PAIRS OF DIAGONAL QUARTIC FORMS:
THE ASYMPTOTIC FORMULAE

JORG BRUDERN AND TREVOR D. WOOLEY

ABSTRACT. We establish an asymptotic formula for the number of integral
solutions of bounded height for pairs of diagonal quartic equations in 26 or
more variables. In certain cases, pairs in 25 variables can be handled.

1. INTRODUCTION

Once again we are concerned with the pair of Diophantine equations
ax + aswy + ..+ agxt = bial by + ..+ byt =0, (1.1)

wherein the given coefficients a;, b; satisfy (a;,b;) € Z*\ {(0,0)} (1 < j < s).
While our focus was on the validity of the Hasse principle for such pairs in
two precursors of this article [6, 9], we now investigate the asymptotic density
of integral solutions. Denote by .#"(P) the number of solutions in integers x;
with |z;] < P (1 < j < s) to this system. Then, subject to a natural rank
condition on the coefficient matrix, one expects an asymptotic formula for
A (P) to hold provided that s is not too small. Indeed, following Hardy and
Littlewood [11] in spirit, the quantity P *.4"(P) should tend to a limit that
is itself a product of local densities. On a formal level, the densities are readily
described. The real density, also known as the singular integral, is defined by

T T sl
J= :Flgrgo/_T /_le;[l/_le((ajoz—i-bjﬁ)t?) dt; dadp (1.2)

whenever the limit exists. Let M(q) denote the number of solutions x in
(Z/qZ)* satistying (1.1). Then for primes p, the p-adic density is defined by

5, = lim p®="M(p"), (1.3)

assuming again that this limit exists. In case of convergence, the product
G = Hp s, is referred to as the singular series, and the desired asymptotic
relation can be presented as the limit formula
lim P¥5.4(P) = J6. (1.4)
P—oo
Note that (1.4) can hold only when in each of the two equations comprising
(1.1) there are sufficiently many non-zero coefficients. Of course one may pass
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from (1.1) to an equivalent system obtained by taking linear combinations of
the two constituent equations. Thus, the invariant gy = go(a, b), defined by
go(a,b) = (c,d)erzgl\?(o,o)} card{1 < j < s: ca; + db; # 0},

must be reasonably large. Indeed, it follows from Lemmata 3.1, 3.2 and 3.3 in
our companion paper [9] that the conditions s > 16 and ¢g > 12 ensure that the
limits (1.2) and (1.3) all exist, that the product & is absolutely convergent,
and that the existence of non-singular solutions to the system (1.1) in each
completion of the rationals implies that J& > 0. A first result concerning the
limit (1.4) is then obtained by introducing the moment estimate

[ eten|

da < P10Fe, (1.5)
<P

derived as the special case u = 14 of Lemma 5.3 below, to a familiar method of
Cook [10] (see also [2]). Here we point out that the estimate (1.5) first occurs
implicitly in the proof of [15, Theorem 4.1], conditional on the validity of the
(now proven) main conjecture in Vinogradov’s mean value theorem (for which
see [1] and [17, Corollary 1.3]). In this way, one routinely confirms (1.4) when
s = 29 and gy > 15. This result, although not explicitly mentioned in the
literature, is certainly familiar to experts in the area, and has to be considered
as the state of the art today. It seems worth remarking in this context that, at
a time when the estimate (1.5) was not yet available, the authors [3, 5] handled
the case s > 29 with more restrictive rank conditions. The main purpose of
this memoir is to make three variables redundant.

Theorem 1.1. For pairs of equations (1.1) with s > 26 and gy > 15, one has
N (P) ~JG P58,

Relaxing the rank condition ¢y > 15 appears to be a difficult enterprise, as
we now explain. Consider a pair of equations (1.1) with s > 29, and suppose
that b; = a; = 0 for 1 <7 < 14 < j < 5. These two equations are independent
and thus 4 (P) factorises as A (P) = Ny(P)Ny(P), where Ni(P) and Ny(P)
denote the number of integral solutions of the respective single equations

a1 7] + gy + ...+ ayxy, =0, (1.6)
with |z;| < P (1 <j < 14), and

with |y;] < P (1 < j < s— 14). The equation (1.7) has at least 15 non-
zero coefficients, and so a straightforward application of the Hardy-Littlewood
method using the mean value (1.5) shows that P *Ny(P) tends to a limit
as P — oo, with this limit equal to a product of local densities analogous to
J and s,. By choosing b; = (—1)7 for 15 < j < s, we ensure that this limit
is positive, and thus P®*.4"(P) tends to a limit as P — oo if and only if
P79N;(P) likewise tends to a limit. From the definitions (1.2) and (1.3), it is
apparent that the local densities J and s, factorise into components stemming
from the equations underlying N; and N,. The relation (1.4) therefore holds for
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this particular pair of equations if and only if P~*°N;(P) tends to the product
of local densities associated with the equation (1.6). In particular, were (1.4)
known to hold in any case where ¢y = 14 and s is large, then it would follow
that PN, (P) tends to the limit suggested by a formal application of the
circle method, a result that is not yet known. This shows that relaxing the
condition on gg would imply progress with single diagonal quartic equations.
The invariant ¢y is a very rough measure for the entanglement of the two
equations present in (1.1). This can be refined considerably. The pairs (a;, b;)
are all non-zero in Z?, so they define a point (a; : b;) € P(Q). We refer to
indices 4,5 € {1,2,...,s} as equivalent if (a; : b;) = (a; : b;). This defines

an equivalence relation on {1,2,...,s}. Suppose that there are v equivalence
classes with r{,...,r, elements, respectively, where r; > ro > ... > r,. On an
earlier occasion [5] we named the tuple (ry,...,r,) the profile of the equations

(1.1). Note that go = s — 1, whence our assumed lower bound ¢y > 15 implies
that r; < s — 15 and v > 2. If more is known about the profile, then we can
save yet another variable.

Theorem 1.2. Suppose that s = 25 and that (ry,...,7,) is the profile of the
pair of equations (1.1). If gqo > 16 and v > 5, then A (P) ~ J&GP8,

For a pair (1.1) in “general position” one has ¥ = s and r; = 1, and in a
quantitative sense easily made precise, such pairs constitute almost all such
Diophantine systems. Hence, the conclusion of Theorem 1.2 applies to almost
all pairs of equations of the shape (1.1).

We pointed out long ago [5] that a diffuse profile can be advantageous.
However, even with the estimate (1.5) in hand, the method of [5] only handles
cases where s > 27 and r; and ry are not too large. Thus our results improve
on all previous work on the subject even if the input to the published versions
is enhanced by the newer mean value bound (1.5).

It is time to describe the methods, and in particular the new ideas involved
in the proofs. Our more recent results specific to systems of diagonal quartic
forms [6, 8, 9] all depend on large values estimates for Fourier coefficients
of powers of Weyl sums, and the current communication is no exception.
The large values estimates provide upper bounds for higher moments of these
Fourier coefficients, and these in turn yield mean value bounds for correlations
of Weyl sums. We describe this link here in a setting appropriate for applica-
tion to pairs of equations. Consider a 1-periodic twice differentiable function
h : R — R. Its Fourier expansion

h(a) =) h(n)e(an) (1.8)
nez
converges uniformly and absolutely. Hence, by orthogonality, one has

/0 /0 h(a)h(B)h(—a — B)dadB =Y h(n)®. (1.9)

neL

The methods of [6, 8, 9] rest on this and closely related identities, choosing
h(a) = |g(a)|* with suitable quartic Weyl sums ¢ and a positive real number u.
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As a service to future scholars, we analyse in some detail the differentiability
properties of functions like |g(a)[* in §3. It transpires that when u > 2 then
the relation (1.9) holds. We use (1.9) with h(a) = |f(«)|", where now

fla) = Z e(az?) (1.10)

<P

is the ordinary Weyl sum. We then obtain new entangled mean value estimates
for smaller values of u. This alone is not of strength sufficient to reach the
conclusions of Theorem 1.1.

As experts in the field will readily recognise, for larger values of u the quality
of the aforementioned mean value estimates is diluted by major arc contribu-
tions, and one would therefore like to achieve their removal. Thus, if n is a
I-periodic set of real numbers with n N [0,1) a classical choice of minor arcs
and 1, is the indicator function of n, then one is tempted to apply the function
h(a) = 1(a)|f(a)[* in place of |f(a)[* within (1.9). However, this function
is no longer continuous. We bypass this difficulty by introducing a smoothed
Farey dissection in §4. This is achieved by a simple and very familiar con-
volution technique that should be useful in other contexts, too. In this way,
in §5 we obtain a minor arc variant of the cubic moment method developed
in our earlier work [6]. Equipped with this and the mean value bounds that
follow from it, one reaches the conclusions of Theorem 1.1 in the majority of
cases under consideration. Unfortunately, some cases with exceptionally large
values of r; stubbornly deny treatment. To cope with these remaining cases,
we develop a mixed moment method in §6.

