VINOGRADOV’S MEAN VALUE THEOREM
VIA EFFICIENT CONGRUENCING, II

TREVOR D. WOOLEY*

ABSTRACT. We apply the efficient congruencing method to estimate Vino-
gradov’s integral for moments of order 2s, with 1 < s < K2 —1. Thereby,
we show that quasi-diagonal behaviour holds when s = o(k?), we obtain
near-optimal estimates for 1 < s < %kQ + k, and optimal estimates for
s > k% — 1. In this way we come half way to proving the main conjecture
in two different directions. There are consequences for estimates of Weyl
type, and in several allied applications. Thus, for example, the anticipated
asymptotic formula in Waring’s problem is established for sums of s kth
powers of natural numbers whenever s > 2k% — 2k — 8 (k > 6).

1. INTRODUCTION

Estimates stemming from Vinogradov’s mean value theorem deliver bounds
for exponential sums of large degree, both in mean and pointwise, beyond
the competence of alternate approaches. The ubiquity of such exponential
sums in analytic number theory, in the analysis for example of the Riemann
zeta function, in Waring’s problem, and beyond, accounts for the high pro-
file of Vinogradov’s methods in the associated literature. In recent work, we
established a version of Vinogradov’s mean value theorem which achieves an
essentially optimal upper bound with a number of variables only twice the
number conjectured to be best possible (see [20]). For systems of degree k,
previous estimates missed such a bound by a factor of order log k. Our earlier
approach provides no upper bounds when the number of variables is smaller,
precluding the possibility of applications involving the finer features of these
mean values. Our goal in this paper is to remedy this deficiency, at the same
time strengthening our previous conclusions. It transpires that we are able to
come within a hair’s breadth of proving the main conjecture concerning Vino-
gradov’s mean value theorem in half of the basic interval of relevant moments.
Such developments illustrate the flexibility of the new efficient congruencing
method introduced in [20].

We now introduce some notation. When k € N and a € R*, define

frla; X) = Z e(oanr + ... + ogz®),

1<e<X
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2miz

where e(z) denotes e*™*. Our goal is to estimate the mean value

J(X) = il )P da,
which by orthogonality counts the solutions of the Diophantine system
w4 =y (1<5<k),

with 1 < x,y < X. Here and elsewhere, we employ the convention that
whenever G : [0,1)* — C is integrable, then

%G(a) da = o G(a)da.

In addition, we make slightly unconventional use of vector notation. Thus, for
example, we write 1 < x < X to denote that 1 <z; < X (1 <i<s).

We complete the proof of our basic estimate for J;(X) in §8. Here and
elsewhere, so far as implicit constants associated with Vinogradov’s notation
< and > are concerned, we suppress mention of dependence on s, k and €.

Theorem 1.1. Suppose that s and k are natural numbers with k > 3 and
s > k2 —1. Then, for each e > 0, one has J,,(X) < X2~ ah(k+Dte,

Prior to the introduction of the efficient congruencing method, conclusions of
the type supplied by Theorem 1.1 were available only for s > (1+o0(1))k?log k
(see [1], [15], [16], [18] and earlier work of Hua [8]). In [20, Theorem 1.1],
meanwhile, we showed that J, ,(X) < X2~ 25k+D+< for 5 > k(k+1), and this
yields the conclusion of Theorem 1.1 with the condition s > k? — 1 replaced
by s > k?+ k. Our new result is consequently rather sharper than that of [20],
which in terms of the constraint on the number of variables already comes
within a factor 2 of the widely held conjecture that J, ,(X) < X2~ ak(k+1)+e
for s > Sk(k +1).

There are numerous consequences of Theorem 1.1, with refinements avail-
able for estimates of Weyl sums, fractional parts of polynomials, and various
Diophantine problems. Since these improvements are modest in scale com-
pared to those made available in our previous work [20], we defer discussion of
the bulk of such matters to §11. For the moment, we choose instead to pursue
the more subtle features of the behaviour of the mean value J, 5 (X).

In order to motivate a discussion of the mean value J; j(X) for smaller values
of s, we begin by recalling the lower bound

Jor(X) > X5 4 X2 sk0HD), (L.1)
The closely associated conjectural upper bound
Jor(X) < X°(X5 4 X2kl (1.2)
is approximated for 0 < s < %k(k’ + 1) by an estimate of the shape
Jor(X) < XoH0srte (1.3)

provided that ds; > 0 is small. Suppose that (1.3) holds for an exponent
sequence 0,y with 0, — 0 as & — 0o. Then, motivated by our earlier work
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[17], we say that the sequence of mean values J; ,(X) (k € N) exhibits quasi-
diagonal behaviour for the exponent s. It follows from [17, Theorem 1] that
whenever s < k%2(log k)™, quasi-diagonal behaviour holds for the mean value
Jsx(X) in a particularly strong form. Indeed, subject to the latter condition
on s, the bound (1.3) holds for the exponent d, ; = exp(—Ak3/s?), for a certain
positive constant A. In §9 we establish that the mean value J (X)) exhibits
quasi-diagonal behaviour whenever s = o(k?).

Theorem 1.2. Suppose that r, k and s are natural numbers with k > 3,
1 <r<min{k—2,3k+1} and s <r(k—r+2). Put

r—1

k—r

Then for each € > 0, one has the estimate Js,(X) < X5Trmate,

Vrk =

In order to compare the strength of the estimate supplied by Theorem 1.2
with that of previous work, it is useful to consider the situation in which s and
k are natural numbers with k large and s < ik% and to put A = s/k% Then the
work of Arkhipov and Karatsuba [2] shows that (1.3) holds with a permissible
exponent d, satisfying d,, < \*2k?, Tyrina [11] obtains d,, < A\?k?, whilst
Theorem 1.2 yields the significantly stronger bound d;; < A. Notice also that
by taking r = 1 in Theorem 1.2, one recovers the estimate Jj ;1 x(X) < X*H1+e
obtained in a slightly sharper form in Hua [8, Lemma 5.4], and sharpened
further by Vaughan and Wooley [14]. Finally, by putting » = [(k 4+ 1)/2] in
Theorem 1.2, one obtains an attractive estimate simple to state.

Corollary 1.3. Suppose that s and k are natural numbers with k > 4 and
s < 3k* + k. Then for each e > 0, one has J,(X) < X5+,

The estimate supplied by this corollary comes very close indeed to establish-
ing the conjectured estimate (1.2) in the interval 1 < s < }Lkg—l—k:. If one were to
establish an analogue of Corollary 1.3 in the longer interval 1 < s < $k(k+1),
then the full conjecture (1.2) would essentially follow. In a sense, therefore,
Corollary 1.3 comes half way to proving the main conjecture in this subject.
When s > k% — 1, on the other hand, Theorem 1.1 establishes the conjec-
tured bound (1.2). If one were to establish an analogue of Theorem 1.1 for
s > %k‘(k‘ + 1), this would again prove the main conjecture. Thus one comes
half way to proving the main conjecture in two different directions.

The conclusion of Theorem 1.1 delivers essentially optimal estimates for
Js1(X) when s > k* — 1. In §8 we consider the behaviour of J;(X) when
s is somewhat smaller than k% — 1. In this context, it is useful to define the

exponent
k+1

Theorem 1.4. Suppose that s, t and k are natural numbers with k > 3,
1<t<k—1ands> (k—t)(k+1). Then for each € > 0, one has

Js k(X) < XQS—%k(k—‘rl)-‘rAt,k"rs'
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The exponent A, in the upper bound presented in Theorem 1.4 converges
quadratically to zero as t decreases to zero, representing a substantial im-
provement over the bounds made available by means of linear interpolation
via Holder’s inequality. Notice that Theorem 1.1 follows from Theorem 1.4 by
simply setting ¢ = 1.

We turn next to applications of our methods in the context of Waring’s
problem. When s and & are natural numbers, let Rsx(n) denote the number
of representations of the natural number n as the sum of s kth powers of
positive integers. A formal application of the circle method suggests that for
k> 3 and s > k + 1, one should have

T+ 1/k)°

R, ;(n) = T(s/k) GS,k(n)nS/k_l + O(ns/k_l), (1.5)

where

S, (n) :i Zq: (qlie(ar’“/Q))se(—na/Q)

Subject to suitable congruence conditions, one has 1 < &, x(n) < n°, so that
the conjectured relation (1.5) represents an honest asymptotic formula. Let
G(k) denote the least integer ¢ with the property that, for all s > ¢, and all
sufficiently large natural numbers n, one has the asymptotic formula (1.5). By
incorporating the estimates supplied by Theorems 1.1 and 1.4 into our recent
work concerning the asymptotic formula in Waring’s problem [21], in §10 we
derive the upper bounds for G(k) contained in the following theorem. We
make use here of the notation defined in (1.4).

Theorem 1.5. Let k be a natural number with k > 3. Then one has
20k —1)(r+1)— 2’"*1—‘

G(k) <2k* —2k+1— max {

0<r<k—2 k—r
2r<k2—k—1
and also
- 26+ 1D(t—-1) — -1
Gk) <2k —1— max max (k4 1)( ) = m(m )—‘ -
1<m<k 1<t<k—1 14+ Arg/m

2(t—1) (k+1)+m(m—1)<2k2—2
Two consequences of Theorem 1.5 deserve to be recorded.
Corollary 1.6. When k s a large natural number, one has
G(k) < 2k> — K + O(k).

This conclusion sharpens slightly the bound G(k) < 2k2 — 2[(log k)/(log 2)]
established recently in [21, Corollary 1.2].

Corollary 1.7. When k is a natural number with k > 6, one has

G(k) < 2k — 2k — 6y,
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where
8, when k=06,

9, when7< k<13,
10, when 14 < k < 19,
12, when k > 20.

O

In particular, one has
G(6) < 52, G(7) <75, G(8) <103, G(9) < 135,..., G(20) < 748.
For comparison, in [21, Corollary 1.2] we showed that
G(7) < 86, G(8) < 117, G(9) < 151,..., G(20) < 789.

Work preceding the introduction of efficient congruencing delivered substan-
tially weaker conclusions. Thus, for smaller values of k, by using a refinement
of an earlier method of Heath-Brown [7], it was shown by Boklan [3] that

G(6) < 56, G(7) < 112, G(8) < 224.

For large values of k, meanwhile, one had the work of Ford [6]. Together with
refinements for intermediate values of k due to Parsell [9] and Boklan and
Wooley [4], this delivered the bounds

G(9) < 365,...,G(20) < 2534, and G(k) < k*(logk + loglog k + O(1)).
We note that the methods underlying the proof of Theorem 1.5 fail by € to
deliver the bound G(5) < 32 established by Vaughan [12]. Thus, our methods
come within a whisker of achieving useful conclusions even for k£ = 5.

We establish Theorems 1.1, 1.2 and 1.4 by means of the efficient congru-
encing method introduced in our earlier work [20]. A sketch of the method
is provided in [20, §2], and the reader may find this a helpful guide when it
comes to understanding the basic plan of attack in this paper. It is a notable
feature of this earlier work that, when successful for a given choice of s, the
method yields a bound of the shape J,,(X) < X2kt D¥e within a fac-
tor X¢ of the sharpest bound conjectured to hold. In this paper we adapt
the efficient congruencing method so as to obtain weaker bounds of the shape
Jon(X) < X2 R0+ wherein k(s, k) < 1k(k + 1). Although this advance
may seem to provide only modest additional flexibility, it is neither trivial nor
inconsequential. Further differences will be encountered from [20] in the han-
dling of auxiliary congruences, and in particular linear congruence information
is more efficiently handled implicitly within the main congruencing process.

We organise this paper as follows. In §2 we invest in some preliminary ma-
noeuvres and introduce notation that facilitates what follows. Estimates for
auxiliary congruences are established in §3, and in §4 we perform the condi-
tioning of variables that permits non-singularity constraints to be imposed on
the variables where needed. The efficient congruencing process is described
in two stages. In §5 we perform the efficient congruencing step itself. Then,
following discussion of an initial pre-congruencing step in §6, we advance in
§7 to extract from the conclusions of §5 a formulation suitable for iterating
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the efficient congruencing process. We now come to the iterative relations,
and these differ according to the variable regime of interest. In §§8 and 9 we
establish, respectively, Theorems 1.1 and 1.4, and Theorem 1.2. Then in §10,
we discuss the asymptotic formula in Waring’s problem, proving Theorem 1.5
and its corollaries. Finally, in §11, we consider several further consequences of
our new estimates. Here we highlight improvements in estimates of Weyl type,
the distribution of polynomials modulo 1, Tarry’s problem, and an estimate of
Croot and Hart related to the sum-product theorem.

