CORRELATION ESTIMATES FOR SUMS OF THREE CUBES
JORG BRUDERN AND TREVOR D. WOOLEY

ABSTRACT. We establish estimates for linear correlation sums involving
sums of three positive integral cubes. Under appropriate conditions, the
underlying methods permit us to establish the solubility of systems of ho-
mogeneous linear equations in sums of three positive cubes whenever these
systems have more than twice as many variables as equations.

1. INTRODUCTION

We shall be concerned in this memoir with the number p(n) of ways the nat-
ural number n can be written as the sum of three positive integral cubes. Our
principal goal is to provide upper bounds for linear correlation sums involving
p(n) and certain of its relatives. As an application of the underlying meth-
ods, we consider the solubility of systems of homogeneous linear equations in
sums of three positive integral cubes. Provided that the system is in general
position, and it has a solution in positive integers, we are able to show that
it is soluble in sums of three positive cubes whenever the number of variables
exceeds twice the number of equations.

Some notation is required before we may introduce the family of higher
correlation sums that are central to our focus. Let s and r be natural numbers
with s > r, and consider an r X s integral matrix A = (a;;). We associate with

A the collection of linear forms

Aj(@) =) aga; (1<j<s), (1.1)
i=1
and its positive cone
P={aecR :a;>0(1<i<r)and Aj(a) >0(1<j<s)})

Note that P is open, and hence its truncation P(N) = PN[1, N|" has measure
> N" whenever P is non-empty. Given an s-tuple h of non-negative integers,
we may now define the sum =Z;(N) = Z,(V; A; h) by putting

S(NiAh) = 3 p(Au(n) + hy) -+ p(Au(m) + By). (1.2)

neP(N)

We refer to the coefficient matrix A as being highly non-singular if all collec-
tions of at most r of its s columns are linearly independent.
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Theorem 1.1. Let A € Z™*" be highly non-singular, and let h; € N U {0}
(1 < i< 2r). Then Z9,.(N; A;h) < N™V/6% where the constant implict in
Vinogradov’s notation depends at most on A and ¢ > 0.

(Classical approaches to the simplest correlation sum proceed via Cauchy’s
inequality. Thus, by utilising Hua’s lemma (see [17, Lemma 2.5]), one obtains

Z p(n)p(n+h) < Z p(n)* < NT/6+, (1.3)
n<N n<N-+h

This traditional argument is easily generalised to handle the sum =Z,.(N).
Writing m; = A;(n) + h; for the sake of brevity, Cauchy’s inequality yields

=)< T (3 stmpaa - slom?)

j€{0,1} “neP(N)
Since Ai, Ao, ..., A, are linearly independent, one may sum over the values
my, Mo, ..., m, as if these were independent variables. Thus, by symmetry,

it follows as a consequence of the second inequality of (1.3) that there is a
number C' = C(A) > 1 such that

Z0(N) < (3 o) < N7 (14)

n<CN

The bound (1.4) is certainly part of the folklore in the area, and constitutes
the state of the art hitherto. It is widely believed that the upper bound N7/6+¢
in (1.3) may be replaced by N, and indeed the slightly weaker estimate Nt
has been established by Hooley [11] and Heath-Brown [10] based on speculative
hypotheses concerning the distribution of the zeros of certain Hasse-Weil L-
functions. Accepting one or other of these estimates as a working hypothesis,
one finds that Z,,(N) < N"*¢ or even Z,,.(N) < N'. For certain coefficient
matrices A, readers will have little difficulty in convincing themselves that the
lower bound =Zy,.(N) > N" is to be expected. Although the bound on Zy,.(N)
presented in Theorem 1.1 does not improve on the classical estimate (1.4) when
r = 1, for all larger values of r it is substantially sharper.

For applications to problems of Waring’s type, mollified versions of p(n) have
been utilised since the invention by Hardy and Littlewood [9] of diminishing
ranges. Most modern innovations within this circle of ideas involve the use of
sets of smooth numbers having positive density. Thus, given n > 0, let p,(n)
denote the number of integral solutions of the equation n = z3+y>+ 23, subject
to the condition that none of the prime divisors of yz exceed n/3. Then it
follows from [19, 20] that for each € > 0, there is a positive number 7 such that

> py(n)? < N (1.5)

1<n<N

where { = (v/2833—43)/123 < 1/12. Define =, ,(N; A; h) as in (1.2), but with
py in place of p throughout.
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Theorem 1.2. Let A € Z™*" be highly non-singular, and let h; € N U {0}
(1 <i<2r). Then for each € > 0, there is a number n > 0 such that

Eory(N; A;h) < NTHFe,
The constant implict in Vinogradov’s notation depends at most on A, € and 7.

We turn now to systems of linear equations in sums of three cubes. Let
C € Z"** be highly non-singular, and suppose that the system

s

> eymy=0 (1<i<r) (1.6)
j=1
has a solution in positive integers ny,...,ns. Denote by T(N) the number of

solutions of the system (1.6) with n; < N in which n; is a sum of three positive
integral cubes. We emphasise that Y(N) counts solutions without weighting
them for the number of representations as the sum of three cubes.

Theorem 1.3. Let C' € Z"*° be highly non-singular, and suppose that (1.6)
has a solution n € (0,00)*. Then whenever s > 2r and € > 0, one has

T(N) > Ns(172£)77“76.

Were sums of three positive integral cubes to have positive density in the
natural numbers, then one imagines that a suitable enhancement of the meth-
ods of Gowers [8] ought to deliver the stronger conclusion Y(N) > N*" for
s > r + 2. However, there seems to be no prospect of any such density result
at present, and so one is forced to contemplate the possibility that the number
of positive integers n < N, representable as the sum of three positive integral
cubes, may be as small as N'~¢. In such circumstances, even the lower bound
T(N) > 1 is highly non-trivial. Indeed, in cases where s is close to 2r+ 1, such
a conclusion is established for the first time within this paper. When sums of
three cubes are replaced by sums of two squares, on the other hand, the value
set comes very close to achieving positive density, and the methods of Gowers
are in play. In this setting, the work of Matthiesen [13, 14| comes within a
factor V¢ of achieving the natural analogue of the above lower bound.

Subject to appropriate additional hypotheses, a conclusion similar to that
of Theorem 1.3 may be obtained for the analogue of T(N) in which (1.6) is
replaced by an inhomogeneous system of linear equations. Note also that Balog
and Briidern [1] consider systems of linear equations in sums of three cubes
of special type. In the case of a single equation, their work more efficiently
removes the multiplicity inherent in p,(n), and establishes a superior bound
in this case for T(N).

