APPROXIMATING THE MAIN CONJECTURE IN
VINOGRADOV’S MEAN VALUE THEOREM

TREVOR D. WOOLEY

ABSTRACT. We apply multigrade efficient congruencing to estimate Vino-
gradov’s integral of degree k for moments of order 2s, establishing strongly
diagonal behaviour for 1 < s < 3k(k 4+ 1) — 3k + o(k). In particular,
as k — oo, we confirm the main conjecture in Vinogradov’s mean value
theorem for 100% of the critical interval 1 < s < %k(k +1).

1. INTRODUCTION

Our focus in this paper is the Vinogradov system of Diophantine equations.
When £ and s are natural numbers, and X is a large real number, denote by
Jsx(X) the number of integral solutions of the system

=y Y (1<)<k), (1.1)

with 1 < z;,y; < X (1 <4 < s). By considering mean values of an associated
exponential sum, it follows that the validity of the strongly diagonal estimate

Togo(X) < X7, (1.2)

for 1 <s < %k(k + 1), would imply the main conjecture in Vinogradov’s mean
value theorem, which asserts that for each £ > 0, one has

Jop(X) < Xo(X5 4 X2 akb1) (1.3)

Here and throughout this paper, the implicit constants associated with Vino-
gradov’s notation < and > may depend on s, k£ and . For almost all of the
eighty year history of the subject, such an estimate has seemed a very remote
prospect indeed, for until only a year ago the bound (1.2) was known to hold
only for s < k41 (see [6, Lemma 5.4]). By enhancing the efficient congru-
encing method introduced in [13], recent work of the author joint with Ford
3] has established the estimate (1.2) for s < (k + 1)?, amounting to half of
the range s < 3k(k + 1) in which diagonal behaviour dominates (1.3). Our
goal in this paper is to adapt the multigrade efficient congruencing method
detailed in our very recent work [16] so as to obtain strongly diagonal esti-
mates of the shape (1.2). It transpires that for large k, we are able to establish
the validity of the conjectured estimate (1.2) in 100% of the critical interval
1 < s < 3k(k+1). We consequently find ourselves within a whisker of the
proof of the main conjecture (1.3), a situation unprecedented in the analysis
of mean value estimates for exponential sums of large degree.
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The most precise form of our new estimate may be found in Theorem 9.2
below. For the present, we restrict ourselves to a conclusion relatively simple
to state that is indicative of what may now be achieved.

Theorem 1.1. Let k be a natural number with k > 7, put r = k — [2vk] + 2,
and suppose that s is an integer satisfying

r—1
m(r —m)
lgsékr—%r(r—l)—Z—.
= s—r—m

Then for each € > 0, one has Js ,(X) < X°7°.

A modicum of computation reveals that when k is large, this estimate con-
firms the main conjecture (1.3) for almost all of the critical interval of expo-
nents 1 < s < 3k(k + 1).

Corollary 1.2. When s and k are natural numbers with k > 7 and
1<s<h(k+1)— Ik,
then for each € > 0, one has Jg(X) < X*<.

As we have already noted, a conclusion analogous to Theorem 1.1 is made
available in [3, Theorem 1.1] in the more limited range 1 < s < i(k + 1)%
Earlier conclusions were limited to the much shorter interval 1 < s < k+1
(see [8] for a particularly precise statement in this situation). In view of the
lower bound

Js,k(X) > X +X2s—%k(k+1)’ (14)

that arises by considering the diagonal solutions of (1.1) with x =y, together
with a lower bound for the product of local densities (see [7, equation (7.4)]),
one sees that the conclusion of Theorem 1.1 cannot hold when s > 1k(k + 1).

The gap between our new result and a complete proof of the main conjecture
(1.3) stands at gk variables, amounting to a proportion O(1/k) of the length
of the critical interval 1 < s < %k‘(k‘ + 1). In a certain sense, therefore,
our conclusion establishes the main conjecture in 100% of the critical interval
as k — oo, justifying the assertion concluding our opening paragraph. In
§11 we describe some modifications to our basic strategy which offer some
improvement in the conclusion of Corollary 1.2 towards the main conjecture
(1.3). We have opted for a relatively concise account of this improvement,
since the details of the associated argument are of sufficient complexity that
the key elements of our basic strategy would be obscured were we to make this
account the main focus of our exposition.

Theorem 1.3. When k is a sufficiently large natural number, and s is an
integer satisfying
1<

<1
2

< Lk(k+1) — Lk — 8K%3,
(X

then for each € > 0, one has Jg (X)) < X5,
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Our methods are applicable not only for large values of k. By taking r =
k — [2vEk] + 2 in Theorem 9.2 below, one may establish an improvement on
the conclusion of [3, Theorem 1.1]. We note here that the latter delivers the
bound J, ,(X) < X for 1 < s < 1(k+ 1)2

Theorem 1.4. Define the exponent D(k) as in Table 1. Then whenever k > 4
and 1 < s < D(k), one has J; . (X) < X°¢.

k 4 5 6 7 8 9 10 11 12
D(k) 8 10 17 20 29 38 44 55 68
l(k+1) 10 15 21 28 36 45 55 66 78

k 13 14 15 16 17 18 19 20
D(k) 75 90 105 122 132 151 170 191
%k‘(k‘ +1) 91 105 120 136 153 171 190 210

Table 1: Values for D(k) described in Theorem 1.4.

One may enquire concerning the impact of our methods in the case k = 3.
Here, although the methods of this paper do not apply directly, a careful
variant of our ideas proves surprisingly successful. This is a matter which we
address elsewhere.

A trivial consequence of the estimate supplied by Theorems 1.1 and 1.3
provides a new upper bound for J; ;(X) at the critical value s = %k(k +1).

Theorem 1.5. Suppose that k is a large natural number. Then for each e > 0,
one has

3 €
Tipeny p(X) € X3HIHD+ATE
where A\ = (% +o(1)k.

As remarked in the discussion following the statement of [3, Theorem 1.2],
the work of that paper shows that a conclusion analogous to Theorem 1.5
holds with A = (2 — v/2)k? + O(k). Our new result for the first time in the
subject obtains a conclusion in which A = o(k?). Indeed, one now has a good
asymptotic approximation to the main conjecture (1.3) for all s, since we have

Jor(X) < XDk (X 4 X2 3k(E41),
with A,y = O(k) for all s.

We are also able to obtain a very slight improvement in our previous bound
for the the number of variables required to establish the anticipated asymptotic
formula in Waring’s problem, at least, when k is sufficiently large. We refer
the reader to Theorem 12.2 for an account of this new bound, and to Theorem
12.1 for some consequences of Theorem 1.3 in the context of Tarry’s problem.
Other applications of Vinogradov’s mean value theorem can be found in the
classical literature on the subject, such as [1, 9, 10].
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We have written elsewhere concerning the basic strategy underlying efficient
congruencing; a sketch of the basic ideas can be found in [13, §2]. The multi-
grade efficient congruencing method seeks to more fully extract the information
available from congruences of different levels. We direct the reader to [16] for
an introduction to such ideas. Perhaps it is worth noting that the main chal-
lenge in the present adaptation of multigrade efficient congruencing is that no
loss of more than a constant factor can be tolerated in the basic congruencing
steps. This task is complicated as we progress through the iteration, stepping
from congruences modulo p® to congruences modulo p°, since the ratio b/a can
vary widely according to which of the several possible moduli dominate pro-
ceedings at each stage of the iteration. Finally, we remark that although one
can envision further improvement in the range of s accommodated by Theorem
1.3, it would seem that a new idea is required to replace the defect %k by a
quantity ck with ¢ < % The term %k seems to be an unavoidable consequence
of the application of Holder’s inequality underlying Lemmata 7.1 and 11.3 that
teases apart the information available from congruences of different levels.

2. THE BASIC INFRASTRUCTURE

We begin our discussion of the the proof of Theorem 1.1 by describing the
components and basic notation that we subsequently assemble into the appa-
ratus required for the multigrade efficient congruencing method. This is very
similar to that introduced in our recent work [16], and resembles the infras-
tructure of our earliest work on efficient congruencing [13]. The reader might
wonder whether some kind of universal account could be given that would en-
compass all possibilities. For the present such a goal seems premature, since
new innovations are the rule for such a rapidly evolving circle of ideas. In-
stead, novel consequences of the method seem to require careful arrangement
of parameters together with a significant measure of artistry.

We consider & to be fixed, and abbreviate J(X) to Js(X) without further
comment. Let s € N be arbitrary, and define A} € R by means of the relation

Ar = lim supw.
X —00 10g X
Thus, for each € > 0, and any X € R sufficiently large in terms of s, k and
g, one has J,(X) < X**°. Note that the lower bound (1.4) combines with
a trivial estimate for Js(X) to show that s < A¥ < 2s, whilst the conjectured
upper bound (1.2) implies that A} = s for s < 1k(k + 1).

Next we recall some standard notational conventions. The letters s and k
denote natural numbers with £ > 3, and ¢ denotes a sufficiently small positive
number. Our basic parameter is X, a large real number depending at most on
k, s and e, unless otherwise indicated. Whenever ¢ appears in a statement,
we assert that the statement holds for each £ > 0. As usual, we write |[¢] to
denote the largest integer no larger than v, and [¢] to denote the least integer
no smaller than ¢. We make sweeping use of vector notation. Thus, with ¢

implied from the environment at hand, we write z = w (mod p) to denote
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that z; = w; (mod p) (1 < i@ < t), or z = ¢ (mod p) to denote that z; = &

(mod p) (1 < i < t), or [z (mod ¢)] to denote the t-tuple (¢, ...,¢;), where

for 1 <i<tonehas1l<( <qand z = (¢ (mod g). Finally, we employ the
convention that whenever G : [0,1)% — C is integrable, then

?{G(a) da = G(a)dao.

[0,1)*

Thus, on writing
frla; X) = Z e(onr + aox? + ... + aga®),
1<e<X

2miz

, it follows from orthogonality that

Ji(X) :7{|fk<a;X)|2t da (t€N). (2.1)

where as usual e(z) denotes e

We next introduce the parameters which define the iterative method that is
the central concern of this paper. We suppose throughout that k£ > 4, and put

ro = k — [2Vk] + 2. (2.2)

We take r to be an integral parameter satisfying 1 < r < rg, and we consider
a natural number s with k& +1 <'s < $k(k +1). We then define A = A(r, s)
by taking

r—1
m(r —m)
A = - 7 2.3
and suppose in what follows that
s > max{2r — 1,3r(r — 1) + A}. (2.4)
Next, we put
a=kr—ir(r—1)—A and b=r(ir(r—1)+4), (2.5)

and then define
0, =1(a++Va2—4b) and 6_ =i(a—Va?—4b). (2.6)

We will suppose throughout that s < 6,. Here, some explanation may defuse
confusion that may arise from the implicit dependence of #, on s. In practice,
the definition (2.3) ensures that A is no larger than about £k, and hence one
finds from (2.6) that 6 is roughly

kr—ir(r+1)—A>ir(r—1)+A.
The condition s < 6, is consequently easily verified, since there are relatively
few values of s to check, and in particular none exceeding %k(k} +1). Likewise,
the condition (2.4) is also easily verified for the values of s open to discussion.
Our goal is to establish that A}, . = s+ r. Having established the latter,
one finds by applying Holder’s inequality to the right hand side of (2.1) that
whenever 1 <t < s+ r, one has

T < (j{ | fi (0 X242 da>t/<8+r>

< XtJrE,
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whence A} = ¢. Thus it is that the main conclusions of this paper follow by

fucusing on A7, ,. Henceforth, for brevity we write A = A7 ..

Let R be a natural number sufficiently large in terms of s and k. Specifically,
we choose R as follows. From (2.5) and (2.6), one finds that 0,6_ = b, and so
the hypothesis s < 6, ensures that

0-=b/0, <b/s<b/(3r(r—1)+A)=r.
Observe next that 6, > 0_, so that on writing 7 = 6, /0_, one finds that
1 <0f+1 — 0 0.0- <0f — 9R>> 1 T (7R - 1)
95 0+_9_ T\/E 0+—0_ N T—1 7”\/% T—1

(- D) )
> (1—1/Vk)r®

Hence we obtain the upper bound
Hf“ —oft 9.6 ((‘)f — 95)
0, —0_ rVk \0y —0_/"

Recall again our assumption that s < 6., and put v = 6, — s > 0. Then we
have

(1—-1/VE)oT <

s"=07(1—v/0,)" < e

Consequently, if we take R = [W0, /v], with W a large enough integer, then
we ensure that

st < e_WOfE <(1- 1/\/E)9f,

whence

S s Y (ef - 95)

0, —0_ rvk \0y —6_
The significance of this condition will become apparent in due course (see
equation (8.1) below, and the ensuing discussion).