2. PRELIMINARIES AND INFRASTRUCTURE

Our objective in this section is to introduce such notation and preliminary
estimates as are needed to describe the infrastructure of the repeated efficient
congruencing process. In what follows, the letter k denotes a fixed integer
exceeding 2, the letter s will be a positive integer, and ¢ denotes a sufficiently
small positive number. The basic parameter occurring in our asymptotic es-
timates is X, a large real number depending at most on k£, s and &, unless
otherwise indicated. In an effort to simplify our exposition, we adopt the
following convention concerning the number e. Whenever ¢ appears in a state-
ment, either implicitly or explicitly, we assert that the statement holds for each
e > 0. Note that the “value” of ¢ may consequently change from statement
to statement. We are relatively cavalier concerning the use of vector notation.
In particular, we may write z = w (mod p) to denote that z; = w; (mod p)
(1<i<t),orevenz=¢ (mod p) to denote that z; = ¢ (mod p) (1 <7 < ¢t).
Finally, throughout §§2-9, we consider the integer k to be fixed, and we there-
fore abbreviate J, ;(X) to Js(X), and likewise fi(a; X) to f(a; X), without
further comment.

Our attention is focused on the mean value J(X) where, for the moment,
we think of s as being an arbitrary natural number. We refer to the exponent
As as permissible when, for each positive number ¢, and for any real number X
sufficiently large in terms of s, k and ¢, one has J,(X) < X*:*2. Define \* to
be the infimum of the set of exponents A\, permissible for s and k. In view of
the conjectured upper bound (1.2) and the corresponding lower bound (1.1),
we expect that for each natural number s, one should have

A: = max{s,2s — 3k(k +1)}.

In our earlier work [20], we sought to establish that A% = 2s — $k(k + 1) with
s as small as possible, and indeed we established such for s > k(k + 1). In
present circumstances we are less ambitious, though we ultimately prove more.
With this in mind, we take ks = k(s, k) to be a positive parameter to be chosen
in due course, but satisfying r, < max{s, 1k(k +1)}. In addition, we define
ns = Ns(ks, k) by putting ns = AX — 2s + ks. Thus, whenever X is sufficiently
large in terms of s, k and ¢, one has

Jo(X) < XNt (2.1)

where
As =25 — Ks + 1. (2.2)



VINOGRADOV’S MEAN VALUE THEOREM 7

Rather than investigate the sequence of exponents ! directly, it is more
convenient instead to fix a natural number r with

1<r<k-1, (2.3)

and then seek to bound A} .. By choosing ki, carefully in terms of s, we
are able to apply the efficient congruencing process to show that 7., may be
taken to be an arbitrarily small positive number, and thereby we demonstrate
that in fact \;,, < 2s 4 2r — Key,. We determine x4, in terms of s and &
by means of the parameter r as follows. Fix natural numbers s and sy with

s > Sg, and write

p=k—r+1 (2.4)

When it comes to proving Theorem 1.2 we take

r—1
= d s+r — - ’ 2.5
so=rp and ke, =So+ T g (2.5)
and for the proof of Theorem 1.4 we take
kE+1

so=rk and ke, = (rk—3r(r+1)) (k——i_1> : (2.6)

Our goal is to show that A7, < 2(s+7) — Kspr, and so we suppose by way of
contradiction that in fact
)\:+r = 2<3 + 7’) — Ksr T Nstrs

with 754, > 0.
Let 0 be a small positive number to be chosen shortly. In view of the infimal
definition of A}, there exists a sequence of natural numbers (X,,)>,, tending

to infinity, with the property that
Joer(Xa) > X0 (neN). (2.7)

Provided that X,, is sufficiently large, it follows from (2.1) that for X" <Y <
X, one has the corresponding upper bound

Joir(Y) < Y5470, (2.8)

Notice that since s > sg, the trivial inequality |f(a; X)| < X yields the upper
bound

Jor(X) < X207 ]{ £ X0 de = X270 ], (X)),

Consequently, one has 11, < 75,4+, and so we are at liberty to restrict atten-
tion to the special case s = sg. Since s is a multiple of 7, we consider a fixed
natural number u with v > so/r, and put s = ru. We keep in play the general
case s > so until the final stages of our argument, the better to illuminate the
underlying ideas. Finally, we take N to be a natural number sufficiently large
in terms of s, k and r. In our proofs of Theorems 1.2 and 1.4 we put

0 = N~V2(r/s)N+2 (2.9)

and fix § to be a positive number with § < (Ns)™3¥ so that § is small compared
to 6. We now take a fixed element X = X,, of the sequence (X,,), which we
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may assume to be sufficiently large in terms of s, k, r, N and §, and put
M = X?. In particular, we have X% < MV,

Let p be a fixed prime number with M < p < 2M to be chosen in due course.
That such a prime exists is a consequence of the Prime Number Theorem.
When ¢ and ¢ are non-negative integers, and a € [0, 1)%, define

)= ) el(na) (2.10)
1<e<X
=€ (mod p°)

where
U(z;a) = gz + apx?® + ..+ oga”

As in [20], we must consider well-conditioned tuples of integers belonging to
distinct congruence classes modulo a suitable power of p, though now we must
proceed in greater generality. Denote by =ZL(§) the set of r-tuples (&1, ...,&,),
with

1<&G<p™ and §=¢ (modpf) (1<i<r),

and satisfying the property that & = & (mod p°™') for no ¢ and j with 1 <
i < j < r. In addition, write 3, = {1, —1}", and consider an element o of ¥,.

We then define
Z ch—f—l 0;Cx; 5@ (211)
€Er(€) i=1

Notice that we have suppressed mention of the parameter r in our notation for
the exponential sum §7 (e; £), based on the premise that any possible confusion
should be easily avoided.

Two mixed mean values are important within our arguments. First, when
a and b are positive integers and o € Y., we define

70X 6n) = F157 (s € Rl da (2.12)

and
TOGE) = § 152 (@i da (213)

It is convenient then to put
lap(X) = max, Jnax, max I7,(X; €, 1) (2.14)
n#¢ (mod p)

and

Kop(X) = max, Jnax, Jnax K37 (X58,7)- (2.15)
n#£¢ (mod p)

The implicit dependence of these mean values on our choice of p will ultimately
be rendered irrelevant, since we fix p in the pre-congruencing step described
in §6, following the proof of Lemma 6.1. We defer the definition of Ky ,(X) to
§6, since there are technical complications better avoided at this stage.
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As in [20], our arguments are simplified by making transparent the relation-
ship between mean values and their anticipated magnitudes. In this context,
we define [[Js1-(X)]] by means of the relation

Josn(X) = X2 [ (X)) 2.16)
and when 0 < a < b, we define [K,;(X)]] by means of the relation
Kap(X) = (X/MOV (X /M2 =505 [ (X )] @.17)
The lower bound (2.7) may now be written
[Tsr (X)) > X577, (2.18)

We finish this section by recalling an estimate from [20] that encapsulates
the translation-dilation invariance of the Diophantine system underlying the
mean value Jy(X).

Lemma 2.1. Suppose that ¢ is a non-negative integer with c0 < 1. Then for
each natural number t, one has

max 7{|fc(a;§)|2t doo < Jy(X/M€).

1<€<p®

Proof. This is [20, Lemma 3.1]. O

3. AUXILIARY SYSTEMS OF CONGRUENCES

Following the pattern established in our initial work [20] concerning efficient
congruencing, we begin the main thrust of our analysis with a discussion of the
congruences that play a critical role in what follows. Two basic arrangements of
the congruencing idea are required, and these we handle in separate lemmata.
We prepare the ground first with some notation.

Recall that r is an integer with 1 < r < k — 1. When a and b are integers
with 1 < a < b, and o € %,, we denote by B ;' (m; £, n) the set of solutions of
the system of congruences

Zai(zi — 1) =m; (mod p*) (1<j<k), (3.1)

with 1 < z < p* and z = £ (mod p**!) for some & € =7 (£). We define an
equivalence relation R(A) on integral r-tuples by declaring the r-tuples x and
y to be R(\)-equivalent when x =y (mod p*). We then write C;”;)T’h(m; &,n)
for the set of R(hb)-equivalence classes of By ;' (m; &, 1), and we define Bglg(p)
by putting

rh o,r.h .
B.y(p) = max, nax, gﬂgglgnagkbcard(ca,b (m;&m).  (3.2)
n#E (mod p)

On considering representatives of the R(hb)-equivalence classes of the set
By (m; &, n), of course, we may interpret C;T;f’h(m; &, n) via the relation

CZM(m; &, m) = {x (mod p") : x € BYy (m; &, m)}.
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When a = 0 we modify these definitions, so that B7; (m;¢, ) denotes the
set of solutions of the system of congruences (3.1) with 1 < z < p** and
z = £ (mod p) for some € € Z{(§), and for which in addition one has z #

n (mod p). As in the previous case, we write Cg;f’h(m;g,n) for the set of

R(hb)-equivalence classes of B} (m;¢&,n), but we define B&Z(p) by putting
rh _ o,r,h .
By, (p) = Jnax max max card(Cy ;™ (m; 0,7)). (3.3)

We note that the choice of £ in this situation with a = 0 is irrelevant, since
one has £ = 0 (mod p*) for all integers £. However, it is notationally con-
venient to preserve the similarity with the corresponding notation relevant to
the situation with a > 1.

We aim to estimate B;Z(p) by exploiting the underlying non-singularity of
the solution set via Hensel’s lemma. A suitable version of the latter lifting
process is implicitly contained within the following lemma.

Lemma 3.1. Let fi,..., fq be polynomials in Zlxy, ..., x4 with respective de-
grees kq, ..., kg, and write

af;
J(f;x :det( ! x> :
(f;x) 6’xi< ) i

When @ is a prime number, and [ is a natural number, let N'(f; @) denote
the number of solutions of the simultaneous congruences

filx1,...,2q) =0 (mod @) (1<j<d),
with 1 < 2; < @' (1 <i<d) and (J(f;x),@) = 1. Then N(f; ') < ky - ky.
Proof. This is [19, Theorem 1]. O

We prepare a second auxiliary lemma in order to facilitate discussion of a
certain argument involving elimination of terms amongst systems of polyno-
mials. In this context, we adopt the convention that when [ and m are natural
numbers with [ > m, then the binomial coefficient ("l"‘) is zero.

Lemma 3.2. Let o and [ be natural numbers. Then there exist integers ¢
(o <Il<a+p) andd, (B <m< a+ ), depending at most on « and B, and
with dg # 0, for which one has the polynomial identity

B at+p

Cat D Cant(z+ 1) =" da™. (3.4)
=1 m=0
Proof. Consider the system of equations
B

a+1
Z( m )ya+l=,um (1<m<p), (3.5)
=1

in which g, is 0 when 1 < m < 8, and 1 when m = (. By comparing
coefficients of powers of x on left and right hand sides of (3.4), we see that the
conclusion of the lemma follows provided that the system of linear equations
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(3.5) admits a rational solution y. Indeed, given such a solution, on taking
ds to be the least common multiple of the denominators of y,4; (1 <1 < ),
one finds that there exist integers ¢, and d,, (8 < m < a + ) for which the
identity (3.4) holds with co4; = dgyari (1 <1< B).

We now demonstrate that the system (3.5) does indeed possess a rational
solution. When 1 < m < 3, write

U(t) = t(t —1) ... (t —m +1).

Then on multiplying the equations indexed by m in (3.5) through by m!, one
finds that this system is equivalent to

B
> (@ + Dyasr = Bl (1< m < B).
=1

Hence, on taking linear combinations of these equations, one discerns that
(3.5) is in turn equivalent to the system of equations
B
Z(& + l)myoz-H = ﬁ'ﬂm (1 <m < 5) (36)
=1
The matrix of coefficients of this system has determinant equal to the Vander-
monde determinant

det (0 +D)™)1cpmep = ] ((@+1) = (a+m))#£0,

1<i<m<p

and hence is invertible. We therefore deduce by means of Cramer’s rule that
the system (3.6) possesses a rational solution depending only on its coefficients,
thus depending only on o and 3. The same is consequently true of the equiva-
lent system (3.5). In view of the discussion of the first paragraph, this suffices
to complete the proof of the lemma. 0

Our first bound for BZ:Z (p) addresses the scenario in which r < k, but h = k.
In a sense, this situation is one in which we discard the k& — r congruences of
smallest modulus p’® (1 < j < k — ) but nonetheless aim to lift solutions to
the maximum modulus p**. This lemma must be prepared in two variants, one
for the case a > 1 and a second for a = 0. Before announcing the lemma and
its proof, we emphasise that throughout §§3-9, we assume r to be constrained
by (2.3), and define p by means of (2.4).