The conclusions of this paper depend on a new mean value estimate that is
of independent interest. In §2 we examine systems of equations in which the
coefficient matrices are of linked block type, and establish an auxiliary bound
for their number of solutions. This prepares the way for the proof of the central
estimate, Theorem 3.4, in §3, accomplished by a novel complification argument
in which mean values are bounded by blowing up the number of equations so
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as to apply the powerful estimates of the previous section. We then establish
the correlation estimates of Theorems 1.1 and 1.2 in §4, and finish in §5 by
applying the Hardy-Littlewood method to prove Theorem 1.3.

Our basic parameter is P, a sufficiently large positive number. In this paper,
implicit constants in Vinogradov’s notation < and > may depend on s, r and
g, as well as ambient coefficients. Whenever £ appears in a statement, either
implicitly or explicitly, we assert that the statement holds for each € > 0. We
employ the convention that whenever G : [0,1)¥ — C is integrable, then

%G(a) da = o G(a)da.

Here and elsewhere, we use vector notation in the natural way. Finally, we
write e(z) for ™,

The authors are very grateful to a referee for identifying obscurities in the
original version of this paper. In the current version, the treatment of the
central mean value estimate in §2, though somewhat longer, is both more
explicit and considerably simpler in detail.

2. AUXILIARY EQUATIONS

In this section we establish near-optimal mean value estimates for certain
products of cubic Weyl sums. The formal coefficient matrices associated with
these exponential sums have repeated columns, with multiplicities 2 and 4, and
so would appear to be rather special. However, it transpires that this structure
enables us to accommodate systems of cubic equations quite far from being in
general position, and thus our principal conclusions are more flexible than the
corresponding estimates of our earlier works [3, 6].

We begin by describing the matrices important in our arguments. For 0 <
[ < n, consider natural numbers r;, s; and r; X s; matrices C; having non-zero
columns. Let diag(Cy, C, ..., C),) be the conventional diagonal block matrix
with the upper left hand corner of Cj sited at (i, j;). For 0 < 1 < n, append a
row to the bottom of the matrix Cj, giving an (r; + 1) x s, matrix C]. Next,
consider the matrix CT obtained from diag(Cy, C1, ..., C,) by replacing C; by
C/] for 0 < I < n, with the upper left hand corner of C still sited at (i, j;). We
refer to this new matrix C'' as being a linked block matriz. It has additional
entries by comparison to diag(Cy, C, ..., C,,), with the property that adjacent
blocks are glued together by a shared row sited at index i;, for 1 <1 < n.

We next describe the special linked block matrices relevant to our discussion.
Let I denote the k x k identity matrix, and write O for the zero row vector
with £ components. We introduce the block matrices

0

I,:f:(jg) and IF = | I
0
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Whenn >0, r >t > 2 and w € {0,1}, we consider fixed positive integers A,
and matrices M; of format

t x (t+w), whenl=0,
rXT, when 1 <1< n,

having the property that every one of their square minors is non-singular. For
ease of reference, we think of M as the block matrix (my, B;), where m; denotes
the first column of M,;. Associated with each of these matrices, we consider
the block matrices

s (NI, mg), when [ =0,
YN, my), when 1 <1< n.

Viewing the matrices A; and B; as examples of the matrices C] introduced in
the previous paragraph, we form the linked block matrices AT and Bf. We
refer to the block matrix D = (AT, BT) as an auziliary matriz of type (n,r,t),,
and write D = (d;;). Put

R=n(r—1)+t and S=2R-1+w. (2.1)

Then we see that AT and B have respective formats R x R and Rx (R—1+w),
whilst D has format R x S.

To illustrate this definition, we note that all the square minors of the matrix
7563
7148

9457
6338

are non-singular, as the reader may care to verify, and hence!

8 7 563
8 7 148
89 457
6 7 338563
8 7 148
89 457
6 7 338563
8 7 148
89 457
6 7 338563
8 7 148
89 457
6 338

is an auxiliary matrix of type (3,4,4),. Were one to delete the first row and
column of this matrix, the result would be an auxiliary matrix of type (3,4, 3);.

Next, consider an integral auxiliary matrix D = (d;;) of type (n,,t),, define
R and S as in (2.1), and define the linear forms

R
V= Zdijai (1<j<9).
i=1

IWe adopt the convention that zero entries in a matrix are left blank.
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Introducing the Weyl sum

we define the mean value

.(P:D) 74 o) FORPlf re) - fs) de. (22)

Here, we use the suffix w merely as an aide-memoire in keeping track of the type
of the matrix D. We note in this context that by considering the underlying
Diophantine system, one finds that I,(P; D) is unchanged by elementary row
operations on D, and so in the discussion to come we may always pass to a
convenient matrix row equivalent to D.

Before announcing our pivotal mean value estimate, we recall that Hua's
lemma (see [17, Lemma 2.5]) shows that, for each natural number ¢, one has

/1 |f(ch)|* df < P (v =1,2). (2.3)
0

Lemma 2.1. Let D be an integral auziliary matriz of type (n,r,t), withr > 3.
Then I1,(P; D) < P3R-2+3w+te,

Proof. Throughout, we assume the nomenclature for the infrastructure of the
matrix D introduced in the preamble to this lemma. We proceed by induction
on R > 2. Since it is supposed that ¢ > 2, it follows from (2.1) that when
R =2, then n =0 and ¢ = 2. In such circumstances, one has

0(P:) = | / (12 (19)%F(75)"] day das.

Observe that v; = Aay and, since all minors of M, are non-singular, it follows
that v is linearly independent of both v, and 7,. Hence, by applying Schwarz’s
inequality in combination with (2.3) and a change of variables, one obtains

1 2
I(P; D) < </ \f(e)\4d9) < pite = p3fizate,
0

Meanwhile,

L(P; D) = // |F(n)*f ()2 f(73)* f ()] devy dexs.

Since 73 = Aap and all minors of M, are non-singular, we may employ the
trivial estimate |f(72)] = O(P) in combination with a change of variables to
deduce that there are fixed positive integers a, b, ¢ and d for which

L(P: D) < P? / / £ (a02) £ (b6a) (O + dB2)?| 6 6.
0J0

Consequently, by a pedestrian generalisation of [4, Theorem 1] (see especially
equations (6) and (7) therein), one finds that

]1(P, D) < PQ(P5+6) — P3R+1+€.
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We have thus confirmed the conclusion of the lemma when R = 2.

Suppose next that R > 3, and that the conclusion of the lemma holds for
all auxiliary matrices D having fewer than R rows. We divide our discussion
into cases according to the value of w.