(2.7)

Having fixed R satisfying these conditions, we take IV to be a natural number
sufficiently large in terms of s, k£ and R, and then put

B =Nk, 0= 17TN*(s+ k)3 § = (1000N*(s + k)) N9, (2.8)

In view of the definition of A, there exists a sequence of natural numbers
(X1)2,, tending to infinity, with the property that J,,,.(X;) > X*™ (I € N).
Also, provided that X; is sufficiently large, one has the corresponding upper
bound J,.(Y) < YA for Y > Xll/Q. We consider a fixed element X = X of
the sequence (X;)7°,, which we may assume to be sufficiently large in terms
of s, k and N. We put M = X’ and note from (2.8) that X° < MYV,
Throughout, implicit constants may depend on s, k, N, and also on ¢ in view
of our earlier convention, but not on any other variable.

We next introduce the cast of exponential sums and mean values appearing
in our arguments. Let p be a prime number with M < p < 2M to be fixed in
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due course. When ¢ and & are non-negative integers, and a € [0, 1)*, we define

fo(a; &) = Z e(onw + agr? + ..+ aga®). (2.9)
I<e<X
=€ (mod p°)

When 1 < m < k—1, denote by Z7*(&) the set of integral m-tuples (&1, ...,&mn),
with 1 < € < pttand € = ¢ (mod p°), and satisfying the property that & # &;
(mod pt!) for ¢ # j. We then put

> [eni(e&). (2.10)

geEr(§) =1
When a and b are positive integers, we define

IO En) = 18T @ € Pl ] dav, .11

K™ (X16,m) = ]4 137 (s €25 (o) oo ) d. (2.12)

Note that, by orthogonality, the mean value 1,}" (X; £, 7) counts the number
of integral solutions of the system
m s+r—m
D al=yl)= Y w —w) (1<j<h), (2.13)

i=1 =1

with 1 < x,y,v,w < X, v=w =7 (mod p), and x,y € Z™(£) (mod p**1).

Slmllarly, the mean value K "(X; €, m) counts the number of solutions of
Dol =y =) (] —o)) + Y (wh—2) (1<j<k), (2.14)
i=1 1=1 n=1

with 1 < x,y,u,v,w,z < X, and satisfying w = z = n (mod p°),

X,y € Z™(¢) (mod p*™') and u,v € Zj(n) (mod p*™).

Given any one such solution of the system (2.14), an application of the Bino-
mial Theorem shows that x—n, y—n, u—n, v—n, w—n, z—n is also a solution.
Since in any solution counted by K[;"(X;&,7), one has u = v = 5 (mod )
and w =z = 1 (mod p°), we deduce that

D (@i—n)=> (i —ny (mod p™) (1<j<k), (2.15)

i=1 i=1

We put
I""(X) = ma ma; Im"(X: 2.16
a,b ( ) 1<§<§@ 1<77<);b a,b ( 767 77)7 ( )
nZ€ (mod p)
K7'(X)= max max K} (X;&n). (2.17)
’ 1<€<p®  1<n<pd ’
nZ€ (mod p)

The implicit dependence on p in the above notation will be rendered irrelevant
in §5, since we fix the choice of this prime following the proof of Lemma 5.1.
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We must align the definition of KJ;"(X) with the conditioning idea. When

¢ is an integer and ¢ is a tuple of integers, we denote by =™ (¢) the set of m-
tuples (&1, ...,&,) € Z7'(0) such that & # ¢; (mod p) for all i and j. Recalling

(2.9), we put
T )= )Y, Hh &),
ge=m(¢) i=1
and then define
Imr X- ’f] %‘Sm fc( )23+2r 2m’da (218)

Rmr(X;n) = 75 37 (s Sl )2 der, (219)

K™ (X) = max K™ (X;n). (2.20)
) 1<n<pe
As in our earlier work, we make use of an operator that makes transparent
the relationship between mean values and their anticipated magnitudes. For
the purposes at hand, it is useful to reconfigure this normalisation so as to
make visible the deviation in a mean value from strongly diagonal behaviour.
Thus, in the present circumstances, we adopt the convention that

[Jsrr (X)) = Jopr(X) /X, (2.21)
I (X)] = Lo (X) 2.22

[[ a,b ( )]] - (X/Ma)m(X/Mb)S'H’_m’ ( : )
_ Kgy' (X)

(Ko (X)) = : (2.23)

(XA (XM=

Using this notation, our earlier bounds for J;,(X) may be rewritten in the
form

[Joqr (X)) > X4 and [Jorr (V)] < YA+ (Y > X1/2)7 (2.24)

where A is defined by A =X — (s + 7).
Finally, we recall two simple estimates associated with the system (1.1).

Lemma 2.1. Suppose that ¢ is a non-negative integer with c0 < 1. Then for
each natural number u, one has

max 7{ o )7 dev <y Ju(X/M).

1<E<p®
Proof. This is [13, Lemma 3.1]. O

Lemma 2.2. Suppose that ¢ and d are non-negative integers with ¢ < 0% and
d < 07t. Then whenever u,v € N and £, € Z, one has

f”c * f 2ufd )21)‘ do <<uv ( u+v<X/Mc))U/(u+v)(Ju+v(X/Md))v/(u+v).

Proof. This is [3, Corollary 2.2]. O
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3. AUXILIARY SYSTEMS OF CONGRUENCES

Our goal of establishing strongly diagonal behaviour dictates that we must
establish essentially diagonal behaviour for the solutions of auxiliary congru-
ences central to our methods. Complicating our discussion in present circum-
stances is the potential for the ratio b/a to be small, for in earlier work [3, 15]
this was assumed to be at least %(k —1) or thereabouts. We begin by adjusting
our notation to accommodate the demands of this paper. When a and b are
integers with 1 < a < b, we denote by B} ,(m;§,n) the set of solutions of the
system of congruences

Z(Zi —n) =m; (mod p*) (1< j<k), (3.1)
i=1
with 1 < z < p* and z = € (mod p*™!) for some € € =Z7(¢). We define

an equivalence relation R(A) on integral n-tuples by declaring x and y to be
R(A)-equivalent when x =y (mod p*). We then write C;’:(m; &, n) for the set

of R(hb)-equivalence classes of By ,(m; ¢, n), and we define BZ;L (p) by putting

n,h _ n,h .
B,y (p) = max, nax,  nax,  card(C, ), (m; €,m)). (3.2)
7€ (mod p)

When a = 0 we modify these definitions, so that Bf,(m;¢,n) denotes the
set of solutions of the system of congruences (3.1) with 1 < z < p* and
z = £ (mod p) for some & € Zf(&), and for which in addition z # 7 (mod p).

As in the situation in which one has a > 1, we write C ’bh(m; &, n) for the set
of R(hb)-equivalence classes of B, (m;¢&,n), but we define By "(p) by putting

n,h _ n,h .
By (p) = hax, max card(Cy}, (m; 0,7)). (3.3)
We observe that the definition of Bgf (p) ensures that whenever 0 < b’ < h,
one has

B™ (p) < BM(p). (3.4)

Lemma 3.1. Let m be an integer with 0 < m < k—1, and suppose that a and
b are integers with 0 < a < b and (k —m)b > (m + 1)a. Suppose in addition
that h is a natural number with a < h < (k —m)b— ma. Then one has

B (p) < kL.

Proof. We are able to follow the arguments of the proofs of [15, Lemma 3.5]
and [3, Lemma 3.3|, with some modifications. For the sake of transparency of
exposition, we provide an essentially complete account. We begin by consider-
ing the situation with @ > 1, the alterations required when a = 0 being easily
accommodated within our basic argument. Consider fixed natural numbers a
and b with 1 < a < band (k—m)b > (m+1)a, and fixed integers ¢ and 7 with
1<E<pY, 1 <n<p’and n# € (mod p). Note that in view of the relation
(3.4), the conclusion of the lemma follows in general if we can establish it when
h = (k—m)b—ma. We henceforth assume that the latter is the case. We then
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denote by D;(n) the set of R(h)-equivalence classes of solutions of the system
of congruences

m+1

> (z—n) =n; (mod p™™") - (k —m < j <K), (35)

i=1
with 1 < z < p* and z = € (mod p**?!) for some € € =Z"FL(¢). To any
solution z of (3.1) there corresponds a unique (m + 1)-tuple (ng_m, ..., "),
with 1 <n < p*~™®_ for which (3.5) holds and

n; =m; (mod p*~™%) (k—m <m < k).
Since h/b < k —m, we therefore infer that

card(CmHh/b( :&,n) < max  card(Di(n)). (3.6)

1<n<p(k:—m)b

We fix any choice of n for which the maximum is achieved in (3.6). There
is plainly no loss of generality in supposing that D;(n) is non-empty. Observe
that for any solution z’ of (3.5) there is an R(k — m)-equivalent solution z
satisfying 1 < z < p* ™. Rewriting each variable z; in (3.5) in the shape
2 = pYy; + &, we infer from the hypothesis that z = € (mod p®*!) for some
&€ € =€) that the (m + 1)-tuple y necessarily satisfies

yiZy (modp) (I1<i<li<m+1). (3.7)

Write ( = & — 1, and note that the constraint n Z £ (mod p) ensures that
p1¢. We denote the multiplicative inverse of ¢ modulo p*~"™" by ¢~!. Then
we deduce from (3.5) that card(D;(n)) is bounded above by the number of
R(h — a)-equivalence classes of solutions of the system of congruences

m+1
D¢ 1Y = my(¢THY (mod pETY) (k—m <G <), (38)
i=1
with 1 < y < p*~™*b=a satisfying (3.7). Let y = w be any solution of the
system (3.8). Then we find that all other solutions y satisfy the system

m+1
D (0w + 1Y = (" wi 1)) =0 (mod p*TM) (k- m < j < k).

i=1
(3.9)

We next apply [15, Lemma 3.2], just as in the argument of the proof of [15,
Lemmata 3.3 to 3.6]. Consider an index j with k —m < j < k, and apply the
latter lemma with o = k—m—1 and 8 = j—k+m+1. We find that there exist
integers ¢;; (k—m—1<I1<j)andd;, (j—k+m+1<u<j), bounded in
terms of k, and with d; j_pym+1 7# 0, for which one has the polynomial identity

J J
Cjk—m—1 + Z cji(x 4+ 1) Z dj,z". (3.10)

l=k—m u=j—k+m+1
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Since we may assume p to be large, we may suppose that p t d; j_gtm+1. Thus,
multiplying (3.10) through by the multiplicative inverse of d; ;_g1m+1 modulo
p*=mb we see that there is no loss in supposing that
djjtime1 = 1 (mod p*=m™P).
Consequently, by taking suitable linear combinations of the congruences com-
prising (3.9), we discern that any solution of this system satisfies
m—+1
(¢TI (W) — i (wi)) = 0 (mod pt ) (k —m < j < k),
i=1
in which
J
%(2) _ ijk+m+1 + Z dj’u(cflpa)ufjJrkfmleu.
u=j—k+m-+42
Note here that .
Y;(2) = 2Z27FmH (mod p). (3.11)

Denote by Dy(u) the set of R(h — a)-equivalence classes of solutions of the
system of congruences

m+1
> (i) = uy (mod plEmmGTREmDe) (kg < < ),
i—1
with 1 <y < p*~™b=¢ gatisfying (3.7). Then we have shown thus far that

card(D;(n)) < max  card(Dq(u)). (3.12)

1<u<p(k7m)b

Let D3(v) denote the set of solutions of the congruence
m+1

D Wilys) = vy (mod p")  (k—m < j<k),
=1

with 1 <y < p"~@ satisfying (3.7). For k —m < j < k, we have
(k—m)b—(j—k4+m+1a=(k—m)b—(m+1)a=h—a.

Then we arrive at the upper bound

card(Dz(u)) < max card(Ds(v)). (3.13)
1<vgph—a
By combining (3.6), (3.12) and (3.13), we discern at this point that
card(C™ (m; €, ) < max_card(Ds(v)). (3.14)
’ 1<vgph—a

Define the determinant

J(d’? X) = det (¢2—m+l—1($i))1gi,l<m+1 :

In view of (3.11), one has ¢¥}_,. ., () = ly.' (mod p). It follows from (3.7)
that

det(y icitcmi = H (yi — yu) Z 0 (mod p),

1<i<us<m+1
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so that, since p > k, we have (J(;y),p) = 1. We therefore deduce from [11,
Theorem 1], just as in the corresponding argument of the proof of [15, Lemma
3.3] following [15, equation (3.17)], that

card(D3(v)) < (k—m)(k—m+1)...k <k,
and thus the conclusion of the lemma when a > 1 follows at once from (3.2)
and (3.14).

When a = 0 we must apply some minor modifications to the above argument.
In this case, we denote by D;(n;n) the set of R(h)-equivalence classes of solu-
tions of the system of congruences (3.5) with 1 < z < p* and z = € (mod p) for
some & € Z7""1(0), and for which in addition z; Z 7 (mod p) for 1 <i < m+1.
Then as in the opening paragraph of our proof, it follows from (3.1) that

card(CgiLbJrl’h/b(m; 0,7) < max card(Di(n;7n)). (3.15)

1<ngpk—m)b
But card(D;(n;n)) = card(D1(n;0)), and card(D;(n;0)) counts the solutions
of the system of congruences
mt1
Z y! = n; (mod p*=™%) (K —m < j < k),
i=1
with 1 <y < p~™? satisfying (3.7), and in addition p{y; (1 <i < m+1).
Write
J(y) = det (k= m+j = 1)yt 72

Then, since p > k, we have

I = e T - u) #0 (mod p).