Lemma 3.3. Suppose that a and b are integers with 1 < a < b. Then
r Ir(r=1)(a
Byy(p) < klpar( D),

Proof. Consider fixed integers a and b with 1 < a < b, a fixed r-tuple o € %,
and fixed integers ¢ and 7 with 1 < & < p?, 1 < n < p® and n # £ (mod p).
We denote by D;(n) the set of R(kb)-equivalence classes of solutions of the
system of congruences

r

> oi(z—n) =n; (mod p'*) (p<j<h), (3.7)

i=1
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with 1 < z < p* and z = & (mod p**?!) for some € € Z(£). Given a fixed
integral 7-tuple m, the number of r-tuples n with 1 < n < p** for which
nj =m; (modpjb) (k—r+1<j<k)
is equal to
k
_; L(re
H p(k Db _ (pb)2 (r=1)
j=k—r+1
Consequently, it follows from (3.1) that

card(CZy" (m; €, m)) < > > card(Dy(n))
1<n, <pk? 1<n,<ph?

np=m, (mod p~?) np=my, (mod p

< (P)2"0Y max card(Dy(n)). (3.8)

1<ngph?

kb)

We next rewrite each variable z; in the shape z; = p®y; + £. In view of the
hypothesis that z = € (mod p®*!) for some € € =,(€), the r-tuple y necessarily
satisfies the property that

Vi & Ym (mod p) (1<i<m<r). (3.9)

Write ( = £ — 1, and note that the constraint n Z £ (mod p) ensures that
p 1 ¢. It follows that there exists a multiplicative inverse of ¢ modulo p*,
and we denote this by (7'. Then we deduce from (3.7) that card(D;(n)) is
bounded above by the number of R (kb — a)-equivalence classes of solutions of
the system of congruences
ST 1 =0y (mod ) (p<i<h), (3.0)
i=1
with 1 <y < p~2 satisfying (3.9). Let y = w be any solution of the system
(3.10), if indeed such a solution exists. Then we find that all other solutions
y satisfy the system of congruences
Zai (P g+ 1) — (P wi ¢ +1)7) =0 (mod p*)  (p <j < k). (3.11)
i=1
It is at this point that we make use of Lemma 3.2. Consider an index j with
p < j < k, and apply the latter lemma with a =p—1and =75 —p+1. We
deduce that there exist integers ¢j; (p—1 <1 < j) and dj,,, (j—p+1 < m < j),
depending at most on j and k, and with d;;_,1 # 0, for which one has the
polynomial identity

J J
Cj,p—l + Z le<l' + 1)l = Z dijL’m. (312)
l=p m=j—p+1
Since we may assume p to be sufficiently large in terms of d; ;_,41, moreover,
there is no loss of generality in supposing that p { d; j—,4+1. Then by multiplying
the equation (3.12) through by the multiplicative inverse of d;;_,+1 modulo

p*, we see that there is no loss in supposing that d;;_,.1 = 1 (mod p**). By
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taking suitable linear combinations of the congruences comprising (3.11), we
thus infer that any solution of this system satisfies

lwﬂﬂzm (1) = (wi) = 0 (wod p™) (o <j < k),

in which we have written

Wi(z) = 2P 4 Z dj (¢ Lptymmite=Lm, (3.13)

m=j—p+2

Note here, in particular, that
Y;(z) = 2777t (mod p). (3.14)

Denote by Ds(u) the set of R(kb — a)-equivalence classes of solutions of the
system of congruences

> oithy(y) = uy (mod U (p <G < k),
=1

with 1 <y < p*~¢ satisfying (3.9). Then we have shown thus far that
card(D;(n)) < max card(Ds(u)). (3.15)
1<ugph?

Let D3(v) denote the set of R(kb — a)-equivalence classes of solutions of the
system

> outhi(ys) = v (mod p*) (p < j < k),
i=1
with 1 <y < p*~9 satisfying (3.9). Then

card(Ds(u)) < Z e Z card(D;(v))

1<v,<phh—a 1<vp<pht—a
Vp=Up (IHOd pkbfa) Vp=Uk (mod pkbfra)
< (pa)%r(r—l) max card(Ds(v)). (3.16)

1<v<pkb7a

Define the determinant
J(¢;x) = det (O‘ﬂ/};+171<l’i>)1<i7lgr. (3.17)

We claim that when y; = y,, (mod p) for no i and m with 1 <i <m < r,
then (J(v;y),p) = 1. Temporarily assuming the validity of this claim, we
deduce from Lemma 3.1 that card(D3(v)) < p(p+1)---k < k!. In view of the
definition (3.2), the conclusion of the lemma follows at once from (3.8), (3.15)
and (3.16).

In order to confirm the validity of our claim concerning the Jacobian deter-
minant, we begin by observing that (3.14) implies that

O (Yi) = oily! ™" (mod p).
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Since we have supposed p to be large compared to k, we find that p|J(¢;y) if
and only if

det(y; i<is<r = 0 (mod p).
But by hypothesis we have y; = y,, (mod p) fornoi and m with 1 <i <m < r,
and so it follows that

det(y, i<iter = H (Yi — Ym) Z 0 (mod p).

1<i<m<r
We are therefore forced to conclude that p 1 J(v;y), thereby confirming the
validity of our earlier claim, and completing the proof of the lemma. O
A variant of Lemma 3.3 supplies an analogue applicable in the case a = 0.
Lemma 3.4. Suppose that b is an integer with b > 1. Then
Byy(p) < klp VP,

Proof. Consider a fixed integer b with b > 1, a fixed r-tuple o € ¥,., and a fixed
integer  with 1 < n < p*. We denote by D;(n;n) the set of R(kb)-equivalence
classes of solutions of the system of congruences (3.7) with 1 < z < p** and
z = £ (mod p) for some & € =((0), and for which in addition z # 7 (mod p).
Then as in the opening paragraph of the proof of Lemma 3.3, it follows from
(3.1) that

card(ngf’k(m; 0,7)) < (pb)%r(r_l) max card(D;(n;n)). (3.18)

1<nph?

But D;(n;n) = D1(n;0), and D;(n;0) counts the solutions of the system of
congruences

> oyl =n; (mod p**) (p<j<k),
=1

with 1 <y < p satisfying (3.9), and in addition p ty; (1 <@ < r). Write
J(y) =det ((p+j — Doyl (3.19)
Then since p is large compared to k, we find that p|J(y) if and only if
(y1...y.)" 'det (95_1)1@-,]'@ =0 (mod p).

But by hypothesis we have (y;...y,,p) =1 and y; = y; (mod p) for no ¢ and
jwith 1 <7< j <r,and so it follows that

(yl cee yr)p_ldet (yzj_l)lgi,jgr = (yl cee yr)p_l H (yl - yj) 7_é 0 (mOd p)

1<i<j<r

)1<i,jgr :

We therefore deduce from Lemma 3.1 that Dy(n;0) < p(p+1)...k < kl. In
view of (3.3), the conclusion of the lemma therefore follows from (3.18). O

Our second bound for Bgﬁj (p) addresses the scenario in which h =k —r +1
and r < k. This situation amounts to one in which we aim to lift solutions to
an intermediate modulus p*, and discard any congruences of modulus smaller
than p*. Again, we provide two variants of this lemma, one with ¢ > 1 and a
second with a = 0.



VINOGRADOV’S MEAN VALUE THEOREM 15

Lemma 3.5. Suppose that a and b are natural numbers with b > (r — 1)a.
Then By (p) < kiptm=be.

Proof. Consider fixed natural numbers a and b with b > (r — 1)a, a fixed r-
tuple o € %, and fixed integers £ and n with 1 < € < p%, 1 < n < p® and
n # & (mod p). In addition, define the integer u; for p < j < k by putting
o 0, when p+1 < 7 <k,
Hi = r—1, when j = p.

We denote by D;(n) the set of R(pb)-equivalence classes of solutions of the
system of congruences

T

S ou(z — ) = ny (mod P (p < j < k), (3.20)

=1

with 1 <z < p? and z = £ (mod p**t) for some € € =7 (€). Then it follows
from (3.1) that

card(Cy ;™" (m; €, n)) < Z card(Dy(n, mpy1, ..., my))
1<n<ppb+('r71)a

n=m, (mod pP?)

< pT Y% max card(D;(n)). (3.21)
1<ngph?

Following the pattern of the proof of Lemma 3.3, we next rewrite each
variable z; in the shape z; = p%y; + €. The hypothesis that z = £ (mod p**?)
for some & € =] (&) again implies that the r-tuple y satisfies (3.9). Let ( = {—n
and write (! for the multiplicative inverse of ¢ modulo p**. Then we deduce
from (3.20) that card(D;(n)) is bounded above by the number of R(pb — a)-
equivalence classes of solutions of the system of congruences

r

Zai(p“yig’l +1) = nj(C’l)j (mod ppl”(r’l)“) (p<j<k), (3.22)

i=1

with 1 <y < p”~@ satisfying (3.9). Here, we have made use of the fact that
since b > (r — 1)a, then for j > p + 1 the validity of a congruence modulo p’®
implies that of the corresponding congruence modulo pro+r=1e,

Let y = w be any solution of the system (3.22), if such a solution exists.
Then we find that all other solutions y satisfy the system of congruences

r

S o (¢ 1Y — i+ 1) =0 (mod gV (o< < k),
i=1
(3.23)
Recall the definition (3.13) of the polynomials 1;(z). Then by taking linear
combinations of these congruences, we find as in the proof of Lemma 3.3 that
there exist integers dj,, (j —p+2 < m < j), for p < j < k, with the property
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that any solution of (3.23) satisfies the system of congruences

(¢ Y o (W) — wi(wi) = 0 (mod p™ ) (p < < k).
=1

(3.24)
Denote by Ds(u) the set of R(pb — a)-equivalence classes of solutions of the
system of congruences

D oai(ys) = w; (mod p™) (p < j < k), (3.25)

i=1

with 1 <y < p?~@ satisfying (3.9). Note that when p < j < k, one has
jopt1<k—(k—r+1)+1=r

Then it follows from (3.24) that
card(Dy(n)) < max card(Ds(u)). (3.26)

1<ugph?
With the Jacobian determinant J(t; x) defined as in (3.17), we find as in the
proof of Lemma 3.3 that the solutions y of (3.25) counted by Dy(u) satisfy
(J(¢;y),p) = 1. We therefore deduce from Lemma 3.1 that card(Dz(u)) <

plp+1)...k <kl In view of (3.2), the conclusion of the lemma now follows
from (3.21) and (3.26). O

Again, a variant of Lemma 3.5 supplies an analogue applicable in the special
case a = 0.

Lemma 3.6. Suppose that b is an integer with b > 1. Then Byy(p) < k!.

Proof. Consider a fixed integer b with b > 1, a fixed r-tuple o € X,., and a fixed
integer n with 1 < 7 < p?. We denote by D;(n;n) the set of R(pb)-equivalence
classes of solutions of the system of congruences

> oi(zi—n)Y =n; (mod p*) (p<j<k),
=1

with 1 < z < p* and z = £ (mod p) for some € € Z5(0), and for which in
addition z # 1 (mod p). Then it follows from (3.1) that
card(Cy 3" (m;0,7)) < maxbcard(Dl(n; n)). (3.27)
’ 1<n<p?

Recall the definition of the Jacobian determinant J(y) from (3.19). Then
following the argument concluding the proof of Lemma 3.4, one discerns that
Di(n;n) = Di(n;0), and that D;(n;0) counts the solutions of the system of
congruences

> ol =n; (mod p*) (p<j<k),

i=1
with 1 < y < p? satisfying p { J(y). By wielding Lemma 3.1, we therefore
deduce that D;(n;0) < p(p+1)...k <kl In view of (3.3), the conclusion of
the lemma therefore follows from (3.27). O
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4. THE CONDITIONING PROCESS

As in the analogous treatment of [20, §5], the mean value I7,(X;¢&,n) is
not, by itself, suitable for use in a repeated efficient congruencing iteration.
In this section we show how, without serious loss, one may replace the factor
f(a;m)?* occurring in (2.12) by the conditioned factor §7 (a;n)** in (2.13).
Our argument follows very closely the proof of [20, Lemma 5.1], and so we
may be concise by analogy at several points in our discussion.

Lemma 4.1. Let a and b be integers with b > a > 1. Then one has
Top(X) < Kop(X) + M, 00 (X).

