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ABSTRACT. We apply the circle method to obtain an asymptotic formula
for the number of integral points on a certain sliced cubic hypersurface
related to the Segre cubic. Unusually, the major and minor arc integrals in
this application are both positive and of the same order of magnitude.

1. INTRODUCTION

In this communication we concern ourselves with the simultaneous Diophan-

tine equations
10 6 10
Zm?:in:Z%:O, (1.1)
i=1 i=1 =7

and specifically with the number N(B) of integral solutions x of this system
satisfying |z;| < B. Associated with (1.1) are the p-adic densities

Xp = hli_{gop_mMp(h% (1.2)

in which, for each prime number p, the expression M,(h) denotes the number
of solutions of (1.1) with x € (Z/p"Z)1°. Also, one has the real density

o -3
xm—ngrg+ (2n) " Mx(n), (1.3)

where M., (n) denotes the volume of the subset of [—%, %]10 defined by the
simultaneous inequalities

10 6 10
sz’ <, Zzl <, sz <. (1.4)
=1 =1 =T

We note that our definition here of the real density employs a unit hypercube,
in contrast to the commonly favoured box [—1, 1]*.

Our principal goal is an asymptotic formula for N(B).

Theorem 1.1. One has
N(B) = (45+C)(2B)® + O(B>~1/2%), (1.5)
where C > 0 1is defined by the absolutely convergent product C = X0 Hp Xp-
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The term C(2B)° in (1.5) arises from the product of local densities in the
counting problem under consideration, and is asymptotically equal to the ma-
jor arc integral in a Hardy-Littlewood (circle) method treatment of N(B). The
additional term 45(2B)® stems from 45 linear spaces of affine dimension 5 con-
tained in the variety defined by (1.1), as exemplified by that defined via the
equations 91 + x9; = 0 (1 < ¢ < 5). A notable feature of our treatment of
N(B) is that this second term may be seen as arising directly from the minor
arc integral in an application of the circle method.

Manin and his collaborators [2, 8] and later Peyre [11] made far-reaching
predictions concerning the number of rational points of bounded height on
a large class of projective varieties. When interpreted in terms of the circle
method, one is led to the general philosophy, made explicit in the appendix to
[16], that the major arc integral accounts for the contribution of the generic
points in the solution set, this being approximated by the product of local
densities. Meanwhile, the minor arc integral should approximate the number
of points lying on certain special subvarieties. Examples involving problems of
degree exceeding two in which this heuristic has been substantiated are rare.
Moreover, hitherto, the derivation of the associated asymptotic formulae did
not proceed via the circle method, and the alignment with the conjectured be-
haviour was identified only a posterior: by a formal computation of the major
arc integral and comparison with the product of local densities. What we have
in mind here are such approaches as that involving the application of torsors
(see for example [3, 5, 12]). In contrast, our theorem is obtained by a direct
application of the circle method. The special subvarieties in question are the
aforementioned 45 linear spaces, each containing approximately (2B)® integral
points in [—B, B]'°. As our analysis shows, the minor arc integral is also ap-
proximately 45(2B)5. The contributions arising from the major and minor arc
integrals are consequently of the same order of magnitude. Hooley [9, Chapter
I1.1] has offered evidence in support of the conjecture that a similar phenom-
enon holds also in a circle method approach to counting integral solutions of
the equation

3 3 3 3 3 3
T+ x5+ 23 =5 + 25 + Tg.
A consequence of Theorem 1.1 is an essentially optimal mean value estimate.

Corollary 1.2. One has

This conclusion is related to recent work of Bourgain and Demeter [4] (see
the case n = 3 and p = 4 of [4, Theorems 1.1 and 2.3(ii)]). Given complex
numbers a,,, their work establishes the upper bound

2
doz<<X€( a 2) :
/{0 . 3 oyl

1<z,y<X

5
e(anw + agy + az(2® +%))| da < X°.

1<z,y<X

4
Z 0z ye(az + gy + az(z? + 4?))

1<z,y<X
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With care, one would extract the same conclusion when the binary form 2 +y?
is replaced by 2® + y3, and this would deliver the upper bound

4

da < X*,
The conclusion of Corollary 1.2 implies the more general upper bound

oo

for all non-negative exponents s. Indeed, when s > 5, little additional effort
is required to obtain an asymptotic formula for this mean value. It would be
desirable to obtain an analogue of the upper bound implicit in (1.6) in which
general complex weights are present, thereby providing a strengthening of the
conclusions of Bourgain and Demeter [4] in this context.