(k—m—1)! L
I<i<j<m+1

1<i,j<m+1

We therefore conclude from [11, Theorem 1] that
card(D1(n;0)) < (k—m)(k—m+1)...k < kL

In view of (3.3), the conclusion of the lemma therefore follows from (3.15)
when a = 0. This completes our account of the proof of the lemma. O

4. THE CONDITIONING PROCESS

The mean value K[;"(X;&,n) differs only slightly from the special case

K f};l’kfl (X;&,n) considered in [16], and thus our treatment of the conditioning
process may be swiftly executed.

Lemma 4.1. Let a and b be integers withb > a > 1. Then whenever s > 2r—1,
one has
LX) < K (X) + MPPL (X)),

Proof. Our argument follows the proof of [16, Lemma 4.1] with minor adjust-
ments. Consider fixed integers £ and n with n #Z £ (mod p). Let T denote
the number of integral solutions x, y, v, w of the system (2.13) counted
by I;Z(X ;€,m) in which vy, ..., v, together occupy at least r distinct residue
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classes modulo p?*!, and let T, denote the corresponding number of solutions
in which these integers together occupy at most r — 1 distinct residue classes
modulo p**'. Then

Ly(X;6m) =T+ T (4.1)

From (2.10) to (2.12), orthogonality and Schwarz’s inequality, one has

< >7§|§r (o )fs(0 1) " fo(—ax: n)* dex

< (KD (X; s,m)” (IZZZ(X;QH))I/Q- (4.2)

In order to treat T, we observe first that the hypothesis s > 2r — 1 ensures
that there is an integer ¢ = n (mod p®) having the property that three at least
of the variables vy, ..., v, are congruent to ¢ modulo p**'. Hence, recalling
the definitions (2.10) and (2.11), one finds from orthogonality and Holder’s
inequality that

T2<(5) 1500 )Pl (@3l ) (1) da

3
1<¢<pb T
¢=n (mod p®)
<M max_ (Ip(X;&m) ¥ CI10 L (X5€,0))Y ). (4.3)
1<¢gpbtt ’
¢=n (mod p?)

By substituting (4.2) and (4.3) into (4.1), and recalling (2.16) and (2.17),
we therefore conclude that

I (X) < (K (X)L (X)) 4+ MLy (X)) @(17 (X))Y/ ),
whence

INh(X) < KJy(X) + M*BI10y

(X).
This completes the proof of the lemma. O

Repeated application of Lemma 4.1 combines with a trivial bound for the
mean value K}, ;(X) to deliver the basic conditioning lemma of this section.

Lemma 4.2. Let a and b be integers with 1 < a < b, and let H be any integer
with H > 15. Suppose that b+ H < (20)~'. Then there exists an integer h
with 0 < h < H having the property that

Lp(X) < (MM,

() + (M) (X M) (X /M)

Proof. Repeated application of Lemma 4.1 yields the upper bound

Ly (X) < Z (MP)PE G (X) + (MR (X). (4.4)
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On considering the underlying Diophantine systems, it follows from Lemma
2.2 that for each ¢ and 7, one has

[3unX6 ) <l (s )] da
& (Jor (XM (e (00 7H))
Since M*H = (X9)"*H < X2 we deduce from (2.16) and (2.24) that
(MH)2S/3[2:£+H (X) < X(S ((X/Ma)r/(s+r) (X/Mb—i-H)s/(s—i-r)))‘ (MH)25/3
XM X MM,

Q:/\<a— ar__ _bs )+s(b—a)+Hs(§— A )

s+r B s+r s+r
Since A > s + r, the lower bound b > a leads to the estimate

s+7)

where

A
Qg—s(b—a)s +s(b—a)—3Hs < —5Hs.

,
This completes the proof of the lemma, since with H > 15 one has

XJM—HS/S < M_HS/4.

5. THE PRECONGRUENCING STEP

The alteration of the definition of K;"(X) relative to our earlier treatments
does not prevent previous precongruencing arguments from applying, mutatis
mutandis. However, we seek to ensure that our initial value of b is very large,
so that subsequent iterations work efficiently. For this reason, the argument
of the proof of [3, Lemma 6.1] must be modified in several ways that demand
a fairly complete account of the proof. We recall the definition (2.8) of B.

Lemma 5.1. There exists a prime number p, with M < p < 2M, and an
integer h with 0 < h < 4B, for which one has

Jorr(X) < MPEFMEREL L (X).

Proof. The mean value J,,.(X) counts the number of integral solutions of the

system
s+r

Y@l —yl)=0 (1<j<k), (5.1)

i=1
with 1 < x,y < X. Let P denote a set of [(s+ r)?0~'] prime numbers
in (M,2M]. That such a set exists is a consequence of the Prime Number
Theorem. The argument of the proof of [3, Lemma 6.1] leading to equation
(6.2) of that paper shows that for some p € P, one has Jo.(X) < T(p),
where T'(p) denotes the number of solutions of the system (5.1) counted by
Js1r(X) in which x4, ..., zsy, are distinct modulo p, and likewise y1, ..., Ysir
are distinct modulo p.
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We now examine the residue classes modulo p? of a given solution x,y
counted by T'(p). Let m and ¢ be s-tuples with 1 < n, ¢ < p? satisfying the
condition that for 1 <i < s, one has z; = 7; (mod p?) and y; = ¢; (mod p?).
Recall the notation introduced prior to (2.18). Then since 21, ..., s, are dis-
tinct modulo p, it follows that (zsy1,...,%s1) € Z7(n), and likewise one finds
that (Ysi1,- .-, Ystr) € Z7(¢). Then on considering the underlying Diophantine
systems, one finds that

Tp)< Y, f(HfB a;1;:)f( a;Q))&”(a;nW(—a;C)da

1<n, C<p

Write
j[|3r a;0) fB )25|da

Then by applying Hélder’s inequality, and again considering the underlying
Diophantine systems, we discern that

< D) H (1,1:) T (¢, G:))

1<nC<pBZ 1

Z H 7ha7h C’Lu<2>>1/ 25 :

1<n,¢<pB =1

Hence, on recalling the definition (2.18), we obtain the upper bound

T(p) 2$B 1217&}{ f|8fr )2$]da
= p*P max I3 (X;n). (5.2)
1<n<pB

By modifying the argument of the proof of [3, Lemma 6.1] leading from equa-
tion (6.3) to equation (6.6) of that paper, along the lines easily surmised from
our proof of Lemma 4.1 above, one finds that

I (X;m) < K2 (Xsm) + M*3 max 107, (X;0). (5.3)

1<cpett L

Iterating (5.3) in order to bound 15" (X n), just as in the argument conclud-
ing the proof of [3, Lemma 6.1] (and see also (4.4) above), we discern from
(5.2) that

2sB h\2s/3 g-r,r
Joir (X) <M OgllszB(M )*/ KB+h(X)

+MEP oy T (X0). (5.4)

1<¢<psBH!

By considering the underlying Diophantine systems, we deduce from Lemma
2.2 that

I3 (X5Q) € (Juan(X))70F0 (o (X MPBH) o/,
In this way, we find from (5.4) either that
Tore(X) € MPPHEIB R (X) 65)
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for some index h with 0 < h < 4B, so that the conclusion of the lemma holds,
or else that

Torr(X) € MU,y (X)) O (T (OX/MPBF) /650,
In the latter case, since A > s + r, we obtain the upper bound
Jsir(X) < M14(5+T)B/3JS+T(X/M5B+1)
< MMWEHDB/3(x /5B +1)A+3
< XM [—(s+1)B/3.

Invoking the definition (2.8) of §, we find that J,,,.(X) < X*~% contradicting
the lower bound (2.24) if X = X; is large enough. We are therefore forced to
accept the former upper bound (5.5), and hence the proof of the lemma is
completed by reference to (2.20). O

At this point, we fix the prime number p, once and for all, in accordance
with Lemma 5.1.

6. THE EFFICIENT CONGRUENCING STEP

Our strategy for executing the efficient congruencing process is based on
that in our recent work [16, §6], though in present circumstances only one
phase is required, relating K;”,f (X)) to K3 (X) and I, (X), for a suitable
value of ¥'. We begin our discussion of the efficient congruencing process with
some additional notation. We define the generating function

o) = Y S T ales )P, (6.1)
EeE(O)  1s¢pt =l
¢=¢ (mod p°*t1)
in which we adopt the natural convention that 5527d(a; ¢) = 1. It is useful for
future reference to record the consequence of Hélder’s inequality given in [16,
equation (6.2)], namely that whenever w is a real number with mw > 1, then

A ) < ()™t ) (o Q™. (6.2)
1<¢<p?
¢=¢ (mod p°)

Lemma 6.1. Let m be an integer with 0 < m < r—1. Suppose that a and b are
integers with 0 < a < b < 07! and (k —m)b > (m + 1)a, and suppose further
that a < b/\/E Then whenever b is an integer with a <V < (k —m)b — ma,
one has

el R Vis=m) s (s—m—1)/(s—m)
K (X) < (=) 1,00) (K7 (X)) -

Proof. We first consider the situation in which a > 1. The argument associated
with the case a = 0 is very similar, and so we are able to appeal later to a
highly abbreviated argument for this case in order to complete the proof of
the lemma. Consider fixed integers £ and 7 with

1<E<p”, 1<n<p’ and n# ¢ (mod p). (6.3)
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The quantity K;”; 1’T(X :£,1n) counts the number of integral solutions of the
system (2.14) with m replaced by m + 1, subject to the attendant conditions
on X, y, u, v, w, z. Given such a solution of the system (2.14), the discussion
leading to (2.15) shows that

m+1 m+1

d (xi—n)Y =Y (gi—n) (mod p) (1< j<k). (6.4)

i=1 i=1
In the notation introduced in §3, it follows that for some k-tuple of integers
m, both [x (mod p**)] and [y (mod p*)] lie in B4 (m; €, 7). Write
m—+1
Goplam) = Y]] Fuled

0B (mig,y) =1

Then on considering the underlying Diophantine system, we see from (2.12)
and (6.4) that

KI5 (X6, m) = Z Zfresabam%()?rda,

mi=1  my=1
where we write
§ () = By (s m)fu(a )" (6.5)
We now partition the vectors in each set BZ‘J "(m;¢,7n) into equivalence
classes modulo p* as in §3. Write C(m) = CZ;l’b,/b(m; ¢,m). An application
of Cauchy’s inequality leads via (3.2) and Lemma 3.1 to the bound
m+1

’®abam ‘ZZkab

¢eC(m) O i=1

m-+1

< card(C Z ‘Z H fep (e

¢eC(m) B¢l i=1

m—+1

< 3 |5 [T utens

¢eC(m) B¢l i=1

It may be helpful to note here that since b/ /b < k —m — ma/b, then in view
of the relation (3.2), it follows from Lemma 3.1 that

card(C(m)) = B (p) < kL.

Hence
m+1

> 1] fule

m ¢eC(m OGQ i=1

For each k-tuple m and equwalence class €, the integral above counts so-
lutions of (2.14) with the additional constraint that both [x (mod p**)] and
[y (mod p*)] lie in €. In particular, one has x = y (mod p”). Moreover, as
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the sets BZ? "(m; &, n) are disjoint for distinct k-tuples m with 1 < m; < p/
(1 < j < k), to each pair (x,y) there corresponds at most one pair (m, @).
Thus we deduce that

K (X €6,m) < HY(X;€,m),

where HT(X;&,m) denotes the number of solutions of (2.14) subject to the
additional condition x = y (mod p”). Hence, on considering the underlying
Diophantine systems and recalling (6.1), we discern that

K (6 < § 905 @ ) F (@) da (66)

An inspection of the definition of Z*(§) in the preamble to (2.10) reveals on
this occasion that when &€ € Z™1(¢), then

(&1, &m) €276 and  (Emyr) € EX(E).

Then a further consideration of the underlying Diophantine systems leads from
(6.6) via (6.1) to the upper bound

KMH(X, €, ) < 75 A7 (0 €)1 (0 )3 (@) de.

By applying Holder’s inequality to the integral on the right hand side of this
relation, bearing in mind the definition (6.5), we obtain the bound

KN (X360n) < UPrUsUs”?, (6.7)
where . .
S—m — m
“E w2y T mmy (68)
and
U= 90 s )15 P> dax, (6.9)
s = § IS0t (s d (6.10)
s = 187 )P0 (@3 )" da (6.11)

We now relate the mean values U; to those introduced in §2. Observe first
that a consideration of the underlying Diophantine system leads from (6.9) via
(6.1) and (2.10) to the upper bound

U < 157 (@i TPl > da.
On recalling (2.12) and (2.17), we thus deduce that
U < K37 (X). (6.12)
Next, by employing (6.2) within (6.10) and (6.11), we find that
Uy + Us < (MY~ max ]{BT )4y (a; ¢)*| dax.