The point of departure is a generalisation of (1.9). If hy, ho, hs are functions
that qualify for the discussion surrounding (1.8) and (1.9), then by invoking
orthogonality once again, we see that

/0/0 ha(@)ha(B)hs(—a — B)dadf = S b (mha(mhs(n).  (111)

neL

By Holder’s inequality, the right hand side here is bounded in terms of the
three moments

> ). (1.12)

nel

In all cases where h;(a) = |f(a)[* for some even positive integral exponent

u; one has hj(n) > 0, so (1.9) can be used in reverse to interpret (1.12) in
terms of the number of solutions of a pair of Diophantine equations. The
purely analytic description of the method has several advantages. First and
foremost, one can break away from even numbers u;, and still estimate all
three cubic moments (1.12). This paves the way to a complete treatment of
pairs of equations (1.1) with s > 26 and ¢y > 15. Beyond this, the identity
(1.11) offers extra flexibility for the arithmetic harmonic analysis. Instead
of the homogeneous passage from (1.11) to (1.12) one could apply Holder’s
inequality with differing weights. As an example of stunning simplicity, we
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note that the expression in (1.11) is bounded above by

(X i) " (X ) " (St "

ne”Z neZ ne”Z

If we apply this idea with h;(a) = |f(a)|* and u; a positive even integer, then
the first factor relates to a single diagonal Diophantine equation while the
other two factors concern systems consisting of three diagonal Diophantine
equations. This argument is dual (in the sense that we work with Fourier
coefficients) to a method that we described as complification in our work on
systems of cubic forms [7]. There is, of course, an obvious generalisation of
(1.9) to higher dimensional integrals that has been used here. This points to
a complex interplay between systems of diagonal equations in which the size
parameters (number of variables and number of equations) vary, and need not
be restricted to natural numbers. We have yet to explore the full potential of
this observation.

We briefly comment on the role of the Hausdorff-Young inequality [18, Chap-
ter XII, Theorem 2.3] within this circle of ideas. In the notation of (1.11) this

asserts that X )
Sty < [ Inf)aa)
0

nez
Passing through (1.11) and (1.12), one then arrives at the estimate

([ mrma) . 0

J

/01/01 hi(a)ha(B)hs(—a — B) da dﬁ‘ <

3
=1
However, by Holder’s inequality, one finds

1,1 1 1/3

// hi(a)ha(B)hs(—a — B) dadﬁ‘ < H (/ |hihj|3/2 dadﬁ) ,

0 Jo 1<i<j<3 0

where, on the right hand side, one should read hy = hi(a), hy = ho(f) and
hs = hs(—a — ). By means of obvious linear substitutions, this also de-
livers the bound (1.13). This last method is essentially that of Cook [10].
Our approach is superior because the methods are designed to remember the
arithmetic source of the Weyl sums when estimating moments of Fourier coef-
ficients.

The proof of Theorem 1.2 requires yet another tool that is a development
of our multidimensional version of Hua’s lemma [3]. This somewhat outdated
work is based on Weyl differencing. An analysis of the method shows that
whenever a new block of differenced Weyl sums enters the recursive process, a
new entry 7; to the profile of the underlying Diophantine system is needed. It is
here where one imports undesired constraints on the profile, as in Theorem 1.2.
However, powered with the new upper bound (1.5), the method just described
yields a bound for a two-dimensional entangled mean value over eighteen Weyl
sums that outperforms the cubic moments technique by a factor P*/¢ (compare
Theorem 6.1 with Theorem 7.2). Within a circle method approach, this mean
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value is introduced via Holder’s inequality. In the complementary factor, we
have available an abundance of Weyl sums. Fortunately the cubic moments
technique restricted to minor arcs presses the method home. We point out
that our proof of Theorem 1.2 constitutes the first instance in which the cubic
moments technique is successfully coupled with the differencing techniques
derived from [3].

One might ask whether more restrictive conditions on the profile allow one
to reduce the number of variables even further. As we demonstrate at the very
end of this memoir it is indeed possible to accelerate the convergence in (1.4),
but even the extreme condition r; = 1 seems insuflicient to save a variable
without another new idea.

Once the new moment estimates are established, our proofs of Theorems
1.1 and 1.2 are fairly concise. There are two reasons. First, we may import
the major arc work, to a large extent, from [9]. Second, more importantly,
our minor arc treatment rests on a new inequality (Lemma 2.3 below) that
entirely avoids combinatorial difficulties associated with exceptional profiles.
This allows us to reduce the minor arc work to a single profile with a certain
maximality property. We expect this argument to become a standard prepara-
tion step in related work, and have therefore presented this material in broad
generality. We refer to §2 where the reader will also find comment on previous
attempts in this direction.

Notation. Our basic parameter is P, a sufficiently large real number. Im-
plicit constants in Vinogradov’s familiar symbols < and > may depend on s
and ¢ as well as ambient coefficients such as those in the system (1.1). When-
ever € appears in a statement we assert that the statement holds for each
positive real value assigned to . As usual, we write e(z) for ™.

2. SOME INEQUALITIES

This section belongs to real analysis. We discuss a number of inequalities
for products. As is familiar for decades, in an attempt to prove results of the
type described in Theorems 1.1 and 1.2 via harmonic analysis, it is desirable to
simplify to a situation where the profile is extremal relative to the conditions
in hand, that is, the multiplicities 1,7, ... are as large as possible, and con-
sequently v is as small as is possible. In the past, most scholars have applied
Holder’s inequality to achieve this objective, often by an ad hoc argument that
led to the consideration of several cases separately. The purpose of this sec-
tion is to make available general inequalities that encapsulate the reduction
step in a single lemma of generality sufficient to include all situations that one
encounters in practice.

The germ of our method is a classical estimate, sometimes referred to as
Young’s inequality: if p and ¢ are real numbers with p > 1 and

1 1
__|__:1,
p q
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then for all non-negative real numbers u and v one has
uP vl
uw < — + —. (2.1)
p q

This includes the case 7 = 2 of the bound
1
’2122"'ZT’ < ;(‘Zl‘r—F—l— ’ZT‘T) (22)

which holds for all r € N and all z; € C (1 < j < r). Indeed, the general case
of (2.2) follows from (2.1) by an easy induction on r.

In the following chain of lemmata we are given a number v € N and integral
exponents m;, M; (1 < j <v) with

my=my>...=m, >0, M >M>...>M>0 (2.3)

and

L L v v
<Y M (I<L<v), > m=)» M (2.4)
=1 =1 =1 =1

We write S, for the group of permutations on v elements. We refer to a
function w : S, — [0, 1] with
Z w(o) =1

ogEeSy
as a weight on S,,.
Lemma 2.1. Suppose that the exponents m;, M; (1 < j < v) satisfy (2.3) and
(2.4). Then there is a weight w on S, with the property that for all non-negative
real numbers uy, us,...,u, one has
uytug? e uy < Z w(a)u%ll)uyé) . 'uff\{;). (2.5)

O'GSV

Proof. We define

D =" |M,—ml
=1

and proceed by induction on v + D. In the base case of the induction one has
v+ D = 1. In this situation ¥ = 1 and D = 0, and the claim of the lemma is
trivially true with o = id and w(o) = 1.

Now suppose that v+ D > 1. We consider two cases. First we suppose that
there is a number v with 1 < v; < v and

V1 1
Z m; = Z Ml.
=1 =1

We put

V1 v
Dl:Z|MZ_ml|’ Dy = Z |My —my|, va=v—u.
=1

l=v1+1
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Then (2.3) and (2.4) are valid with v, in place of v, and one has D; < D.
Hence v1 + Dy < v+ D so that we may invoke the inductive hypothesis to find
a weight w; on S, with

mi, m my My
uytun? Ut < Z wl(a)uy(ll)ug%) Uy (2.6)

o€Sy,

Similarly, in the current situation, the numbers m,,;, M, +; (1 < j < 1n)
may take the roles of m;, M; in (2.3) and (2.4) with v, in place of v. Again,
we have v, + Dy < v+ D. Now writing 7 for a permutation in .S,, acting on
the set {1 + 1,11 + 2,...,v}, we may invoke the inductive hypothesis again
to find a weight ws on S, with

My 41 My 42 M MV1+1 MV1+2 L. M,
w, "y, < E Wa TV U h 1) U on 2y T " Uiy (2.7)

TESwy

We multiply the inequalities (2.6) and (2.7). It is then convenient to read
permutations o on 1,2,..., 1 and 7 on v; + 1,1 + 2,..., v as permutations
on 1,2,...,v with o(j) = j for j > 1y and 7(j) = j for j < v;. Then, for
permutations of the type o7 in S, we put w(o7) = w;(o)wy(7), and we put
w(¢) = 0 for the remaining permutations ¢ € S,. With this function w the
product of (2.6) and (2.7) becomes (2.5), completing the induction in the case
under consideration.

In the complementary case we have

dom<>d M (1<L<w). (2.8)

In particular, this shows that m; < M;. Also, by comparing the case L = v—1
of (2.8) with the equation corresponding to the case L = v in (2.4), we see that
m, > M, as a consequence of which we have m, > 1. We write m; = m,, +r.
In view of (2.3), we see that r > 0, and so an application of (2.1) with ¢ = r+2
leads to the inequality

r+1lo Lo

rr2 Tt

Recall that m, > 1, whence my —r —1=m, — 1 > 0. It follows that
r+1 o 1 r+2>
rr2t et )

r+1
uyp Uy, <

v 14

—r—1 -1
UTlumu < u717ll T umu <

and thus

T+ 1 1 my — _
uf™ ol < ——uM e g
r—+2

v

1
Al ST IR
The chain of exponents m; + 1, mo, ms, ..., m,_1,m, — 1 is decreasing, and we
have m; +1 < M; and m, — 1 > 0. Hence, in view of (2.8), the hypotheses
(2.3) and (2.4) are still met when we put m; + 1 in place of m; and m, — 1 in
place of m,. However, m; + 1 is closer to M; than is mq, and likewise m, — 1
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is closer to M, than is m,. The value of D associated with this new chain of
exponents therefore decreases, and so we may apply the inductive hypothesis
to find a weight W on S, with

mi1+1_ mo_ m3 . my—1, my—1 . M,
Up U U3 Uy g Uy, E W Uy 0(2) CUg ()
ocESY

Interchanging the roles of u; and w,, and denoting by 7 the transposition of 1
and v, we obtain in like manner the bound

mi+1l, ma, ms Mu—1, m,—1 M1 oMy
u, T Uy U u,”] Uy 5 W(ooT)u ) 0(2) Uy (-

O'GSL/

If we now import the last two inequalities into the inequality preceding them,
we find that (2.5) holds with

1 1
w(g):r—l—

Wi(o)+——=W(oor),
and w is a weight on S,,. This completes the induction in the second case. [

r+4+2 r+2

Lemma 2.2. Suppose that m;, M; (1 < j < v) satisfy (2.3) and (2.4). For
1<j<vleth;:R*"—[0,00) denote a Lebesque measurable function. Then

UESV

/ R Ry - A dx < max / hat oy - - oy dx.
Proof. Choose u; = h; in Lemma 2.1 for 1 < j < v and integrate. U

For applications to systems of diagonal equations or inequalities, functions
h; come with an equivalence relation between them. This we encode as a
partition of the set of indices j in the final lemma of this section.