After a brief detour in §2 in which we establish the proof of Corollary 1.2
assuming the conclusion of Theorem 1.1, we attend to the main focus of this
paper, namely the confirmation of the asymptotic formula for N(B) presented
in the latter theorem. This is achieved by means of the Hardy-Littlewood
method in §§3-9. We begin in §3 by describing the infrastructure for our
slightly non-standard application of the circle method. The minor arc integral
is handled in §4 by utilising what, elsewhere, we have referred to as a compli-
fication process. Preliminary work on the major arc integral in §5 is followed
in §86 and 7 by the completion of the truncated singular integral and singu-
lar series, respectively. We evaluate these completions in §§8 and 9, thereby
completing the proof of Theorem 1.1. The evaluation of the completed singu-
lar integral in §9 is pursued in some detail in order to make transparent the
connection between the formal singular integral and the quantity y., defined
via the Siegel volume in (1.3). Our treatment should be of sufficient indepen-
dent interest that scholars may find it to be of utility in quite general analyses
employing the circle method.

e(anx + any + az(a® +3°))

1<z, y<X

e(ax + any + az(2® +9°))| da < X5+ X*7° (1.6)

1<z,y<X

Our basic parameter is B, a sufficiently large positive number. Whenever &

appears in a statement, either implicitly or explicitly, we assert that the state-
ment holds for each € > 0. In this paper, implicit constants in Vinogradov’s
notation < and > may depend on . We write X <Y when X <Y <« X.
We make frequent use of vector notation in the form x = (zy,...,z,). Here,
the dimension r depends on the course of the argument. As is conventional
in analytic number theory, we write e(z) for ¢*™* and, when ¢ € N, we put
eq(z) — eQm’z/q'
Acknowledgements: The authors acknowledge support by Akademie der
Wissenschaften zu Gottingen and Deutsche Forschungsgemeinschaft. The sec-
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2. DEDUCTION OF THE COROLLARY

We first establish the lower bound implicit in the conclusion of Corollary
1.2. Let

g(a, B) = Z e(az® + Bx)

1<e<X

and write G(a) = g(ay, az)g(a, ag), so that

Gla) = Z e(ar (2® + y*) + vz + asy).

1<z, y<X
Also, put 7 = 1/24, and define the box
B=[0,7X7 x[0,7X ] x[0,7X1].

Then whenever 1 < z,y < X and a € 93, one has

0 < on(a® +9°) + ooz + agy < 4T,
whence

G(a)] = | X |? cos(8n7) = 3| X]°.
Thus,

/% IG(a)]? da > X Pmes(B) < X7,

and the desired lower bound follows.

In order to derive the corresponding upper bound from Theorem 1.1, we
begin by noting that

|G ()| = [g(ar, az)g(a, az)| < |9(041,042)!2 + \9(0417043)’2,

whence

|G(a)|5 < |9(041,a2)49<041,a3)6| + |9(041,C¥2)69<041,a3)4|'

By integrating over the unit cube and applying symmetry and orthogonality,
we thus obtain

/ , \G(a)|5 da < 2/ 9(041, 042)29(—0417 —042)29(0617 043)39<—041, —043)3 da
[0,1)

[0,1)3
<2N(X),

and the desired upper bound follows from Theorem 1.1. Having established
Corollary 1.2, the inquisitive reader will find the proof of (1.6) to be routine
via suitable applications of Holder’s inequality in combination with the trivial
estimate |G(a)| < X2
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3. PRELIMINARY MANOEUVRES

We now embark on our main mission of establishing Theorem 1.1. We begin
by introducing the exponential sum

flag, an) = Z e(arr® + ap).
jol<B

Notice that by a change of variables, one has

f<0417 042) = f(—Oél, —062) = f<0417 042),

and hence f(ay, as) is real. In particular, one has

|flar, 2)]? = f(an, as) f(—ar, —as) = flon, az)”. (3.1)

We shall feel free in what follows to insert or remove absolute values around
even powers of such generating functions, implicitly making use of the relations
(3.1), without further comment. Then, by orthogonality, one has

NB) = [ (@8 ) de (32)

where we use a to denote («, 3,7).