Proof. Consider fixed integers ¢ and 1 with 1 < € < p® and 1 < n < p® with
n # & (mod p), and an r-tuple o € X,. Then on considering the underlying
Diophantine system, it follows from (2.12) that I7,(X; &, n) counts the number
of integral solutions of the system
D ooirl —y) =Y (v —wl) (1<j<h), (4.1)
i=1 =1
with
1<xy,v,w< X, v=w=rn (modp’),
and satisfying the property that there exist &, ¢ € =} (&) for which

a+1) a—l—l).

x =& (mod p and y = ¢ (mod p

Let T7 denote the number of integral solutions x, y, v, w of the system (4.1),
counted by I7,(X;&,n), in which the 2s integers vy, ..., v, and wy, ..., w;
together lie in at most r — 1 distinct residue classes modulo p®*!, and let T5
denote the corresponding number of solutions in which these integers together
occupy at least r distinct residue classes modulo p®**. Then

ap(X:8m) < T+ T

The argument of the proof of [20, Lemma 5.1] leading to equation (5.2) of
that paper shows, mutatis mutandis, that

n< Y f@ e i(an)|da

1<n1,epro1 SpbtL =1
n=n (mod p°)
-1
<p max 17, (X8 m).
1<no<p?tt
no#Z¢ (mod p)

On the other hand, the argument of the proof of [20, Lemma 5.1] leading to
equation (5.3) of that paper shows, mutatis mutandis, that for some 7 € X,
one has

1< (f 15z st ann™ da) 7 (f 157 (000 ain) da)

< (K7 (Xsem) ™ (12,(Xs6.m) .

1-1/(2u)
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Thus we deduce from (2.14) and (2.15) that
Lop(X) €M™ 1 (X) + (Ko (X)) (Lp(X)) 10,
The conclusion of the lemma follows immediately. 0J

We next obtain an estimate that enables us to truncate the conditioning
process. Here we recall that the exponent k., is a positive number, with

Forr < max{s +r,1k(k+ 1)},

which measures the strength of the permissible exponent A¥ by means of the
relation (2.2). We have in mind the choices for k., presented in equations
(2.5) and (2.6). Finally, it is convenient to write s for kg, since confusion is
easily avoided.

Lemma 4.2. Let a, b and H be positive integers with
0<2(b—a)<H<LO " —b
Then provided that s > 3r, one has
MH(T—1)]a’b+H(X) < M—(r+2)H/2X5(X/Mb)Qs(X/Ma)Qr—n+n5+,.'

Proof. On considering the underlying Diophantine equations, we find from
(2.12) that when 1 < £ <p% 1 <7 < p*™ and o € 3, one has

Ihn(X:Em) f (€)7o ()] o
Applying Hoélder’s inequality together w1th Lemma 2.1, therefore, we obtain

17, q(X56,m) 7{|fa a;€) ’25+2T‘d (1) %‘fIH*H )2+ da
< (Jopr(X/ M) ”’”)( o (/MUY (550,
We thus deduce from (2.2) and (2.8) that
Luprn(X) < ((X/Mo)r/ 0 (X M)/ ()
< XO(X/M®)?r=rtnsir (X /M),

> s/(s+r)

28+2r—Kk+ns4r+96

where
T = (beaJrH)ﬁs/(err)MstH.

We may suppose that s +r > k, H > 2(b—a) and s > 3r, and hence
rH+ (b—a+ H)ks/(s+71)—2sH <rH + 3ksH/(s + 1) — 2sH
<i(2r-s)H < —irH.

Consequently, one has

whence
MH(T_I)Ia,bJrH (X) < M—(r+2)H/2X6 (X/Ma)Qr—n+ns+T (X/Mb)2s

and the conclusion of the lemma follows. O
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The repeated application of Lemma 4.1 in combination with Lemma 4.2
yields the conditioning lemma underpinning the efficient congruencing process.

Lemma 4.3. Let a and b be integers with 1 < a < b, and put H = 2(b — a).
Suppose that b+ H < 07! and s > 3r. Then there exists an integer h with
0 < h < H having the property that

]a,b(X) < Mh(r_l)Ka7b+h(X) -+ M_(T+2)H/2X5(X/Mb)25(X/Ma)Qr—n-l-ﬂerr_

Proof. Repeated application of Lemma 4.1 shows that whenever a and b are
positive integers with b > a > 1, and H = 2(b — a), then
H-1
Lop(X) < Y- MKy (X) + MO, 5 (X). (4.2)
h=0
The desired conclusion therefore follows on applying Lemma 4.2 to estimate
the second term on the right hand side of (4.2). O

5. THE EFFICIENT CONGRUENCING STEP, [

Our goal in this section is to convert latent congruence information within
the mean value K, ,(X) into a form useful in subsequent iterations, and this we
achieve using the work of §3. The two basic approaches of §3 yield two different
manifestations of the efficient congruencing step, and these we examine in
separate lemmata.

Lemma 5.1. Suppose that a and b are integers with 1 < a < b < 071, Then
one has

Ka,b(X) < M%r(rfl)(bJra)(Mkbfa)r(Jerr(X/Mb))17r/s<[b7kb(X))r/s.

Proof. Consider fixed integers ¢ and 7 with 1 < ¢ < p%, 1 < n < p® and
n # € (mod p), and r-tuples o,7 € %,. Then by orthogonality, the mean
value K7;7(X;&,n) defined in (2.13) counts the number of integral solutions
of the system

Y oilal =y =) T, —wl,) (1<j<k), (5.1)

i=1 I=1 m=1
in which, for some &, ¢ € =/ (£), one has
1<x,y <X, x=¢ (modp*™) and y =¢ (mod p*™),

and for 1 < [ < u, for some n,,v; € Z}(n), one has

bJrl) b+1)'

1<vi,w <X, vi=mn, (mod p and w; =v; (mod p

As in the argument of the proof of [20, Lemma 6.1], an application of the
Binomial Theorem shows that these solutions satisfy the system of congruences
> oilwi—n) =Y oy —n)’ (mod p*) (1< j< k). (5.2)

i=1 =1
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We now make use of the work of §3, writing
.,
To(a&mm) = > [ w0 G).
¢ecyF (myg ) =1

Then on considering the underlying Diophantine system, we see from (5.1) and
(5.2) that

Ko7 (X;6.1) = Z Z;fres (€, mm)’3T (i n)™ da. (5.3)

mi=1 mp=1

An application of Cauchy’s inequality leads via Lemma 3.3 to the bound

67, (c; & mm)]” < card(CTy (i 6m) D ] ule

7k =
cecTy* (mig ) =1

< Mirr=1(a+D) Z H [Fre (s G) 7,

,rk 1=
¢ecTyF (mig,m) =1

whence
KZT (X6 m) < Mart-Dlesh 3= (H [Fro(cx >|37( ;) dex.
1<¢C<ph?
¢=¢ (mod p%)

As in the argument of the proof of [20, Lemma 6.1] leading to equation (6.7)
of the latter paper, from here an application of Holder’s inequality yields the
upper bound

K7 (X;€,m)
< MEFC-D@)(kb—eyr oy f'fkb O¥Fr(a;n)*| da. (5.4)
1<C<phh
(=€ (mod p7)

Next we apply Holder’s inequality to the integral on the right hand side of
(5.4) to obtain

%Hkh( (O 5 () da < ULTTPUL,

where
U1 %|sb( |2u+2da %H’b |2s+2'r da

and

Uy = L:kb(X;naC)'
Notice here that since n #Z £ (mod p) and ¢ = £ (mod p*) with a > 1, we have
¢ Zn (mod p). In this way we deduce from Lemma 2.1 that

7{ o (s )27 37 (05 1) e <€ (Jur (X/MOY) 77 (I (X)),

and the conclusion of the lemma follows from (5.4). O
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A variant of the argument employed to establish Lemma 5.1 makes use of
Lemma 3.5 in place of Lemma 3.3.

Lemma 5.2. Suppose that a and b are integers with 1 < a < b < 071 and
b> (r —1)a. Then one has

Kop(X) < MUV (M) (Jogp (X/ M) (L (X))

Proof. Initially we follow the argument of the proof of Lemma 5.1, identifying
K77 (X;€,m) with the number of integral solutions of the system (5.1) with
its attendant conditions, and observing that the system of congruences (5.2)
necessarily holds for each solution. We now write

g,b(a;éﬂ%m) - Z prb 0;Cx; Cz
¢eCy P (msg ) =1

and note as before that the relation (5.3) again holds. An application of
Cauchy’s inequality in this instance leads from Lemma 3.5 to the estimate

67, (c: &, pym)” < card(CZy " (mi &) > ] e

¢ecy P (mg ) =1

< M(rfl)a Z H Hpb ’

¢ecy "’ (msgn) 1=1

and hence
Kryeegn < S (T laas )P 187 (s )P dex
1<¢<p® =1
¢=¢ (mod p%)

From here, as in the argument leading to (5.4) above, one obtains

K77 (X58,m)

< MO-DO(A A0 max flfpb( P () de. (5.5)

Applying Holder’s inequality as in the concluding paragraph of the proof of
Lemma 5.1, we deduce that

]{prb C)P" 7 ()™ | dex < (Jur(X/MO) 7 (I (X)),

and the conclusion of the lemma follows from (5.5). O

A crude but simple upper bound for K,;(X) is useful in simplifying the
argument to come.

Lemma 5.3. Suppose that a and b are integers with 0 < a < b < 0~'. Then
[Kap(X)]] < X450 (MO0)",
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Proof. We adapt the argument of the proof of [20, Lemma 6.2]. Consider fixed
integers € and n with 1 < € < p® and 1 < n < p°, and r-tuples o, 7 € ¥,. Then
from (2.13) it follows by orthogonality combined with Holder’s inequality that

Ko7 (X:6,m) < f Fales €)% o) dex
r/(s+r) s/(s+r)
7{”(1 |2s+2r da fﬁb |23+2r da) )

Consequently, Lemma 2.1 delivers the bound

Fap(X) <€ (o (X /M) (o (X /M),

whence
X0 ((X/Ma>r/(s+r) (X/Mb)s/(s+r)> 25+ 2r =K nstr
Ko p(X
[[ ,b< )H < (X/Mb)Zs(X/Ma>2r—n
< an+r+6(Mb—a)ns/(s+7") < an+r+5(Mb—a)n.
This completes the proof of the lemma. O

6. THE PRE-CONGRUENCING STEP

In order to fix choices for & and 1 in §§3-5, one must first initiate the
congruencing process. It is here that the choice for the prime number p is fixed
once and for all. Before delving further into the details of this pre-congruencing
step, we pause to introduce some additional notation. We amend the definition
of the set ZL(§) from the discussion leading to (2.11) as follows. When H C
{1,...,p}, we denote by =(H) the set of r-tuples (&i,...,&,) satisfying 1 <
& < p and in addition the property that one has neither & = ¢ (mod p) for
any (€ H(1<i<r),nor§ =¢&; (mod p) for any s and jwith 1 <i < j<r
Recalling (2.10), we next define the exponential sum §(c; H) by putting

1’?{( Z Hfl O« fz (61)

£eE(H) i=
Also, when H is a subset of {1,...,p} with cardinality k — r, we write
= [ 7i(ei¢
¢eH

Finally, we write

T(X) = f §(e: (1))l n)| da (6.2)

RT(Xim) = f §(as ()37 ()™ dex, (6.3)

K.(X) = max max K7 (X;n). (6.4)

1<n<ps TS,
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Lemma 6.1. Suppose that s > max{k+1—r,2r} and k < s+r. Then there
exists a prime number p with M < p < 2M, and an integer h € {0,1}, for
which one has

Jorr(X) < MPHODE (X)),

Proof. We adapt the argument of the proof of [20, Lemma 3.2]. The quantity
Js1r-(X) counts the number of integral solutions of the system

S+r

d @l —y)=0 (1<j<k),

=1

with 1 < x,y < X. Let T denote the number of such solutions in which z; =
Ty, for some ¢ and m with 1 <7 < m < k, and let T} denote the corresponding
number of solutions with x; = x,, for no ¢ and m with 1 <7 < m < k. Then
Jsir(X) =Ty + T7.

Write =*(p) for the set of k-tuples € = (&,...,&), with 1 < € < p, and
satisfying the property that & = &,, (mod p) for no i and m with 1 < i < m <
k. In addition, define the exponential sum §*(«) by putting

k

= [[fles)

£eE*(p) =1
and write

I'(X) = f 13" (0ol 07| den. (6.5)

Then the argument of the proof of [20, Lemma 3.2] leading to equations (3.14)
and (3.15) of the latter paper reveals that a prime number p exists, with
M < p < 2M, for which

Ty < (Jogr(X))IVE2)and - Ty < (IF(X))Y? (Joqr (X)) V2,
We thus infer that
Jsrr(X) < 14+ I'(X) < I'(X). (6.6)

Next, splitting the summation in the definition (2.10) of fy(e; 0) into arith-
metic progressions modulo p and applying Holder’s inequality, we obtain

p
|f-0(a; O)|28+2r—2k < p25+2r—2k—1 Z |f1(a; n)|2s+2r—2k.

n=1
It therefore follows from (6.5) that
I*(X) < M*T272k max Ty (n), (6.7)
1<n<p

where

Tr(n) = j{ 5 ()1 (a; )% | de.



