WARING’S PROBLEM IN FUNCTION FIELDS

Yu-Ru Liu! AND TREVOR D. WOOLEY?

ABSTRACT. Let Fy[t] denote the ring of polynomials over the finite field Fy of characteristic
p, and write J]’; [t] for the additive closure of the set of kth powers of polynomials in Fglt].

Define G4 (k) to be the least integer s satisfying the property that every polynomial in J’; [t] of
sufficiently large degree admits a strict representation as a sum of s kth powers. We employ
a version of the Hardy-Littlewood method involving the use of smooth polynomials in order
to establish a bound of the shape G4(k) < Cklogk 4+ O(kloglogk). Here, the coefficient C
is equal to 1 when k < p, and C is given explicitly in terms of k£ and p when k > p, but in
any case satisfies C' < 4/3. There are associated conclusions for the solubility of diagonal
equations over Fg[t], and for exceptional set estimates in Waring’s problem.

1. Introduction. A striking theme in arithmetic concerns the remarkable similarity
between the ring of rational integers Z on the one hand, and the polynomial rings in
a single variable F,[t], defined over the finite fields F, having ¢ elements, on the other.
The analogy between Z and F,[t] is but one in a family that in general relates number
fields to function fields. In at least one respect it is surprising that these rings should
resemble one another so faithfully, for whereas the characteristic of Z is zero, that of
IF,[t] is equal to the characteristic of I, a positive (prime) number that we denote by
ch(F,). A significant desideratum in translating conclusions from Z to Fy[t], therefore, is
the derivation of results uniform in the characteristic. In this paper we investigate the
analogue of Waring’s problem over I, [¢], our aim being to establish conclusions that are
relatively robust to changes in the characteristic of F,. We concentrate, in particular,
on methods having the potential to impact questions that concern the density of rational
points on algebraic varieties in function fields, a topic to which we intend to return on a
future occasion.

Some preparation is required before we can announce our principal conclusions. Let k
be an integer with £ > 2, let s € N, and consider a polynomial m in F,[t]. We seek to
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determine the circumstances in which m admits a representation

(1.1) m=ax¥+ab .. 4k
with z; € F,[t] (1 < i < s). It is possible that a representation of the shape (1.1) is
obstructed for every natural number s. For example, if the characteristic p of F, divides

k, then zf + ... + 2F = (x’f/p + -+ xlg/p)p, and thus m necessarily fails to admit a
representation of the shape (1.1) whenever m ¢ F,[t?], no matter how large s may be. In
order to accomodate this and other intrinsic obstructions, we define J ’; [t] to be the additive
closure of the set of kth powers of polynomials in [F,[t], and we restrict attention to those
m lying in the subring J%[t] of F,[t]. It is convenient also to define J% to be the additive
closure of the set of kth powers of elements of IF,.

As is the case for the rational integers Z, two variants of Waring’s problem over Ft]
demand attention. In the first (unrestricted) variant, one seeks to establish the existence
of a number sy with the property that, whenever m € J ’; [t] and s > s, then the equation
(1.1) is soluble with z; € Fy[t] (1 < i < s). Should such a number s( exist, we define
vq(k) to be the least permissible choice for sg. The problem of establishing the existence
of vy(k) was addressed first by Paley [17] in 1933. A feature of Paley’s approach to this
problem, in common with the strategies of subsequent authors, is that a representation
is sought first for the polynomial ¢, and from this representation all others follow by
substitution. In order to achieve success with such a strategy, one must clearly engineer
extensive cancellation amongst monomials t" of large degree, and indeed the degree of the
kth powers of polynomials z¥ utilised in such a representation (1.1) must usually be at
least k times as large as the degree of the polynomial to be represented. This unrestricted
variant therefore resembles not the classical version of Waring’s problem, but rather the
“easier” Waring problem in which the kth powers of integers z* are replaced by +z* (see
[11, §21.7], for example). Methods currently employed in the analysis of the unrestricted
variant of Waring’s problem over F[t] are apparently of little use in the investigation of
the density of rational points on algebraic varieties. Thus, although we will have more to
say about this unrestricted problem elsewhere, our focus in this paper is on the analogous
restricted variant of Waring’s problem.