1<C<p
¢=¢ (mod p®
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Notice here that since the condition (6.3) implies that  # £ (mod p), and we
have ¢ = £ (mod p®) with a > 1, then once more one has ( # n (mod p). In
this way we deduce from (2.11) and (2.16) that

Us + Us < (MY~ I}7,(X). (6.13)
By substituting (6.12) and (6.13) into the relation
K:?ljlm(X; fa 77) < Uiul(UQ + UB)liwla

that is immediate from (6.7), and then recalling (6.8) and (2.17), the conclusion
of the lemma follows when a > 1. When a = 0, we must modify this argument
slightly. In this case, from (2.19) and (2.20) we find that

Kg, 7 (X) = max, f 3" (e 1)*y (@ )R (@ ) * 72" 77| der.

The desired conclusion follows in this instance by pursuing the proof given
above in the case a > 1, noting that the definition of "™ (c; ) ensures that
the variables resulting from the congruencing argument avoid the congruence
class 7 modulo p. This completes our account of the proof of the lemma. [J

We note that in our application of Lemma 6.1, we restrict to situations with
0 <m < r—1. Thus, since r < 1, it follows from (2.2) that the hypothesis
a < b/\/E ensures that

k—m—ma/b>k—(k—2Vk+1)— (k—2Vk+1)/Vk > Vk.

Since b is large, we are therefore at liberty to apply Lemma 6.1 with a choice
for b satisfying the condition b/b' < 1/v/k, thereby preparing appropriately
for subsequent applications of Lemma 6.1.

7. THE MULTIGRADE COMBINATION
We next combine the estimates supplied by Lemma 6.1 so as to bound
K (X) in terms of the mean values I} ,(X) (0 < m < r — 1), in which

the integers k,, satisfy km < k —m — [m/vk]. Before announcing our basic
asymptotic estimate, we define the exponents

Sm=s5—m and ¢, =(5s—71)/(SmsSms1) (0<m<r—1). (7.1)
In addition, we write
¢" = (s —1)/s, (7.2)
so that
r—1 r—1
O Y bm = (s =) D (sl — 53
m=0 m=0

:8_T+(s—7“)( ! —1):1. (7.3)
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Lemma 7.1. Suppose that a and b are integers with 0 < a < b < 671 and
(k—7r+41)b > ra, and suppose further that a < b/\k. Then whenever a' is an
integer with a’ > a for which (k —r + 1)b > ra’, one has

r—1
K3 (X) < (Jorr (/M) TT ()1 (X)),
m=0

where we write b, = (k —m)b—ma’.

Proof. We prove by induction that for 0 <[/ < r — 1, one has
r—1
T T ¢ —a\s y7,T bm
Kp(X) < (K050) " TT (et () (7.4)
m=l
where
¢ = (s —r)/(s = 1).
The conclusion of the lemma follows from the case [ = 0 of (7.4), on noting
that Lemma 2.1 delivers the estimate KS:;(X) < Jopr (X/MP).

We observe first that the inductive hypothesis (7.4) holds when [ = r — 1,
as a consequence of the case m = r — 1 of Lemma 6.1 and the definitions (7.1)
and (7.2). Suppose then that .J is a positive integer not exceeding r — 2, and
that the inductive hypothesis (7.4) holds for J <1 <r — 1. An application of
Lemma 6.1 yields the estimate

T —a\s yr,T7 1/ T (S_J_l)/(S_J)
KI5 (X) < (e n, ()77 (K 00) .

On substituting this bound into the estimate (7.4) with [ = J + 1, one obtains
the new upper bound

r—1
T r ¢; —a\s yr,T dm
Ko (x) < (K500) 7 T (ot ()™,
m=J
and thus the inductive hypothesis holds with [ = J. This completes the

inductive step, so in view of our earlier remarks, the conclusion of the lemma
now follows. O

We next convert Lemma 7.1 into a more portable form by making use of the
anticipated magnitude operator [[-]] introduced in (2.21) to (2.23).

Lemma 7.2. Suppose that a and b are integers with 0 < a < b < 071 and
(k—7r+41)b > ra, and suppose further that a < b/\k. Then whenever a' is an
integer with ' > a for which (k —r + 1)b > rd’, one has

r—1

K2 (O] < (/M) TT s (X",

m=0

where by, = (k —m)b— ma'.
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Proof. We find from Lemma 7.1 in combination with (2.23) that
T *h+r*a ol - T m
[ (O < M0 (/™)™ T, (O, (7.5)
m=0

where
r—1

r—1
,u*:s—qb*(s+r)—2rgz§m and V*:r—quﬁm.
m=0 m=0

On recalling (7.2) and (7.3), a modicum of computation confirms that
pr=s—¢(s+r)—r(l—¢*)=0 and v =r—s(l—¢")=0.
The conclusion of the lemma is therefore immediate from (7.5). 0

We next turn to the task of establishing a multistep multigrade combina-
tion. Here, in order to keep complications under control, we discard some
information not essential to our ultimate iterative process. We begin by
introducing some additional notation. We recall that R is a positive inte-
ger sufficiently large in terms of s and k. We consider R-tuples of integers
(mq,...,mg) € [0,r—1]%, to each of which we associate an R-tuple of integers
h = (hy(m),..., hg(m)) € [0,00)". The integral tuples h(m) will be fixed
as the iteration proceeds, with h,(m) depending at most on the first n co-
ordinates of (mq,...,mg). We may abuse notation in some circumstances by
writing h,(m, m,) or h,(mi, ..., m,_1,m,) in place of h,(m1, ..., mg), reflect-
ing the latter implicit dependence. We suppose that a (large) positive integer
b has already been fixed. We then define the sequences (a,) = (a,(m;h)) and
(bn) = (by(m; h)) by putting

ag = |b/Vk| and by =b, (7.6)
and then applying the iterative relations
a, =b,—1 and b, =(k—my,)b,_1 —mpa,_1+h,(m) (1<n<R). (7.7
Finally, we define the quantity ©,,(m;h) for 0 < n < R by putting
Ou(m; h) = (X/M) KT, (X)] + M5, (7.5)

an,bn

Lemma 7.3. Suppose that a and b are integers with 0 < a < b < (16 Rk*R0)~1
and (k—7+41)b > ra, and suppose further that a < b/\'k. Then there exists a
choice for h(m) € [0,r — 1]%, satisfying the condition that 0 < h,(m) < 15k%b
(1 <n < R), and for which one has

(X/M)Y MK < [ ©r(m;h)?mdmn,
me[0,r—1]8
Proof. We prove by induction on [ that when 1 < [ < R, one has the upper
bound
(X/ M)A XN < [ ©u(myh)?medm, (7.9)

me[0,r—1]!
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We observe first that, as a consequence of (7.3) and Lemma 7.2, one has

x-Sy 0] < T (e, o01)™ . 7o)

where

e = (k —m)b—m|b/Vk].
Moreover, it follows from Lemma 4.2 that for each m with 0 < m < r —1,
there exists an integer h = h(m), with 0 < h < 15k, having the property
that

5, (X) < (MR (X0 + (M0 /(XM (X M),
whence from (2.22) and (2.23) we discern that
[I575, (XN < M PBRGE (X)) + M3 (X /MM, (7.11)
where
by = (k —m)by — mag + h(m).
The inductive hypothesis (7.9) therefore follows in the case R = 1 by substi-
tuting (7.11) into (7.10). Notice here that we have discarded the factor M —hs/3

from (7.11), since at this stage of our argument, it serves only as an unwelcome
complication.

Suppose next that the inductive hypothesis (7.9) holds for 1 < [ < L, with
some integer L satisfying L < R. Consider the quantity O, ;(m;h) for a
given tuple m € [0,7 — 1]*7! and a fixed tuple h = h(m). We distinguish two
possibilities. If it is the case that

@Lfl(m; h) < M73Ska,
then from (7.3) one finds that

r—1

s/r
O 1(m;h) = ( H (M—:aska)aﬁmL) 7

my=0

so that

r—1 r—1
Or1(m;h) < [] 3+ < [] ©n(m,my;h 0%, (7.12)

mr,=0 mr,=0

When
O 1(m;h) < (X/M) (KT (X,

ar—1,bp1

meanwhile, we apply Lemma 7.2 to obtain the bound

X —A-4 X (A+0)(1—r/s) r—1
orimi) < (375) (37 ) I 157, GO

mry,=0
(7.13)

where
binL = (/{ — mL)bL,1 —may—1q.
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Notice here that the hypothesis b < (16 Rk*20)~! ensures that b;,_; < 071, so
that Lemma 7.2 is applicable. Again invoking Lemma 4.2, we find that for
each integer my with 0 < my < r—1, there exists an integer hy, = hy(m,my),
with 0 < by, < 15k%b, having the property that
(L7 e (O] << MTBET (X)) 4+ M3 (X M)A,
Wmp

br—1,bL

Thus we deduce that
(X/MO) A ()] < (X/MP) AR (X)) + Mo

ar,br

< @L(m, mrp,; h, hL)
On substituting this estimate into (7.13), we deduce from (7.3) that

r—1
@L—l(m§h) < (Mb—bL_1)(1—r/5)(A+6) H @L(m7mL§ha hL)¢mL
mr,=0
r—1
< [] ovtm mpih hy)?e. (7.14)

mr,=0

Applying this estimate in combination with (7.12) within the case { = L —1 of
the inductive hypothesis (7.9), we conclude that for some choice of the integer
hy, = hr(m), one has the upper bound

XK () <[] [T ©utmmeibhy)eeoon,

me[0,r—1]L—1 mp=0

This confirms the inductive hypothesis (7.9) for [ = L, and thus the conclusion
of the lemma follows by induction. OJ

We remark that in obtaining the estimate (7.14), we made use of the trivial
lower bound b;_; > b. By discarding the power M®~%2-1 at this point, we are
throwing away potentially useful information. However, it transpires that the
weak information made available by the factor M? in the conclusion of Lemma
7.3 already suffices for our purposes in the main iteration.

8. THE LATENT MONOGRADE PROCESS

Our objective in this section is to convert the block estimate encoded in
Lemma 7.3 into a single monograde estimate that can be incorporated into
our iterative method. We begin by recalling an elementary lemma from our
previous work [16].

Lemma 8.1. Suppose that 2y, ...,z € C, and that B; and ~y; are positive real
numbers for 0 < i <. Put Q2= Boyo+ ...+ By Then one has

l
260 2 <Dl
1=0

Proof. This is [16, Lemma 8.1]. O
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Before proceeding further, we introduce some additional notation. Define
the positive number sy by means of the relation
. Oitt — o 0.6 (ef — 65)
0, —06_ rvk \0+—0_)"
in which 01 are defined as in (2.6). We recall that, in view of (2.7), one has
s < so. Next, casting an eye toward the iterative relations (7.6) and (7.7),
we define new sequences (a,) = (a,(m)) and (b,) = (b,(m)) by means of the
relations

(8.1)

io=1/Vk and by =1, (8.2)
and

Qp =bp_y and b, = (k—my)bp_y — mpin_1 (1 <n<R). (8.3)
We then define
ke = bp(m)  and  pm = br(m)(s/so)® for m e [0,r —1]%. (8.4)

The motivation for defining the sequences (a,) and (b,) is to provide a base
pair of sequences corresponding to the simplified situation in which A, (m) =0
for all n and m. It transpires that the corresponding sequences (a,,) and (b,),
equipped with potentially positive values of h,(m), may be bounded below

by the sequences (a,) and (b,), although this turns out to be less simple to
establish than might be supposed.

Lemma 8.2. Suppose that A > 0, and let a and b be integers with
0<a<b< (QORk:QRQ)_l and (k—r+1)b>ra,

and suppose further that a < b/\/% Suppose in addition that there are real
numbers 1, ¢ and vy, with

0<e< (20719, v>—sb and ¢ >0,
such that
XMMM < XOM K (X)]). (8.5)

Then, for some m € [0,r — 1]%, there is a real number h with 0 < h < 16k>%b,
and positive integers a’ and b with o’ <V /\k, such that

XAMM < XM KL (X)]], (8.6)
where ', ¢, v and b’ are real numbers satisfying the conditions

Tﬂ/:Pm (¢+(1—7”/3) b)a C/:pm(c+1)7 7,:pm77 b/:kmb+h

Moreover, the real number ky, satisfies 2% < ky < k%,
Proof. We deduce from the postulated bound (8.5) and Lemma 7.3 that there

exists a choice of the tuple h = h(m), with 0 < h,(m) < 157 (1 < n < R),
such that

XA < XN (X /MY ] Or(mih)ém-oma,

me[0,r—1]R
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Consequently, one has
H Op(m;h)?mi-fmr > X —(e+1)6 g rAP+b)+y
me[0,r—1]8

Note that, in view of (7.3), one has

r—1

> bm=1/s, (8.7)

so that

ST b bmg = (r/8) < /s

me[0,r—1]8

Then we deduce from the definition (7.8) of ©,,(m;h) that

[T (X, (X)) + der

me[0,r—1]%

)¢m1 (me

> X ()8 ) rA@HL—r/s)b) (8.8)

In preparation for our application of Lemma 8.1, we examine the exponents
Gmy - - - Omp occurring in the lower bound (8.8). Our plan is to apply Lemma
8.1 with exponents given by

Bo) = by b, and AR =b,(m) (m € [0,r—1]"),

in the natural sense. In order to analyse the quantity €2 that will emerge from
the application of this lemma, we define

B, = Z B%p,(m) and A, = Z B a, (m),
me([0,r—1]" me[0,r—1]"

and then put Q = Bg. From the iterative formulae (8.2) and (8.3), we obtain
for n > 1 the relations

B = Z S (k= M )ba(m) = 110 (m)) G -

Mnp+1=0 me[0,r—1]"

r—1 r—1
=B, Y (k—m)om — Ay > M, (8.9)
m=0 m=0

and
r—1
n+1 Z Z bn(m)¢m1 Tt ¢mn+1 = B, Z ¢m (810)
Mp4+1=0 me[0,r—1]" m=0

We observe that from (7.1), one has

Z Z s—s_r—)l)'

m=0 m 0
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The summands on the right hand side here may be rewritten in the shape
(r=m)(k—m) (r—-—m-1)(k-m-1) r—m-1
s—m s—m—1 s—m—1

Hence we obtain

r—1 T
r—I
sZ(k—m)¢m:k'r’—sZ =kr—ir(r—1)—A,
m=0 =1

s—1

in which A is defined via (2.3). In addition, one has

r—1 r—1 r—1
s mby=sky bu—sy (k—m)n
m=0 m=0 m=0

=kr — (kr —3r(r —1) — A)

=ir(r—1)+A.