24 TREVOR D. WOOLEY

By orthogonality, the mean value T5(n) counts the integral solutions of the
system

k s+r—k
el —yh)y= > W —wl) (1<j<k),
=1 =1

with
1<x,y,v,w <X, v=w=n (mod p),
and satisfying the property that there exist &, ¢ € =Z*(p) for which
x =& (mod p) and y = (mod p).

Consider a fixed choice of & € Z*(p). One has § = n (mod p) for at most
one index [ with 1 < I < k. Since we suppose that 1 < r < k£ — 1, it
follows that one may relabel indices in such a way that (&i,...,&.) € Z((0)
and & = n (mod p) for no index i with 1 < i < r. One may do likewise with
the variables y. Notice that when (&1, ...,&) € Z%(p) and (&1, ..., &) € Z4(0),
then necessarily & = &; (mod p) for no indices ¢ and j with 1 < i < r and
r+1 < 7 < k. On considering the underlying Diophantine equations, therefore,
we find that

2

Tr(n) < 7{‘ E S(a; HU{n})L(e; H) ‘h(am)’QsHHk dev.
HCA{1,...,p}
card(H)=k—r

An application of the elementary inequality
|21 .ozn] < 2"+ .o F 20" (6.8)
reveals that
L{a; H) < Y [fu(es Q1
¢eH

and thus we deduce via Cauchy’s inequality that

o) <p™" Z]{ [§(e; HU {n)ii(e; O)F (e n)* P da.

HC{l,..,p} C€H
card(H)=k—r

A second application of (6.8) shows that

[1(c; Q)" (e ) P < (e O + [ (e )],
and hence we conclude that

T 2k—2r HU 2 . 2s d .
»(n) < p 1A gemHgﬁ}]{IS(a, {n}H)f1(e; ()| dex
card(H)=k—r

Finally, a consideration of the underlying Diophantine system permits the last
estimate to be simplified, so that on recalling (6.2) we arrive at the bound

Ty(n) < > maxe [0 {CHP (i O da

< M=% max I,(X; ).

1<¢<p



VINOGRADOV’S MEAN VALUE THEOREM 25

Returning to (6.6) and (6.7), we may thus conclude that
Jorr(X) < I*(X) < M* max I,(X;n). (6.9)
1<n<p

The mean value E(X ;m) counts the number of integral solutions of the

system
T S

D=yl =) (v —wl) (1<j<h),
i=1 =1
with
1<x,y,v,w < X, v=w=r7 (mod p),
and satisfying the property that there exist &, ¢ € =({n}) for which
x =& (mod p) and y = ¢ (mod p).

Let T3 denote the number of such solutions in which the 2s integers vy, ..., v
and wi, ..., w, together occupy at least r distinct residue classes modulo p?,
and let T denote the corresponding number of solutions in which these integers
together lie in at most r — 1 distinct residue classes modulo p?. Then we see
that

L(Xin) =Ts + T (6.10)

The argument of the proof of [20, Lemma 5.1] leading to equation (5.3) of
that paper shows, mutatis mutandis, that for some 7 € ¥,., one has

T; < fl% )3T ()| de ) 1/(2u)
?{ [§(e {n}) (e m)*| dex) -1/,

Then on recalling (6.2) and (6.3), we deduce from (6.10) that

1/(2u) <~

1-1/(2w)
I (XS 77))

h(xim) < (K7 (X)) 1,

whence
L(X;n) < KT (X;n)+ Ty (6.11)

On the other hand, the argument of the proof of [20, Lemma 5.1] leading to
equation (5.2) of that paper shows that

nL< Y Z%\S A} 2 (os )| de

1<, ymr—1<p? =1
n=n (mod p)
Such a conclusion may also be extracted from the argument of the proof of
Lemma 4.1 above. A consideration of the underlying Diophantine system
therefore shows that

T4<<M“maxf|s O (0 0P de

1<¢<p?
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In view of the relation (6.11), therefore, we deduce that

L(X;5nm) < KT(X;m) + M™" max L(X;(). (6.12)
1<¢<p?

We may analyse the mean value TQ(X ;¢) just as in our treatment of E(X in)
above, and thus we deduce that for some 7 € ¥, one has

L(X;¢) < KI(X;¢) + M max_I3(X;6).
D

1<6<p?
On recalling (6.4), therefore, we find from (6.12) that

L(X:n) < Ki(X) 4+ M Ky (X) + M¥ 2 max I3(X;n).

1<n<p3
Thus we deduce from (6.9) that there exists an integer h € {0,1} for which
one has

Jorr(X) < MPHODE (X)) + M>72772 max (X 7). (6.13)

1<n<p

Next, on considering the underlying Diophantine system, an application of
Holder’s inequality in combination with Lemma 2.1 confirms that

r/(s+r )
[ X 77 < 7{”0 ‘2S+2rd ) max f‘h ’23+2r da

s/(s+r)
1<n< 3 )
< (X2s+2r—n+§)r/(s+r) ((X/M3)2s+2r—n+§) s/(s+r) )

Hence we have _
M23+2r7213 (X, ?7) < X2$+2r7n+6Mw7

where

_s (2s4+2r —k+0) <2r—2—4s+3sx/(s+r).
s

w=28+2r —2—

But by hypothesis, one has K < s+ and s > 2r, and thus
w< (2r—2—4s)+3s < —2.
Consequently, we derive the upper bound
M25+2r—2f3(X;77) < X 25H2r—k—26 < X_6J5+T(X)-

On recalling (6.13), therefore, we see that there exists an integer h € {0, 1} for
which B
Jor(X) <€ X0 J (X)) + MZ=TR0=U [ (X).

The conclusion of the lemma follows at once. O

We now fix the prime number p, once and for all, so that the upper bound for
Js1r(X) claimed in the conclusion of Lemma 6.1 holds. In analysing the iter-
ative process, we shall find it useful to have available versions of Lemmata 5.1
and 5.2 valid also when a = 0. It is for this purpose that we prepared Lemma
6.1, as we now make transparent. In this context, we view the mean value
KT(X n) defined in (6.3) as a surrogate for KO T(X;0,n). Here, the implicit
condition on variables avoiding the congruence class  modulo p, captured
through the exponential sum F(a; {n}) defined in (6.1), provides the correct
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analogue of the condition £ #Z 1 (mod p). With this discussion in mind, we
henceforth adopt the convention that when b € {1,2}, one is to interpret the

expression Ko ;(X) as Ky(X).

Lemma 6.2. Suppose that a and b are integers with 0 < a < b < 071, Suppose
further that s > max{k +1—1r,2r} and K < s +r, and that when a = 0 one
has b =1 or 2. Then

Ka,b(X) < M%r(r—l)(b-l—a)(Mkb—a)r<Js+r (X/Mb))l_r/s(]b,kb(X))T/S-

Proof. When a > 1 the conclusion asserted by the lemma is an immediate
consequence of that supplied by Lemma 5.1. We therefore focus attention on
the situation in which @ = 0 and b € {1,2}. Here, we find from (6.3) and (6.4)
that

Kop(X) = Ku(X) = max max jf 5 (0 {n})*F7 (a; )*| dev. (6.14)

lgngpb TEY,

Imitating the argument of the proof of Lemma 5.1, and substituting the ap-
plication of Lemma 3.4 for our earlier use of Lemma 3.3, with the discussion
of the preamble to the present lemma in mind, we find that

Kop(X) < M08 (MY (T (X MO/ (1 (X)),

and thus the desired conclusion does indeed hold when @ = 0 and b € {1, 2}.
O

Lemma 6.3. Suppose that a and b are integers with 0 < a < b < 671 and
b > (r —1)a. Suppose further that s > max{k+1—7r,2r} and k < s+r, and
that when a = 0 one hasb =1 or 2. Then

Kop(X) < MUV (M) (o (X/MO))T5 (L (X))

Proof. In this instance, when a > 1 the conclusion asserted by the lemma
follows from Lemma 5.2. We therefore focus again on the situation in which
a=0and b € {1,2}. We again find from (6.3) and (6.4) that the relation
(6.14) holds. In present circumstances, by imitating the argument of the proof
of Lemma 5.2, and substituting the application of Lemma 3.6 for our earlier
use of Lemma 3.5, with the discussion of the preamble to Lemma 6.2 in mind,
we find that

Kop(X) < (M) (o (X/MO) 7 (L (X)),

This yields the desired conclusion when @ = 0 and b € {1,2}, and completes
the proof of the lemma. O

7. THE EFFICIENT CONGRUENCING STEP, II

By means of Lemmata 6.2 and 6.3, one is able to relate K,;(X) either to
Iy (X)) or I, (X)), the purpose of the pre-congruencing step being to remove
the constraint @ > 1 imposed in §5 so as to permit a to be zero. In this section
we complete the discussion of the efficient congruencing step by combining
Lemma 4.3 first with Lemma 6.2, and then with Lemma 6.3, so as to obtain the
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basic iterative relations between K, ,(X) and Kpkpir(X) in the first instance,
and between K, ;(X) and Ky ,p44(X) in the second instance.

Lemma 7.1. Define sy and k as in (2.6), and put s = so. Suppose that a
and b are integers with 0 < a < b < 5(k0)™', and put H = 2(k — 1)b and
g =b— ka. Suppose further that when a =0, one has b =1 or 2. Then there
exists an integer h, with 0 < h < H, having the property that

[[Ka,b(X)]] <<X6 (MSH_(2S_T+1)}Z[[Kb,k:b—f—h(X)]])r/s (X/Mb)ns+r(1—r/s)
+ M*TH/(«?)S) (X/Mb)ns_H,.
Proof. We assume throughout that £ > 3 and 1 < r < k — 1, so we may

begin with the observation that s = rk > max{3r,k — r 4+ 1}. Next, since
s7(r+1) = rfor r > 1, we find from (2.6) that

k= (rk — Lr(r+1) (%) < (rk—7) (%) = rk+r,

so that k < s+ r. On recalling (2.17), we may therefore apply Lemma 6.2 to
deduce that

S a T—K l'r‘ T— a —a\rTr —-r/s /S
[Kap(X)]] < (MY)2(M@)2r=s ppart=Dbra) (g pho=ayrpl=r/sqpels - (7.7)

where
Tsr(X/MP) I n(X)
Tl = X25+27‘—/§ and T2 = X28+2T‘—/{ )
But
Ty < (M7b)2st2r=r( X/ MPoy1s+rto, (7.2)

Writing H = 2(k — 1)b, we find that the hypotheses of the statement of the
lemma guarantee that kb+H = (3k—2)b < 0. We therefore see from Lemma
4.3 that there exists an integer A with 0 < h < H such that

Mh(ril)Kb,kb—i—h (X) N Mf(r+2)H/2X§ (X/Mb)ns+r

L X 25+2r—k (MFD)2s(Dfb)2r—n
Fixing this value of h, we have
T2 < (Mfkb>23(be>2rme’ (73)

where
Q = MR g (X)] 4 M0 (/0o
On combining (7.1), (7.2) and (7.3), we conclude that
[ap (X)) < MR /A7) Ermee i Qrs,
where
w(a,b) =2sb+ (2r — K)a + 37(r — 1)(b+ a) + r(kb — a)
—(1—=7r/s)(2s+2r — k)b — (2skb+ (2r — k)b)r/s.
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On recalling (2.6), a brief computation reveals that
w(a,b) = (k —rk+ ir(r —1))b— (k — 3r(r + 1))a
() 0= (22),
kE—1

Consequently, on the one hand we have w(a,b) < rg, and on the other

wla,b)s/r — (r+1)H/2 < % —r+ D)k — 1)

<(kr—(r+1)(k—=1)b=—(k—r—1)>b<0.
Thus we infer that
[Kap(X)]] < (M2 X0 (X /M)t
X0 Mo @smr+Dhe/s(x /by (1=r/s) [[thb%(X)]]r/s.