Further discussion requires a formal definition. When m € F,[t|, write ord m for the
degree of m. We say that m is an exceptional element of J’; [t] when its leading coefficient
lies in I, \J'g, and in addition k£ divides ord m. The strongest constraint on the degrees
of the variables that might still permit the existence of a representation of the shape (1.1)
is plainly ord x; < [(ord m)/k| (1 < i < s). When ch(F,) < k, however, it is possible
that J’; is not equal to [Fy, and then the leading coefficient of m need not be an element
of J’q“. If k£ divides ord m, so that m is an exceptional polynomial, such circumstances
obstruct the existence of a representation (1.1) of m with the variables x; satisfying the
above constraint on their degrees'. Motivated by these observations, given k¥ € N with

1We are grateful to an individual involved in the refereeing process for raising this issue. By applying

familiar estimates of Weil, one may show that such exceptional polynomials are absent whenever q >
(k —1)2.
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k > 2, we define P = P,(m) by setting P = [(ord m)/k]| when m is not exceptional, and
when m is exceptional we define P = (ord m)/k+ 1. Notice, in particular, that when m is
not exceptional, then P is the unique integer satisfying k(P — 1) < ord m < kP. We say
that m admits a strict representation as a sum of s kth powers when for some z; € F[t]
with ord z; < Pi(m) (1 < i < s), the equation (1.1) is satisfied. We now introduce an
analogue for this strict polynomial Waring problem of the function G(k) familiar from the
classical theory. When k and ¢ are natural numbers exceeding 1, define G, (k) to be the
least integer s; satisfying the property that, whenever s > s; and m € J’; [t] has degree
sufficiently large in terms of k, s and ¢, then m admits a strict representation of the shape
(1.1). The primary goal of this paper is the proof of the uniform upper bound for G, (k)
provided in Theorem 1.1 below.

Before describing this theorem, we introduce some additional notation. First, to each
exponent k and finite field F, we associate an integer v = ~v,(k) defined in terms of
p = ch(FF,) as follows. We write k in base p, say k = ap + a1p + --- + a,p", where
0<a; <p—1(0<i<n), and then put v,(k) = ap+a1 +---+a,. It is apparent that for
each ¢ and k one has ~,(k) < k, and also that when k£ > 2 and ch(FF,) 1 k, then ~,(k) > 2.
In addition, we define A = A,(k) by putting

1, when ch(F,) > k,

(1.2) Aq(k) = { (1 —277%®)) =1 when ch(F,) < k.

Finally, when z is a positive real number, we write Logx for max{1,logx}, and put

(1.3) @q(k) = Ak(Logk + LogLogk + 2 4+ ALog Log k/Log k).

Theorem 1.1. There is a positive absolute constant C7 with the property that whenever
k and q are natural numbers with ch(Fy) 1 k, then

Gq(k) < (A?q(k:) + C1k+/Log Log k /Log k.

Meanwhile, when ch(Fy)|k, one has G4(k) = G4(k/ch(F,)).

Some comments are in order concerning the general features of the bound for G, (k)
provided by Theorem 1.1. First, when ch(F,) { k£, the lower bound ~,(k) > 2 ensures that
the coefficient A appearing in (1.3) satisfies 1 < A < 4/3. When ch(F,)|k, meanwhile,
it follows from Theorem 1.1 that G4(k) = G4(ko), where kg is the largest divisor of k
coprime to ¢. But the first conclusion of Theorem 1.1 may be used to bound G (ko), and
thus one obtains a bound of the same shape, but quantitatively stronger. Finally, when
v,(k) > 3 LogLogk, one has |A,(k) — 1] < 1/(Logk)?. In these circumstances one may
replace A by 1 in the upper bound provided by Theorem 1.1 at the cost of increasing the
absolute constant C}.