Case I: w = 0.

We first consider the situation in which the integral auxiliary matrix D has R
rows and w = 0. By orthogonality, one sees that Io(P; D) counts the number
of integral solutions of the system

R s
Zdij($?1 - 93?2) + Z dij(x§1 + 55?2 - $?3 - 55?4) =0 (I1<i<R), (24)
j=1 j=R+1
with 1 < xj; < P for each j and [. Let Tj denote the number of these solutions
in which z;; = xj for 1 < j <t —1, and let Tj denote the corresponding
number where instead ;1 # ;2. Then

An inspection of (2.4) reveals that
Ty < P71, (2.6)

where Jy counts the number of integral solutions of the system

R S
Zdij(x?1 - x?}) + Z dz‘j(ff?l + w?Q - x?:,) - x?4> =0 (I1<i<R), (2.7)
j=t j=R+1
with 1 < x5 < P for each j and [. We observe that the equations in (2.7)
with 1 < ¢ < ¢ — 1 involve only the variables z;; with j = ¢t and R+ 1 <
J < R+t—1. The coefficient matrix associated with these equations and
variables is the matrix M obtained from M, by deleting its final row. By
taking appropriate linear combinations of the first ¢ — 1 equations of (2.7),
corresponding to elementary row operations on M, we may therefore replace
the equations in (2.7) with 1 < ¢ <t — 1 by the new equations

u%(x?I _xiz) +Uz’(x?fz+i,1 +x§%+i,z _J‘%{—H’,?& _I?I)%+i,4> =0 (I<i<t-1), (2.3)

in which u; and v; # 0 (1 <4 < ¢ — 1) are suitable integers. Put 7 =¢+r — 1.
Then adding appropriate multiples of the equations (2.8) to the equation in
(2.7) with ¢ = t, one finds that the latter equation may be replaced by

S
Ut(xgl - 93?2) + dtT(xil - 5532) + Z dtj(x?‘l + $?2 - x;’3 - xi) =0, (2.9
j=R+t

for a suitable rational number u;. The coefficient matrix M, associated with
these ¢ new equations (2.8) and (2.9), and variables xy and z; (R + 1 <
Jj < R+t —1) has been obtained from M, by a succession of elementary row
operations, and hence is non-singular. Since det(M;") = (1) uyvy -+ - vy,
we therefore see that u; # 0.
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We now investigate the number N, of integral solutions of the system of
equations defined by (2.9) and the equations of (2.7) for which t + 1 < i < R,
with 1 < xj; < P for each j and . When n = 0, the whole system reduces to
the single equation

ur(agy — 7p) =0,
so that Ny < P. Otherwise, when n > 1, we observe that, by taking appropri-
ate non-zero integral multiples of the equations, there is no loss of generality
in assuming that u; = dy; (t+1 < i <t +r —2). In this way, one finds that
Ny = 1y(P; Dy), where Dy is an auxiliary matrix of type (n — 1,7,7)y having
(n —1)(r — 1) 4+ r rows. Consequently, our inductive hypothesis shows that
]O(P; D1> < P3((n—1)(7‘—1)+7‘)—2+6 _ P3(R—t)+1+a‘

Then in both cases, we have N, < P3(F-D+1+e,

Now consider any fixed solution counted by Ny, and consider the number N;
of solutions z;; (R+1<j < R+t—1and 1< <4) satisfying the equations
(2.8). Since the variables x;; and x4 are fixed, it follows from orthogonality
via the triangle inequality that

t—1 1
i=1 \70
Then we conclude from (2.3) that Ny < (P*"¢)"~! and hence
Jo < (PP9)IN, < PAR-0+20-D41rie,
On substituting this estimate into (2.6), we obtain the bound
TO < P3(R—t)+3(t—1)+1+8 — P3R_2+6. (210)

We next turn to the problem of bounding 7} for 1 < j <t — 1. We restrict
attention in the first instance to the case j = 1, since, as will become transpar-
ent as our argument unfolds, the same method applies also for the remaining
values of 7. Write

T(h) nglf(%) - fOR)PLF(vre) -+ f(ys) [ e(y1h) dex. (2.11)
Then we find by orthogonality that
Tl = Z ChT(h),
heZ\{0}

where ¢;, denotes the number of integral solutions of dy;(z® — y*) = h, with
1 < 2,y < P. An elementary divisor function estimate shows that ¢, = O(|h|?)
when h # 0. Since ¢, = 0 for |h| > P* one deduces from (2.11) and a
consideration of the underlying Diophantine system that

Ty < P ) T(h). (2.12)
heZ\{0}

The sum over h on the right hand side here is bounded above by the number
Ns of solutions of the system (2.4) with 2 < i < R and z1; = 215 = 0. When
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t > 3, one sees that Ny = I1(P; Dy), where Dy is the auxiliary matrix of type
(n,r,t — 1); obtained from D by deleting its first row and column. Since D,
has R — 1 rows, it follows from the inductive hypothesis that

Ty < P°I,(P; Dy) < PYR-Dieze,
We therefore conclude from (2.5) via (2.10) that when ¢ > 3, one has
IO(P7 D) < P3R_2+E,

thereby confirming the inductive hypothesis for D.

It remains to handle the situation in which ¢ = 2. Note that since we have
assumed R > 3, it follows that n > 1. For the sake of concision, we abbreviate
(a2,...,ag) to o, and then define v}(a') = 7;(0, az, ..., ar). We put

S(az) = 74 FOR) - FOR P (i) -~ FO)[ A, . o),

and observe that, by orthogonality, one has

1
Nz:/ | f(dop2)? f(dRri1202)*|F () daa.
0

We apply the Hardy-Littlewood method to estimate N5. Denote by 91 the
union of the intervals

M(q,a) = {a €[0,1) : |go — a| < P4}, (2.13)

with 0 < a < ¢ < P¥* and (a,q) = 1, and put m = [0,1) \ M. Let ¢ be
a fixed non-zero integer. Then, as a special case of [2, Lemma 3.4], or as a
consequence of the methods of [17, Chapter 4]), one has