Lemma 2.3. Suppose that the exponents m;, M; (1 < j < v) satisfy (2.3)
and (2.4). Let s =mq+mo+...+m,, and for1 < j <s, let h; : R — [0, 00)
denote a Lebesque measurable function. Finally, suppose that Ji,Ja, ..., J,
are sets with respective cardinalities my, ma, . .., m, that partition {1,2, ..., s}.
Then, there exists a tuple (i1, ...,i,) and a permutation o € S, with i, € J
(1 <1< v), having the property that

/h1h2--~h5dx< /thMhM dx. (2.9)
Proof. For each suffix [ with 1 < < v, it follows from (2.2) that

117 < Z .
JEJ] JjeJ
Multiplying these inequalities together yields the bound
1
b € o S S g

mq - -
]16]1 JvEJy
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Now integrate. One then finds that there exists a tuple (j1,...,7,), with j; € J,
(1 <1< v), for which

/h1h2--~h3dx< /h;”h;"h;” dx.

Finally, we apply Lemma 2.2. One then finds that for some o € S, the upper
bound (2.9) holds with i; = jo) (1 <1< v). O

3. SMOOTH FAREY DISSECTIONS

In this section we describe a partition of unity that mimics the traditional
Farey dissection. With other applications in mind, we work in some generality.
Throughout this section we take X and Y to be real numbers with 1 <Y <
sV X, and then let (g, a) denote the interval of all real o satisfying |go—al <
Y X!, Define M = DNy y as the union of all N(q,a) with 1 < ¢ <Y, a € Z and
(a,q) = 1. Note that the intervals (g, a) comprising I are pairwise disjoint.
We also write 9t = My y for the set NN [0, 1]. For appropriate choices of the
parameter Y, the latter is a typical choice of major arcs in applications of the
Hardy-Littlewood method.

The set I has period 1. Its indicator function 1y has finitely many discon-
tinuities in [0, 1), implying unwanted delicacies concerning the convergence of
the Fourier series of 1y. We avoid complications associated with this feature
by a familiar convolution trick, which we now describe.

Define the positive real number

o — /_11 exp(1/(12 — 1)) dt,

and the function K : R — [0, 00) by

[ rTlexp(1/(t2 = 1)) if |t <1,
K(t)—{o if [ > 1.

As is well known, the function K (t) is smooth and even. We scale this function
with the positive parameter X in the form

Kx(t) = 4X K(4Xt).

Then Ky is supported on the interval |t| < 1/(4X) and satisfies the important
relation

/_ZKX(t)dt:/_ZK(t)dtzl. (3.1)

We now define the function Nyy : R — [0, 1] by

o0

N)Qy(a) = /OO 1(5‘[(0& — t)Kx(t) dt = / ]_m(t)Kx(O./ — t) dt. (32)

—00 —00

The main properties of this function N = Ny y are listed in the next lemma.
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Lemma 3.1. The function N = Nxy is smooth, and for all o € R one has
N(a) € [0,1]. Further, whenever 2 <Y < VX, the inequalities

Iy, (@) S N(@) < Loy (@) (3.3)
and
N'(a) < X, N'(a)< X? (3.4)
hold uniformly in o € R.
Proof. The integrands in (3.2) are non-negative, so N(«) > 0, while (3.1) shows
that N(a) < 1. Since K is smooth and compactly supported, the second inte-

gral formulation of N in (3.2) shows that N is smooth, and that the derivative
is obtained by differentiating the integrand. Thus, we obtain

0
/ _ Y _
N(a)_/m@azcx(a b dt,
whence
1
|N’(a)|<4X/ |K'(t)] dt.
1

This confirms the inequality for the first derivative in (3.4). The bound for the
second derivative follows in like manner by differentiating again.

We now turn to the task of establishing (3.3). First suppose that o € Nxy/2.
Then, there is a unique pair of integers a € Z and g € N with (a,q) =1, ¢ < %Y
and |go — a| < Y X! For [t] < (4X)~' we then have

Y Y
< .
2qX " qgX
Thus oo —t € N(q,a) C Nxy. Since Kx is supported on [—1/(4X),1/(4X)],
we deduce from (3.1) and (3.2) that

‘( ) a(< L,
“ gl T 4x

N(O{) Z /OO ]_m(qﬂ)(Oé — t)KX<t) dt 2 /11 Kx(t) dt = 1.

It follows that one has N(a) = 1 for all o € My y 2. However, we know already
that N(«) is non-negative for all a € R, and thus we have proved the first of
the two inequalities in (3.3).

We complete the proof of the lemma by addressing the second inequality in
(3.3). Suppose that N(«) > 0. Then, it follows from (3.2) that for some ¢t € R
with [t] < (4X)7!, one has a — t € Ny y. Hence, there exist a € Z and ¢ € N
with (a,q) =1, ¢ <Y and |a —t —a/q| < Y/(¢X). By the triangle inequality,

Yy 1 2y
<=+ -+ < =
gX | 4X S gX

q

This shows that o € My 2y. Since 0 < N(a) < 1, the second of the inequalities
in (3.3) also follows. O

o
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We consider N = Nxy as a smooth model of the major arcs My y. It is
convenient to define corresponding minor arcs n = nyy, with nyy = R\9xy,
and to write m = [0,1] \ 9 for the set of minor arcs complementary to 9.
The smoothed version of ny y is the function nxy : R — [0, 1] defined by

n(a) = /Oo ol — ) Kx(t) dt.

o0

We trivially have 1y(a) + 1,(a) = 1 for all @ € R, so it is a consequence of
(3.1) and (3.2) that n = nx y satisfies the identity

N(a) + n(a) = 1. (3.5)
The properties of n can therefore be deduced from the corresponding facts

concerning N. In particular, Lemma 3.1 translates as follows.

Lemma 3.2. The function n = nxy is smooth, and for all o € R one has
n(a) € [0,1]. Further, whenever 2 <Y < }l\/Y, the inequalities
Luyoy (@) <nfa) <Ly, ,(a)
and
n(a) < X, n’(a) < X?
hold uniformly in o € R.

4. FRACTIONAL POWERS OF WEYL SUMS

In this section we consider a trigonometric polynomial
T(a) = Z cre(an) (4.1)
M<n<M+N

with complex coefficients ¢,,. The associated ordinary polynomial
N
P(z) =) erren?” (4.2)
n=1

is related to T" via the identity
T(a) = e(Ma)P(e(a)). (4.3)

Lemma 4.1. Let k € N. Then, for any real number u > k, the real function
Q, : R — R, defined by Q,(a) = |T()|", is k times continuously differentiable.

Proof. In view of (4.3), we see that it suffices to prove this result in the special
case where M = 0. This reduction step noted, we proceed by a succession of
elementary exercises.

Let u € R. We begin by considering the function 6, : R\ {0} — R defined
by 0,(a) = |a|*. This function is differentiable on R\ {0}, and one has

0! () = ula)“a™" = ub,(a)a .

By induction, it follows that for any [ € N the function 6, is [ times differen-
tiable, and that the [-th derivative is

0D(a) =u(u—1)---(u—1+1)8,(a)a"". (4.4)
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Now suppose that « > 0. Then, by putting 6,(0) = 0 we extend 6, to a
continuous function on R. More generally, whenever u > [, then

0
lim u(@)

a—0 al

= 0.

By (4.4), this shows that whenever u > [ then 6" extends to a continuous

function on R by choosing 6. (0) =0, and that 6{~" is differentiable at 0 with
derivative 0. We summarize this last statement as follows:

(a) Let k € N and uw > k. Then 0, is k times continuously differentiable on R.

Next, for u > 0, consider the function p, : R — R defined by putting p,(a) =
|sinwal*. For a € (0,1) one has sinma > 0, whence p,(a) = (sinma)™
Thus p,, is smooth on (0,1). But p has period 1, so it suffices to examine its
differentiability properties at o = 0, a point at which p, is continuous. For all
real a we have sinTta = TaF(«), where

E(a) = 2%(—9?‘—(2(;?1)!.

The function F is smooth on R with £(0) = 1. Hence E(a) > 0 in a neigh-
bourhood of 0 where we then also have

pula) = m|al"E(a)".
By applying the product rule in combination with our earlier conclusion (a),

we therefore conclude as follows:

(b) Let k € N and u > k. Then p, is k times continuously differentiable on R.

