , E= (kﬁff—l) st , F= (/ijzlj_l)m@-
ut1<j<t u1<y<t 1<j<u

That T(#H) is indeed a Jacobian determinant may be seen by rearranging
the equations comprising (2.10)-(2.12) to correspond to the rows of Y(H),
so that the first ¢ equations become z,y, = 1 (h € H), the next t become
xy; = 1 (i € Z(H)), and the final ¢ become the t equations of (2.10) and
(2.11). Likewise, we rearrange the partial derivatives so that the first ¢ columns
of T(H) correspond to the partial derivatives 0/0z, (h € H), the second
t correspond to the partial derivatives 0/0z; (i € Z(H)), and the third ¢
correspond to the partial derivatives /0y, (h € H). It follows, in particular,
that if Z; has dimension exceeding ¢, then its points satisfy the system of
equations x;y; = 1 (1 < ¢ < 2t), and

Y(H) =0 (H=1{h,...,h)}C{1,2,...2t}.

One has
A B
det(Y(H)) =det(C)det [ O F
D O

For 1 < [ < t, we may subtract xhly;ll times the {th column of the last
determinant from the (¢+{)th column, without affecting its value. In this way,
we find that
A O
det(Y(H)) =det(C)det | O F |,
D G

where

_ kj —1
G = (ijhlyhl ) I<I<t -
u+1<5<t

Making use of the relations z;; = 1 (1 < ¢ < 2t), we find that
det(T(H)) = £ det(A) det(C) det(kjzy vy, 1<t j<

— k.. ky (h]; o) (TT )t (25271 -

1€Z(H)

From the above discussion, we find that if Z; has dimension exceeding ¢, then
the set of points x € (qu )2, for which (x,y) lies on Z;, must be contained
in Yo (k). But Lemma 2.4(ii) shows that the latter has dimension at most
t — 1. Since for (x,y) € Z; one has x;y; = 1 (1 < ¢ < 2t), each coordinate y;
is uniquely determined from x;, whence Z; itself can have dimension at most
t — 1, contradicting our early hypothesis.

The components Z4, ..., Z; of Z therefore each have dimension at most ¢,
whence by Lemma 2.3 we obtain the estimate

Ki(g;k) = card(Z N (F)") < 2%ky ... Kukug - k(g — 1)"
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In view of (2.13), the second estimate for M;(q; k) asserted by Theorem 1.2
follows on recalling that x; = —k;. This completes our account of the proof of
Theorem 1.2. O

The conclusions of Corollary 1.3 follow at once from Theorems 1.1 and 1.2
by means of the argument of Theorem 1.2 of Cochrane and Pinner [6]. Under
the hypotheses of Corollary 1.3, the estimate of Cochrane and Pinner shows
that

1S(v, )] < (p— 1) 2ept/ @ 12

where M = Ny(p; k) when k; > 0 (1 < i < t), and otherwise M = M;(p; k). In
the first instance, Theorem 1.1 delivers the bound

1S, )] < P (keyky . k') = (ke . dey) Mt D),

If the exponents k; are not all positive, then one obtains in like manner the
remaining estimates of Corollary 1.3 as immediate corollaries of Theorem 1.2.
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