/ |f(ch)|*do < P'*e. (2.14)
m

In addition, an enhanced version of Weyl’s inequality (see [15, Lemma 1])
shows that
sup | f(cf)| < P¥/4*e. (2.15)

fem

On the one hand, it follows from (2.15) that

1
/ F(dan0)? f(drer 202) |5 (a2) dars < P / |F(daa02) I () das.
m 0

Put 7 = r + 1. Then, by orthogonality, the integral on the right hand side
counts the number of integral solutions of the system of equations given by

s
d22($31 - x%z) + d2r(x§1 - x?Q) + Z d2j(£?1 + $§2 - xj3‘3 - $§4> =0
j=R+2
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with 1 < 25 < P for each j and [. By taking appropriate non-zero integral
multiples of these equations, there is no loss of generality in assuming that
dys = di; (3 < i < r). The coefficient matrix D3 associated with these equa-
tions and variables arises from D by deleting its first row, and the first and
(R+1)-st column, and can be seen to be an auxiliary matrix of type (n—1,r,7)g
having R — 1 rows. It therefore follows from the inductive hypothesis that

/ | f(d2200)* f(dRs120) Y| () da < PP Io(P; D)
< P3+E(P3(R_1)_2+E). (2.17)

We next consider the corresponding major arc contribution. By orthogo-
nality, the mean value §(«) is bounded above by the number of solutions of
an associated Diophantine system, in which each solution is counted with a
unimodular weight depending on «. Thus we have §(«) < §(0). Consequently,
it follows from (2.14) via the trivial estimate |f(d22a)| = O(P) that

/ F(dr20)2 F(dps120)[5(0) da < §(0)P? / F(dpsraa)* da
m m
< F(0) P,

By orthogonality, the mean value §(0) counts the number of integral solutions
of the system (2.16). The coefficient matrix D, associated with these equations
and variables arises from D by deleting its first two rows, and columns 1, 2
and R+ 1, and can be seen to be an auxiliary matrix of type (n — 1,r,r —1);
having R — 2 rows. It therefore follows from the inductive hypothesis that

/ |f(daoa)® f(dri120)*F (o) da < P*T1(P; Dy)
m

< P3+€(P3(R_2)+1+6>. (218)

On combining (2.12), (2.17) and (2.18), we conclude that when ¢t = 2 one has
Ty < P°N, < P3=2t2 We therefore deduce from (2.5) and (2.10) that
Io(P; D) < P3E=2%¢ confirming the inductive hypothesis for D when t = 2.

Case II: w = 1.
We now turn to the situation in which the integral auxiliary matrix D has R
rows and w = 1. Observe that yz;(a) depends only on a* = (ay,...,q) for

1 <j<t. When 1< j <t we define %’]*- to be the set of t-tuples a* € [0,1)"
for which yp4;(a*,0) € m+Z, and we define B to be the complementary set
of t-tuples a* € [0,1)" for which yp;(a*,0) € m +Z (1 < j < t). We then
put B; = B% x [0,1)* (0 < j <t). Thus [0,1)F € ByUB,U...UB,;. When
B C [0,1)F, we write

1() = /% FO) - FOR)Pf () -+ Fs)[ dex,

Then it follows from (2.2) that
Ii(P; D) < I(%Bo) + I(B1) + ... + I(By). (2.19)
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We begin by estimating (28;). It follows from (2.15) that

sup |f (vre1)| < sup | f(7)] < PP/,
acBy yEM

and hence

1(B,) < P+ 75 o) - FOm)PIf(rmse) -~ F(s)]* dev.

The integral on the right hand side counts the number N3 of integral solutions
of the system (2.4) with 1 < z; < P for each j # R+ 1 and [, but with
Zp1y = 0. Thus N3 = I(P; Ds), where Dj is the matrix obtained from D by
deleting its (R + 1)-st column. Note that deleting a column from a matrix, all
of whose square minors are non-singular, does not change the latter property.
Hence Ds is an auxiliary matrix of type (n,r,t) having R rows. It therefore
follows from the inductive hypothesis that

I(B,) < P**1y(P; Ds) < P¥re(p?h-2te), (2.20)

As indicated earlier, a symmetrical argument shows that I(8;) is bounded in
the same manner for 2 < j < t.

We finish by estimating I(B,). Note that whenever av € By, then ypy; €
M+ Z for 1 < j <t. We put

S(a’) = f | (vesr) - FOR)PIf (Yraesr) - -+ f () [* d(aus, - - ar),

and apply the trivial estimate |f(7y;)] < P (1 < j <t). Then one finds that

1(By) < P* /% i) - FOmenl '8 () dar (2.21)
0

Observe that by orthogonality, and an argument paralleling that in the discus-
sion following (2.17), one has &(a*) < &(0). Also, one sees that &(0) counts
the number of integral solutions of the system (2.4) for t + 1 < i < R, with
I<zy<Plort+1<j< Rand R+t+1<j <S5, and with the remaining
variables 0. Thus &(0) = [;(P; Ds), where Dg is the matrix obtained from D
by deleting its first ¢t rows and columns j with 1 < j <tand R+1 < j < R+t.
Hence Dg is an auxiliary matrix of type (n — 1,r,r — 1); having R — ¢ rows.
It therefore follows from the inductive hypothesis that &(0) < P3(R-t)+1+e,
By substituting this estimate into (2.21) and making an appropriate change of
variables justified by the non-singularity of the matrix By, it follows that

1) < P*(0) [ 17(61)- (6] d6.
mt
An application of (2.14) therefore yields

[(By) < P3l-ttite(plieyt o p3litlt(ttl)e

In combination with (2.20), and its generalisations estimating I(8;) for 2 <
J < t, we conclude from (2.19) that I;(P; D) < P3%F*¢. This confirms the
inductive hypothesis for D when w = 1, completing the proof of the lemma. [J
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By a modification of the argument of the proof of Lemma 2.1, one may
handle also the case r = 2. However, we are able to establish all of the
conclusions recorded in the introduction without appealing to this special case.

3. COMPLIFICATION

We now employ a recursive complification argument, in which, at each step,
mean values associated with R equations are estimated in terms of a mean
value associated with 2R — 1 equations. In this way, we are able to apply
the estimates supplied by Lemma 2.1 to obtain powerful estimates for suitable
mixed moments of order 2R of generating functions associated with sums of
three cubes. We begin with a lemma concerning highly non-singular matrices.

Lemma 3.1. Let A = (A, As) be a block matriz in which Ay and Ay are each
of format r x r. Then A is highly non-singular if and only if A1 and Ay are
non-singular, and all square minors of Ay' Ay are non-singular.

Proof. The non-singularity condition on A; and A, is immediate from the def-
inition of what it means to be highly non-singular. Thus, by applying elemen-
tary row operations, it suffices to consider the situation with A = (I, A]*A).
The matrix A is highly non-singular if and only if all collections of r of its
columns are linearly independent. Given any [ x [ minor M of A;'Aj, inhabit-
ing the columns vy, ..., vy, say, one can select a complementary set of columns
€i,...,e,_; from I, in such a manner that
det(M) = :I:det(vl, ..., V,,€eq,... ,er,l).