We now turn to the function 7" where we suppose that M = 0, as we may.
The sum in (4.1) defines a holomorphic function of the complex variable «,
and hence the function 7': R — C is a smooth map of period 1. The sum

T(a) = Z cne(—an)

defines another trigonometric polynomial, and for a € R we have T'(a) = T'(a).
Consequently, for real o we have

(@) = T(a)T(e), (4.5)

whence the function |T|? : R — C, given by a + |T'(«)|?, is smooth on R with
d _ _

1o | T(@F = T'()T(a) + T(a)T'(@). (4.6)

On noting that T'(«)? is again a trigonometric polynomial for all j € N, we see
that |T'(«)|% is smooth. Hence, from now on, we may suppose that u is a real
number but not an even natural number. Also, the conclusion of Lemma 4.1 is
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certainly true in the trivial case where ¢, = 0 for all n. In the contrary case,
the polynomial in (4.2) has at most finitely many zeros. Therefore, the set

Z={aeR:T(a) =0}
is 1-periodic with Z N[0, 1) finite, and consequently R \ Z is open.
We next examine the function |7'|* : R\ Z — C, given by a — |T'(«a)|".

(¢) When u is real but not an even natural number, the function |T|* is smooth.

In order to confirm this assertion, note that |T'(a)[* = 60,/2(|T(a)*). By
applying the chain rule in combination with the preamble to conclusion (a)
and (4.6), we find that |T'(«)|* is differentiable for o € R\ Z. Indeed,

LT (@)]* = 8,2 (IT(@)) (T ()T (@) + T(0)T ()
= SIT(@)"*(T"(@)T (@) + T(@)T" (). (4.7)

Since the final factor on the right hand side here is smooth, we may repeatedly
apply the product rule to conclude that |T'(a)[* is smooth on R\ Z, as claimed.

Finally, we consider any element oy € Z. Then one has P(e(ag)) = 0.
Since P is not the zero polynomial, there exists r € N and a polynomial
Q € Clz] with Q(e(ap)) # 0 such that P(z) = (z — e(a)) " @(z). Write
U(a) = Q(e(a)) for the trigonometric polynomial associated with ). Then
T(a) = (e(a) — e(ag)) U(a). For u > 0 and all real o we then have

[ T(@)]* = le(e) = e(ao)[™|U(a)[* = [2sinm(a — ao)[™|U(e)[*.
There is an open neighbourhood of ag on which U(«) does not vanish. By our
conclusion (c) it is apparent that |U(«)|" is smooth on this neighbourhood.
If uw > k, then the conclusion (b) implies that the function |2sinm(a — ap)|™

is k£ times continuously differentiable. The conclusion of the lemma therefore
follows by application of the product rule. O

We mention in passing that if more is known about the zeros of P, then the
argument that we have presented shows more. For example, if all the zeros in
Z are double zeros and u > k, then |T'(a)[* is 2k times differentiable.

Lemma 4.2. Let W : R — R be a twice continuously differentiable function
of period 1, and let uw> 2. Forl € Z let

1
b= / W ()| T(0)|"e(—al) da. (4.8)
0
Then, for alll € Z \ {0}, one has
d2

1
o] < ! /
(2ml)? J, Ida?

Moreover, for all a« € R one has the Fourier series expansion

W (a)|T(a)]" =) be(al), (4.10)

leZ

W(a)[T(a)[*

da. (4.9)
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wn which the right hand side converges absolutely and uniformly on R.

Proof. By (4.5) and Lemma 4.1, the condition v > 2 ensures that W (a)|T'(a)[*
is twice continuously differentiable. Hence, the integral on the right hand side
of (4.9) exists, and the upper bound (4.9) follows from (4.8) by integrating by
parts two times. Furthermore, the upper bound (4.9) ensures that the series
in (4.10) converges absolutely and uniformly on R. Thus, by [18, Chapter II,
Theorem 8.14], this Fourier series sums to W(a)|T'(a)[*. O

In this paper Lemmata 4.1 and 4.2 will only be used with the quartic Weyl
sum f, as defined in (1.10), in the role of 7. The weight W will be either
constantly 1 or a smooth minor arc. Let « > 0 and define the Fourier coefficient

u(n) = /0 1£(0)|e(—am) da (4.11)

Also, with a parameter Y at our disposal within the range 1 < Y < %lP2,
we consider the smooth minor arcs n(a) = npay (o) and introduce the related
Fourier coefficient

bu(n) = / n(a) £ (a)|"e(~am) da (4.12)

Lemma 4.3. Suppose thatu > 2 and 1 <Y < $P?. Then, for alln € Z\{0},
one has

|6u(n)| + [1hu(n)| < P02

Proof. We first compute the derivatives of |f(«)|*. Suppose temporarily that
u is not an even natural number. By (4.7), whenever f(a) # 0, we have

S F(@)" = 5 @) (@) F(@) + F(a) (@)

and we may differentiate again to confirm the identity

@ =" @)=t () o) + (o))
LU (@) F(0) + 20 (@) F (@) + F(0) ().

These formulae hold for all @ € R when u is an even natural number, and thus

L @] < @)

2

and
d% |f(a)|"] < u(u— 1) F()" 2 f (@) +ul f (@) f" ()]

Hence, the trivial estimates f(a) < P, f'(a) < P° and f”(a) < P? suffice to
conclude that the upper bounds

2

d d
i |f(a)[* < P*™ and ey |f(a)|* < P (4.13)
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hold for all & € R when either u =2 or f(a) # 0. However, when u > 2 these
derivatives will be zero whenever f(a) = 0, so the inequalities (4.13) hold uni-
formly in o € R. The upper bound ,(n) < P**®n~? is now immediate from
Lemma 4.2. Furthermore, an application of the product rule in combination
with Lemma 3.2 and (4.13) shows that

d d?

L@@l < P and (o) o) < P
The estimate ¢,(n) < P**¥n~=2 therefore follows by invoking Lemma 4.2 once
again, and this completes the proof of the lemma. O

5. CUBIC MOMENTS OF FOURIER COEFFICIENTS

The principal results in this section are the upper bounds for cubic mo-
ments of ¢, (n) and ¥, (n) embodied in Theorem 5.1 below. The proof of these
estimates involves a development of the ideas underpinning the main line of
thought in our earlier paper [6]. For v > 0 it is convenient to define

o(u) = (25 — 3u)/6. (5.1)
In many of the computations later it is useful to note that
5 23
_ o(u) = —u — ==, 2
3u—8+d(u) 5U " 5 (5.2)
Theorem 5.1. Let u be a real number with 6 < u < 25/3. Then
ZWJU |3 < P3u 8+8(u)+e ) (53)
nez
Further, when 2P <Y < P/16 and 6 < u < 11, one has
Z|¢“ |3 < pBu-8ti(u)te (5.4)
nez

When u > 6, the contribution from the major arcs to the sum in (5.3) is
easily seen to be of order P3*~%. Since §(u) is negative for u > 25/3, we
cannot expect that the upper bound (5.3) holds for such u. However, as is
evident from (5.4), a minor arcs version remains valid for v < 11. Before we
embark on the proof of this theorem, we summarize some mean value estimates
related to the Weyl sum (1.10). In the following two lemmata, we assume that
1 <Y < P/8 and write MM = Mpay and m = mpay. It is useful to note that
Mpsy = Mps pg U R, where & = Mpa p/g \ Mpay. Then, from [13, Lemma
5.1], we have the bounds

/ |f(a)|®da < P? and / 1f(a)|®da < P2Y=1/4, (5.5)
m ]
Lemma 5.2. Suppose that P*1° <Y < P/8. Then

/ |f(a)]* da < P1PFE,
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Proof. For Y = P/8, the desired estimate is the case k = 4, w = 20 of Wooley
[16, Lemma 3.1]. For smaller values of Y, we make use of the case Y = P/8
and apply the second bound of (5.5). On combining [14, Theorem 4.1] with
[14, Lemma 2.8 and Theorem 4.2], moreover, one readily confirms that the
upper bound f(a) < PY ™4 holds uniformly for a € & Consequently, one
has the estimate

/ ]f(a)|20 da < P16ys715/4’
R
and the conclusion of the lemma follows. O

Lemma 5.3. When 8 < u < 14, one has
[ @ o< piie 56
0
Meanwhile, when 8 < u < 20, then uniformly in P> <Y < P/8, one has
/ |f()]*do < P3v=3Fe, (5.7)
Proof. Tt is a consequence of Hua’s Lemma [14, Lemma 2.5] that

/\f(a>|8da g/o F(o)F da < P (5.8)

One interpolates linearly between this estimate and the bound established
in Lemma 5.2 via Holder’s inequality to confirm the upper bound (5.7) for
8 < u < 20. The upper bound (5.6) then follows on noting that for 6 < u < 14,
it follows from (5.5) that

/ [f(@)]"da < P < PRU7E,
m

Since [0, 1] = M Um, the desired conclusion follows at once. O

In the special case u = 14, the first conclusion of Lemma 5.3 assumes the
simple form already announced in (1.5).