We analyse N(B) by means of the circle method, and this entails a certain
Hardy-Littlewood dissection of non-standard type. Put § = 1/9, and let 9
denote the union of the intervals

M(q,a) ={a €[0,1): |a —a/q < B},

with 0 < < B? and (a,q) = 1. Complementary to this set of major arcs
are the minor arcs m = [0,1) \ 9. Thus, on writing

N(B;B) // / fla a,v)*dydpda, (3.3)

N(B) = N(B;0) + N(B;m). (3.4)

Next we introduce the auxiliary integral

u(n; B) = [B/Ol (e, B)%e(—na) dB da. (3.5)

Write also v(n) for the number of representations of the integer n in the form

it follows that

n:x‘;’—i-xg%—a:g—l—xi,
with
—B<x,..., 24 <B and x1+ w29+ a3+ 24 =0. (3.6)
Thus, we have

Z u(n;B)v(n) = Z / /0 fle, B)% (— (2} + 25 + =} + 23)) dBda,

In|<4B3 T,y T4
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in which the summation over 1, ..., 24 is again subject to the conditions (3.6).
Hence, by employing orthogonality and recalling the notation (3.3), one infers
that

N(B;B) = Y u(n;B)u(n). (3.7)

|n|<4B3

We compute N(B;m) in the next section, and N(B;9) in §55-9.

4. THE MINOR ARCS

The point of departure in our analysis of the minor arcs is the relation (3.7),
and here we isolate the term with n = 0 for special attention. Note that v(0)
counts the number of integral solutions of the system

T} + s +ah+ 2l =0
T+ 22+ a3+ 124 =0,

< 4). There are (2B)? + O(B) integral solutions with

with |z;| < B (1 < i
= 0, and when z; + 5 is non-zero, one sees that

T1+ Ty =23+ 14
2 2 _ 2 2
T] — XX + T35 = T3 — T3Ty + T,

whence x129 = x3x4. In this second class of solutions, one therefore has
{1,175} = {—w3, —14}, and there are 2(2B)? + O(B) such integral solutions.
We may thus conclude that

v(0) = 3(2B)* + O(B). (4.1)

Meanwhile, by orthogonality «(0;[0,1)) counts the number of integral solu-
tions of the system

6 6
Zx? = sz =0, (4.2)
i=1 i=1

with |z;] < B (1 < i < 6). By the methods of [5] and [16], one therefore has
u(0;[0,1)) = 15(2B)* + O (B*(log B)”) . (4.3)

A few words of explanation are required to justify this assertion. What these
methods show is that there are O (B*(log B)®) solutions of (4.2) with |z;| < B
not lying on the linear spaces defined by the equations

Tjy + Tjy = Tjy + Tjy = Tjs + Tjg = 0,

wherein {ji, jo, ..., J6} = {1,2,...,6}. The number of such linear spaces is

7)) -

and each contains (2B)?+O(B?) integral points. This confirms the asymptotic
formula (4.3).
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An asymptotic formula for u(n;m) is obtained from a crude upper bound
for u(n; M), which we now derive. Observe that mes(9) = O(B*~3), and by
orthogonality one has

wom =[5 a4t o) da
m r1+...4x6=0
—B<x1,...,x6<B

< B°mes(M) < B,
Consequently,
w(0;m) = u(0;[0,1)) — w(0; M) = 15(2B)* + O(B>*™),
and it follows from (4.1) that
u(0; m)v(0) = 45(2B)° + O(B*3). (4.4)

When n is non-zero, it follows from its definition that v(n) is bounded above
by the number of integral solutions of the equation

n = (mi’ + xg’ + xg) —(x1 + 29+ x3)3,
and hence of
n = —3(x1 + x2)(xe + x3) (23 + 71).

By employing an elementary estimate for the divisor function, one sees that
for a fixed non-zero integer n, there are O(|n|®) possible choices for z; + o,
x9 + w3 and z3 + x1, and hence also for x1, xs and x3. Thus v(n) = O(|n|?). It
therefore follows from (3.5) via the inequalities of Cauchy and Bessel that

( > u(n;m)v(n)) < B )" Ju(n;m)P?