Then all collections of r of the columns of A are linearly independent if and
only if det(M) # 0 for all square minors M of A;'A,, as claimed. OJ

We next prepare the cast of generating functions needed to describe the
complification process. With the needs of §5 in mind, we proceed in slightly
greater generality than demanded by the proofs of Theorems 1.1 and 1.2. Let
o €10,1). When 2 < Z < P, we put

A(P,Z)={n € [1,P|NZ: p prime and p|n = p < Z},
and introduce the exponential sums
fola) = Z e(ax®) and g(a)= Z e(az®). (3.1)
oP<z<P oP<z<P
z€A(P,PM)
We then take ¢ (o) = fo(a)? and ¢o(a) = g(a)?, and write
F(a) = fol@)di(a) and Pi(a) = fo(a)’di(a) (1=1,2). (3.2)
Finally, for the sake of convenience, we put

v =3 and 1y =3¢ = (V2833 —43)/41. (3.3)
Lemma 3.2. When n > 0 is sufficiently small, one has

1
/ F(a)Pda < PPt (1=1,2).
0
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Proof. When [ = 1, this is an immediate consequence of Hua’s lemma (see
[17, Lemma 2.5]) in combination with Schwarz’s inequality. When [ = 2,
meanwhile, this follows from [20, Theorem 1.2] by considering the underlying
Diophantine equations. 0

Next, let n and r be non-negative integers with r > 2, and write R = n(r—1).
Let A = (\;;) be an integral (R+1) x (2R +2) matrix, write A; for the column

vector (A ;)i<i<ri1, and define A?‘ to be the column vector (Apyo—ij)i<i<rt1
in which the entries of A; are flipped upside-down. Also, let

R+1
Bila) = Njai (0<j<2R+1). (3.4)
=1

We say that the matrix A is adjuvant of type (n,r) when the column vectors
Ao, AL, -, Ag and Agio, Agyis, ..., A2gy1, respectively, may be permuted to
form matrices AT and BT having the property that the block matrix (AT, BT)
is auxiliary of type (n — 1,7,7)o, and also the same property holds for the
respective column vectors )‘3%+17 )\3{, e ,/\? and )\;RH, )\;R, cee )‘%’%+2' We also
adopt the convention that

b b
o0(8) = @(8) and @U(8) =[] @u(5)).
Jj=a j=a
We then introduce the mean value

J(P;A) = ]f |E1 (o) (B) Fi(Bri1) @ W, 5 0501 (B)] dex. (3.5)

Finally, we fix n > 0 to be sufficiently small in the context of Lemma 3.2.

Lemma 3.3. Suppose that A is an integral adjuvant matriz of type (n,r).
Then there ezists an integral adjuvant matriz A* of type (2n,r) for which

Ji(P; A) < (PP )20 (P A2 (1=1,2),

Proof. We fix | € {1,2}, and for the sake of concision suppress mention of [
in our notation. Define the linear forms f; as in (3.4). Since the matrix A
is adjuvant, one may suppose that Sry1 = Ary1,rr10r+1 With Agy1 gy # 0.
Define

2

T(P;\) = /01 <7{ |F'(B0) @1 r(B)Pri22r11(8)] daR) dagy1,

where ag denotes («g,...,ag). Then Schwarz’s inequality conveys us from
(3.5) to the bound

J(P;A) < (/01 |F(BR+1)|2dOéR+1)1/2T(P;A)1/2- (3.6)
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Define g} = 5;(6‘2R+1) by

Biloa, ... ,ape1), when 0 < j < R,
g = Bar+1—j(Q2ptt, ..., apy1), when R+1<j <2R+1,
J Bi—r(0i,...,ars1), when 2R +2 < j <3R+1,
Bsr+s—j(CoRt1, .., Qpt1), when 3R+2<j<4R+ 1.

Then, by expanding the square inside the outermost integration, we see that

T(P;A) = 74 F(B) 1 2n(B°) F (Binst) Barsnanes (8] Ao,

The integral (2R + 1) x (4R + 2) matrix A* = (A};) defining the linear forms
Bs, ..., Bipy is adjuvant of type (2n, 7).

Write A* in block form (A*, B*) with A* and B* having 2R + 2 and 2R
columns, respectively. It may be illuminating to note that one may permute
the columns of the matrix B* to form a linked block matrix (B*)" built from
two blocks, with upper left hand block B and lower right hand block B’, in
which B® denotes the matrix B rotated through 180°. Likewise, one sees that
the columns of the matrix A* may be permuted to form a linked block matrix
(A")T built in similar manner, but with upper left hand block A;, where A,
denotes the matrix A with final column deleted, and with lower right hand
block A%, in the sense described.

Thus we conclude that T'(P;A) = J(P;A*). The conclusion of the lemma
therefore follows from (3.6), since Lemma 3.2 supplies the estimate

1
| 1F G dann < P
0
L]

Consider an r x 2r integral matrix C' = (¢;;), write c; for the column vector
(cij)i<i<r, and put

Also, write

Ki(PiC) = f 1RG0 il da (1=1,2) (3.7)
We divide the proof of the next theorem according to whether » > 3 or r = 2.

Theorem 3.4. Suppose that r > 2, and that the r x 2r integral matriz C is
highly non-singular. Then Kl(P, C) <« p3rtvte (1 =1,2).

Proof when r > 3. We again suppress mention of [ in our notation within this
proof. We begin by applying Schwarz’s inequality to K (P; ('), showing that

K(P;C) < KW(P,C)Y?K@(P; )2, (3.8)
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where

KOPiC) = § P00, ANFGr1)60n) @12 de
and
KO(PiC) = § IF(0)r112(1)F ()00 -1)200)B1,-2(7)] dex
The coefficient matrix associated with the linear forms

Yo, Vr41s - -5 V2r—25 Vr—15 V2r—1 Vry V15 - - -5 Vr—2
is obtained by permuting the columns of C, and hence is highly non-singular.
We may therefore confine our attention to K (P;C).

Write C'in block form (A, B), where both A and B are r xr integral matrices,
noting that the highly non-singular property of C' ensures that both A and B
are non-singular. Note also that Lemma 3.1 shows that every square minor of
A7!B is non-singular. It is convenient to put

7(1) = (70) s 7’77“—1)T and 7(2) = (%“7 - aIVQT—l)T‘

We then have
AV = AT and ~® = BTa.
Let A = |det A|. We substitute 8 = A™* ATy, so that
YV'=A0 and +?® =A(A'B)T,

and then define the linear forms 3;(6y,...,6,) € Z[@] by means of the rela-
tion B = A(A71B)T, in which B = (By41,...,52). Since the underlying
exponential sums are periodic with period 1, we may apply the transformation
formula to conclude that

KW(P;C) = 7{ |F(A01) o1 (AO)F(AG,)D(Bri1)®ri22,(B)] 6.