Almost all work concerning G,(k) hitherto has been restricted to those situations
wherein ch(F,) > k. Under this condition, Kubota [13,14] applied a variant of the Hardy-
Littlewood (circle) method involving analogues of Weyl’s inequality and Hua’s lemma in
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order to establish that G, (k) < 2% 4+ 1. By making use of a modification of Vinogradov’s
mean value theorem, Car [1,2] obtained the upper bound G, (k) < 2k(k —1)log2+ 2k + 3,
superior for large k, subject to the same constraint ch(F,) > k. In the former work, the use
of Weyl differencing on certain generating functions involving kth powers of polynomials
produces factors of k! within the arguments of the resulting exponential sums. Since these
factors are zero when ch(F,) < k, such methods are ineffective in providing non-trivial
estimates for the generating functions essential to the application of the circle method.
The work of Car [1,2] involving Vinogradov’s mean value theorem, on the other hand,
demands that the polynomials x{ 4o+ xi be independent for 1 < j < k, and such fails
when ch(F,) < k. Again, therefore, one encounters a formidable barrier to the extension
of these methods to small characteristic. Both the independent work of Matthews [16]
(unpublished) and of Webb [26] is subject to the same limitations.

Aside from the improvement in the quality of the estimate provided by Theorem 1.1
over those available hitherto, a notable feature of our work is its relative robustness to
changes in the characteristic of the ambient field F,. We surmount the barriers that
previously obstructed viable conclusions for ch(F,) < k by applying the large sieve to
obtain a substitute for Weyl’s inequality, thereby avoiding the problematic use of Weyl
differencing. Such an approach requires the availability of suitable mean value estimates
for auxiliary exponential sums. Here we avoid barriers and complications arising from
Vinogradov’s methods and diminishing range arguments, adapting the theory of smooth
Weyl sums to the function field setting through the introduction of exponential sums over
smooth polynomials. It is in this step that the iterative methods of Vaughan [22] and
the second author [27] play an important role, and that the parameter 7,(k) enters the
scene. Repeated efficient differencing analogous to that introduced in [27] inherits some
of the features of Weyl differencing, and so the number of efficient differences that may be
usefully extracted is limited in a manner determined by the divisibility of various binomial
coefficients by ch(F,).

Earlier authors have bounded G, (k) in special situations with ch(F,) < k. Cherly [7]
and Car and Cherly [5] have addressed cases wherein k = 3 and ¢ is a power of 2, applying
methods based on the use of Poisson summation to establish that Gan (3) < 11. The latter
conclusion has recently been refined by Gallardo [9], and by Car and Gallardo [6], using
quite different methods, so that the upper bound 11 can now be replaced by 7 for h > 4,
by 8 for h = 4, and by 10 when 1 < h < 3. Kubota [14, Theorem 37], meanwhile, made use
of diminishing ranges to obtain an upper bound for G, (k) not far short of 6k log k + O(k).
Here we note that Kubota imposes the restriction k|Py(m) for the polynomials m that
are to be represented, and we remark also that his exposition contains some (potentially
fixable) errors.

The local solubility conditions associated with the representation problem (1.1) are
somewhat more complicated than is the case for the classical version of Waring’s problem.
Suppose that ch(F,) = p. When p|k, we have already noted that (1.1) is soluble only
when m € F,[tP]. A second less obvious condition for solubility presents itself when & is
a multiple of a ¢’-norm for some natural number b. In order to describe this condition,
suppose that ¢ = p". Let | € N, and let a be a divisor of [h with 1 < a < lh. Then it
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follows from §1.1 of [8] that whenever w € FF,[t] is an irreducible polynomial of degree
[, and k is a multiple of N = (p!* —1)/(p® — 1), then there exist polynomials m € F,|[t]
for which (1.1) admits no solutions modulo w. In brief, the map defined by taking x to
" (mod w) is the norm map from F,[t]/(w) down to a subfield of the latter having p®
elements. Each m € [F[t] for which m modulo w does not belong to this subfield (in fact,
the bulk of F,[t]) fails to be represented in the shape (1.1), and this failure is detected
by a local condition at the place w. As we shall see in §5, for all k£ and ¢, provided that
s > 2k + 1, all local solubility conditions are embodied within the constraint m € J¥[t] in
(1.1). In addition, when ch(F,) > k one has J}[t] = F[t].

Before leaving Theorem 1.1, we remark that the analysis underlying the derivation of
the lower order terms in (1.3) may be applied without substantive modification in the
classical version of Waring’s problem. Thus, writing G(k) for the least integer so with the
property that whenever s > so, then every sufficiently large natural number is the sum of
at most s kth powers of positive integers, one has

G(k) < k(logk + loglogk + 2 + loglog k/log k + O(y/loglog k/log k)).