The conclusion of the lemma follows on observing that § may be assumed small
enough that X°® < M/6s), O

Lemma 7.2. Suppose that 1 < r < min{k — 2, %/{: + 1}, define sy and K as
in (2.5), and put s = so. Suppose that a and b are integers with b > (r — 1)a
and 0 < a < b < %(p@)_l, and put H = 2(p — 1)b and g = b — pa. Suppose
further that when a = 0, one has b =1 or 2. Then there exists an integer h,
with 0 < h < H, having the property that

sg—(2s—r r/s (/s
[[Ka,b(X)]] < X° (M g—(2 +1)h[[Kb,pb+h(X>]]) (X/Mb)n r(1=r/s)
+ M*TH/(?)S) (X/Mb)ns'”.

Proof. We now assume that k£ > 3 and 1 < 7 < min{k — 2, 3k + 1}, so we have
s=rp=r(k+1—r)>max{3r,k —r+1}.
Next, we see from (2.5) that
r—1
k—r
On recalling (2.17), we may therefore apply Lemma 6.3 to deduce that
[Kan(X)] < (]\/[b)zs(Ma)zr—n]\/[(r—1)a(Mpb—a)rTllfr/sT;/s7 (7.4)

where in this instance

K=358y+71r— < s+

JarX/MY) L T(X)

Tl = X25+2r—n X2$+2r—n :

Writing H = 2(p — 1)b, the hypotheses of the statement of the lemma imply
that pb+ H < (3p — 2)b < 071, Thus we deduce from Lemma 4.3 that there
exists an integer A with 0 < h < H such that

MMVEy pyin(X) | MO (XM
X 2s+2r—k (Mpb)Qs(Mb)%“fn
Fixing this value of h, we see that
T2 < (M_pb)28<M_b)2T_HQ, (75)

T K
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where
Q= M~ OMKG gy (X)]] + MO X0 (X MO,

On combining (7.4) and (7.5) with the estimate (7.2), still valid in the present
setting, we reach the upper bound

[Kup(X)]] < M@ (X /0O sirtd) yr/s,
where
w(a,b) =2sb+ (2r — k)a+ (r — 1)a + r(pb — a)
—(1—=7r/s)(2s+2r — k)b — (2spb+ (2r — K)b)r/s.
We next recall (2.5), and hence deduce that

w(a,b) = (k—rp)b+ 2r —k — 1)a = (7‘— p—1> (b— pa).

Consequently, on the one hand we have w(a, b) < rg, and on the other
r—1
b— L(p—1)b
)b -1

<(pr—r+1Db—(pr+p—r—10>
=—(k—r—1)>b<0.

w(a,b)s/r—(r+1)H/2 < p(r -

Thus we conclude that
[Kap(X)]] < (MHP2) /X0 (X [ MP)str
+ XéMrgf(2sfr+1)hr/s (X/Mb)%+r(1*7"/3) [[Kb,prrh (X)]]r/s

Just as in the conclusion of the proof of the previous lemma, our argument is
completed by noting the estimate X°® < M7H/(65), O

8. THE ITERATIVE PROCESS, I: THE BASIC ESTIMATE

Making use of Lemma 6.1, and then applying either Lemma 7.1 repeatedly,
or else Lemma 7.2 repeatedly, we are able to bound J,,,.(X) in terms of quanti-
ties of the shape K 4(X), wherein ¢ and d pass through an increasing sequence
of integral values. Our goal in this section is to control this iterative process
so as to establish Theorems 1.1 and 1.4. Although we model this treatment on
the analogous analysis of [20, §7], there are complications in the details that
generate some complexity.

Lemma 8.1. Define sy and x as in (2.6), and put s = so. Let a and b be
integers with 0 < a < b < %(k@)_l having the property that when a = 0, one
has b = 1 or 2, and put ¢ = b — ka. Suppose in addition that there exist
non-negative numbers 1, ¢ and v, with ¢ < 3(s/r)N, for which

X st (1490) o XC‘SM_V[[KGJ,(X)]]. (8.1)
Then, for some non-negative integer h with h < 2(k — 1)b, one has

X775+r(1+wl0) << XC/(SM_'Y/ I:I:Ka/’bl (X)H7
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where
U= (s/r)+(s/r=1)b, = (s/r)(c+]1),
a=b bV =kb+h, ~=(s/r)y+(2s—r+1)h—sg.
Proof. Since we may suppose that ¢ < 3(s/r)Y and 6 < (Ns)™3", we have
c§ < 0/(6s), and hence X% < M%) In addition, one has M/ ) > X9 We

therefore deduce from Lemma 7.1 that there exists an integer h with 0 < h <
2(k — 1)b with the property that

[0 (X)) < XO (/M)A /mer (hpoa=Gsrs DR 4 (X))

4 M/ B8) st
We are therefore led from the hypothesised bound (8.1) to the estimate
an+r(1+w9) < X(c+1)6M—’y+rg—(25—r+1)rh/s (X/Mb)(l—T/S)ﬂs+r [[Kb,kb—&-h (X)]]r/s
4 X
whence

Xt (r/sHHQ=r/90)0) oy (418 | p—ytra=Qs=r+lrh/s|[fe 0],

The conclusion of the lemma follows on raising left and right hand sides in the
last inequality to the power s/r. O

Lemma 8.2. Define sg and k as in (2.6), and put s = so. Then nsy, = 0.

Proof. We begin by recalling our convention concerning the value of Ko ;(X)
from the preamble to Lemma 6.2. Thus, as a consequence of Lemma 6.1, it
follows from (2.16) and (2.17) that there exists an integer h with h € {0, 1}
such that

[ s (XO]] < M™ET DK 1 (X))
We therefore deduce from (2.18) that, with h = 0 or 1, one has

X4 < X[ (X)]] < XOM B[R 14 (X)]). (8.2)

We may suppose that ns,, > 0, for otherwise there is nothing to prove. We
next take h_; to be the integer h for which the relation (8.2) holds, and we
define three sequences (a,), (b,), (h,) of non-negative integers for 0 < n < N
as follows. We put ag = 0 and by = 1 4+ h_;. Then, when 0 < n < N, we fix
any integer h,, with 0 < h,, < 2(k — 1)b,, and then define

apni1 = b, and b,y = kb, + h,,. (8.3)

Next we define the auxiliary sequences (1), (¢,), (7,) of non-negative real
numbers for 0 < n < N by putting ¢ =0, ¢g = 1, 7o = (2s—r+1)h_;. Then,
for 0 < n < N, we define

Un1 = (/1) + (s/7 — 1)by,

Cnr1 = (s/7)(cn + 1), (8.5)

Yn+1 = (S/T)fyn + (23 —r+ 1)hn - Shn—l-
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We note that a straightforward induction reveals 7, to be non-negative for
n = 0, for the relation (8.6) yields the recurrence formula

Tt = (28 =7+ Dl = (/1) (Y0 = 7hn-1)
> (/1) (Y — (28 =1+ 1)hy_1).
On recalling that s/r = k, we therefore see that for n > 1 one has
Y= (2s =14+ 1D)hp +E" (70— (2s —r+ 1)h_y)
>(2s—r+1)h,1 >0,

so that 7, is indeed non-negative. A second induction confirms that for 0 <
n < N, one has

25 —1 [5\" s 1 S\
- G < (24 —— (—) < 3(s/r)"
¢ s—1 <r> s—r\( +k_1) r) (s/7)
We claim that a choice may be made for the sequence (h,,) in such a manner
that for 0 < n < N, one has

by < VN(s/r)" (8.7)
and
Xerr(4n0) o xeend Nr=m (K, (X)) (8.8)

When n = 0, the relation (8.7) holds by the definition of by. On the other
hand, when n = 0, the relation (8.8) holds as a consequence of (8.2). We
initiate further analysis of larger indices n with a preliminary discussion of the
recurrence relations (8.3) to (8.6). Recall that s = rk, and observe that when
m > 1, one has

Ymi1 — (8/7)Ym = (25 — 1+ 1) (bins1 — kbm) — $(bym — kbp—1),
whence
Ymi1 — (28 =+ 1)bymg1 + S = k(Y — (25 — 7+ 1)by, + Sbpp—1).
It therefore follows by induction that for m > 1 one has
Ym = (25 — 1 4 )by, — Sby1 + K™ (1 — (25 — 7+ 1)by + sby).
We recall further that by =1+ h_q, by = kby + hg, and so
v — (2s —r+1)by + sbyg = (kvo + (2s —r + 1)hg — sh_4)
— (28 —r 4+ 1)(kbg + ho) + sbo.
On recalling again the relation s = rk, we arrive at the formula
M — (258 =74+ 1)by + sbg = k(0 — (2s — 7+ 1)by) + s(bo — h_1)
=s—rk—Fk(2s—2r+1),
and this in turn delivers the lower bound
Ym = (28 —r 4+ 1)by, — $bp—1 — (25 — 2r + 1)K™. (8.9)
Suppose now that the desired conclusions (8.7) and (8.8) have been estab-

lished for the index n < N. Then from (8.7), one has kb,0 < k(s/r)" V"2 < 3,
whence b,, < %(k‘@)’l. We may therefore appeal to Lemma 8.1 to deduce from
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(8.8) that there exists a non-negative integer h, with h < 2(k —1)b,,, for which
one has the upper bound

Xt (00 o XNV ([ Ky (X)), (8.10)
where
a =b,=an, b =kb,+h, (8.11)
W = (/)b + (/7 = 1)bu = s, (8.12)
d=(s/r)(c, +1)=cpy1, (8.13)
=(s/1)yn+ (25 —r+ 1)h — Shy_1. (8.14)

Notice here that in the final relation (8.14), we have made use of the formula
b, — ka, = b, — kb,_1 = h,,_1 available via (8.3).

Suppose, if possible, that b > v/N(s/r)"*' = v/ Nk"'. The relations (8.11)
and (8.14) together with (8.9) show that

= (s/1) + (2s —r 4+ 1)(b' — kby,) — s(by, — kbn_1)

= k(v — (2s =+ 1)b, + sbp,_1) + (2s —r + 1)V — sb,
> —(25 —2r + D" + (25 — 2r + D)V + (b — kb,,)

z

(2s —2r + 1)(¥ — k™) = (1= 1/V/N)(2s — 2r + 1)V, (8.15)
But o = kb, + h < (3k — 2)b, < 07!, and so it follows from Lemma 5.3 that
(Ko (X)]) < X400, (8.16)
Combining (8.15), (8.16) and (8.10), therefore, we obtain the bound
Xt (Hni10) o xmaprt(ensit D) b yr=(2s-2r+)(1-1/VN) (8.17)

We now recall that ¢, 41 < 3(s/r)"*!, so that X (1719 < MY/2 Also, when
r>1and k > 3 one has

—(1 = 1/VN)(2s — 2r + 1)

< (rk—3r(r+1)) (%) — 2k 42r —1+2s/VN

< (rk — ) (ﬂ) + (2= 2k)r — L
k—1
=r(k+1)+@2-2kr—-1=0B-kr—3<—1
Thus we obtain
X st (Un410) o xmstr \r(1=6)/2 o xnsir | y=1/2 (8.18)

Since 9,11 and 6 are both positive, we are forced to conclude that ns,,. < 0,
contradicting our opening hypothesis. The assumption that b > v/N(s/r)"*!
is therefore untenable, and so we must in fact have b < v/N(s/r)"'. We take
h, to be the integer h at hand, so that ' = b,,1 and 7' = v,41, and thereby
we obtain the desired conclusion that (8.7) and (8.8) hold with n replaced by
n + 1. This completes the present inductive step.
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We have confirmed the validity of (8.7) and (8.8) for 0 < n < N. We have
also the bounds ¢, < 3(s/r)", 7, = 0 and b, > k". Furthermore, since s = rk
one finds that

Unir = ko + (k — Dby > kb, + (k — 1)k™,

whence ¥, > n(k — 1)k""'. Finally, one has by < (r/s)*> < 1, so that
by < 671, An application of Lemma 5.3 in combination with (8.8) therefore
delivers the estimate

X s+r(1+9N0) < X"?s+r+(cN+1)6(MbN)H < X775+r+k2'

Again making use of the relation § = N~1/2(r/s)V+2 recorded in (2.9), we thus
obtain the estimate

K VNE(s/r)N*? R
Ns+r < g .
YN0 T N(k—1)kN-1 VN
We are at liberty to take NV as large as we please in terms of k, and thus 7.,

can be made arbitrarily small. It follows that n,,, = 0, and this completes the
proof of the lemma. O

The conclusion of Theorem 1.4 is an immediate consequence of Lemma 8.2.
The latter shows that when s > r(k + 1), one has

JS(X) <<X25—/€+€’

where

k= (rk — Lr(r + 1)) (%) |

Write ¢ = k — r. Then this estimate may be rewritten to state that when
s> (k+1)(k—t), one has

JS<X> < X287%k(k+1)+As+€

where

Ay = gh(k+1) = ((k =tk = 5(k —t)(k =t + 1)) (%)

=L@t -1) (%) .