The matrix of coefficients of the linear forms defining this mean value, namely

Ael? sy Aeraﬂ'r’—&-l(e)a s )/821’(0)7

is given by (AI.,A(A7'B)T), which, in view of Lemma 3.1, is highly non-
singular. In particular, all the square minors of A(A™'B)T are non-singular.
Define

2

1(2:0) = [ (f 1F0)0,, (3010061211290 48, ) a0,

Then by Schwarz’s inequality, one finds that
1 1/2
KWO(P;C) < ( | ir@op der) (P, )2 (3.9)
0
By expanding the square in the definition of T'(P;C), we see that

T(P.C) = 74 F(B)r2p (B )P (5 1) ®Bapar—s(8")| Aoy 1.
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where 7 = (5(0) is defined by
j j

'AGjH, when 0 < j<2r—3and j#r—1,
Bri1(61,...,0,), when j =r —1,
. ) Brsi(Oor—a,. .. 0,), when j = 2r — 2,
b7 =9 Aby,_1, when j =2r — 1,
Bi—ri2(br,...,0.), when 2r < 7 < 3r — 2,
Bsr—1-j(O2r—1,...,0;), when 3r —1<j <4r—3.

It is apparent that the matrix of coefficients C" of the linear forms

5o(0), ..., By, 5(0)

is an integral adjuvant matrix of type (2,7). Thus, in the notation introduced
in (3.5), we see that T'(P; C') = J(P; C"). By virtue of the conclusion of Lemma
3.2, we therefore infer from (3.8) and (3.9) that there exist integral adjuvant
matrices C") and O® of type (2,r) for which

K(P; O) < (P3+V+E)1/2J(P; C(l))1/4J(P; 0(2))1/4
< (P3+u+s)1/2 HEEIDQC J(P; C(L))l/Z_ (3_10)

By symmetry, there is no loss of generality in supposing that the maximum on
the right hand side occurs with ¢ = 1.

We put B; = CM, and show by induction that for each natural number m,
there exists an integral adjuvant matrix B,, of type (2, r) for which

K(P;C) < (P¥ )" J(P; B,,)* . (3.11)

This bound holds when m = 1 as a trivial consequence of (3.10). Suppose then
that the estimate (3.11) holds for 1 < m < M. By applying Lemma 3.3, we
see that there exists an integral adjuvant matrix By, of type (2M*1 1) with

J(P; Byr) < (PP TV (P Baygr)'.

Substituting this estimate into the case m = M of (3.11), one confirms that the
bound (3.11) holds with m = M + 1. The bound (3.11) consequently follows
for all m by induction.

We now apply the bound just established. Let ¢ be any small positive
number, and choose m large enough that 2'="(2—v) < §. We have shown that
an integral adjuvant matrix B,, = (b;;) of type (2, r) exists for which (3.11)
holds. The matrix B,, is of format (R+1) X (2R+2), where R = 2™(r—1). In
view of (3.5), together with the trivial estimates |f(a)| < P and |g(a)| < P,
we find that

J(P: B,) < P' f b0 1(B)®rszonn (B)] dav

The matrix of coefficients associated with a suitable permutation of the linear
forms

50(0)7 ﬁl(a), e 7BR(0‘)7 5R+2(Ot), e ,ﬁ2R+1(a)a
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is auxiliary of type (2™ — 1,r,r)o. By orthogonality, a consideration of the
underlying Diophantine equations shows that J(P; B,,) < P*Iy(P; B,,), and
hence we deduce from Lemma 2.1 that

J(P; B,,) < P* (PAETD=2e) = p3@Tr=l)+ite,
By substituting the estimate just obtained into (3.11), we conclude that

K(P;C) < (P3+u+e)1—2’m (P3(2m(r71))+5+s)2_
— P37‘+V+(2—V)27m+8'

In view of our assumed upper bound 2'"™(2 — v) < 4, one therefore finds
that for each ¢ > 0, one has K(P;C) < P3+v+%/2+¢' The conclusion of the
theorem follows on taking § = ¢ and &’ = %5. OJ

Proof when r = 2. An application of the elementary inequality |21 ---2,| <
|21 |™ 4+ ... 4 |z, |" yields

F(y)--Filw) < Y |Fle)Fw)EGe) 7,

0<a<b<e<L3

and hence there exist integers a, b and ¢ with 0 < a < b < ¢ < 3 for which
Ki(PiC) < § RGO FGI da (312)

It is convenient to define
O(PiC) = fIhGh(w()] dax
with h taken to be either fy or g. It is immediate from [12, Theorem 1.8] that
Q,(P; C) <« PoHEra—l)/ate, (3.13)

The argument of the proof of the latter theorem also readily yields the estimate
Qy, (P; C) < PS"1*e In order to see this, one observes that the bound

1
/ fo(a)® da < PH,
0

stemming from Hua’s lemma (see [17, Lemma 2.5]), can be substituted for the
bound

/ |f0 ‘dOé < P3+V2+8

underlying the proof of [12, Theorem 1.8]. In this way, one finds as in [12,
equation (4.10)] that

Q4 (P;C) < P/4+3n/2e _ phtuite
In the above notation, when | = 1, we now infer from the bound (3.12) that
K, (P;C) < Q4 (P; C) < Porte,
Also, applying Hoélder’s inequality to (3.12), we obtain via (3.13) the estimate
Ky(P;C) < Qp (P;C)V3Q,(P; C)*? <« PStvate
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1 +2 6y — 1
v+ = = Is.
3t "3 4 2

This completes the proof of Theorem 3.4 in the case r = 2. O

on observing that

4. CORRELATION ESTIMATES

We apply Theorem 3.4 in this section to provide estimates for the correlation
sums =;,(N; A; h). By reference to (1.1) and (1.2), we see that when A € Z™2"
is a highly non-singular matrix, and h; € NU {0}, then Z,,,(N; A;h) counts
the number of integral solutions of the system

X, = Aj(n) (1<) <2), (4.1)

with n € P(N), in which X; = 2347+ 23 — h; and z;,5;, z; € N, and none of
the prime divisors of y;z; exceed (X; + h;)"3. Since X; + h; is no larger than
C'N, for a suitable positive constant C' depending at most on the coefficients
of the A;, one sees that z;,y;, 2; are each bounded above by P = (C'N)/3.