Utilising the formulae just obtained, we conclude from (8.9) that for n > 1,
one has

$Bpy1 = (kr —ir(r—1) = A)B, — (3r(r — 1) + A)A,,
while from (8.7) and (8.10), one sees that
sAn1 =1By,.
Then, on recalling (2.5), we arrive at the iterative relation
$°Byio — saB, 1 + 0B, =0 (n>1). (8.11)
In addition, also from (2.5) and (8.2), one has the initial data

sB; = s i ((k; —m)by — m&g> bm =a—b/(rVE), (8.12)

and from (8.2) and (8.7), one finds that

r—1
sA; = szgogﬁm =
m=0

Thus we see also that
r—1
s2By = s Z ((k—=m)By — mAy) ¢ = s(aBy — bA; /1)

m=0

=a(a—b/(rVk)) —b. (8.13)

On recalling (2.6), one finds that the recurrence formula (8.11) has a solution
of the shape

s"B, =007 +0_0" (n>1),
where, in view of (8.12) and (8.13), one has

0.0, +0_0_=sB =a—"b/(rVEk)



APPROXIMATING THE MAIN CONJECTURE 27

and
0,02 + 0 0> =By = a(a—b/(rVk)) — b.
Since a =0, +6_ and b = 0,60_, we therefore deduce that
&B. — A (9f; - 9’1) .
0, —6_ rk \0s —06_
In particular, on recalling (8.1), we find that s"Bg = s, so that
Br = (s0/s)". (8.14)

Also, therefore, it follows from (2.7) that s < sg, and hence also that Bg > 1.

Returning now to the application of Lemma 8.1, we note first that ) = Bp,
and hence (8.8) yields the relation

> X—(c+1)6MA('¢)+(1—r/s)b)+’y'

aRr,br

Z (X—A[[Kw (X)) + M—3ska> Br/br(m)

me[0,r—1]8

But in view of (8.4) and (8.14), one has br(m)/Br = pm, and thus we find
that for some tuple m € [0,7 — 1]%, one has

X MK (X)) + M3 s X —pm(e D8 g phom @+ (1=r/s)b)+pmy

ar,br
whence,
XfA[[Kr,r (X)]] + M73ska > Xfc’éMAw’Jr’y’. (815)

ar,br
Two further issues remain to be resolved, the first being the removal of the
term M3+ on the left hand side of (8.15). We observe that the relations
(8.3) ensure that br(m) < k%, and hence (8.4) reveals that pmy, < br(m) < kE.
Our hypothesis on ¢ therefore ensures that ¢/d < 2kficd < k0, so that

v / / _ LR _.R_.L.R
X C5MA¢+7 >M k+Pm“/>M k™ —sk b.

Since
—3skfb —2skR—skRp
M0 L MR

Y

it follows from (8.15) that
XKD, (X)) > XM (8.16)

aRr,br

Our final task consists of extracting appropriate constraints on the param-
eters ar and bp. We note first that from (7.6) one has ag = |b/VEk]| < b/Vk,
so that on writing

R (m) = hy(m) 4+ mq(b/VE — ag)

and
hy(m) = hyp(m) (0> 1),
we have
Ri(m) < hi(m) +my < hy(m) + k < 16k%D
and

hi(m) = h,(m) < 16k (n > 1).

n
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Define the sequences (a*) = (af(m;h)) and (b%) = (b* (m; h)) by means of the
relations
ay="b_, and b =(k—m,)b,_, —mua,_;+h.(m) (1<n<R),
where
ay =b/Vk and b =Db.

Then a comparison with (7.6) and (7.7) reveals that af = a, and b} = b, for
n > 1. Moreover, it is apparent from (8.2) and (8.3) that a,b = a;,(m;0) and
b,b = b (m;0) for n > 0. We claim that for n > 0, one has

b (m;0) < b%(m; h) < b7 (m; 0) + 16E7+". (8.17)

The validity of these inequalities for n = 0 is immediate from the definition of
b (m;h). We use an inductive argument to establish (8.17) for n > 1, though
this requires some discussion.

Observe first that, by linearity, the recurrence sequence b} (m;h) is given by

the formula
R

by (m;h) = b (m;0) + > c,y(m;h) (0<n < R), (8.18)
1=1
in which ¢, ;(m;h) is determined by the relations
cy(m;h) =h/(m) and ¢, (m;h) =0 (n<l),
with
Cnir(myh) = (k — myqq)cni(m;h) — my 161 (m;h)  (n>1).  (8.19)
We recall our assumption that r < k — (2\/@ + 2, which ensures that
Mpy1 <7 —1<k—[2VE] + 1.
In view of this upper bound, we are able to prove by induction that
nyra(m;h) > Ve, (m; h) (8.20)

for each n. In order to confirm this assertion, note first that such is the case
when n = [ — 1. Granted that c,;(m;h) > vkc,_1;(m;h), meanwhile, one
deduces from (8.19) that

Crra(mih) > ([2VA] — Deyg(msh) — (k — [2Vk] + Dy (mh)/VE
> ((@VE=1) = (VE =2+ 1/VE)) cn(m; h)
> Ve, (m; h), (8.21)

establishing this inductive hypothesis. Thus, in particular, one arrives at the
lower bound ¢, ;(m;h) > 0 for all n. On substituting this conclusion into
(8.18), we deduce that b} (m;h) > b’ (m;0) for every n, confirming the first of
the inequalities in (8.17).

Next, making use of the lower bound ¢, ;(m;h) > 0, just obtained, within
(8.19), we find that

Cn+1,l(m; h) < kcn,l(m; h) (n > l)a
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so that
cny(m;h) < E"'Rf(m)  (n > ).
We therefore deduce from (8.18) and the bound A’ (m) < 16k%b that

b (m;h) < b7 (m; 0) + 16k70 Y " k" < b} (m; 0) + 16k,
=1

This confirms the second of the inequalities in (8.17).

We now make use of the inequalities (8.17). Observe first that in view of
(8.4), one has

br = bh(m;h) < b (m; 0) 4+ 165220 = br(m)b + 1650 = kb + 16k>Fb.
In addition, one has
br = bly(m; h) > bh(m;0) = br(m)b = kyb.
1

Thus, there exists an integer hm, with 0 < hy, < 16k%%b, for which one has
br = kmb + hm.
The argument confirming (8.21) shows also that for each n > 0, one has

b%. . (m;0) > Vb (m;0). (8.22)
Then it follows from (8.18) and (8.20) that
bie(ms ) > V/Eb,_, (m h),

whence
ag = bg_1 = b%_,(m;h) < b (m;h)/VE = bg/VEk.

Then we deduce from (8.16) that there exist integers b’ = bg, ' = ar and
h = hn, satisfying the conditions

0< hm <16K*%0, W =knb+h and o <V/VE,

and for which
X MK (X)) > XM

The desired conclusion (8.6) now follows, with all the associated conditions.

It now remains only to confirm the bounds on k,, asserted in the final line
of the statement of the lemma. For this, we note that by applying (8.22) in
an inductive argument, one obtains from (8.4) the lower bound

km = br(m) = bj,(m; 0)/b > (V&) bj(m; 0) /b > 2.
Likewise, though more directly, one has
ke = bp(m) = b%s(m; 0) /b < kRb(m; 0)/b = k~.

Thus 2% < kny < k%, and the proof of the lemma is complete. O
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9. THE ITERATIVE PROCESS
We begin with a crude estimate of use at the conclusion of our argument.

Lemma 9.1. Suppose that a and b are integers with 0 < a < b < (20)7L.
Then provided that A > 0, one has

[Kyp (] < XA
Proof. On considering the underlying Diophantine equations, we deduce from
Lemma 2.2 that
Koh(X) < (orn(X/M2) 0 (o (X)) 077,

whence

XzS ((X/Ma>r/(s+r) (X/Mb)s/(err)) s+r+A

(X/Me)r(X/MP)

This completes the proof of the lemma. O

[, (X)) < < XA

We now come to the main event.
Theorem 9.2. Suppose that s, k and r are natural numbers with k > 4,
2<r<k—[2Vk|+2 and max{2r — 1, 3r(r — 1) + A} < s < s,

where

1 1 dr(zr(r =1 +4)
s1=g(kr —5r(r=1) = 4) <1+ \/1_ (kr —gr(r—1) _A)2> |

A TZI mir_—mm).

m=1

and

Then for each € > 0, one has
Jorr (X) < X5Hte,

Proof. We prove that when s is the largest integer smaller than s;, then one
has A < 0, for in such circumstances the conclusion of the lemma follows at
once from (2.24). By reference to (2.5) and (2.6), we find that s < s; = 6,.
Thus, since R has been chosen sufficiently large in terms of s, k£ and 6., the
hypothesis s < s; ensures that s < sy, where sq is defined by means of (8.1).
Assume then that A > 0, for otherwise there is nothing to prove. We begin by
noting that as a consequence of Lemma 5.1, one finds from (2.21) and (2.23)
that there exists an integer h_; with 0 < h_; < 4B such that

[Jsr (XN < ME=" B (X))
We therefore deduce from (2.24) that
XN < Xy (X)) € XOMP B[ (X)L (9.1)
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Next we define sequences (k,), (hyn), (an), (bn), (cn), (¥n) and (v,), for
0 <n < N, in such a way that

20 oy <ER, 0 < by < 16K28,, 4, (9.2)
and
XAMM € XM KT, (X)) (9.3)

We note here that the sequences (a,) and (b,) are not directly related to our
earlier use of these letters. Given a fixed choice for the sequences (a,), (k)
and (h,), the remaining sequences are defined by means of the relations

bpi1 = Knby + Ay, (
Cnt1 = (S/SO)R’{n(Cn +1), (
Ynrr = (8/50) (U + (1 = 1/5)bn), (
Tn+1 = (S/SO)R’%%%L' (
We put
koy=kB by=1, ay=0, by=B+h_,
PYo=0, c=1, 7= %Shfl — Bs,
so that both (9.2) and (9.3) hold with n = 0 as a consequence of our initial
choice of k_; and b_;, together with (9.1). We prove by induction that for

each non-negative integer n with n < N, the sequences (a;,)"_g, (Km)r_o and
(hy)l _ 4 may be chosen in such a way that

1 < b, < (20RE*0)7Y, 90, >0, 7, > —sb,, 0<c¢, <(20)7'0, (9.8)
0<a, < bn/\/E7 (k—r+1)b, > ray, (9.9)

and so that (9.2) and (9.3) both hold with n replaced by n + 1.

Let 0 < n < N, and suppose that (9.2) and (9.3) both hold for the index
n. We have already shown such to be the case for n = 0. From (9.2) and
(9.4) we find that b, < 4(17k**)"B, whence, by invoking (2.8), we find that
for 0 <n < N one has

b, < (20RE*HG)~L
It is apparent from (9.5) and (9.6) that ¢, and 1, are non-negative for all n.

Observe also that since s < sg and k,,, < k%, then by iterating (9.5) we obtain

the bound
¢, < kR 4 kR<kRn -1

and by reference to (2.8) we see that ¢, < (20)710 for 0 < n < N.

In order to bound 7, we recall that s < sy and iterate the relation (9.7) to
deduce that

Y = (8/50) M0 . . . Km_1Y0 = —(5/50) "™ kg . . . K1 Bs. (9.11)

In addition, we find from (9.4) that for m > 0 one has b,,11 = Kpbp, so that
an inductive argument yields the lower bound

) <3KRT (0> 0), (9.10)

bm 2 Rg .. -"im—lbO 2 Rg .. .:‘im_lB.
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Hence we deduce from (9.11) that
Y = —(5/50) ™ by, > —8by,.

Assembling this conclusion together with those of the previous paragraph, we
have shown that (9.8) holds for 0 <n < N.