0<|n|<4B3 |n|<4B3

1 2
<<B3+€/</ f(a,6)6d6) dov
m 0
1 1
<0 [ [ ] resfren) e s

As a consequence of Weyl’s inequality (see [15, Lemma 2.4]), one sees that

supsup |f(a, )| < B4,
acm yeR

Thus, by reference to (3.2), we deduce that

( Z u(n;m)v(n)) < B3tE(B'T/4)? fla, B)f(a,v)* dex

0<|n|<4B3 0,1)?
< B3N (B),
whence
Z u(n; m)v(n) < BY?79/SN(B)Y/2,

0<|n|<4B3
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On recalling (3.7) and (4.4), we conclude that
N(B;m) = 45(2B)° + O (B*** + B/*70/SN(B)'/2) . (4.5)

5. THE MAJOR ARCS

We begin by extending our definition of one dimensional major arcs to corre-
sponding three dimensional arcs. When 0 < a,b,c¢ < ¢ < B® and (a,q) = 1, let
M(q, a, b, c) denote the set of triples (, 3,7) € [0,1)% such that a € M(q, a),

We observe that these boxes (g, a, b, ¢) are disjoint, and hence their union 91
is equal to 9 x [0, 1)2.

We next introduce the standard major arc approximants to f(aq, ). When
ai,as € Z and g € N, we put

q

S(q,a1,az) = Zeq(a17“3 + aor).

r=1
Likewise, when (31, 52 € R, we write
B
v(B, B2; B) = / e(B1y’ + Bay) dy
-B
It is convenient in what follows to abbreviate v(f;, 52; B) to 5), and

(B
v(B1, B2;3) to vi(Br, B2). Finally, when (o, 8,7) € MN(q,a,b,c) C N, we write
(e, B) = q7'S(g, a,b)v(a — a/q, B — b/q) (5.1)

and

f(e,) = q'S(g, a,c)v(a —a/q,y = ¢/q). (5.2)
Notice that the cosmetic ambiguity in this definition would arise only when
B = 7, in which case the two definitions coincide. Then, by appealing to

the final conclusion (2.4) of [6, Theorem 3], we see that when («,f,7) €
MN(q, a,b,c) TN, one has

fla,8) = f*(a,f) < ¢*/*** < B’ (5.3)
and
flayy) = frla,7) < ¢ < B (5.4)
Our first lemma relates N(B; M) to the mean value
/ Flon ) f (0 7)* de. (5.5)

Lemma 5.1. One has N(B;9M) — N*(B) < B>~°,
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Proof. Suppose that (o, 5,7) € 91. Then, by making use of the trivial estimate
f(a1,a9) = O(B) in combination with (5.3) and (5.4), we see that

F(on B f (o) = (Flon B) + O(BY))" (fla,) + O(BY)",
whence
F(a, B)°f (e, )* = fla, B)° f(a, )" < BTi(e) + B¥Ty(er) + B™, (5.6)
Whje Ti(a) = | f(a, B)° o) + £, B)°F (7))
Ty(a) = | f(o, B)* F(0, )| + | e BY e, 1) + [ £ (e, B F (e, 7))

Making use of the trivial estimate |z1 - -« z,| < |2z1|" + ... + |24]™, we find that

Tl(a) < |f(aa ﬁ)7f(a77)2| + |f(&, /3)2f(()é, ’7)7|
and
Ty(a) < f(e, B)°fe,7)* + fla, B) f(a, 7).

Integrating 77 () over a € M and invoking symmetry, we obtain

AT1<a>da</01 /01If(a,6)|7/01If(a,7)|2dvdﬂdoz.

By orthogonality, therefore, together with an application of Holder’s inequality,
we see that

1 1
/Tl(a)da<<B/ / F(a, B)" dBda
n 0 0
< BY Ty

where for even exponents t we write

1
v [ [ fa8ydsda.
o Jo
The case k = 3 of [10, Lemma 5.2] delivers the bound

Te < B, (5.7)

and by equation (2) in [10, §5 of Chapter V], meanwhile, one has Y1y < B¢,
Note that these sources in fact count solutions of the underlying Diophantine
equations in which the variables are positive, whereas our bounds assert that
the number of solutions, both positive and negative, be so bounded. The reader
should have no difficulty, however, in either adapting the methods underlying
these cited bounds, or indeed deriving the stated results through application
of the triangle inequality. Improved bounds for the former mean value are
the subject of [16], whilst the second is handled more precisely in [6] and [17].
Thus we obtain the estimate

/ Ti(a)da < BY(B*)¥4(B%)Y* « B>%,
N
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Similarly, in view of (5.7), one deduces that

| Blerda< | 1 / o) / flany)? dyddda

1 1
< B/O /0 fla, )0 dpda < B***.