The system (4.1) may be written in the shape ATn = X. It is convenient
to consider a block matrix decomposition of A, say A = (A1, A2) with A; and
Ay each r x r matrices, and also to write

_ (X
x= (%)

with X; and X5 each r-dimensional column vectors. Thus X; = AZ»Tn for
1 =1,2. Since A is highly non-singular, the matrices A; and Ay are necessarily
invertible, and we deduce that

(ATHTX1 =n = (4;1)"X,.
Thus we find that B’X = 0, where
B' = (A", =(4;,1)7).
By applying Lemma 3.1, one sees that the matrix B’ is highly non-singular if
and only if (4717 and (A;")7 are non-singular, and all the square minors of
AT(ATHT = (A;'A))T are non-singular. The non-singularity of (A;)” and
(A;H7T is immediate from that of A; and A,. Likewise, the non-singularity of
the square minors of (A5 'A;)7 is equivalent to the non-singularity of the square
minors of A, A;, which is a consequence of the highly non-singular nature of
the block matrix (As, A;), again by Lemma 3.1. We hence conclude that B’
is highly non-singular. Finally, we take A to be the least natural number with
the property that AB’ has integral entries, and define the matrix B = (b;;) by
putting B = \B'.
At this point, we have established that =5, ,(N; A;h) is bounded above by
the number of solutions of the system of equations
2r
Zbij(x? +y}3 + z?) =H; (1<i<r),

j=1
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with 1 < z; < P and y;, z; € A(P, P") (1 < j < 2r), in which

2r
H; =) " bijh;.
j=1
Define
B = Zbijai (I<j<2r).
i=1

Making use of the notation (3.2) with ¢ taken implicitly to be 0, it therefore
follows from orthogonality that

Zory(N; Ash) < %Fl(ﬁﬁ BBy )e(—a-H)da (1=1,2).

We note here that one should view 7 as being 1 in the case [ = 1, and when
[ = 2 view n as being a positive number sufficiently small in terms of ¢.
An application of the triangle inequality in conjunction with Theorem 3.4
consequently reveals that Zs,.,(N; A;h) <« P¥**e (] = 1,2). Theorems 1.1
and 1.2 follow by reference to (3.3), since one has P = O(N'/3).

5. SYSTEMS OF LINEAR EQUATIONS

We turn now to the proof of Theorem 1.3. Let C' = (¢;;) denote an integral
r X s highly non-singular matrix with » > 2 and s > 2r + 1. We define

V(o) = Zcijai (1<j<s).
i=1

Let N be a large positive number, and put P = %Nl/?’. Let 1 be a positive
number sufficiently small in the context of Lemma 3.2, and let ¢ be a positive
number sufficiently small in terms of C' and 7. Recalling (3.1), we put f(a) =
fo(a) and g(o) = g(«), and for the sake of concision write g; = g(v;(a)) and
f; = f(vj(c)). When B C [0,1)" is measurable, we then define

NPw) = [ gt de.
j=1

By orthogonality, it follows from this definition that N'(P;[0,1)") counts the
number of integral solutions of the system
Zcij(fU?vLy?Jer):O (1<i<r), (5.1)
j=1
with 0P < x;,y;,2; < P and y;,z; € A(P,P") (1 < j < s). Hence we find
that N (P;[0,1)") counts the solutions of the system (1.6) with each solution
n counted with weight p,(ni; P) - - p,(ns; P), in which p,(n; P) denotes the
number of integral solutions of the equation n = 23 + ¢ + 23, with oP <
z,y,z < Pandy,z € AP, P7). We aim to show that N'(P;[0,1)") > (P3)5".
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In pursuit of the above objective, we apply the Hardy-Littlewood method.
Write L = loglog P, denote by 91 the union of the intervals

N(q,a) = {a €[0,1) : |ga — a] < LP?},

with0 < a < ¢ < Land (a,q) =1, and put n = [0, 1)\91. Finally, we introduce
a multi-dimensional set of arcs. Let Q = L' and define the narrow set of
major arcs B to be the union of the boxes

P(g,2) = {a € [0,1) : o — ai/al < QP (1 <i < 1)},
with0<a; <¢<Q (1<i<r)and (ay,...,a.q) =1
Lemma 5.1. One has N (P;) > P33,

Proof. We begin by defining the auxiliary functions
q

Sa) = clar'fa) and w(5) = [ e(377)d.

r=1 oP

For 1 < j <s, put Sj(q,a) = S(q,7v;(a)) and v;(8) = v(v;(B)), and define

Alg) =3 D a "] S(@a) and V() =][wB) (2

a1=1 ar=1
(g,a1,--s ar)=1

Finally, write B(X) for [-X P32, X P~3|"  and define
00 = [ vigas ad e(x) = Y Al
B(X) 1<q<X
We prove first that there exists a positive constant C with the property that
N(P;P) - C6(Q)I(Q) < P¥~F L~ (5.3)

It follows from [18, Lemma 8.5] (see also [16, Lemma 5.4]) that there exists a
positive constant ¢ = ¢(n) such that whenever a € B(q,a) C B, then

g(7(e)) — cqg'S;(q, a)v;(a — a/q) < P(log P)~Y2,
Under the same constraints on a, one finds from [17, Theorem 4.1] that
f(vi(@)) — 47" Sj(g, a)v;(ex — a/q) < log P.
Thus, whenever a € B(q,a) C B, one has

H fjg? — g H Si(q,a)%v;(a — a/q)® < P*(log P)~'/2,
j=1 j=1

The measure of the major arcs P is O(Q* 1 P~3"), so that on integrating over
B, we confirm the relation (5.3) with C = ¢*.