Lemma 5.4. Let Z be a set of Z integers. Then

/01 Z e(az)

/(

Proof. This is essentially contained in [12, Lemma 6.1], where these estimates
are established in the case when 2 is contained in [0, P*]. As pointed out in
[9, Lemma 2.2] this condition is not required. O

2
|f(a)|?da <« PZ 4 PY/*e 73/

and
2
3 e(az)‘ f()|* da < P3Z + P*< 7302,

1S

We now have available sufficient infrastructure to derive upper bounds for
cubic moments of ¢,(n) and ¥, (n).
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The proof of Theorem 5.1. Let 9, (n) denote one of 1,(n), ¢,(n). On examin-
ing the statement of the theorem, it is apparent that we may assume that in
the former case we have 6 < u < 25/3, and in the latter case 6 < u < 11 and
2P*15 LY < P/16. We begin with the observation that, by Lemma 4.3, one
has ¥, (n) < P*"n=2. Consequently, when u > 6, one has

ST WP+ Y Wan)P < P74 PR N 6 pielL

n|>P7 n|<P7 In|>P7
[Pu(n)|<1
It remains to consider the contribution of those integers n with |n| < P7

and |[J,(n)] > 1. We put O(a) = 1 when 9, = 9, and ©(«) = n(«) when
¥y, = ¢y. Then the definitions (4.11) and (4.12) take the common form

1

u(n) = [ ©()|f(a)]"e(—an) da. (5.9)

0

By Lemma 3.2, it follows that ©(a) € [0,1]. Thus, by Lemma 5.3, one finds
that

[Pu(n)| < 0u(0

)
In the missing cases where 6
elementary inequality

< ¥a(0) < Pevite (8 <u< 1)
< u < 8 one interpolates between (5.8) and the

/1 |f(a)|*da < P, (5.10)
also a consequence of Hua’s Eemma [14, Lemma 2.5], to conclude that
[0(n)] < 9u(0) < 1, (0) < PHFa=Hte,
Fix a number 7 with 0 < 7 < 1071 and define Ty by

P47 when 6 < u < 8,
Ty = 5,54
Ps"=377 when 8 < u < 11.
Then, on recalling the upper bounds for 9J,(n) just derived, a familiar dyadic

dissection argument shows that there is a number 7' € [1, Ty] with the property
that

S Wum)]P < P4 (logP) > ()

neZ |n‘<P7
T<|Yu(n)|<2T

< PN 4 PTRZ, (5.11)
where Z denotes the number of elements in the set
Z={n€Z:|n|<P and T < |9,(n)| < 2T}.

For each n € & there is a complex number 7,,, with |n,| = 1, for which n,9,(n)
is a positive real number. Write

— Z nne(—an), (5.12)

nes
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Then one concludes from (5.9) and orthogonality that

TZ <> nalu(n) = /0 O(a) K ()| f(a)[* dev. (5.13)

ney

Beyond this point our argument depends on the size of T'. Our first argument
handles the small values 7' < P8*~15. By (5.13) and Hélder’s inequality, we
obtain the bound

77 < 12 </01 K ()2 f(a) da) v </01 K (o) da) " (5.14)

1
1= [ et?lr@P da.
0
By orthogonality, one has
1
/ |K(a)*da=Z
0

and by a consideration of the underlying Diophantine equations, one deduces
via Lemma 5.4 that

where

/ |K(a)?f(a)!|da < P3Z + P2 732, (5.15)

Next we confirm the bound I < P3% 9 ¢, Indeed, in the case where © =1
we have 6 < u < 25/3. In such circumstances 8 < 2u — 8/3 < 14, and so (5.6)
applies and yields the claimed bound. In the case ® = n we have u < 11,
and hence 2u — 8/3 < 20. Write m = mpsy /5. Then by Lemma 3.2, we have
0 < n(a) < 1,. We therefore deduce that in this second case we have

1< / ()| ()2 da < / F@)fda

and (5.7) confirms our claimed bound for 1.
Collecting these estimates together within (5.14), we now have

TZ < P (PZ + P22%2)'"* 76 (piv=5)"/2,
On recalling (5.2), we find that this relation disentangles to yield the bound
T37 < P2+%(gu—%)+s + TP2+gu—%5+E
_ P3u—8+6(u)+5 + TP%U—%+8.
It transpires that in the range T' < P8u=1 the first term on the right hand side
dominates, so that we finally reach the desired conclusion 737 <« P3u—8+0(u)te,

In view of (5.11), this is enough to complete the proof of Theorem 5.1 in the
case that T is small.

Our second approach is suitable for T" of medium size, with

Pe R < T < P8 %, (5.16)
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We apply Schwarz’s inequality to (5.13), obtaining the bound

17 / K(@)f(@)']da) " (/ 00 (o) P da) 7

Note that when 6 < v < 11, one has 8 < 2u — 4 < 18, and when instead
u < 25/3, we have 2u — 4 < 14. Hence, as in the proof of our earlier estimate
for I, it follows from Lemma 5.3 that

1
/ @(a)2|f(oz)]2”_4doz<< Pgu—5+e'
0

Applying this estimate in combination with (5.15), we conclude that
T7 < PE(PSZ+PQZS/Q)l/Q(P%U*E))l/Q.
This bound disentangles to deliver the relation
T3Z < TP3U 2+5+T lp—u 6+6

On recalling (5.2), we find that our present assumptions (5.16) concerning the
size of T" deliver the estimate

T3 7 < Pgu—%‘n’hs + Pgu—%—i-s < P3u—8+§(u)+5‘
The conclusion of Theorem 5.1 again follows in this case, by virtue of (5.11).

The analysis of the large values T satisfying P&v=% < T < Ty is more
subtle. Suppose temporarily that 9, = 1,, and hence that v < 25 /3. Then,
by (3.5) and (5.13),

TZ < / N(a) ()| £ ()" d + / (o) K ()] £()[* dov

By hypothesis, we have u > 6. Also, from Lemma 3.1, we have N < 1y

P4, p/g’°
so that (5.5) yields the bound
1
[ N@E@If@rda<z [ (f@]da < zPt
0 Mpa ,P/8
Since u — 4 < u — LI for large enough P one has ZP% % < %TZ. Thus
1
TZ < / n(0) K ()| ()" da. (5.17)
0

Note that this is exactly the inequality (5.13) in the case where ¥, = ¢,.
Consequently, the upper bound (5.17) holds for the large values of T' currently
under consideration, irrespective of the choice of ¥,. Now apply Schwarz’s
inequality to (5.17). Then, by Lemma 3.2, we deduce that

TZ < (/ | K ( |2d@) (/\f ]2“2da) 2,

where again we write m = mps y /5. Note here that v < 11, so that 2u—2 < 20.
Hence, by Lemmata 5.3 and 5.4, we have

TZ < P*(PZ+ P323)"(P3-%)"?,
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Consequently, our assumptions concerning the size of T" reveal that
T37 « TP3u—s5+e 4 T-1piu—i+e
&« TyP3"" 5% 4 p3u=ote, (5.18)
When 6 < u < 8, one has

3 5 7\ _ 29 10 5 23
3, Sy —T) =29 _ 10 <5, 23
(4“ 1)+(3u 3) U < QU

whilst for 8 < u < 11,

Gu-9+ Gu-H -t <iu-2

Then in either case one finds from (5.18) via (5.2) that 737 < P3u=8+3(uw+2r,
and the conclusion of Theorem 5.1 follows in this final case, again by (5.11),
on taking 7 sufficiently small. OJ

We close this section with a related but simpler result.
Theorem 5.5. One has
> waln)* < PR

neL

Proof. By (4.11) and orthogonality, the Fourier coefficient 14(n) has a Dio-
phantine interpretation that shows on the one hand that ¢4(n) € Ny, and on
the other that 14(n) = 0 for all n € Z with |n| > 2P*. By (4.11) and (5.10), we
also have the bound v4(n) < ¥4(0) < P?™. The argument leading to (5.11)
now shows that there is a number 7" with 1 < T < P?*¢ having the property
that

Z¢4(n)3 < P6+5+P5 Z ¢4(n)3

neZ |n|<2P*
T<pa(n)<L2T

< PS¢ 4 PeTRZ, (5.19)
where Z denotes the number of elements in the set
Z={neZ:|n|<2P*and T < |[¢y(n)| < 2T}.

As in the corresponding analysis within the proof of Theorem 5.1, we next find
that there are unimodular complex numbers 7, (n € Z) having the property
that, with K («) defined via (5.12), one has

TZ</0 K(a)|f(a)|* da.

We first handle small values of T'. Here, an application of Schwarz’s inequal-
ity leads via (5.8) to the bound

1 1/2
(/ |f(« |8da> ( |K(a)|2da) < p3/2Hegl2,
0

This disentangles to yield 737 < T P°*¢, proving the theorem for T < P3/2,



22 JORG BRUDERN AND TREVOR D. WOOLEY

Next, when T is large, we apply Holder’s inequality in a manner similar to
that employed in the large values analysis of the proof of Theorem 5.1. Thus

o [ wrsrn) ([ o) ([ o)

and hence
TZ < P*(PZ 4 PY?Z3/%)Y2pT/a,
We now obtain the bound
TSZ < TP9/2+E + T71P8+€,

and in view of (5.19), this proves Theorem 5.5 in the complementary case
P3/2 < T < p2te. |

6. MEAN VALUES OF QUARTIC WEYL SUMS

In this section we estimate certain entangled moments of quartic Weyl sums,
and then apply them to obtain minor arc estimates for use within the proofs
of Theorems 1.1 and 1.2. Throughout this section and the next, let the pair of
integers ¢;, d; (1 < < 5) satisfy the condition that the points (¢; : d;) € P(Q)
are distinct. Define the linear forms M; = M;(a, 8) (1 < i < 5) by

Let uw > 0, and recall the definition of the exponent §(u) from (5.1). Then,
with 2P*15 <Y < P/16 and n = npsy, we consider the mean values

- / [FOML) F(M) (M) [ da 5,
7= / (M )n(Ma)n (M) £ (My) f (M) £ (Ma)|* dar dB.

Theorem 6.1. One has I, < PY¥/2%¢ and I, < P3=8H0W+e (6 < u < 25/3).
Also, when 6 < u < 11, one has J, < P3u—8+0u)te

Proof. It follows from Lemmata 3.2 and 4.2 that the function n(v)|f(7)|* has a
uniformly convergent Fourier series with coefficients ¢, (n). By orthogonality,
we conclude that

Tu= Y, bulm)du(nz)du(ns),
(n1,n2,m3)EN
where N is the set of solutions in integers ny, no, n3 of the linear system
c1ny + cong + csng = ding + dong + dsns = 0.