Since, in addition, one has mes(9) < B*~3, we conclude from (5.5) and (5.6)
that

N*(B) _ N(B79ﬁ) < B(S(B5—26) +B26(B4+a) +B7+35<B36—3)
< B

This completes the proof of the lemma. O

On combining (4.5) and the conclusion of Lemma 5.1 by means of (3.4), we
may conclude thus far that

N(B) — N*(B) — 45(2B)° < B**7%/SN(B)"/? + B>, (5.8)
The remainder of this paper will be consumed by the task of showing that
N*(B) = C(2B)® + O(B>~%/20),
As is evident from (5.8), this asymptotic relation suffices to confirm that
N(B) — (454 C)(2B)® < B**°/5N(B)Y/2 4 B>=9/%0,
whence
N(B) = (45 +C)(2B)° + O(B>~9/%), (5.9)

This confirms (1.5) and, subject to verifying that C > 0, completes the proof
of Theorem 1.1.

Before proceeding further, we introduce the truncated singular integral

/Z 1/1/2” /1/<2q> "v(¢, )t d¢dn dg (5.10)

and the auxiliary sum

q q q

Al = > Y > ¢"S(q.a,b)°S(q,a.c)". (5.11)

a=1 b=1 c=1
(a,q)=1

Then in view of the definitions (5.1), (5.2) and (5.5), we may write

N*(B)= > I(9)A(q) (5.12)
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6. THE COMPLETION OF THE SINGULAR INTEGRAL

Our next step is to complete the truncated singular integral defined in (5.10)
so as to obtain the completed singular integral

3B) = [ wlenPule <) dcdnde (6.)
R
In pursuit of this goal, we recall from [15, Theorem 7.3] the bound
v(ay, ag) < B(1 + |ag|B + |ay | B%) 713,

This delivers the estimate

v(&m) (& )" < BY ((1+[§]B*)(1 + In|B)(1 + [¢|B))

In particular, it is apparent from (6.1) that the singular integral J(B) exists,
and that

~10/9

J(B) < B®. (6.2)
Also, when 1 < ¢ < B?, one sees that whenever
(&,0,0) € R*\ ([-B°%, B ] x [-1/(29),1/(29))7) ,
then
(1+1¢[B%) (1 +[nB)(1 +[¢|B) > B’

Hence,

3(B) - I(q) < B33 / (14 [E1BY) (1 + [l B) (1 + [1B) ™™/ d¢ dnde

R3
< B8, (6.3)

We summarise (6.2) and (6.3) in the form of a lemma.
Lemma 6.1. When 1 < ¢ < B?, one has
I(q) < B> and 1(q) =3J(B)+ O(B>%/18),

In preparation for the next section of our argument, we introduce the trun-
cated singular series

S(Q) = Y A, (6.4)

1<g<@Q

in which A(q) is defined by (5.11). Then, on substituting the conclusion of
Lemma 6.1 into (5.12), we infer that

N*(B) = (3(B) + O(B>/'*)) &(B°). (6.5)



12 JORG BRUDERN AND TREVOR D. WOOLEY

7. THE COMPLETION OF THE SINGULAR SERIES

The next phase of our discussion is focused on the completion of the trun-
cated singular series (6.4), thereby delivering the completed singular series

6= iA(q). (7.1)

This step in our argument makes use of the following auxiliary lemma.

Lemma 7.1. When (a,q) = 1, one has

q
> S(g,a,b) < g7

b=1

Proof. By orthogonality, one has

q_lz Z eg (a(ri+ ... 4+rd) +b(r +...+11))

b=1 ry,...,ra (mod q)

= Z eq (a(ri’ +...+ ri’))

P1oera (mod q)
r1+...474=0 (mod q)

= Z eq (—3a(r1 +ra)(ro +13)(rs +171)) . (7.2)

r1,r2,r3 (mod q)
On substituting v = r{ + 7 and v = ro + 73, we see that the right hand side
of (7.2) is equal to
Z eq (—3auv(2rs +u —v)) .
u,v,r3 (mod q)

The sum over r3 here makes a non-zero contribution only when ¢|6auv. Thus,
since (a,q) = 1, we find that this expression is bounded above in absolute

value by
q Z 1< q2+€.
u,v (mod q)
q|6uv
On recalling (7.2), the conclusion of the lemma now follows. O

We next recall an estimate due to Hua (see [15, Theorem 7.1]) asserting that
whenever (aq,q) = 1, one has