This completes the proof of Theorem 1.4 for 1 <t < k — 1. The special case
in which ¢t = 1 delivers the exponent A, = 0, so that when s > k? — 1 one has

JS(X) <<X25_%k(k+1)+8.

The conclusion of Theorem 1.1 therefore follows as a speical case of Theorem
1.4.
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9. THE ITERATIVE PROCESS, II: QUASI-DIAGONAL BEHAVIOUR

Our handling of the iterative process must be modified in order to establish
Theorem 1.2, though the strategy is very similar to that underlying the proof
of Theorem 1.4. There are sufficiently many differences from the treatment
presented in §8 that, in the interests of enhancing clarity, we provide a fairly
complete account in this section.

Lemma 9.1. Suppose that 1 < r < min{k — 2, %k‘ + 1}, define sy and K as
in (2.5), and put s = so. Let a and b be integers with b > (r — 1)a and
0<a<b< %(p@)*l having the property that when a =0, one has b =1 or 2,
and put g = b— pa. Suppose in addition that there exist non-negative numbers
Y, ¢ and vy, with ¢ < 3(s/p)Y, for which

X190 o XN V[ Ky 5(X)]]. (9.1)
Then, for some non-negative integer h with h < 2(p — 1)b, one has
X s+ (H910) o 'S = [ 0 0 (X)]],
where
= (s/r)+ (s/r—1)b, ¢ =(s/r)(c+1),
a=b b=pb+h, ~=(s/r)y+2s—r+1)h—sg.

Proof. We follow the argument of the proof of Lemma 8.1, noting first that
X < MY©69) and M09 > X9 Then from Lemma 7.2 there exists an integer
h with 0 < h < 2(p — 1)b with the property that
[[Ka,b(X>]] < X&(X/Mb)(lfr/S)ﬁsw (MSQ*(Zs—rJrl)h[[Kb’prrh(X>]])T/3
4 M/ B8) s
The hypothesised bound (9.1) therefore implies that
Xn5+,.(1+¢9) < X(C+1)5M—’Y+7’g—(28—7“+1)7“h/8(X/Mb>(1—7’/8)775+7» [[Kb st (X)]]r/s
+ Xﬁs-&-r*é,
whence
an+,n(r/s+(w+(lfr/s)b)9) < X(c+1)5M77+rgf(287T+1)7‘h/s[[Kb obih (X)]]T/S
The conclusion of the lemma follows. 0]

Lemma 9.2. Let r be a natural number with 1 < r < min{k — 2,1k + 1}.
Define sg and K as in (2.5), and put s = so. Then 15y, = 0.

Proof. We follow the proof of Lemma 8.2, supposing that 7., > 0. We begin
by observing that the discussion of the first paragraph of the proof of Lemma
8.2 remains valid in the present circumstances, and so we may take h_; to be
an integer h for which the relation (8.2) holds. In this instance we define the
sequences (a,), (bn), (h,) of non-negative integers for 0 < n < N as follows.
We put ag = 0 and by = 1 + h_;. Then, when 0 < n < N, we fix any integer
hy, with 0 < h,, < 2(p — 1)b,, and then define

(pi1 = b, and b, 1 = pb, + h,. (9.2)
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The auxiliary sequences (¢,), (¢n), (7,) of non-negative real numbers are de-
fined for 0 < n < N by putting )9 =0, co = 1, 79 = (2s — r + 1)h_;. Then
for 0 < n < N, we define 9,11, ¢hi1, Yy in terms of ¥, ¢, ¥, by means of
the respective formulae (8.4), (8.5) and (8.6). We note that a straightforward
induction again reveals 7, to be non-negative for n > 0, just as in the proof of
Lemma 8.2. One has s/r = p, and hence one finds that

Y= (28 =14+ Dhy 1+ p"(0— (25 =7+ 1)h_y)
> (2s—r+1)h, 1 >0.
<

We also have ¢, < 3(s/r)".

We claim that a choice may be made for the sequence (h,,) in such a manner
that for 0 < n < N, one has the upper bounds (8.7) and (8.8). As in our earlier
discussion, these estimates hold for n = 0 as a consequence of the definition
of by together with (8.2). A comparison of the relations (9.2) and (8.3) reveals
that the only adjustment necessary is to switch k in (8.3) to p in (9.2), though
in present circumstances one has s/r = p. Thus we find as in the argument
leading to (8.9) that in the present situation, one has for m > 1 that

Ym = (28 — 1 4+ 1)by, — $byp—1 — (25 — 2r + 1) p™. (9.3)
Suppose now that the desired conclusions (8.7) and (8.8) have been estab-

lished for the index n < N. Then one has pb,0 < p(s/r)" =2 < 3, whence
by < 5(p0)~". Also, our hypotheses on r ensure that

by = pbp1 = (k=74 1)a, = (r — 1)ay,.

An application of Lemma 9.1 therefore leads from (8.8) to the conclusion that
there exists an integer h, with h < 2(p — 1)b,, for which one has the upper
bound (8.10), where ', ¢', ¢, v/ satisfy (8.11)—(8.14), and in addition

V' = pb, + h. (9.4)

Suppose, if possible, that b > /N(s/r)**! = v/Np"*'. Then as in the
argument of the proof of Lemma 8.2 leading to (8.15) above, we find that
(8.14) and (9.4) together with (9.3) show that

'7/ = (S/T)’Yn + (23 —r+ 1)(b/ - pbn) - s(bn - pbn—l)
>@2s—2r+ 1) — p") = (1= 1/VN)(2s — 2r + 1)V, (9.5)

But & = pb, +h < (3p — 2)b, < 07!, and so it follows from Lemma 5.3
that (8.16) holds. Combining (9.5), (8.16) and (8.10), therefore, we obtain the
bound (8.17). Observe next that in present circumstances, one deduces from
(2.5) that

1 2
R, R P .

k—r VN

<3r—pr—i=(@+2—kr-3i

k—(1—1/VN)(2s—2r+1) < s—+r—

Since, by assumption, we have r < k — 2, it follows that

k—(1— 1/\/N)(23—27“—|—1) < —%>
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and thus we obtain again the relation (8.18). From here, one deduces as before
that nsy, < 0, contradicting our opening hypothesis, and leading us to conclude
that in fact b < v/N(s/r)"**. We take h,, to be the integer h at hand, so that
b' = b,41 and ' = v,41, and thereby deduce that (8.7) and (8.8) hold with n
replaced by n + 1. This completes the proof of the present inductive step.

Next, since (8.7) and (8.8) both hold for 0 < n < N, one has byf < (r/s)? <
1, so that by < =1, From (9.2) one has b, > p™. Since s = rp, one finds that
Un1 = ptn + (p = 1bn 2 pthn + (p — 1)p",
so that ¥, = n(p—1)p" 1. An application of Lemma 5.3 therefore leads from
(8.8) to the upper bound
an+r(1+'¢'N9) << Xn.s+r+(CN+1)5(MbN)K << an+r+k2.
But from (2.9) we have § = N=V/2(r/s)¥*2 and thus
k‘2 N/{ZQ N+2 k2 3
hor < A YN /L .
vnd " N(p—=1)pN' /N
On taking N sufficiently large in terms of k, we are able to make 7., as small

as we please. It follows that 7., = 0, and this completes the proof of the
lemma. O

The conclusion of Theorem 1.2 follows from Lemma 9.2. The latter shows
that when ¢t = pr + r = r(k — r + 2), then one has

Jt(X) < X2t—(t—(T—1)/(k—7’))+5 — ‘X't-‘rut—‘,-e7

in which vy = (r—1)/(k—r). When s < ¢, meanwhile, one may apply Holder’s
inequality to obtain

s/t
1) = § Il )P da < (§ [fules 0P da)
< (Xt-l—ut—l—e)s/t < XS+Vt+6.

This completes the proof of Theorem 1.2 for 1 < r < min{k — 2, %k + 1}.

We observe that when k£ > 4, the hypotheses of the statement of Theorem
1.2 are satisfied with r = [(k 4 1)/2]. In such circumstances, when k = 2 + 1
is odd, one has

rk—r+2)=00+1)01+2) >+’ +20+1=1>+k,
and when k£ = 2/ is even, one has
r(k—r+2)=1(1+2) =1k +k.

Meanwhile, one may easily verify that in each case the exponent v, , satisfies

r—1 <1
VT‘ g NS .
A A

The conclusion of Corollary 1.3 therefore follows directly from Theorem 1.2.
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Finally, suppose that 2 < r < min{k—2, %/H—l}, and put t(r) = r(k—r+2).
Then whenever ¢(r — 1) < s < #(r), it is a consequence of Theorem 1.2 that
Js k(X)) < X+ where

r—1 t(r—1) 4s
< < 3
k—r = (k—=r)(k—r+3) k2
Thus we see that the upper bound (1.3) does indeed hold with a permissi-

ble exponent dy satisfying ds, = O(s/k?), thereby justifying the discussion
following the statement of Theorem 1.2.

V=

10. THE ASYMPTOTIC FORMULA IN WARING’S PROBLEM

Our first application of the improved mean value estimate supplied by Theo-
rem 1.1 concerns the asymptotic formula in Waring’s problem. In this context,
we define the exponential sum g(a) = gi(a; X) by

gr(a; X) = Z e(az®).
I<e<X

Also, we define the set of minor arcs m = m;, to be the set of real numbers
a € [0,1) satisfying the property that, whenever a € Z and ¢ € N satisfy
(a,q) = 1 and |ga — a| < (2k)71X'7* then ¢ > (2k)"1X. We begin by
applying the methods of [21] to derive a mean value estimate restricted to
minor arcs.

Theorem 10.1. Suppose that s > k?> — 1. Then for each € > 0, one has
/ g (a: X)[2 da < X2Zh-1te,
Proof. According to [21, Theorem 2.1], one has
/ gk (0 X) 1 da < X 2HE-D"1(1og X)2H T, L (2X).

Theorem 1.1 shows that when s > k? — 1, one has J,;(2X) < X 25— ak(k+Dte
and the conclusion of the theorem now follows. O

We transform the estimate supplied by this theorem into a less strident
bound useful in handling the minor arc contribution in Waring’s problem. For
each natural number k, define the positive integer so(j) = so(k,j) by means
of the relation

20k —1)(j +1) — 27+
solk, 7) = 2k% — 2k — (k=G +1) .
k—J
We then put
s1(k) = Qgrjngli?fz so(k, 7). (10.1)
27 <k —k—1
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Lemma 10.2. Suppose that k is a natural number with k > 3. Then
1
/ gk (c; X)|sl(k) da < Xs1(k)—kte
0

Moreover, when s is a real number with s > s1(k), there exists a positive
number 0 = §(k, s) with the property that

/ g (c; X)|° dar < X550,

Proof. The second estimate claimed in the lemma is immediate from Theorem
10.1 when s > 2k% — 2, on making use of the trivial estimate |gy(a; X)| < X.
We suppose therefore that s;(k) < s < 2k* — 2, and we put 7 = s — s1(k).
Let j be an integer with 0 < j < k —2 and 2/ < k(k — 1) — 1 for which
s1(k) = so(k,j). Then by Holder’s inequality, one has

Jist@rda< ([ la@p=2aa)’( [ ot da)"

s d be 2k —2 — s
T oo M VT g Ty
An application of Theorem 10.1 in combination with Hua’s lemma (see [13,
Lemma 2.5]) therefore yields the bound

where

/ lg(a)]* da < XF(XCH 2Tkt i)
< Xohvte

where v = a — (k — j — 1)b. A modicum of computation reveals that

(k= )s — si(k)
2k2 — 2 — 2711

and so the second conclusion of the lemma therefore follows with ¢ = 7/(4k?).

> 7/(2k%),

When s = s;(k), the above discussion shows that
/ lg()]* dar < X*7FFe, (10.2)

But on writing 9t = [0,1) \ m, the methods of [13, Chapter 4] confirm that
whenever s > k + 2, one has

/ ()] da < X",
m

The first conclusion of the lemma follows by combining this estimate with the
earlier bound (10.2). O

The argument following the proof of [21, Lemma 3.1] may now be adapted,

without effort, to show that G(k) < [s1(k)] + 1 for k > 3. The first conclusion
of Theorem 1.5 consequently follows at once from the definition (10.1). This
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upper bound for G (k) is easily made explicit for smaller values of k. Thus, on
taking r = 3, one finds that for £ > 5 one has

20k —1)(r+1) =27+ 8k—24

k—r k-3 =8
and on taking r = 4, one finds that for £ > 6 one has
2k —D(r+ 1) -2 1W0k-42 2
k—r k-4 k—4’

which is at least 9 for £ > 6, and exceeds 9 for £ > 7. Also, on taking r = 5,

one finds that
2k —(r+1) -2 12k-76_ 16

k—r k-5 k—5
a quantity which exceeds 10 for £ > 14. Thus we deduce that

G(6) <52, Gk)<2k*—2k—9 (7T<k<13)

and
Gk) < 2k* =2k —10 (k> 14).