Since the projective points (¢; : d;) are distinct, there exist non-zero integers
l;, depending only on the ¢;, d;, having the property that the solutions of this
system are precisely the triples (ny,ng,n3) = m(ly,la,l3) (m € Z). It therefore
follows from (2.2) that

T < 5 3 (0t + 16,0 + oulm)) < 3 [ouln

meZ nez
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The desired bound for J, now follows from Theorem 5.1. The bounds for I,
and I, follow in the same way, but the argument has to be built on the cubic
moment estimates for ¢, (n) that are provided by Theorems 5.1 and 5.5. O

We now turn to related, less balanced mixed moments. With u and Y as
before, we define

and put
19 wu
n(u) = 6 3

Theorem 6.2. Subject to the hypotheses of this section, one has
K, < Pr-2nwte (6. <y <19/2),
Lu < P2u72+n(u)+€ (6 < U < 11)

Proof. We proceed as in the initial phase of the proof of Theorem 6.1. Using
the same notation, we obtain

L,= Z ¢u<n1)¢u<n2)w6(n3)-
(n1,n2,n3)EN

Note here that 1s(m) counts solutions of a Diophantine equation, and conse-
quently is a non-negative integer. Hence
1
LSy X telna)(0um)l + [ou(m)P).

(n1,m2,m3)EN

By symmetry, we may therefore suppose that for appropriate non-zero integers
[y and [3, depending at most on ¢ and d, one has

Lo< ) do(m)ldu(ng)® = w(lam)|gu(lom) . (6.2)

(n1,m2,n3)EN meZ

Next, first applying Holder’s inequality, and then Theorem 5.1 and (5.2), we

obtain the bound
Lo< (S wt?) (3 l6utm)P)
MEZ

nel

2/3

< PE(PIE’_%S)US (Pgu_gﬁg>2/3 |

The estimate for L, recorded in Theorem 6.2 therefore follows on recalling the
definition of n(u).

The initial steps in the estimation of K, are the same, and one reaches a
bound for K, identical to (6.2) except that ¢, now becomes . We split
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into major and minor arcs by inserting the relation 1 = N(«) + n(«), with
parameters X = P* and Y = P'/? into (4.11). From (5.5) we obtain

/0 N(a)|f(0)]"e(~am) da

Hence, we discern from (4.11) and (4.12) that
()] < |u(n)]? + P,

</ f(a)|*da < P*4,
m

P4 p

and so,
K, < Z Yo(lsm)|du(lam)|? + P*~° Z Ve (lsm).
meZ meZ
Here the first sum over m is the same as that occurring in the estimation of
L, in (6.2), and has already been estimated above. Thus, since

S o) = |F(0)]° < P,

neL

we conclude that

K, < PQu—Q—I—n(u)—l—a + PQu—SZwﬁ(n) < P2u—2+n(u)+8 +P2u—2.

neL

Provided that u < 19/2, which guarantees n(u) to be non-negative, this esti-
mate confirms the upper bound for K, claimed in the theorem. O

Note that the mean values [, and J, involve s = 3u Weyl sums, at least
for integral values of w. By comparison, the number of Weyl sums in K,
and L, is s = 2u + 6. A short calculation shows that when applied with the
same value of s, with s > 18, the exponents of P in Theorems 6.1 and 6.2
coincide. Since almost all of Theorem 6.1 may be recovered from Theorem
6.2 via Holder’s inequality, and since for fixed values of s the exponent u in
Theorem 6.2 is at least as large, Theorem 6.2 is morally the stronger result.
In our later application of the circle method, this allows for larger values of
r; in the profiles associated to the simultaneous equations (1.1), and this is
essential for our method to succeed. Another advantage is that in L, only two
of the forms M; are on minor arcs, while in the mean value J, all three are
constrained to minor arcs.

We continue with another result in which the profile is even farther out of
balance. We consider the integral

M:/O/O n(M, (M) F (M) F(Mo) ™ (M) dar dB.

Theorem 6.3. Given the hypotheses of this section, one has M < P8-1/18+¢,

Proof. We again traverse the initial phase of the proof of Theorem 6.1 to
confirm the relation

M = Z $11(n1) P11 (n2)a(ng).

(n1,m2,n3)EN
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Then, just as in the argument of the proof of Theorem 6.2 leading to (6.2), we
find that for appropriate non-zero integers [, and I3, depending at most on c
and d, one has

M <Y dallsm)|én (lam)]*

meZ
Thus, an application of Holder’s inequality in combination with Theorems 5.1
and 5.5, together with (5.2), yields the bound

M < (Z w4(n>3) 1/3 (Z ‘¢11(n)|3)2/3 < PE(P13/2)1/3 (P71/3)2/3‘

nez nez

The desired conclusion follows a rapid computation. O

Finally, we transform the estimates for L, and M into proper minor arc
estimates. In the interest of brevity we write 9 = 9Mps p1/s and put

p=1[0,1]\ (MM x M). (6.3)
Theorem 6.4. Suppose that 19/2 < u < 11. Then

15005001 dads < Pt (6.4)
p
Further, one has
1700800 () dads < PR (o)
p

Proof. Let N = Npi p2/7 and n =1 — N. Then

1= (N(M;) + n(My)) (N(Ms) + n(M,)). (6.6)
We note at once that whenever («, 3) € p, one has N(M;)N(Ms) = 0. The
explanation for this observation is that whenever N(M;)N(My) > 0, then it
follows from Lemma 3.1 that M; € Mpigper (j = 1,2). By taking suitable
linear combinations of M; and M, we find that a and S lie in Mps 4p2/7,
with some A > 2 depending only on the coefficients of M; and M,. But
(o, B) € [0,1]%, and so («a, 3) € M x M for large enough P. This is not the
case when («, 3) € p, as claimed.

With this observation in hand, we apply (6.6) within the integral on the left
hand side of (6.5) to conclude that

/ O F(M) (M) dadB < M + Myn + May,  (6.7)
p
where

/ / n(Mo) [ FOM) (M) f (M) dadB (6.8)

and M,y is the integral in (6.8) with My, My interchanged.
By symmetry in M; and M, it now suffices to estimate My,. Recalling
the definition (6.1) of the linear forms M;, we put D = |c;ds — cad;| and
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note that D > 0. Consider the linear transformation from R? to R2, with
(o, B) = (/, '), defined by means of the relation

o (¢ dy «Q
=D ( )( ) 6.9
( 5/ ) cy do 5 ( )
Then M; = Do', My = D', and « and 8 are linear forms in o/ and 8’ with

integer coefficients. By applying the transformation formula as a change of
variables, one finds that

Mo = [ [ DD (D) F(DF) (A + BF)| o4

wherein A, B are non-zero integers and 98 is the image of [0,1]> under the
transformation (6.9). The parallelogram 9B is covered by finitely many sets
[0,1]* 4+ t, with t € Z?. Since the integrand in the last expression for My, is
Z2-periodic it follows that

Mo < / / N(Da)n(DB)|f(Da)' (D) f(Aa + BS)!| dards.

Here we have removed decorations from the variables of integration for nota-
tional simplicity.

We now inspect all factors of the integrand in the latter upper bound that
depend on . By Hoélder’s inequality, Lemma 5.3 and obvious changes of
variable, one obtains the estimate

/O n(DA)F(DA) f(Aa + BA)'|d5

! 5/7 1 2/7
< (/ n(DB)|f(DB)[T/? dﬁ) </ |f(Aa + BB)|™ dﬁ)

0 0
< Pe(P67/6)5/7(P10)2/7 _ P65/6+5,

uniformly in @ € R. Consequently, applying (5.5) in combination with yet
another change of variable, we finally arrive at the bound

1
My, < P%/6F¢ / N(Da)|f(Da)|" da <« P18-1/6+=,
0

We may infer thus far that My, + My < P¥1/6+. On substituting this esti-
mate into (6.7), noting also the bound M < P'¥1/18+¢ supplied by Theorem
6.3, the conclusion (6.5) is confirmed.

The proof of (6.4) is essentially the same, and we economise by making sim-
ilar notational conventions. The exponents 11 and 4 that occur in (6.5) must
now be replaced by u and 6, respectively. The initial phase of the preceding
argument then remains valid, and an appeal to Theorem 6.2 delivers the bound

/ / FOML) M) L (M) davdB < L + Loy + PH2104 (6.10)
p
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where

L < / / N(Da)n(DB)|f(Da) f(DB)|"| f(Aar + B dardp.