We next discuss the singular integral J(Q). By applying an argument par-
alleling that of [6] leading to equation (4.4) of that paper, one finds that

J(Q) > P*7. (5.4)
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Here, we make use of the hypothesis that the system (1.6) has a solution
n € (0,00)*, and hence also one with n € (0,1)°. Thus, on taking o sufficiently
small, we ensure that a non-singular solution n of (1.6) exists with n € (20, 1)*.
We turn now to the singular series &(@Q). It follows from [17, Theorem 4.2]
that whenever (¢,a) = 1, one has S(q,a) < ¢*?. Given a summand a in the
formula for A(g) provided in (5.2), write h; = (¢,7;(a)). Then we find that

q q
A(q) < q*sz... Zhl"'hs-

a1=1 ar=1
(g,a1,....ar)=1

By hypothesis, we have s > 2r + 1. The proof of [7, Lemma 23] is therefore
easily modified to show that

A(Q) < Z o Zq“s(ul .. -ur)s/’"*l < qrfs+(sfr)(1—1/r)+5.

u1lg urlq
(u1,esur) <1

Thus, the series G = lim &(X) is absolutely convergent and

X—o00
6-6(Q) <> ¢V« Qe « .
>Q

We observe in the next step that the system (5.1) has a non-singular p-adic
solution. For on taking (z;,y;, z;) = (1, —1,0) for each j, we solve (5.1) with
the Jacobian determinant

det(3cij27 ) 1< j<r = 3" det(cij)1<ijar

non-zero, since the first r columns of C' are linearly independent. A modi-
fication of the proof of [7, Lemma 31] therefore shows that & > 0, whence
S(Q) = & + O(L™1) > 0. The proof of the lemma is completed by recalling
(5.4) and substituting into (5.3) to obtain the lower bound

N(P, g/p) > P3573T + O(P33737“L71).
(]

Recall the definition of the major arcs M(¢,a) and their union M from
(2.13). In order to prune a wide set of major arcs down to the narrow set P
just considered, we introduce the auxiliary sets of arcs

M, ={ae0,1) :v(a) € M+ Z},

and we put ¥ = My N ...NM,. In addition, we define m; = [0,1)" \ IM;
(1 <j<s),and write v =[0,1)"\ Y. Thus v Cmy U...Um,. We begin with
an auxiliary lemma.

Lemma 5.2. Let § be a fized positive number. Then one has

/ 7(0)g(0)?>+° df < P¥3
m
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and

| li)a2p an < proL
M\N

Proof. On applying a special case of [5, Lemma 9], we obtain the bound

[ OFla@)P s < P
m

and so the first conclusion follows on making use of a trivial estimate for g(0).
For the second inequality, one observes that the methods of [17, Chapter 4]
show that
sup [§(6)] < PL™Y?.
aEM\MN
Thus, on making use also of a trivial estimate for g(#), one obtains in like
manner the bound

| 1i@a0rPo s < (PLEPRP | jio) 1o g(6) a0
M\N M\N

< (PL_1/3)5/2P3+55/2.
This completes the proof of the lemma. O
Lemma 5.3. One has N (P; 0\ P) < P*~3 (log L)~*

Proof. Let o € U \ B, and suppose temporarily that ~,, € 9N+ Z for r
distinct indices j,, € [1,s]. For each m there is a natural number ¢, < L
having the property that ||gn7;,. || < LP~®. With ¢ =¢; - - - ¢, one has ¢ < L”
and ||qv;,. || < L"P~3. Next eliminating between v;,, .. .,7;, in order to isolate
ai,...,q., one finds that there is a positive integer x, depending at most on
(cij), such that ||kqay]| < L™P73 (1 <1 < r). Since kg < L™, it follows
that a € B, yielding a contradiction to our hypothesis that a € U\ B. Thus
() € n+7Z for at least s —r > r+ 1 of the suffices v with 1 < v < s. Let H
denote the set of all r element subsets of {1,2,...,s}, and put H = card(H).
Then by Holder’s inequality, we find that

N@P;B\P) < [] 1), (5.5)

vEH

o= [ TI06 e
T\ -
When v € H, one finds by a change of variable that
v < [ TLIE)a01" .
T j:l

so that Lemma 5.2 shows that I(v) < P373". Further, since there exists some
v € H such that v, (a) € n+Z for 1 < j < r, one finds for this subset that

where
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one has the bound
/ HH: /Bj 6] ’s/'r d/B < P3s 3TL—1/6
(MO)”

Thus we conclude from (5.5) that
N(P7 D \ ;B> < P3373TL71/(6H)>
and the conclusion of the lemma follows. O

Our final task in the application of the Hardy-Littlewood method is the
analysis of the minor arcs v.

Lemma 5.4. There is a positive number § such that N'(P;0) < P339,

Proof. Since v C myU...Umy, the conclusion of the lemma follows by showing
that N'(P;m;) < P33 for 1 < j < s. By symmetry, moreover, we may
restrict attention to the case j = s. Suppose then that vs(a) € m+Z7Z. Observe
that the matrix C' is highly non-singular, and thus the matrix C’, in which the
final s — 2r columns of C are deleted, is also highly non-singular. Then it
follows from (3.7) and Theorem 3.4 that

2r
F Il da < PP
j=1

Observe that by Weyl’s inequality (see [15, Lemma 1]), one has

sup  [f(ys(e@))| < PP,
¥s () Em+Z

Hence, by employing trivial estimates for f; and g; as necessary, one obtains
the bound

2r
Npimg <o (s i) § Il de
¥s (o) Em+Z =1

< P38—37‘+l/2 —1/4+¢

From (3.3), we have 15 < 1/4, and so the conclusion of the lemma now follows.
0J

By combining the conclusions of Lemmata 5.1, 5.3 and 5.4, we conclude that
N(P) = N(P;B) + N(P; T\ P) + N (P;0) > P75 (5.6)

Our final task is to remove the multiplicity of representations implicit in the
definition of p,(n; P). Note that p,(n; P) < p,(n) for each n € N. It is useful
to introduce the set

So(N)={1<n<N:p,y(n)> Ne}.
Lemma 5.5. One has

Z pn(n) < NIFE—O+e

’VLESQ(N)
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Proof. In view of (1.5), one has

D o) SN Y L py(n) < N0,
neSp(N) neSy(N)

and the conclusion of the lemma follows. O

Let § be a positive number, and consider the number Y; of solutions of the
system (5.1) in which one has p, (23 4+ y? + 27) > N**° for some index j with
1 < j < s. Without loss of generality, one may assume that j = s. Then by
orthogonality, one has

n< >y pn(n)f(sﬂi fj9?>e(ms(a))da-

n€Saey5(N)

By the triangle inequality, Theorem 3.4 and Lemma 5.5, we thus deduce that

Y, < NS-T—1HE+e Z pn(n)
n€Sze15(N)
< Ns—r+2§—(2§+5)+25 < NS_T_(S/Q.

Let Y, denote the contribution to N (P) arising from those solutions of (5.1)
in which p, (2% + 3% + 27) < N**° for all j. Then it follows from (5.6) that

Yb > NS +O(Ns—r—6/2) > NS

Since Yy counts solutions n of (1.6), with each solution counted with weight at
most p,(n1) - py(ns) < (N¥9) we conclude that T(N) > N*7"(N2+9)=s,
As ¢ may be chosen arbitrarily small, though positive, this completes the proof
of Theorem 1.3.
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