At this point in the argument, we may suppose that (9.3), (9.8) and (9.9)
hold for the index n. An application of Lemma 8.2 therefore reveals that there
exist real numbers k,, h, and a, satisfying the constraints implied by (9.2)
with n replaced by n + 1, for which the upper bound (9.3) holds for some a,,
with 0 < a, < b,/ Vk, also with n replaced by n 4+ 1. Our hypothesis on r,
moreover, ensures that (k —r + 1)b,41 = ra,+1. Hence (9.9) holds also with
n replaced by n + 1. This completes the inductive step, so that in particular
the upper bound (9.3) holds for 0 < n < N.

We now exploit the bound just established. Since we have the upper bound

by < 4(17TK*RYN B < (20)71, it is a consequence of Lemma 9.1 that
[y (O] << XA,

an,by

By combining this with (9.3) and (9.11), we obtain the bound
XAMAdJN < XAJr(cNJrl)éMﬁo...nN_lBs(s/so)RN. (912)

Meanwhile, an application of (9.10) in combination with (2.8) shows that
X(en+t1)d < M. We therefore deduce from (9.12) that

Ay < (8/50) kg ... ky_1Bs + 1.
Notice here that «, > 2% and
s/so = (s1—1)/s0 2 1—2/sp > 1.
Hence
1< (s/50)™kg...kx_1Bs,

so that
A@ZJN < 2(8/80)RNI{0 N liN_lBS. (913)

A further application of the lower bound b, > kg ...k, 1B leads from (9.6)
and the bound s < sy to the relation

Ynr = (5/50)" (Kntn + k(1 = 7/5)bn)
> (5/50) knthy + (5/50)  kin(1 —7/8)kg . . . kip_1 B
> (5/50) knthn + (5/50) B (1 —r/s)kg . .. knB.
An inductive argument therefore delivers the lower bound
Un = N(1—1/s)(s/50) ™ ko...kn_1B.
Thus we deduce from (9.13) that

A< 2(s/50) kg ... Ky 1Bs ~25(1—r/s)7!
S N(1—1/8)(s/s0)RNkyg ... ky_1B N '
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Since we are at liberty to take /N as large as we please in terms of s and k,
we are forced to conclude that A < 0. In view of our opening discussion, th1s
completes the proof of the theorem. O

10. STRONGLY DIAGONAL BEHAVIOUR

We are now equipped to establish Theorem 1.1 and its corollary. Let k be
an integer with k > 7, put r = k — [2v/k] + 2, and suppose that s is a natural
number with s > 7 (k +1)?. We note that [3, Theorem 1.1] demonstrates that
whenever 1 < T(k + 1)2, then one has J,x(X) < X**¢, and so we are
certainly at liberty to assume that s > (k4 1)%. Write

—

r—

A :’L(r—m)

M

10.1
a2 (10.1)

f Theorem 9.2. We aim to show that the

3
[

o

and define s; as in the statement
real number

to=kr—3r(r+1)—A
satisfies the bounds
max{2r — 1, [3r(r — 1) + A} <t < 1.
If these bounds be confirmed, then it follows from Theorem 9.2 that whenever
I1<s<to+r=kr—1ir(r—1)—A,

then J, ,(X) < X*¢, and the conclusion of Theorem 1.1 follows.

We observe in our ﬁrst step that, in view of the lower bound s > %(k + 1)
and our hypothesis £ > 7, one has

k—5 k—5

m(k —4 —m)
‘s—k+4—m = L(k2—6k+37)
( —3)(k—4)(k—5)

3(k% — 6k + 37)
Next, one finds that ¢y < sy provided only that

(kr — %7"(7‘ —1) = A—=2r)? < (kr — %r(r —1)—A)?*— 47“(%7“(7“ - 1)+ A),

M

I
—

an inequality that is satisfied provided that
Ar(kr — $r(r — 1) — A) —4r® > 4r(3r(r — 1) + A).

This last inequality amounts to the constraint kr — r(r — 1) —r > 2A. We
therefore conclude that ty < s; whenever r(k—r) > 3(k—6). But when k > 7,
it is easily verified that

r(k—r) > (k- [2VE] +2)([2Vk] —2) > 4(k — 6) + 1,

and hence we confirm that tg < s;, as desired.



34 TREVOR D. WOOLEY

Meanwhile, the bound A < Z(k — 6) ensures that
kr—3r(r+1) = Az (k—r)r+ (3r(r—1)+A) —2A

>ar(r—1)+ A+ (r(k—r)—3(k—0))
>ir(r—1)+A+1.

Since k > 7, moreover, one has

kr—ir(r+1)—AZk(r—1)—ir(r+1) > k(r—1)— 3r(k—3)

s(k+3)r—k>2r—1.

Then we have tg > max{2r — 1, [1r(r — 1) + A]}, confirming the final claimed

bound. In view of our earlier dlscussmn the proof of Theorem 1.1 is complete.

We turn now to the proof of Corollary 1.2. We suppose again that k > 7,
and we put

= sk(k+1)—[3k].
Again defining A as in (10. ) in which r = k& — [2Vk] + 2, we find that

25 m(k — 4 —m)
L Sk(k+1)—(k—4) — (5k+3) —
L — — —
)k —4)(k—5) _,
3k% — 23k + 50 3

N[

Hence we deduce that
kr—sr(r—1) — A
> k(k—[2VE] +2) — 1k — [2VE] +2)(k — [2vVk] +1) — 1
= gh(k+1) = 512V = 1)([2Vk] = 2) — 5
> ek +1) = VEQVE—1) — 1k > s.

We therefore deduce from Theorem 1.1 that since

r—1
m(r —m)
<kr—1ir(r—-1)- _—
s < kr—gr(r—1) mzjls—r—m’

then J, ,(X) < X*¢. This completes the proof of the corollary.

11. A REFINEMENT OF THE CORE ITERATION

Our goal in this section is to outline an extension of our basic method
that permits, for large exponents k, the refinement of Corollary 1.2 to deliver
Theorem 1.3. The details of this extension are complicated enough that we
aim for a somewhat abbreviated account, exploiting the discussion of §§2-10
so as to provide an outline.

In §2 we fixed 7 to be a parameter satisfying 1 < r < k — [2Vk] + 2 in
order to ensure that, as the iteration bounding K (X) in terms of related
mean values K;";’:b/(X ) proceeds, the exponents a’ and b satisfy the condition

" < V' /VE. The point of the latter constraint, in fact, is to ensure that the
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iteration tree of mean values does not encounter a situation in which ¢’ < o,
which would be fatal for the method. By relaxing this condition, but pruning
the iteration tree, we permit the possibility that a’ may be much closer to
b’ in size, with the exponent mean sq increased so that it becomes closer to
k(k+1).

Let [ = [£'/3] and put r = k—1I. We take s to be a natural number satisfying

k(k+1) =3k < s+ < Sh(k+1) — Lk — 8k%.

We take R and N to be natural numbers sufficiently large in terms of s and k
in the same manner as in §2, and define B, 6 and § as in (2.8). Other aspects
of our initial set-up follow those of §2, mutatis mutandis. Lemma 6.1 remains
valid provided that (k—m)b > (m+1)a. If instead one has (k—m)b < (m+1)a,
then one may make use of an alternate inequality based on the application of
Holder’s inequality.

Lemma 11.1. Let m be an integer with 0 < m < r — 1. Suppose that a and b
are integers with 0 < a < b < 0~'. Then one has
K7(X) < (Jagr (X /M) (T (X/MP)) ™ (KT (X))
where
s r J s—m-—1
Wy = and w3 = ——-——.
(s+7r)(s—m)’ 2 (s+7r)(s—m) 3 s—m
Proof. On considering the underlying Diophantine systems, it follows from
(2.12) and (2.14) that for some integers £ and 7, one has

K20 < 170 €)%ales %5 e Pl ) 2] dex.

Then by Holder’s inequality, we obtain
Koy (X) < PP IPIL,

w1 =

where

I - fmm ;€221 day,
b= § s O da 1= f e[+ da,
I - 74 157 (0 €787 (s ) ol )27 e,
I = fmmamb( 0ol )= da,

s—r
Y= 2s —2m’ Vo= (s +7)(2s —2m)’ Vs =,
s—m —2 1
2/}4:— and 1/15: .
s—m s—m

A further consideration of the underlying Diophantine systems reveals that
I < I and I5 < Iy, and thus it follows from Lemma 2.1 and (2.12) that

KZ;LT(X) < (J5+T<X/Ma))¢1+¢2(JS+T(X/Mb))w2 (K(ZLI;T(X))W+¢5-
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The conclusion of the lemma follows at once. O

Our substitute for Lemma 7.2 must offer a surrogate for the upper bound
supplied by Lemma 6.1 in those circumstances wherein m and a are both large.
In this context, we introduce the parameter u = u(a,b) defined by

u(a,b) =rb/(a+0b). (11.1)
Notice that when 0 < m < u — 1, one then has
(k —m)b—ma > (k—r)b=10b.
We recall also the definitions of ¢, and ¢* from (7.1) and (7.2), and also write
r(r—u)
(s+7r)(s—u)

Lemma 11.2. Suppose that a and b are integers with 0 < a < b < 071, and
define u(a,b) by means of (11.1). Then whenever a’ is an integer with a’ > a
for which (k—1r+1)b > rd’, and u is an integer with 0 < u < u(a,b), one has

S\(r—u
9002( ( ) and 1 =

s+7r)(s—u)

LTS < (GX/Me) (X /M0y o)™ TT (5, (Ope,

where we write b,, = (k — m)b — ma’.

Proof. By following the argument of the proof of Lemma 7.1, though substi-
tuting Lemma 11.1 in place of Lemma 6.1 when u < m < r — 1, we deduce
that

K;:Z(X) < (Js-i-r X/Mb))¢* (Js-i-r(X/Ma))wo (Js-‘rr(X/Mb))(pl
x IT (et (x0)"

It may be useful here to note that

r—1 r—1
;LQSm:(S_T)V;(S:nIJFI_ST_HI):(S_T)(Si’l"_siu> :Z:Z

Thus, on recalling the definitions (2.21) to (2.23), we obtain the conclusion of
the lemma, just as in the argument delivering Lemma 7.2. O]

We next combine iterated applications of Lemma 11.2 so as to engineer a
block multigrade process analogous to that delivered by Lemma 7.3. Before
announcing the lemma that summarises this process, we pause to modify the
notation of §7. We consider R-tuples h just as in the preamble to Lemma 7.3.
The sequences (a,) = (a,(m;h)) and (b,) = (b,(m;h)) are now defined by
putting

ap = |b/l] and by =0,
and then applying the iterative relations (7.7). We then define u,(m;h) by
putting
up(m;h) =rb, 1 /(an_1 + by_1). (11.2)
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We emphasise here that, since a,,_1 and b,,_; depend at most on the first n — 1
coordinates of m and h, then the same holds for u,,(m; h). We use the notation

o<m<u—1
as shorthand for the ordered product
0<mi<u; —1 0<meo<us—1 o<mp<ur—1

Finally, we redefine the quantity ©,,(m;h) for 0 < n < R by putting
O, (m;h) = (X/MY2) A KGT, (X)) + MR, (11.3)
Lemma 11.3. Suppose that a and b are integers with
0<a<b< (16RE*0)7!

and suppose further that a < b/l. Suppose also that uy,...,ug are integers
with 0 < u; < w;(m;h) (1 <7< R). Then there exists a choice for h(m) €
0,7 — 1], satisfying the condition that 0 < h,(m) < 15k"b (1 <n < R), and
for which one has
(XM AKX <[] ©r(m;h)Pmi-ome,
O0<m<u-—1

Proof. One may follow the inductive strategy adopted in the proof of Lemma
7.3. The key difference in the present setting is that Lemma 11.2 contains

additional factors in the estimate made available for [[K,;(X)]]. However, it
follows from Lemma 11.2 that whenever u < u(a,b), then

u—1
(/MY A (X] << (MA@ TT (/M) 25y (o))"
m=0
where .
Q=35-3D Omn—(¢"+¥1)
m=0

But we have

Z¢m— s=7) uz:z(s—;z—l_s—lm) :z((j::;;’

m=

and hence 25(3 —u)(s+r)Q is equal to
—s(s+r)(s—u)—u(s—r)(s+7r)+2r(s—u)(s+r)—2r(r—u)s
=53t rs® furs —ur? = —(s —r)(s* —ur).
Since we may suppose that s > r, s > u and s?> > ur, we find that Q < 0, and
hence
u—1
(X/ M2 AR XO]) < [T (/) =200 (X)))™.

m=0
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This relation serves as a substitute for Lemma 7.2 in the proof of Lemma 7.3,
the proof of which now applies without serious modification. This completes
our account of the proof of Lemma 11.3. U

We must now grapple with the somewhat daunting task of developing an
analogue of Lemma 8.2 in the current setting. We now define the sequences

(an) = (a,(m)) and (b,) = (Bn(m)) by putting
dozl/l and 60:1,

and then applying the relations (8.3). We define the parameters @; = @;(m)
and 9; = 7;(m) for 1 <4 < R by putting

G;(m) = rb;_1/(Gi—1 + bi—1) and  ¥;(m) = [@;(m)]. (11.4)
Next, we define the positive real number sy by means of the relation
B1—1 Ga—1 tp—1
s¢=5">" 3" bwibms - mpbr(m), (11.5)
mi=0mo=0  mp=0
and then put
km = br(m) and pm = br(m)(s/s)® (m e [0, — 1]%). (11.6)

We note here that the values of ky, and py, are not relevant when m does not
satisfy the condition 0 < m; < 9; — 1 (1 < ¢ < R), and so we are indifferent to
the values stemming from (11.6) in such circumstances.