This refines an earlier bound of the second author [29, Theorem 1.4] in which the final two
terms contained in the outer set of parentheses are replaced simply by O(loglogk/log k).

The theory of exponential sums over smooth polynomials developed in §§2-14 puts at
our disposal a flexible variant of the circle method with wide applicability. We illustrate
this point with two immediate consequences of our methods. In §15 we establish that,
in the sense of natural density, almost all m € IF,[¢t] admit a strict representation in the
shape (1.1) whenever s > 1 Ak(Log k4 O(Log Logk)). In order to be precise, we introduce
some additional notation. When N is a large natural number, denote by & x (V) the set
of polynomials m € J ’; [t] with ord m < N that do not admit a strict representation in the
shape (1.1). We write E (V) for the cardinality of & , (V). Let the characteristic of F,
be p, and suppose that p” is the largest power of p dividing k. We define G;F (k) to be the
smallest integer s3 with the property that whenever s > s3, then Ej (N) = o(¢™/?") as
N — .

Theorem 1.2. There is a positive absolute constant Coy with the property that whenever
k and q are natural numbers with ch(Fy) 1 k, then

Gi(k) < %@q(k) + Cyk+/Log Log k/Log k.

When ch(F,)|k, meanwhile, one has G} (k) = GF (k/ch(FF,)).

In §16, we discuss the density of solutions of diagonal equations in Fy[t]. Given s,k € N,
and fixed coefficients a; € F,[t] (1 < i < s), denote by N,(B;a) the number of solutions
of the equation

(1.4) ayxh + - +aat =0,

with x € F[t]* and ord z; < B (1 <i <s).
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Theorem 1.3. Let k and q be natural numbers with ch(F,) 1 k. There is a positive
absolute constant Cy with the property that whenever s is a natural number with

s> (A;q(k) + Csk+/Log Log k/Log k,

then the equation (1.4) satisfies the following quantitative local-to-global principle. Let
a € (F,[t] \ {0})®, and suppose that the equation (1.4) has non-trivial solutions in all
completions F(t)w of F,(t). Then one has Ns(B;a) > (¢B)*~*.

The Lang-Tsen theory of Cj-fields (see, in particular, [15, Theorem 8]) shows that
the equation (1.4) possesses a solution x € F,[t]* \ {0} whenever s > k*. The local
solubility hypothesis of Theorem 1.3 is consequently satisfied automatically under the
same condition. Rather than merely establishing the existence of non-trivial solutions of
equation (1.4), our objective is instead the proof of a Hasse principle with good control
of the associated density of solutions. We note in this context that weak approximation
follows by our methods as soon as s > @q(k) + Csk+/LogLog k/Log k.

A perspective on Waring’s problem in F,[t] has been presented by Effinger and Hayes
[8] that differs from that motivating the discourse of this paper. As an analogue of the
function G(k) familiar from the classical version of Waring’s problem, Effinger and Hayes
define a function G(k) associated with the collection Fy, of all polynomial rings F,[t] having
characteristic exceeding k (see [8, Definition 1.13]). They define G(k) to be the least integer
s with the property that, with the exception of at most finitely many polynomials from the
whole collection Fj, whenever m € F[t] and F,[t] € Fj, then m has a strict representation
in the shape (1.1). The upper bound G(k) < oo is asserted by [8, Theorem 1.9], and the
refinement G(k) < k?2% may be extracted from the discussion following the statement of
Theorem 8.15 of [8]. Unfortunately, there is apparently an error in the proof of [8, Theorem
8.11] that invalidates these conclusions. The last line of the proof of this theorem asserts,

inter alia, that the function (d + qd_2)21_d is a bounded function of d when the principal
conclusion demands instead that it be a bounded function of g. We have not found a
means to repair the proof of this version of Weyl’s inequality in such a manner that a
direct proof of Theorems 8.15 and 1.9 of [8] may be recovered. However, by employing an
alternative strategy we have obtained an upper bound for G(k) somewhat sharper than
that claimed by Effinger and Hayes [8]. We will report on this work elsewhere.