S(Qa ay, (12) < q2/3+5'
On recalling (5.11), we deduce via Lemma 7.1 that
q q 2
M@= S (S swant) < @
a=1 b=1
(a,q)=1
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It therefore follows from (6.4) and (7.1) that the singular series & = Qlim S(Q)
—00

converges, and moreover that & — &(B?) < B~%2. In particular, on recalling
Lemma 6.1 and (6.5), we may conclude thus far that

N*(B) = 63(B) + O(B>°/18). (7.4)

8. THE EVALUATION OF THE SINGULAR SERIES

We have yet to interpret the singular series as a product of local densities,
the first step towards this goal being that of establishing the multiplicative
nature of A(q). We put

8
Uly) = vf =+ +us) = (s + yr +us)°,

i=1
and then set
T(g,a)= Y egla¥(y)).
Y1,.-.,ys (mod q)
Then, by orthogonality, we may eliminate two variables and infer that

¢ > S(4,a,b)°S(q,a,0)* = T(g,a).

b=1 c=1

Thus we have

q
> q (g, a) = Ag).
(@p=1

The standard theory of singular series therefore shows that A(q) is a multi-
plicative function of q. Readers seeking a reference for this theory might direct
their attention to [15, Lemmata 2.10 and 2.11], or [7, Lemma 5.1] together with
the subsequent note therein concerning exponential sums over general polyno-
mials.

Observe next that when p is prime and H is a non-negative integer, it follows
from (7.3) that

AP =14+0p ).

H
h=0

Thus, writing
%= S A",
h=0

we have X, = 1+ O(p~%?), and hence the product [1, X, converges. But one
has

H pH
Py AP =p Y TR a),
h=0 a=1

and by orthogonality, this is equal to the number of solutions of the congruence
U(y) = 0 (mod pf), with 1 < y; < p¥ (1 <4 < 8). Next back substituting



14 JORG BRUDERN AND TREVOR D. WOOLEY

Yo = —(y1 + ...+ ys) and y10 = —(ys + y7 + ys), it is apparent that this, in
turn, is equal to M,(H ). Hence

Xp = lim Y A(p") = lim (p")"M,(H) = x5,

where x,, is defined as in (1.2).
Since A(g) is multiplicative and the series & = > 7, A(q) is absolutely
convergent, we deduce that

s=11>_40" =11 x (8.1)

p h=0

Here we note that, by the positivity evident in (5.11), one has x, > 1 for each
prime number p, whence & > 1. In particular, the singular series & is positive.

9. THE EVALUATION OF THE SINGULAR INTEGRAL

The evaluation of the singular integral J(B) begins with the observation
that, by employing a change of variable in (6.1), one obtains

3B =B [ oen’n(.0 dCdyde = B30, 0)

We next pursue a strategy proposed by Schmidt [13, 14] in a somewhat refined
form.

When 0 < n < 1, we define the auxiliary function

wy(B) = n(%)z, (9.2)

having Fourier transform

o0

(1) = / wy(B)e(—Br) dB = max{0, 1 — |y|/n}. (9.3)

(e}

Here, the integral converges absolutely. One can apply the formula (9.3) to
construct a continuous approximation to the indicator function of a box. When
0 < d <n, we define

1, when |y <7,

Wos(v) = 1_|7|5—7I7 when n < |y| <n+9,

0, when |y| > n+ 0.
Next we put
W;r (v) = W2 (v) and W, (v) = Wz 2 (7)-

7
We observe that W,"(v) and W, (v) supply upper and lower bounds for the
characteristic function of the interval [—n, 7).

Since it follows from (9.3) that

Wos(v) = (1 +n/0)Wyys5(v) — (n/d)wy,(7),
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we find that
er(fY) =(1+ 7771>"&7n+772(’7) - 7771@71(7)
and
W (y) =0~ 0y (y) + (1 = 0 Wy (7).
Next set
7 10
Zf Fy (€ =€1+Zfi, F3(5):€2+qu
i=3 i=8
and define

= [T Wi (R, (9.4)

. : . 10 . .
For convenience, we write 4 for the unit box [—%, % . Then our discussion

thus far demonstrates that the volume M (n) defined via (1.4) satisfies

/ﬂ Vo (€) € < Ma(n) < /u VH(€) de. (9.5)

We now proceed by turning our attention to the Fourier side. Define

/ Hn_lzﬁm ) d¢. (9.6)

Lemma 9.1. Let n be a real number with 0 < n < 1. Suppose that n; is a real
number with |n; —n| < n? fori=1,2,3. Then

U(n) = 3(1) +O(n'"™).
Proof. Put

H 0y wn, (B)-

Then by interchanging orders of mtegratlon, it follows from (9.6) that

Un) = /112{3 U1(51,52)6U1(51,53)4K(,8) dg.