Before proceeding further, we pause to relate u; and ;.

Lemma 11.4. Suppose that a < b/l and 0 < h,(m) < 16k%0 (1 < n < R).
Then one has 0 < 4,(m) < u,(m;h) (1 <n < R).

Proof. We prove the asserted inequalities by induction, beginning with the case
n = 1. From (11.4), we find on the one hand that

iy = rbo/(do + bo) = r/(1+ 1/1),
whilst on the other, from (11.2), one has
uy =rbo/(ag +bo) =r/(1 4+ ap/b) = r(1+1/1).

Thus u; < uy, confirming the inductive hypothesis when n = 1. Suppose next
that n > 1 and @,, < u,. One has

A1 + g Gpt1 + bpa

if and only if b, 11 /an11 = Bn+1/C~Ln+1, which is to say that
((k - mn+1)bn — Mp+10n + hn)/bn 2 ((k - mn+1)l;n - anrI&n)/gn

This lower bound is satisfied if and only if m, 16,/ b, > (Mpy1an, — hy) /by
The latter is automatically satisfied when either m, .,y = 0 or h,, = m,11a,,
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and otherwise it is equivalent to the upper bound

b, o b,
&n +l~)n N an+bn - hn/mn-l—l‘

However, when m,,.; > 0, in view of our hypothesis @, < u,, one has
b b b
- n _ < n < n .
A, + bn an + bn an + bn - hn/anrl

Thus we conclude from (11.2), (11.4) and (11.7) that @,41 < up4q. This
confirms the inductive hypothesis, and hence we deduce that 0 < 4, < u, for
1 <n < R, as claimed. O

We next introduce some additional quantltles of use in our ultimate applica-

tion of Lemma 8.1. Define the exponents 6m and v(l)
following (8.8) above. We now put

just as in the discussion

01—1 Op—1 01—1 Op—1
= Z > BWb,(m) and A, = Z oY BWa,(m).  (11.8)
m1=0 ma=0 m1=0 ma=0

In order to understand these sequences, we introduce some auxiliary sequences
A, and B, as follows. We put

a=1k(k+1)—tk—3k* and b= 1k(k—1)+ 3k (11.9)

1
2
The sequence B, is then defined for n > 1 by means of the relations
sBy=a—b/l, s°By=ala—0/l)—rb, (11.10)
and
$*Bpig = saB,,1 —rbB, (n>1). (11.11)
Finally, we put

0, =1 <a + Va2 - 4rb) . (11.12)

Lemma 11.5. When n > 1, one has B, > B,. In particular, one has the
lower bound Br > Bgr, and hence

s OFt — ottt 9.0 (0% —0F
07 g, —0_ Ir \ 6, —6_

Proof. We have

’U1 1 ’Un —1 vn+1 1

Buyi=Y . Y B > bmpibuga(m). (11.13)

m1=0 my=0 Mp4+1=0

The innermost sum here is

Tpi1—1

Y Fmaribasi(m) = B(B,41)ba(m) — A1) (m), (11.14)

Mn41 =0
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where
u—1

B(u) =Y (k—m)p, and Alu Z M.

m=0
We observe that when w is a positive integer, one has

u—1

m)(s—r)
:mz:() (s —m—1)
ZU1((T— m)(k — m)_(r—m—l)(k‘—m—l)_r—m—l)
m=0 S—m s—m—1 s—m—1)"

whence

s%(u):kr—s(r_u —u) —SZZ:

s—u
(k+ 7 —u) “(““)(k’_“)—%r(r 1)
s—u
" m(r —m)
+%(r—u—1)(r—u)—z:1 -
Thus we conclude that
S‘B(u):ku—%u(u—l)—u(r_uxk_u)— mr=m) 4y 45
s—u = s—m

One finds in like manner that

_skzqsm—sz (k —m)dnm
_ ku(s —r) B (ku_%u(u_l)_u(r—u)(k—u) B - m(r—m))

S—U S—U S—1m

u?(r — u) N “ m(r—m).

=gu(u—1) - 11.16
2u<u ) S—U — sS—m ( )
Write
vV="0Up41, h=r—v=k—Il—-v and A= m{r —m)
el s—m
Then we see from (11.15) that sB(v) is equal to
Mi+h)(k—1—h)
Rk —1—h)— Lk —1—h)(k—1—h—1)— (5_11(+l+h X
h(l+h)(k—1—h) ~
=1k(k+1) = 31+n)(I+h+1)— (L+ R ) _X.

s—k+I1l+h
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Also, from (11.16), we find that s(v) is equal to
hk—1—h)?  ~

A
s—ktith

=1k(k—1)—(l+hk+3(1+h)({I+h+1)-

Yhk—l—h)(k—l—h—1)—

hik—1—h)? ~
— + A
s—ktith
On substituting these formulae into (11.14), we find that

Up41—1
S Z ¢mn+1bn+1(m) = aObn(m) - bod”(m) - T, (11.17)
Myp41=0
where
a = 2k(k+1) = (1 +1) - A,
bo = Lk(k — 1) — Ik + 1(1+ 1) + A,
and
o R+ h)(k—1—h):
_ 1
T = (14 $h(h+ 1)) @+ bn) + =,
h(k —1—h)*\ _
- (hk . m) i (11.18)

We next seek to estimate the expression Y, this requiring us to obtain an
upper bound for h. We begin with a proof that 0,(m) > k(1 — 2/l) for
1 < n < R. Note first that, since we assume k to be sufficiently large and
[ = [k'/3], one finds from (11.4) that

iy = rbo /(a0 + bo) = (k= 1)/(1 + 1/1) > k — 2k/I + 1.

Meanwhile, when n > 1, the condition
my, < 0, = rl;n_l/(dn_l + l;n_l)

that follows from (11.4) ensures that

by = kbp_1 — My (Gn_1 + bp_1) = (k — 7)bp_y = lb,_1,
whence

Gty = Tbn /(g + bp) = 17/(1 4+ by_y /by) = 1r/(1+1/1) > k — 2k /1 + 1.
We therefore deduce that v, > k(1 — 2/l) for n > 1, as we had claimed. It
follows, in particular, that
h=k—1l—v<k—1—Fk(1-2/1)<2k/l <2k*>.

We use this opportunity also to recall the bounds s > $k(k + 1) — 4k and
1< kY341,

Before exploiting the crude bound for h just obtained, we make use of the
more opaque though stronger bound

h=r1— [rby/(an + bn)| < rn/(@n +by) + 1.
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On substituting these bounds into (11.18), we see that
T <+ 3(h+1)ra, + (1 + L(h+ 1)) (@, + by) + 953D,
< 2k°3a, + 2k/%b,,.

Finally, we observe that
k—4

zgi:m(/lc—:S—m) - (k—=2)(k—=3)(k—4)

X

—~  s—k+4 Sk(k+1)—5k+4
By combining these estimates with (11.17), we arrive at the relation
Bny1—1
5" Gmibusi(m) = (Sk(k+1) = 1k — 3k%/%) b, (m)
mn+1=0

= (

1k(k — 1) + 3K°3) @, (m)
by (m) — b, (m).

Then we deduce from (11.13) that
$Bni1 = aB, —bA, (n>1).
On the other hand, we have

vn+l 1 ﬁn«kl_l
Z ¢mn+1an+1 ) = Sb (m) Z Om
Mp4+1=0 m=0
= by )U”H(S —7) < rby,(m)
S — 6n+1 ’

whence
sAn,1 <1rB, (n>=1).

By combining (11.19) and (11.20), we conclude at this point that
$*Bpyo = saB,, 1 —rbB, (n>1).
In addition, we have the initial data
sB; > aby — bag = a — b/l, and sA; < rby =T,

and hence
8232 2 SCLBl — SbAl > a(a — b/l) — br.

1

(11.19)

(11.20)

(11.21)

Our goal is now to extract from the recurrence inequality (11.21) a lower
bound for B,. Were we to be presented with an equation, this would be
straightforward, but in present circumstances we must work less directly by
relating B, to B,. By reference to (11.11), we see that B, satisfies a recurrence

equation related to the inequality (11.19).

Our first observation is that the recurrence formula (11.11) has a solution

of the shape

s"B, =0, 0" +0 0" (n>1),
where

0.0 4+0_60_=sB =a—b/l
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and 3
0,02 +0 60> = 5By =a(a—b/l) — br.
Then we deduce that

-ttt g0 [om —6n
"B, = — — - . 11.22
ST T e Ir (9+—9_> (11.22)
Note that since k is large, it follows from (11.9) and (11.12) that
0 = k(k+1) — 1k — 3k*® — br/a+ O((br)?/a®)
> Lk(k—1) — 3k — T3, (11.23)

and
O_ < br/a+O((br)?/a®) < k+ TkY3.

Thus, in particular, we deduce from (11.22) that B, is positive for every natural
number n.

We now reinterpret the recurrence inequality (11.21) as a recurrence equa-
tion with variable shifts. Let (g,) be a sequence of positive real numbers.
Then for an appropriate choice of this sequence (g, ), the recurrence sequence
B,, may be interpreted as the solution of the new recurrence sequence

§°Bpyo = saBy 1 — 0B, + g, (n>1), (11.24)
with the initial data
sBi=a—b/l+g and s*By=a(a—b/l+g)—br+ gs. (11.25)
Define the real numbers g, by means of the relation
Gn = s"(Bn — By). (11.26)
Thus, in particular, it follows from (11.10) and (11.25) that

g1=g1 and go = agi + go, (11.27)
and from (11.11) and (11.24) that
Gnt2 = 00ns1 — 710G + 9, (n > 1). (11.28)

We claim that g, > 0, whence also B,, > Bn, for each natural number n.

In order to verify the last claim, we prove by induction that for each natural
number n, one has

§n+1 2 Sgan+1/Bn. (1129)

We first confirm this inductive hypothesis for n = 1. Here we note that when
g1 = g1 = 0, then the trivial lower bound g, = g > 0 that follows from (11.27)
suffices to confirm (11.29). When ¢; # 0, meanwhile, we find from (11.10) and
(11.27) that

- - ag +g -
Go = (#) =g (a+g2/q1)

> (a(a ;E/é)/l— b?“> _ Sg}lBg/Bl.

This confirms the inductive hypothesis when n = 1.
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Suppose next that n > 2 and
gn 2 Sgn—IBn/Bn—l-
Then, on making use of (11.11) and (11.28), one deduces that

§n+1 - SganJrl/Bn = (le?n - rbgnfl + gnfl) - gn (aén - Silrbénfl> /Bn
2 (S_ITan—l/Bn) (gn - Sgn—lén/én—1> 2 0.

This confirms the inductive hypothesis with n + 1 in place of n, and so by
applying induction we deduce that (11.29) holds for every natural number n.
A particular consequence of the lower bound (11.29) is that g, > 0 for every
natural number n. Finally, we conclude from (11.26) that B, > Bn for every
natural number n.

In order to complete the proof of the lemma, we note first from (11.5) and
(11.8) that sf = s"Bp. Since Br > Bg, the final conclusion of the lemma
follows from (11.22). O

We next turn to the problem of controlling the behaviour of ar and bg.

Lemma 11.6. Suppose that the tuples m and h(m) satisfy the conditions
1<m, <,(m)—1 and 0<h,(m)<15k% (1<n<R).
Then one has
kmb < br(m;h) < kyb + 165%%D,
and furthermore
ar(m;h) < bg(m;h)/I.

Proof. We again make use of auxiliary recurrence sequences in order to disen-
tangle information on recurrence inequalities. Write

hi(m) = hy(m) + mq(b/l — ay),
and
hy(m) = h,(m) (n>1).
Then we find that
Ri(m) < hy(m) +my < hi(m) + &k < 16k7D,
and
h:(m) = h,(m) < 15k (n > 1).

We define the sequences (a)) = (af(m;h)) and (b)) = (b} (m;h)) by means of
the relations

ay =0/l and bj =0b,
and

ary="b_, and b =(k—m,)b,_; —mua,_;+h (m) (1<n<R).

It follows that a,, = a; and b, = b}, for n > 1. We next put

g =b—byb (n>0), (11.30)
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and we seek to show in the first instance that g > 0 for each n. This of course
implies in particular that by > brb = kmb.