Here, we isolate factors of the integrand that depend on g and apply Holder’s
inequality. Note that since u < 11 we have 7u/4 < 20. Thus, by Lemma 5.3,

/0 n(DB)|f(DB)"f(Aa + BB)*|d

< ( / (DB F(DB) dﬁ) " ( / (Aot BB dﬁ) "

< PE(PHE3) YT (P1O)T,
Applying this bound, which is uniform in o € R, together with (5.5), we arrive
at the estimate

1
Ly < P8"5% / N(Da)| f(Da)[" da < P35,
0

When u < 11, the definition of n(u) ensures that Hu — 2 < 2u — 2 + n(u),
and hence Ly, + Loy < P2~2t(W+e - The conclusion (6.4) now follows by
substituting this estimate into (6.10). O

7. ANOTHER MEAN VALUE ESTIMATE

This section is an update for quartic Weyl sums of our earlier work [3]
on highly entangled mean values. We now attempt to avoid independence
conditions on linear forms as far as the argument allows while incorporating
the consequences of the recent bound (1.5). We emphasise that throughout
this section, we continue to work subject to the overall assumptions made at
the outset of the previous section. We begin by examining the mean value

11
Gi= [ [ 1O F ) M) dads (7.1)
0Jo
Lemma 7.1. One has G; < P%*¢.

Proof. This is essentially contained in [4, Section 2|, but we give a proof for
completeness. Recall the definition (6.1) of the linear forms M;. By orthogo-
nality, the integral GG; is equal to the number of solutions of an associated pair
of quartic equations. By taking suitable integral linear combinations of these
two equations, we may assume that they take the shape

a(:v‘l" — x%) = b(:v§ + a:i‘ — :Bg - :)34) = c(:)fé + :Eé" — :Ué — 93‘110), (7.2)

for suitable natural numbers a, b, c. Thus, we see that (G; is equal to the number
of solutions of the Diophantine system (7.2) with z; < P. For each of the O(P)
possible choices for x; and xy with x; = x5, it follows via orthogonality and
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(5.10) that the number of solutions of this system in the remaining variables

T3, ...,T10 is equal to
1 2
(/ o)) da) < P
0

Consequently, the contribution to G from this first class of solutions is O(P¢).
Now consider solutions of (7.2) in which xz; # z,. By orthogonality, the total
number of choices for xs, ...,z satisfying the rightmost equation in (7.2) is

/0 1 (ba) f(ca)|" da

Schwarz’s inequality in combination with (5.8) shows this integral to be O(P5t¢).
However, for any fixed choice of x3,...,z10 in this second class of solutions,
one has 1 # x9, and hence the fixed integer N = b(z3 + z} — 3 — 23) is
non-zero. But it follows from (7.2) that x3 — 22 and 2% + x3 are each divisors
of N. Thus, a standard divisor function estimate shows that the number of
choices for x; and x5 is O(P°), and we conclude that the contribution to Gy
from this second class of solutions is O(P5"¢). Adding these two contributions,
we obtain the bound claimed in the statement of the lemma. 0J

We next examine the mean value

Gy = / / FOML)RF (M) F(Ma) F M) F (M) dadB. (7.3)

Theorem 7.2. One has Gy < P11+,

Note that in this result we require the five linear forms M; to be pairwise
independent. Therefore, the result will be of use only in cases where the profile
of (1.1) has 75 > 1. The mean value in Theorem 7.2 involves 18 Weyl sums
and should therefore be compared with the bound I3 < P%7/6+¢ provided by
Theorem 6.1. The extra savings that we obtain here are the essential stepping
stone toward Theorem 1.2.

The proof of Theorem 7.2. As in the proof of Lemma 7.1, it follows from or-
thogonality that the integral G5 is equal to the number of solutions of an
associated pair of quartic equations. Taking suitable integral linear combina-
tions of these two equations, we reduce to the situation where ¢, = d5 = 0,
and consequently My = dsf8 and M5 = csa. Motivated by this observation, we
begin our deliberations by estimating the auxiliary mean value

Gy = /0 /O PO F (M) (M) £ (daB)*| davdB.

The Weyl differencing argument [14, Lemma 2.3] shows that there are real
numbers u;, with u;, < P¢ for which

< PP+ P Y wpe(vh). (7.4)

1<|h|<2P*
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We apply this relation with v = My to the mean value G5 and infer that
G3 < P?G + PGy, (7.5)

where G is the mean value defined in (7.1), and

Gi= Y w /O /O |FOML)2 £ (Ma)* £ (M) e(dsh ) dadB.

1<|h|<2P4

By orthogonality, the double integral on the right hand side here is equal to
the number of solutions of the system of Diophantine equations

cr(x] — yi) + ealahy + a5 — ys — ys) + cs(@y + 25 — yi — ys) =0 (7.6)
di (2} — y1) + do(xy + 25 — y3 — y3) + ds(as + x5 — ys — y3) +dsh =0

with z; < P and y; < P. We may sum over h # 0 and replace uy by its upper
bound. Then we find that G4, < PG5, where (G5 is the number of solutions
of the equation (7.6) with the same conditions on x; and y;. By orthogonality
again, we deduce that

Gy = /0 |f(c10)?f(coa)* f(c3a)?| dav.

For 1 < ¢ < 3 the linear form M; is linearly independent of My = d4f3, and
thus cicacs # 0. The trivial bound |f(cia)]? < P? therefore combines with
Schwarz’s inequality and (5.8) to award us the bound

1
@<W/um%mww
0

We therefore deduce that G, < P™?¢. Meanwhile, the estimate Gy < P>*¢
is available from Lemma 7.1. On substituting these bounds into (7.5), we
conclude thus far that G5 < P3te.

We now repeat this argument with v = M5 in (7.4), applying the resulting
inequality within the integral G defined in (7.3). Thus we obtain

Gy < PGy + PG, (7.7)
where Gg denotes the number of solutions of the Diophantine equation
di (2 —y1) +da(y a5y —y3) +ds(xi+ a5 —ys —y5) +da(zg+27 —ys —y7) = 0,
with z; < P and y; < P. By orthogonality,

Gy = / | (dra) £ (dac) f(ds0) f(dscr)?| dar

One may confirm that dydsdsd, # 0 by arguing as above, and so an application
of (2.2) in combination with (1.5) reveals that

Ge < Z/ | f(dia)|" dev = 4/ IF() [ dy < PO,
i=1 /0 0

The conclusion of the theorem now follows on substituting this bound together
with our earlier estimate for G5 into (7.7). O
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8. THE CIRCLE METHOD

In this section we prepare the ground to advance to the proofs of Theorems
1.1 and 1.2. A preliminary manceuvre is in order. Let & = 0 or 1, and
let Ni(P) = Nj denote the number of solutions of the system (1.1) with
k<z; <P (1<j<s). Note that the equations (1.1) are invariant under the
s mappings x; — —x;. This observation shows that

2°N1(P) < N (P) < 2°Ny(P). (8.1)
The goal is then to establish the formulae
Jim 2°P¥ Ny (P) =36 (k=0,1), (8.2)
— 00

since then (1.4) follows immediately from (8.1) and the sandwich principle.
Thus, we now launch the Hardy-Littlewood method to evaluate the counting
functions Ny (P). This involves the exponential sum

fr(a) = Z e(az?). (8.3)

This sum is, of course, an instance of the sum (1.10), where we have been
deliberately imprecise about the lower end of the interval of summation. The
results we have formulated so far are indeed independent of the choice of k,
and it is only now and temporarily where this detail matters. We require the
linear forms A; = A;(«, 8), defined by

Ajlon B) = qja+ b8 (1<) <s)
that are associated with the equations (1.1). We then put

Fr(a, B) = fr( A1) fe(A2) - -+ fr(Ay), (8.4)
and observe that, by orthogonality, one has
1 p1
Ni(P) = F(a, B)dadp. 8.5
(P = [ [ #tes)daas (85)

Subject to conditions milder than those imposed in Theorems 1.1 and 1.2
we reduce the evaluation of the integral (8.5) to the estimation of its minor
arc part. With this end in mind we define the major arcs U as the union of
the rectangles

V(g,a,b) = {(e, B) € [0,1]2 : |& — a/q| < P~V and |3 — b/q| < P33,

<
with 0 < a,b < ¢, (a,b,¢q) =1 and 1 < ¢ < PV,
Define the generating functions
q

S(q,c):Ze(cx4/q) and 0(7):/0 e(yth) dt.

r=1

Then, given (a, 3) € [0,1]?, if we put v = a — a/q and 6 = 8 — b/q for some
a,b € Z and q € N, one concludes from (8.3) and [14, Theorem 4.1] that

Fi(Ay) = a7 (g, Aj(a, b)) v (Aj(7,8)+0 (a2 (1 + P*|A (7, 0))%) . (8.6)
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Note that the right hand side here is independent of k. We multiply these
approximations for 1 < j < s. This brings into play the expressions

L (q,a,b) = q~ HS q,M\;(a,b)) and ¥(v,9) Hv
J=1
If (a, B) € V(q,a,b) C VU then the error term in (8.6) is O(P'/5+¢), and we
infer that
Frla, B) = L (q,a,b) ¥ (7,6) + O(P*7T/5),
Since U is a set of measure O(P~5%/%), when we integrate this formula for
Fr(a, B) over U, we obtain the asymptotic relation

/ /k; doz dﬁ = G(PI/S)E* (PI/S) + O(Ps—?)?,/4-i-a)7

where, for 1 < Q) < P we define

and 1(Q) = [~QP~4, QP

At this point, we require some more information concerning the matrix of
coefficients, and we shall suppose that ¢y > 15. Then s > 16, and we may
apply [9, Lemma 3.3] to conclude that &(Q) = & +0O(Q° ). Further, we have

/_ e(yt*) dt = 2v(7),

P

and thus [9, Lemma 3.1] shows that the limit (1.2) exists, and that we have
253°(Q) = P83 + O(P*~3Q~'/*). We summarise these deliberations in the
following lemma.