Hence, on recalling (6.1), we see that
U(n) —3(1) = /}R3 v1(B1, B2) v1(Br, B3)* (K(B) — 1) dB. (9.7)

Next, put ® = [-77 "2, 772> and € = R? \ ©. From the power series
expansion of w, () underlying (9.2), we have
0<1—K(8) < min{l,n*(5] + B + 55)}-

Hence, the absolute convergence of the integral J(1) ensures that the contri-
bution from integrating over © on the right hand side of (9.7) is at most

sup |1 — K(B) / (B o) a1, B 4B < 1.

BeD
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Meanwhile, on making use of an argument akin to that delivering (6.3), one
finds that the corresponding contribution from €& is bounded above by

/@((1 + 1B (1 + 1B2]) (1 + 185) "7 dB < (V%) 7118 = /.

Thus we infer from (9.7) that
U(n) —3(1) < '™,
completing the proof of the lemma. O

By using the definitions of Wf(fy) to expand the products (9.4) defining
V,5(€) as a linear combination of terms of the shape

Wy (F1(8)) 10, (F2(8)) Wy (F5(E)),

it follows from Lemma 9.1 that
/uw(s) dé = ((n+m)(1+1/m) =n(1/m)" (3(1) + O(y'/*))
= (87° +0(") (3(1) + O(n"/*)) (9.8)

and
/an_@) dg = (n(1/n) + (n =) (1 = 1/m))” (3(1) + O(n'/*))
= (87" +0(n") (3(1) + O('"*)) . (9.9)
We conclude from (9.5), (9.8) and (9.9) that
(2n) " Mo (1) = 3(1) + O(n*/*).

Consequently, the definition (1.3) shows that

Yoo = lim (3(1) +00*)) = 3(1).
On recalling (7.4), (8.1) and (9.1), we may conclude that

N*(B) = B°&3(1) + O(B>°/'*) = CB® + O(B*/*%),

where C = Yoo Hp Xp- The conclusion of Theorem 1.1 now follows on verifying
that C > 0, as described in the argument leading to (5.9) above.

It remains to confirm that the real density x., is positive. This is routine.
Observe first that the point

xo = (1/v/3,0,0,—1/+/3,0,...,0)
is a non-singular solution of the system of equations
Fl(X) = FQ(X) = F3(X) = 0. (910)

By the Implicit Function Theorem (see [1, Theorem 7-6]), there exists a positive
number § with the property that whenever

|24+ 1/V3| <6 and |z <d  (5<i<10),
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then the equations (9.10) possesses a solution (x1,xs,x3) with coordinates
x; = x;(z) satisfying

lz1(z) — 1/V3] < 8, |22(2)] < 6, |z3(z)] < 6.

Here, the implicit constants are absolute. Notice that whenever ¢ is sufficiently
small, then the partial derivatives of the polynomials F;(zq,x2,23,2) (i =
1,2,3) remain close to their values at xq. It therefore follows that there is an
absolute constant A having the property that whenever |n;| < An (i = 1,2,3),
then

|Fi(x1(2) + m, ©2(2) + 12, x3(2) + 13y 245 - - -, 210)| < 7.
In particular,

(2An)*mes{(z4, ..., 210) € (—6,6)7}
= (2A1)3(20)" > 7.

Moo(n)

WV

Hence

1 -3
Xoo = lim (21)™ Moo () > 0.

Our method to treat the singular integral works in broad generality. Write
Uy = [—%, %}S Suppose that an affine variety is defined by polynomial equa-
tions

Fi(zy,...,z5)=...=F.(x1,...,25) = 0.

Then, whenever the formal singular integral
I= [ [ @R+ 6E ) dxdp
converges absolutely, the asbove method shows that
I'= lim (2n)" Moo(n),

where now M (n) is the Lebesgue measure of the set of all x € i, for which
|F;(x)| <n (1 <j<r). Further, if the variety contains a non-singular point
Xg € i, then our methods also show that I > 0.
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