We prove that ¢ > 0 for each n by induction. Observe first that by applying
(11.30) in combination with the recurrence relations for d,, b,, a*, b*, we obtain

gob1 — bogy = (b — bob) ((k — my)by — madp)
— 60(([5 — m1>(b3 — Bob) — ml(ag — C~L0b) + h;),

whence 96‘51 — bogt = —h* < 0. Moreover, if we assume that

9o _1bn — bu_1g;, <0, (11.31)
then we find in like manner that
Gobnsr = bugiy ey = (0 = bub) (k = M 1)by — 01100
— by ((k — 1) (0% — bub) — My (af — anb) + hi ).
Thus we obtain the bound
g;l;n—&-l - [;ng;;-s-l < mn+1(a26n — byan)

= mn—&-l((g;—l + Bn—lb)gn - (g; + Bnb)gn—l)
= Mnpt1 (g;—ll;n - g;l;n%)-

We thus conclude from (11.31) that g:b,41 — b,g;.; < 0, thereby confirming
the inductive hypothesis (11;31) with n+ 1 in place of n. We therefore deduce

by induction that ¢’ _,b0, < b,_1g; for every n, whence
9= Goibu/bu1 20 (n>1). (11.32)

In this way, we therefore conclude that by = by > brb = kmb, as desired.

Having confirmed the lower bound on br(m;h) claimed in the statement of
the lemma, we turn our attention next to the upper bound. Observe that the

recurrence relations for a,, b,, a’, b* lead us from (11.30) to the relation

Gn = (k= mn)gn s — mngy o+ hy(m) (> 2).
We therefore have the trivial upper bound
gs < kgh_ + 15k (n >2),
and so we deduce by induction that g; < 16k%+"b. Hence, on recalling (11.30)
once again, we obtain the bound
b, < brb + 16k2b = kb + 16k25.
Collecting together the conclusions of the last two paragraphs, we find that
kmb < br(m;h) < kpyb + 165%%D,

thereby confirming the first assertion of the lemma. It remains now only to
bound ag in terms of br. To this end, we observe that for each n > 0, it follows
from (11.4) and our hypothesis m,, 1 < @i, (m) — 1 that mp,1 < rby/(Gn + bn),
and hence

bn+1 P (k - mn—i—l)gn - mn—l—ldn = (k - T)bn = lén
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We therefore deduce from (11.32) that g; , > lg} for n > 0. Consequently,
recalling again the relation (11.30), we see that

br = bl = brb+ g& > l(bp_1b+ g&_|) = b5, = lag.

We have therefore shown that ag < bg/l, as desired. This completes the proof
of the lemma. O

Before initiating our discussion of the next lemma, we observe that in view
of (11.23) and our hypotheses concerning s, one has

O +r>2k(k—1) -2k — TP + (k—1) > s+

Then it follows that, provided R is sufficiently large in terms of s and k, one
has s < 0., and so we deduce from Lemma 11.5 that

s < So. (11.33)

Lemma 11.7. Suppose that A > 0, let a and b be integers with 0 < a < b <
(20RK2R0)~L, and suppose further that a < b/l. Suppose in addition that there
are real numbers 1, ¢ and vy, with

0<e< (20719, v=—sb and >0,
such that
XAMY < XOM K (X)) (11.34)

Then for some m € [0,7 — 1)%, there is a real number h with 0 < h < 16k>Eb,
and positive integers a' and V' with o' < V'/1, such that

XM < XOMKL (X)), (11.35)
where ', ¢, v and b’ are real numbers satisfying the conditions
V' = pm(+ (5 =7/9)b), ¢ =pmlct+1), 7 =pmy, U =kmb+h

Moreover, the real number ky, satisfies 28 < ky < k%,

Proof. We deduce from the postulated bound (11.34), together with Lemmata
11.3 and 11.4, that there exists a choice h = h(m) of tuples, with

0< h,(m) <15k% (1 <n<R),
such that
XAMA < XN (X /MO O p(m; h)mdma,
0<m<ii—1
Consequently, one has
H Op(m; h)om-dmr s X (e | rALHY/D 47
0<m<ii—1

Note that from (7.1) one has
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so that
v1—1 op—1
Z Z Gy - - Oy < (1/8) <1/
m1=0 mpr=0

Then we deduce from the definition (11.3) of ©,,(m;h) that

H <X_A[[K2’;,bR(X)H +M—3ska>¢m1...¢mR
o<m<u—1
s X (et D)8 prA@H(G—r/s)b) (11.36)
Put
91 —1 vp—1
Q=Br=>_ ... Bbr(m), (11.37)
m1=0 mpr=0

so that in view of Lemma 11.5, one has Q > Bp. Then an application of
Lemma 8.1 to (11.36) yields the relation

01—1 op—1

Z Z <X_A[[K(:£,6R(X)H +M—3ska>Q/l~’R(m)

m1:O mR=0

> X (DI prA@+(g—r/s)b)+y

We see from (11.5) and (11.37) that Q = (so/s)", and so it follows from (11.6)
that ©Q/bg(m) = 1/pm. Thus we conclude that for some R-tuple m, one has
XA[KE, (X)) 4 M- 5 X-ralet D8 i hr/o b
> XN (11.38)
We must again handle the removal of the term M —3sk™ on the left hand
side of (11.38). Noting that a direct induction leads from (8.3) to the upper
bound bg(m) < k%, we find by means of (11.6) and (11.33) that
pm = br(m)(s/s0) < bp(m) < k%

We may therefore follow the analysis leading to (8.16), mutatis mutandis, to
conclude as before that

XM 5, (X)) > X0,

agr,br

We find from Lemma 11.6 that one has ag < br/l, and that
kmb < bg < kmb + 16K25D.

Then we conclude that there exist integers b’ = by, ' = ar and h satisfying
the conditions

0<h <16k, bV =knb+h and o <V/I,
for which
X MK (X)) > XM
The desired conclusion (11.35) follows at once, together with its associated
conditions.
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The only task that remains is to confirm the bounds 2% < kn, < k% On
the one hand, just as in the proof of Lemma 11.6, one has Z~)n+1 > ll;n for each
n > 0. Then an inductive argument confirms that k,, = Z;R > lRl~)0 > 2% On
the other hand, an even more elementary induction leads from the recurrence
relations for b,, to the upper bound kg = b < k®by = k. This completes the
proof of the lemma. O

We now employ the conclusion of the last lemma to bound Jg,.(X).

Theorem 11.8. Suppose that s, k and r are natural numbers with k sufficiently
large, r = k — [k'/3] and 1 < s < 51, where

47‘(1/{:(1{5 — 1) + 3k5/3)
s1 =3 (3k(k +1) — 2k — 3k*?) <1 + \/1 - (lk(k2+ 1) — 1k — 3K%/3)2
P} 3

Then for each € > 0, one has Jsy,(X) < X*17¢,

Proof. Defining sq via (11.5) as in the preamble to Lemma 11.4, one finds that
there are no serious modifications required in order to apply the argument of
the proof of Theorem 9.2 to pass from Lemma 11.7 to the conclusion of the
theorem, but with sy in place of s; = 6. The argument leading to (11.33)
shows, however, that whenever s < sy, then one has also that s < sq. The
conclusion of the theorem is now immediate. 0

In order to establish Theorem 1.3, we have only to note that, on recalling
(11.23), one finds that

k(k —1) = Yk — T + (k — k%)

si+r=0,+k—1>3
1 2/3
Lk — 8k,

> k(k+1)— 1
Thus, whenever
1< s < 3k(k+1) — 3k — 8K,
one has J; (X)) < X°*¢.

12. SOME CONSEQUENCES OF THEOREM 1.3

We finish this paper by turning our attention to a few consequences of the
asymptotically sharpest of our conclusions, namely Theorem 1.3. We begin by
proving Theorem 1.5. Suppose that k is a sufficiently large natural number,
and put

s=[1k(k+1)— Lk —8k¥3].
In addition, take s = %k:(k: + 1), and put A = s —s. Then we find that

A< e+ 8K+ 1. (12.1)
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Consequently, on making use of the trivial estimate fr(a; X) = O(X), we
deduce from (2.1) in combination with Theorem 1.3 that

Jor(X) = f 1l 0422 da < X [ fufas ) da
< X2AJ5’]€(X> < X5+2A+6 < XS+A+6.

The conclusion of Theorem 1.5 is now immediate.

We next point out an application of Theorem 1.3 to Tarry’s problem. When
h, k and s are positive integers with A > 2, consider the Diophantine system

ix;:ix{z:...:ix{h (1<j<k). (12.2)
=1 =1 =1

Let W (k,h) denote the least natural number s having the property that the
simultaneous equations (12.2) possess an integral solution x with

S S
Zacfuﬂ #Z:Uﬁfl (1<u<v<h).
i=1 i=1

Theorem 12.1. When h and k are natural numbers with h = 2 and k suffi-
ciently large, one has W (k,h) < %k(k +1)+ 1.

Proof. The argument of the proof of [13, Theorem 1.3] shows that W (k, h) < s
whenever one can establish the estimate

Js,k+1<X) _ 0<X237%k(k+1)>'
But as a consequence of Theorem 1.3, when k is sufficiently large and
1< s <2k +1)(k+2) = (k+1)—8(k+ 1), (12.3)

one has Jy1(X) < Xt Observe, however, that X*t = 0(X23*$k(k+1))
provided only that s < 2s — $k(k + 1), which is to say that s > $k(k+1) + 1.
Moreover, when F is sufficiently large, one finds that the value s = Lk(k+1)+1
satisfies the condition (12.3), and thus we have W (k, h) < tk(k+ 1)+ 1. This
completes the proof of the theorem. O

The problem of estimating W (k,h) has been investigated extensively by
E. M. Wright and L.-K. Hua (see [4], [5] and [17]). L.-K. Hua was able to
show that W (k,h) < k*(logk + O(1)). This bound was improved in [13,
Theorem 1.3] by means of the efficient congruencing method, delivering the
upper bound W (k,h) < k* + k — 2. In our most recent work on multigrade
efficient congruencing, this bound was further improved in [16, Theorem 12.1]
to obtain W (k,h) < 2(k + 1) for k > 3. The bound recorded in Theorem
12.1 above achieves the limit of the methods currently employed in which
an elementary application of Vinogradov’s mean value theorem is applied, as
described in [12] and enhanced in [16, §12]. As far as the author is aware, there
is no lower bound available on W (k, h) superior to W(k,h) > k + 1. There
consequently remains a substantial gap between our upper and lower bounds
in Tarry’s problem.
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Finally, we explore the consequences of Theorem 1.3 in the context of War-
ing’s problem. When s and k are natural numbers, let R,x(n) denote the
number of representations of the natural number n as the sum of s kth powers
of positive integers. A formal application of the circle method suggests that
for k > 3 and s > k + 1, one should have

T(1+1/k)*

T(s/k) GS,k(n)ns/k_l + o(ns/k_l), (12.4)

Rsyk(n) =

where

Susl) =3 Y (7 Y etart ) =)

With suitable congruence conditions imposed on n, one has 1 < S, (n) <
n®, so that the conjectured relation (12.4) constitutes an honest asymptotic

formula. Let é(k) denote the least integer ¢ with the property that, for all
s > t, and all sufficiently large natural numbers n, one has the asymptotic
formula (12.4). By combining the conclusion of Theorem 1.3 with our recent
work concerning the asymptotic formula in Waring’s problem [14], and the
enhancement [3, Theorem 8.5] of Ford’s work [2], we are able to derive new

upper bounds for G(k) when k is sufficiently large.

Theorem 12.2. Let & denote the real root of the polynomial 63 4 362 — 1
and put C = (5 + 6§ — 3¢2)/(2 + 6£), so that

§=0.424574... and C =1.540789....
Then for large values of k, one has G(k) < Ck? + O(k*/3).

For comparison, in [16, Theorem 1.3], we derived an analogous bound in
which C'is replaced by the slightly larger number 1.542749 . . ..

The proof of Theorem 12.2. In general, we write Ay, for the least real number
with the property that, for all € > 0, one has

Js k;(X) < X28—%k(k+1)+As,k+6.
Then it follows from [16, Lemma 10.7] that one has G(k) < |uy (k)] + 1, where

ui(k) = min min  minwug(k,t,v,w),
1<tk —k+1 1Sw<k—1 v>1

A<l 2utw(w—1)<2t

and
(1—App)(2t — 20 —w(w —1))
1 —Amk—‘—Av’k/w )
Suppose that k is a large natural number, and let 8 be a positive parameter
to be determined in due course. We take

w= k] and v=3k(k+1).

uo(k, t,v,w) = 2t —
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Then it follows from Theorem 1.3, just as in the discussion leading to (12.1),
that the exponent A, j is permissible, where

Ay < 2k +8K*3 + 1.
Also, by taking t = k* — k + 1, one sees from [16, Corollary 1.2] that A, = 0.
Then we deduce that
2k — k(k+1) — (Bk)?> + O(k)
1+ 3k/(Bk) + O(k=1/3)

uy (k) <2(k* —k+1) —

It follows that

B
s ()/(22) <1 % O
307 +36+2 s
=" epr2 oW

A modest computation confirms that the optimal choice for the parameter
is &, where ¢ is the real root of the polynomial equation 6£3 + 362 — 1 = 0.
With this choice for 3, one finds that

5+ 6& — 3¢2
Ul(k> < (W

The conclusion of Theorem 12.2 is now immediate. O

) k2 4+ O(K*3).
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