An alternative to the above approach proceeds by means of the methods of
Ford [6]. Motivated by the notation introduced in (2.16), we write

[T (V)] = Y 2REED=2 7 (),
One may then rephrase [6, Theorem 1] in the following form.
Theorem 10.3. Let m be an integer with 1 < m < k. Then for each natural

number s with s > %m(m — 1), one has

1
| (s 0B dor € X, (X
For each natural number k&, we now consider integers m and ¢t with 1 <m < k
and 1 <t <k — 1, and we define Ay as in (1.4). We then put

2t —1)(k+1) —m(m—1)
1+At,k/m ’

so(k,m,t) = 2k* — 2 —

and set

s3(k) = min  min sa(k,m, t).
1<m<k 1<t<k—1
2(t—1) (k1) +m(m—1)<2k2 -2

Lemma 10.4. Suppose that s and k are natural numbers with k > 3 and
s > s3(k). Then there exists a positive number 6 = §(k,s) with the property
that

/ g X)|* dav < X4,
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Proof. As in the proof of Lemma 10.2, the desired conclusion is immediate
from Theorem 10.1 when s > 2k? — 2, on making use of the trivial estimate
lgx(c; X)| < X. We suppose therefore that s3(k) < s < 2k? — 2, and we put
T = s — s3(k). Let m and ¢ be integers with 1 < m <k, 1 <t < k—1and
2(t — 1)(k+ 1) + m(m — 1) < 2k* — 2, for which s3(k) = so(k,m,t). Then by
Holder’s inequality, one has

a 1 b
st da < ([Tt 2da)’( [ lgtapt-omseme i ga)
m m 0

where

s=2k—-t)(k+1)—m(m—1)
k2 -2 -2k —t)(k+1) —m(m —1)

and
2k2 —2— 5

2k2 —2—-2(k—t)(k+1) —m(m—1)
By applying Theorem 10.3 and Theorem 1.4 in sequence, one finds that

b:

1
/ |g(a)|2(/€—t)(k+1)+m(m—l) da < X2(kz—t)(k+1)+m(m—l)—k+Az7k/m+6'
0

Consequently, an application of Theorem 10.1 yields the bound

/ |g(0z)|5 do < X°© (X(2k2—2)—k:—1)a(XQ(k:—t)(k+1)+m(m—1)—k+Azyk/m)b

< Xs—k—l/-l—a’
where
(1+ Arg/m) (s — s3(k)) 2
=a — bA = : > 7/(2k7).
v=a b = s e ) —mm—1) ~ 7 )
The conclusion of the lemma therefore follows with ¢ = 7/(4k?). O

The argument following the proof of [21, Lemma 3.1] may again be adapted
to show that G(k) < [s3(k)] + 1 for k > 3. One can check by means of a
direct computation that when & = 20, if one takes t = 7 and m = 9, then
so(k,m,t) < 748, and in this way one obtains the bound G(20) < 748. In view
of the discussion following the proof of Lemma 10.2, this completes the proof

of Corollary 1.7. Similarly, the conclusion of Corollary 1.6 follows on taking
t = 2[k'/3] and m = [k?*/?], for then one finds that

st —1) <k + 1) 2K+ O(K'/3)

Age/m = 1)~ =240k,

m k23 +0(1)

and hence

k(2K'3) — k43 4 O(k)
3+ O(k=1/3)

= 2k — kY3 + O(k).

We finish by noting that the proof of [21, Theorem 4.2] may be adapted
transparently so as to establish that when s > min{s;(k), s3(k)}, then the

2
sy(k,m,t) = 2k* — 2 —
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anticipated asymptotic formula holds for the number of integral solutions of
the diagonal equation

azh 4+ ...+ aak =0,
with |x| < B. Here, the coefficients a; (1 < i < s) are fixed integers. Similar
improvements may be wrought in upper bounds for é*(k), the least number
of variables required to establish that the anticipated asymptotic formula in

Waring’s problem holds for almost all natural numbers n. Thus, one may
adapt the methods of [21, §5] to show that

GYk) <K —k+1— max W — DG+ = ﬂ

0<j<k—2 k—3j
21 <k?—k—1
and
~ t—D(k+1)—imim—1
GH(k) < k* — max Imax ( ) ) — 5 ) :
1<m<k 1<t<k—1 14+ Avp/m

2(t—1)(k+1)+m(m—1)<2k2—2
11. FURTHER APPLICATIONS

In this section we briefly discuss some applications of the mean value esti-
mates supplied by Theorems 1.1 and 1.4, with the aim of noting improvements
made available over our previous work [20]. We begin with an analogue of
Weyl’s inequality.

Theorem 11.1. Let k be an integer with k > 4, and let o € R*. Suppose that
there exists a natural number j with 2 < j < k such that, for some a € Z and
q € N with (a,q) =1, one has |a; —a/q| < g% and ¢ < X?. Then one has

frlos X) < Xe(q7 + X7 4 X 7)7W),
where o(k)™' = 2k(k — 2).

Proof. Under the hypotheses of the statement of the theorem, we find that [13,
Theorem 5.2] shows that for s € N, one has

felo X) < (Jopor (2X) X 70D (g7 4 X714 g X 7))V @) Jog(2X).
The conclusion of the theorem therefore follows on taking
s=(k—-172—-1=k(k—2),
for in such circumstances Theorem 1.1 delivers the bound
Js,k—1(2X) < XZs—%k(k—l)—i—a‘
OJ

The proof of [20, Theorem 1.6] may be easily adapted to deliver estimates
depending on common diophantine approximations.

Theorem 11.2. Let k be an integer with k > 4, and let 7 and § be real numbers
with 771 > 4k(k —2) and § > kt. Suppose that X is sufficiently large in terms
of k, 6 and 7, and further that |f.(c; X)| > X'=7. Then there exist integers
q, ay,...,a; such that 1 < q < X? and |qo; —aj| < X277 (1< j < k).
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The proof of [20, Theorem 1.7] likewise delivers the following result concern-
ing the distribution modulo 1 of polynomial sequences. Here, we write ||6]| for
mingez |6 — yl.

Theorem 11.3. Let k be an integer with k > 4, and define 7(k) by (k)™ =
4k(k — 2). Then whenever a € R* and N is sufficiently large in terms of k
and €, one has
min_||ogn + aon® + ...+ agnf|| < NETTR),
1<n<N

In each of Theorems 11.2 and 11.3, the exponent 4k(k — 2) represents an
improvement on the exponent 4k(k — 1) made available in [20, Theorems 1.6
and 1.7]. In [20, Theorem 1.5|, meanwhile, we established a conclusion sim-
ilar to that of Theorem 11.1, though with a weaker exponent o (k) satisfying
o(k)™" = 2k(k — 1). As with this earlier work, our estimates supersede the
Weyl exponent o(k) = 217 when k > 8, and supersede work of Heath-Brown
[7] and Robert and Sargos [10] for £ > 9. When k = 8, in fact, our exponent
matches that of Heath-Brown [7], though our conclusion is applicable for a
substantially larger set of coefficients.

We turn next to Tarry’s problem. When h, k and s are positive integers
with A > 2, consider the Diophantine system

ix{lzixg:...:ix{h (1<j<k). (11.1)
=1 =1 =1

Let W (k,h) denote the least natural number s having the property that the
simultaneous equations (11.1) possess an integral solution x with

S S
Zazﬁfl#Zazﬁfl (I1<u<wv<h).
i=1 i=1

Theorem 11.4. When h and k are natural numbers with h > 2 and k > 2,
one has W(k,h) < k* — 2k%/? + 4k.

Proof. The argument of the proof of [20, Theorem 1.3] shows that W (k, h) < s
whenever J;;41(X) = o(Jsx(X)). Incorporating the bounds for J,41(X)
supplied via Theorem 1.4 into this argument, one finds that

W(k,h) < (k+1—-1t)(k+2)
whenever
2s — L(k+1)(k+2) + 2t — 1)1 +2/k) < 2s — Sk(k + 1),
a constraint equivalent to the condition

2k(k+1):2k_2+ 4

t(t—1 .
(=1 <=5 kot 2
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By direct computation, one finds that this inequality is satisfied when t =
[V/2k], but not for ¢ > v/2k + 1. Thus we deduce that

W(k,h) < (k—[V2k] + 1) (k +2) = k* + 3k — (k + 2)[V2k] + 2
<K — V23 4 Ak + 4 — 2V2k.

The conclusion of the theorem follows immediately. O

In [20, Theorem 1.3], we obtained the weaker bound W (k,h) < k* + k — 2.
We remark that the conclusion of Theorem 11.4 may be utilised to obtain an
improvement in a result of Croot and Hart related to the sum-product theorem.
When A is a set of real numbers, write

A-A={zy:x € Aand y € A}

and

Theorem 11.5. Suppose that h and n are natural numbers with h > 2. Let A
be a set of n real numbers. Then whenever € is a positive number sufficiently
small in terms of h, and |A- A| < n'¢, there exists a positive number X\ having
the property that

h(A- A)| > nM".

The aforementioned result of Croot and Hart (see [5, Theorem 1.2]) delivers
a similar conclusion, though with the exponent h'/? replaced by (h/log h)'/3.
We note also that on writing
q

S(s. k)= > 3 g e((ar +...+ar*)/q)

q=1 a1=1 ap=1 r=1
(a‘l 7777 a‘kzq)zl

1 2s
k)= [ |[ e+ mryan| " ds
r+1Jo
the method of proof of [20, Theorem 1.2] may be modified in the light of

Theorem 1.1 to obtain the asymptotic formula
Jor(X) ~ &(s5, k)T (s, k) X2~ 7k,

provided only that k£ > 3 and s > k%. In [20, Theorem 1.2], such a conclusion
was obtained for s > k% + k + 1. A similar improvement holds also for work
on the asymptotic formula in the Hilbert-Kamke problem.

Finally, write

Fu(B; X) = Z e(Bra® + Broa® 7 + ...+ Puiz).

1<e<X

2s

and

L.-K. Hua investigated the problem of bounding the least integer C}, such that,
whenever s > C}, one has

]{ | fr(a; X)|° da < Xé’*%k(k+1)+s’
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and likewise the least integer Sy such that, whenever s > S, one has
%W(ﬁ; X)) dB < X5 2K -k+2)+e,
Theorem 11.6. When k > 3, one has C, < 2k*> — 2 and S < 2k* — 2k.

Proof. The bound on C} is immediate from Theorem 1.1. In order to establish
the bound on Si, we begin by observing that [20, equation (10.10)] supplies
the estimate

]f |Fu(B; X)|*dB < XF 27T, 1 (2X) + X1 1 (2X). (11.2)

Write w = (k — 2)(k + 1). Then an application of Theorem 1.4 with ¢ = 2
shows that

Ju k(QX) < X2u—%k(k+1)+A’

with A = (k+1)/(k — 1). Consequently, on applying Hélder’s inequality in
combination with Theorem 1.1, we obtain the bound

ou (k=1)/(k+1) k29
Tute-n4(X) < (§ il X)[* dar) (¢ 1files X2 dax
< Xs(X2u—%k(k—l—l)—&-(k—i—l)/(k—l))(k—l)/(k+1) (X2k2—2—%k(k+1))2/(k:+1)

)2/<k+1>

< X2k(k71)f%k(k+1)+1+s.

On the other hand, it follows from Theorem 1.1 that whenever s > k(k — 2),
then one has

Js k—l(X) < XQS—%k(k—l)—‘rs

On substituting these estimates into (11.2), we conclude that

j{IFk B; X) 2D 48 ¢ X2 Dre(xmgkhr Db (k=2) | = gh(k=)-1)
< X2k(k=1)=5 (K*—k+2)+e

We therefore see that S, < 2k(k — 1), and this completes the proof of the
theorem. 0

For comparison, in [20, Theorems 1.1 and 10.3] we derived the weaker bounds
Cr < 2k? +2k and S, < 2k®> 42k —4. When k > 4, the conclusion of Theorem
11.6 improves also on the bounds obtained by Hua [8, Chapter 5|, namely

C; <16, (4 <46, C5<110,.

and
S3 <10, Sy <32, S;<86
Moreover, Theorem 11.6 matches the bound established by Hua for Cj.
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