The reader will discern a number of avenues available for future research stemming
from the ideas presented herein, and we plan to pursue several in future papers. Our most
immediate concern is the explicit computation of bounds for G, (k) for smaller values of k.
There is also the problem of obtaining the expected asymptotic formula for the number of
solutions of (1.1), and likewise for quite general systems of homogeneous equations over
F,[t]. Finally, we intend to consider bounds for v, (k) going beyond the trivial relation
vg(k) < G4(k)+1 that, in combination with the conclusion of Theorem 1.1, already yields
improvements in the results of Vaserstein [21] relating to the ring F,[¢t] for smaller g. This
list by no means exhausts the menu available for the enthusiast. For example, Car [4] has
considered an analogue of G, (k) for field extensions of Fy(¢), and presumably our methods
extend to this situation with additional effort.
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We describe the key elements of the circle method as it applies to Fy[t] in §2. Poly-
nomials having only small degree irreducible divisors (that is, smooth polynomials) play a
distinguished role in our method, and so in §3 we discuss their distribution in sufficient
detail for later application. In §4 we build on this work to obtain major arc approxima-
tions for smooth Weyl sums, with a similar analysis for complete Weyl sums, and thus in
85 we derive a satisfactory lower bound for the major arc contribution. As is familiar to
aficionados of the modern circle method, there is a gap between the domains accessible to
major and minor arc treatments, and so in §6 we develop appropriate pruning technology.
Then, in §7, we move on to consider mean values of smooth Weyl sums, beginning first with
a fundamental lemma, then in §8 establishing an efficient differencing process for mean
values, and finally deriving permissible exponents for these mean values in §9. Following
some preliminary manoeuvres in §10, analogues of Weyl’s estimates for exponential sums
follow via the large sieve in §§11 to 13, with large moduli handled in §11, small moduli in
§12, and explicit Weyl estimates derived in §13. The latter are then applied in §14 in order
to bound G, (k), and thereby we complete the proof of Theorem 1.1. Finally, in §15 we
apply the methods developed for our work on G, (k) in order rapidly to establish Theorem
1.2, the proof of Theorem 1.3 in §16 being similarly swift.

It is convenient throughout to reserve uppercase Latin letters for positive real numbers,
and lowercase Latin letters (with the exception of d, e, 1, j, k,n,q,r, s,t) for polynomials in
[F,[t]. We reserve ¢ for the cardinality of the finite field F, and ¢ for the indeterminate
underlying the ring F,[t]. The letter e will be associated with the exponential function,
and d,i,j,k,n,r,s with positive integers. Irreducible polynomials w will be supposed
throughout to be monic, and we write @” ||z when @”|z but @™ { . We denote the
cardinality of a set X by card(X). Throughout, the letter ¢ will denote a sufficiently small
positive number. We use < and > to denote Vinogradov’s well-known notation, implicit
constants depending at most on ¢, unless otherwise indicated. In an effort to simplify our
analysis, we adopt the convention that whenever £ appears in a statement, then we are
implicitly asserting that for each € > 0 the statement holds for sufficiently large values of
the main parameter. Note that the “value” of € may consequently change from statement
to statement, and hence also the dependence of implicit constants on €. Finally, from time
to time we make use of vector notation in order to save space. Thus, for example, we may
abbreviate (cq,...,¢) to c.

2. The circle method for polynomial rings. While the circle method for F,[t] mirrors
the classical version familiar from applications over Z, the substantial differences in detail
between these rings demand explanation. Our goal in the present section is to introduce
such notation and basic notions as are subsequently needed to initiate discussion of the
key components of this version of the circle method.

Associated with the polynomial ring F[t] defined over the field I, is its field of fractions
K =TF,(¢). Write Koo =Fy((1/t)) for the completion of F,(¢) at co. We may write each
element a € Ko in the shape o = Y. a;t" for some n € Z and coefficients a; = a;(a) in
F, (i <n). Our previous definition of ord m for polynomials m now extends to elements o
of K by defining ord « to be the largest integer i for which a;(«) # 0. We then write («)
for ¢°™d @. In this context, we adopt the convention that ord 0 = —oo and (0) = 0. Consider
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next the compact additive subgroup T of K., defined by T = {a € K, : (a) < 1}. Every
element o of Ko, can be written uniquely in the shape a = [a] + [|||, where [o] € F,t]
and ||a|| € T, and we may normalise any Haar measure da on K, in such a manner that
fT lda =1.