Lemma 8.1. Suppose that qo > 15 and that k € {0,1}. Then

[ #amaads =2opres o)
Pl

The major arcs in Lemma 8.1 are certainly too slim for efficient use of Weyl
type inequalities on the complementary set. A pruning argument allows us to
enlarge the major arcs considerably. Let 20 denote the union of the rectangles

W(q,a,b) = {(, B) € [0,1]" : g —a] < P~ and |¢B — b < P~°},
with 1 <¢g< P,0<a,b<qand (a,b,q) = 1. Then U C 2, and we proceed
to estimate the contribution from 20 \ U to the integral (8.5). A careful
application of [14, Theorem 4.2] shows that S(q, c) < ¢*/*(q,c)'/*. Further, if
V(y) = P(1 + P*~|)~'/4, then by [14, Theorem 7.3], one has v(7y) < V(7).
Hence, whenever (a, #) € 2(q, a,b) with ¢ < P, one deduces from (8.6) that

FelA) < a7V (@, Ag(a, )V (A (@ — a/q, 8= bfg) + P2,
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It is immediate that the first term on the right hand side here always dominates
the second, and therefore,

T, B) < ¢ 3/41_[ ¢, 8(a, b))V (Aj(a — a/q, 8- b/q)).

7j=1
We integrate over 20 \ U. The result is a sum over ¢ < P in which we
consider the portion ¢ < P'/® separately. This yields the bound
/ Fi(o, B) dadB < Ky(PV¥) + Ky(PY9), (8.7)
W\V

where for 1 < @ < P, we write

zzzq—smq, @' [[ Hv )dads

¢<Q a=1 b= 1
(ab,q)=

with B(Q) = [—1,1]* \ (Q), and

—s/4 1/4
Z ZZQ Hq, (a,b)) //[11]2 ;) dadp.

Q<q<P a=1 b=1
(a,b,q)=1

Still subject to the condition go > 15, the proof of [9, Lemma 3.2] shows that

Zzzq S/4HQ7 ab 1/4<<qu 2<<Q51

>Q a=1 b=1 >Q
(a,b,q)=1

and similarly, the proof of [9, Lemma 3.1] delivers the bound

/ / [TV)dads < P8Q"
B(Q) j=1

Thus we deduce that K(PY®) + Ky(PY®) <« Ps~81/32 Substituting this
estimate into (8.7), and then recalling Lemma 8.1, we see that in the latter
lemma we may replace U by 2. This establishes the following theorem.

Theorem 8.2. Suppose that gy > 15 and that k € {0,1}. Then

/ Fi(a, B)dadf =27°P8&T + O(P5 /%),
it

Let to = [0,1]? \ 20 denote the minor arcs. Then, in view of (8.2), (8.5) and
Theorem 8.2, whenever ¢y > 15, the asymptotic relation (1.4) is equivalent to
the minor arc estimate

/ Fr(a, B)dadp = o( P*%), (8.8)

as P — oo, and in the next two sections we shall confirm this subject to the
hypotheses imposed in Theorems 1.1 and 1.2.
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9. THE PROOF OF THEOREM 1.1
At the core of the proof of Theorem 1.1 we require two minor arc estimates.

Lemma 9.1. Let ¢y, co,dy,dy € Z, and suppose that M; = c;a+d;8 (7 =1,2)
are linearly independent. Then

J[ 170000 dads < P2

Proof. It is immediate from (6.3) that wv C p. Recall the initial argument
within the proof of Theorem 6.4. This shows that for («, 8) € p, the forms M;
and My cannot be in Mps p2/7 simultaneously. By symmetry we may therefore
suppose that My € nps p2/7. Now apply the transformation formula as in (6.9).
One finds that for an appropriate non-zero integer D, depending at most on ¢
and d, one has

//m|f(M1)f(M2)|15dadB<</1/m\f(Doz)f(DB)|15dadﬁ,

0

where m = mps p2/7. Thus, applying a trivial estimate for one factor f(Df),
we deduce via Lemma 5.3 that

// |f(My) f(My)|** dadB < P° (P65/6) (Pll) « p22-1/6+e.

This completes the proof of the lemma. O

Lemma 9.2. Suppose that any two of the binary linear forms My, My, M3 are
linearly independent. Then

ﬂVMWNwwmme<prf

Proof. On recalling that to C p, the lemma is immediate from Theorem 6.4. [J

We are now fully equipped to complete the proof of Theorem 1.1. Suppose
that we are given a pair of equations (1.1) with s > 26, gy > 15 and profile
(ri,re,...,r,). The parameter [ = s — r; — ry determines our argument. In
the notation of Section 7, we let .% = %, with k£ = 0 or 1 be the generating
function defined in (8.4).

Small values of [ call for special attention. Initially, we consider the situation
with 0 <1 < 3. We apply Lemma 2.3 with J; and J; the subsets of the set of
indices {1,2,..., s} counted by r; and 7y, respectively, and with J3 the subset
consisting of the remaining indices. Then card(.J;) = [. We also choose

My=...=M,=0, My=1, My=15—1 and M, =s— 15.

The condition ¢y > 15 ensures that ;1 < s— 15, and ri+ry = s—1 = M+ Ms.
Also, we have M; = s — 15 > 15 — [ = M, because r; > ro > 15 — [ and
s=ri+ro+1>=2ry+1 > 30—1[. Finally, since 0 < [ < 3 it is apparent
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that My = 15 — 1 > | = Mj3. Therefore, Lemma 2.3 is indeed applicable and
delivers the bound

// dad5<</ AV F(MR) 5 F (M) dav dB,

where each of the M; is one of the linear forms A;, and any two of the M; are
linearly independent. We now reduce the exponent s — 15 to 15 — [ and then
apply Holder’s inequality. Thus

[ Zlapands < Pt [0yt ran) ) | dads
< T,

where

T, = / PO (M) (M) devdB,
T, = / FOML)F(My)[® derdB.

In this scenario, therefore, we deduce from Lemmata 9.1 and 9.2 that

// y(O{ ﬁ) do dﬁ < PS—30+Z+€ (P18—1/18)l/4 (ng_l/ﬁ)l—l/zl
v

< Ps—8—1/18+€‘ (91)

We may now suppose that [ > 4. Then ry < s—15and r; + 7, < s—4. In
Lemma 2.3 we now take J; to be the subset of the set of indices {1,2,...,s}
counted by r;. We also choose

My=...=M,=0, My=4, My=11 and M, =s— 15,

and note that the hypothesis s > 26 ensures that M; > M,. The conditions
required to apply Lemma 2.3 are consequently in play, and we deduce that

/ / B)dads < / FOL) P51 (M) (My)]* devdB,

where again each of the M; is one of the linear forms A;, and any two of the M;
are linearly independent. Here s — 15 > 11 by the hypothesis s > 26, and we
may estimate excessive copies of f(M;) trivially and apply Lemma 9.2. This
confirms that (9.1) also holds for [ > 4. In particular, we have (8.8) subject to
the hypotheses of Theorem 1.1. This completes the proof of Theorem 1.1.

10. THE PROOF OF THEOREM 1.2

We continue to use the notation introduced in §§8 and 9, but now suppose
that the hypotheses of Theorem 1.2 are met. Hence s = 25 and r; < s—¢qp < 9.
We also assume that r5 > 1. Our goal on this occasion is the estimate

// B)dadp <« PTATE (10.1)
o
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Once this is established, Theorem 1.2 follows in the same way as Theorem 1.1
was deduced from (9.1).

We apply Lemma 2.3 with J; the subset of the set of indices {1,2,...,s}
counted by r; for 1 < j < v. Also, we put m; = r; for each j and

MV:...:MGZO, M5:M4:]_, M3:5 and M2:M1:9.

On recalling that r; < 9, it is immediate that (2.3) and (2.4) hold. Hence,
Lemma 2.3 is applicable, and yields linear forms My, ..., M5 that are linearly
independent in pairs, where each M, is one of the A;, and where

// 8)dadp < [ﬂfm F(M)° F(Mg)® F(M,) £ (M) dar dB.

By Holder’s inequality, we find that

/ / B)dadB < T3,

naf/wmmmmmmmemew

where

n—/|fm D3 £ (M) devdB.

Making use of the bounds supplied by Theorem 7.2 and Theorem 6.4 with
u = 32/3, we therefore infer that

// B)dadB < P* (P11)1/4 (P19 1/18)3/4 < plT-1/24+e

Thus the bound (10.1) is confirmed, and the proof of Theorem 1.2 is complete.

Finally, we briefly comment on the prospects of reducing the number of
variables further. Note that the estimates for the minor arcs and for the
whole unit square in Theorem 6.1 coincide for v = 25/3. Since 6(25/3) = 0,
therefore, when s = 25 our basic method narrowly fails to be applicable to the
system of equations (1.1). Further, it transpires that each additional variable
contributes a factor P to the major arc contribution, but only P%° to the minor
arc versions of Theorems 6.1 and 6.2. As indicated in §1 already, it is worth
comparing the 18th moment (v = 6) in Theorem 6.1 with that in Theorem
7.2, the latter being superior by a factor PY6. It transpires that even if it
were possible to propagate this saving through the moment method, then we
would still fail to handle cases of (1.1) with s = 24, but only by a factor P©.
However, at this stage, the only workable compromise seems to be to apply
Theorem 7.2 in conjunction with Theorems 6.1 or 6.4, via Holder’s inequality.
If the profile of the equations (1.1) is even more illustrious than in Theorem
1.2, then one can put more weight on the bound stemming from Theorem 7.2.
For example, if we suppose that s =24 and r; < 5, then v > 5 and r5 < 4, so
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that in hopefully self-explanatory notation, the minor arc contribution can be
reduced to something of the shape

// dadﬁ<</ [F(M1)? f(M2)” f (Ms)° f(Ma)” f(M5)*] da dB.

One may then introduce the identity (3.5) with @ = M; for all 1 < j < 5
simultaneously. The most difficult term that then arises is that weighted with
n(M;)---n(Ms). A cascade of applications of Holder’s inequality together with
Theorem 6.1 shows this term to be bounded by

(T3)3/5(J11)2/5 < P16+1/15+8,

which is quite far from saving another variable.
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