We are now equipped to define an analogue of the exponential function. Suppose that
ch(F,) = p. There is a non-trivial additive character e, : F; — C* defined for each a € F,
by taking e,(a) = e(tr(a)/p), where we write e(z) for €?™* and where tr:F, — F,
denotes the familiar trace map. This character induces a map e : K, — C* by defining,
for each element o € K, the value of e(a) to be e4(a—_1()). It is often convenient to
refer to a_1(a) as being the residue of o, an element of F, that we abbreviate to res a.
In this guise we have e(a) = e4(res a). The orthogonality relation underlying the Fourier
analysis of F,[t], established in [14, Lemma 1], takes the shape

_ [0, when h € F,[t] \ {0},
(2.1) /Te(ha) da = { I, when h = 0.

In order better to highlight parallels between the application of the circle method over
Z and that over I [t], we adopt the convention that whenever X is a real number, then X
denotes ¢**. Next, when R and P are positive numbers with R < P, we denote by A(P, R)
the set of degree R-smooth polynomials, that is

(2.2) A(P,R) = {z € F[t] : (z) < P, and w|z = (=) < R}.

Here and elsewhere we adopt the convention that whenever w is used to denote a poly-
nomial, then this polynomial is assumed to be irreducible and monic. We fix a natural
number k with k£ > 2, and then define the classical Weyl sum F'(«) = F(«a; P), and smooth
Weyl sum f(«) = f(a; P, R), by putting

(2.3) F(a; P) = e(az®) and f(a;P,R) = Z e(az™).
(z)<P z€ A(P,R)

We seek a strict representation of a given polynomial m of large degree as the sum of s
kth powers, with s chosen suitably large in terms of k. To this end we define P = Py (m)
as in §1, we take n > 0 sufficiently small in terms of k and s, and we consider the number
R(m) = Rs ;(m;n) of representations of m in the shape

(2.4) m=ay+ a5 Hy st s,
with (z;) < P (i = 1,2) and y; € A(P,nP) (1 <j <s—2). We note that R(m) provides

a lower bound for the number of strict representations of m in the shape (1.1). When B
is a measurable subset of T, define

(2.5) Ry(m: B) = /B F(a)2f(a)*%e(—ma) da.
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Here and throughout, whenever the secondary parameters of the exponential sums are
suppressed, then F'(a) and f(«) respectively are used to denote F'(a; P) and f(«; P, R),
with P = Py(m) and R = nP. It follows from (2.1) that R(m) = Rs(m;T). A heuristic
argument suggests that when s > k£ + 1 and the necessary local conditions are met, then
R(m) should be of order P*=*_ We confirm this expectation with the number of variables
inflated by a factor roughly of log k.

We analyse the integral (2.5) via the Hardy-Littlewood (circle) method, and to this end
we define sets of major and minor arcs corresponding to well and poorly approximable
elements of T. Let W be a positive parameter with 2W < kP. Given polynomials a and
g with (a,g) = 1 and ¢ monic, we define the Farey arc M(g,a) = M(g,a; W) about a/g
associated with the parameter W by

(2.6) M(g,a; W) ={a €Ky : (ga—a) < Wﬁ_k}

The set of major arcs M(W) is defined to be the union of the sets M(g, a; W) with

(2.7) a,9 €Flt], gmonic, 0<(a)<{(g)<W and (a,g)=1.

It is apparent from (2.6) and (2.7) that M(W) C T. We write m(W) = T \ (W) for

the complementary set of minor arcs. As the reader will easily verify, the conditions (2.6)
and (2.7) ensure that the arcs M(g, a; W) comprising M (W) are disjoint. When W is a
positive parameter satisfying 3W < kP, it is useful also to define the set of arcs M(W) to
be the union of the sets

(2.8) N(g,a; W) ={a €Ky : (ga—a) < (g>Wﬁ’k}

with polynomials a and g subject to (2.7). Again one has M(W) C T, and the arcs
N(g,a; W) comprising N(W) are disjoint. Finally, we write n(W) =T \ M(W).

Our strategy for estimating R(m) is now familiar from the classical version of the circle
method. We put V = [{5log, P], and we write 9 = 9(V) and n = n(V). Here and
elsewhere we use log, x to denote (logz)/(logg). In §4 we derive asymptotic formulae
for the generating functions F'(«) and f(«) valid for a € M. These formulae are then
converted in §5 to an asymptotic formula for the total major arc contribution, and indeed
we are able to establish the asymptotic relation

(2.9) Ra(m;MN) = cqrx(m;n)PF 4 o(PFF),

valid for s > 2k + 1, wherein ¢, (m;n) is a number depending at most on 7, ¢, s, k and
m. Provided that m € J%[¢], it transpires that ¢y (m;n) > 0. The goal of §§6 to 14 is then

to derive the appropriate complementary minor arc bound R (m;n) = o(P**), valid for

(2.10) s> CA}’q(k) + C1k+/Log Log k/Log k,

with 7 a suitably large positive absolute constant. On combining the last estimate
with (2.5) and (2.9), we deduce that whenever m € JX[t] and s satisfies (2.10), then

R(m) > P*~* and consequently Theorem 1.1 follows at once.
Throughout our applications of the circle method in §§4-16 inclusive, unless stated
otherwise we suppose that ch(F,) 1 k.
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3. A quasi-ordering on the ring of polynomials. By analogy with the familiar
formulation of the circle method for Z, one expects that asymptotic formulae for the
generating functions F'(a) and f(a), valid for a € 9N, will follow via partial summation.
However, the ordering on F,[t] provided by the degree of a polynomial is too coarse to
permit such arguments to succeed. For example, one may have e(az®) # e(ay®) even
when (z) = (y). We surmount this difficulty by introducing a finer notion of size that
distinguishes between distinct polynomials, and thereby facilitates arguments involving the
use of partial summation. In this section we establish such properties of various counting
functions for polynomials in arithmetic progressions, and for smooth polynomials, as are
required in subsequent sections of this paper.

Before defining our measure of the size of a polynomial, we recall that the set of non-
zero elements F of a finite field IF, forms a cyclic group of order ¢ — 1. Let § € Fy
be a fixed generator of this cyclic group. Formally defining £~°° to be the element 0 of
F,, it follows that every element of F, can be written uniquely in the form &' for some
index ¢ from the set Z = {—00,0,1,...,¢—2}. We define a bijection (-)¢ from F,[¢] to the
non-negative integers as follows. When a € F,, we define the index v € T associated with
a via the relation a = £, and then put (a)¢ = v+ 1 when v € 7\ {—o0}, and (a)¢ =0

when v = —oco. Given a polynomial m = ag + ait + - -+ + ayt¥ in F,[t], we then define
(m)e by

N
(3.1) (me =Y {ai)eq"

i=0

The polynomial ring F,[t] now inherits an ordering from the non-negative integers. When
a,b € Fyt], we write a < b when (a)¢ < (b)¢, and we write a < b when either a < b or
a =b. Also, we write a > b and a > b when b < a and b < a, respectively. As is apparent
from (3.1), whenever a,b € [F,[t] and the degree of b exceeds that of a, then (b)¢ > (a)e.
Indeed, if the degree of m is N, then one has q]v > (m)e > N.

It is convenient to have available a map T¢(-) from the non-negative integers to F,[t] that
inverts that defined via (3.1). For this purpose, when w is an integer with 0 < u < g—1, we
define T¢ (u) by putting T¢ (u) = £~ whenu € {1,2,...,¢—1}, and T¢(u) = 0 when u = 0.
Next, given a non-negative integer v, we write v in base g as v = vg + v1qg + - - - + vn¢?,
with 0 <v; < ¢—1 (0 <i < N), and then put T¢(v) = T¢(vo) + Te(v1)t + - - - + Te (o )tV

We may now discuss the distribution of polynomials in arithmetic progressions.

Lemma 3.1. Let g and r be elements of Fy[t]. Then whenever X € N, we have

card {m € Fy[t] : (m)e <X and m=r (mod g)} = X/(g) + O(1).

Proof. When W € N and g,r € F,[t], we define Z,,. (W) to be the set of polynomials m €
[F,[t] for which (m)¢ < W and m =r (mod g), and we write Z, (W) for card(Z, ,(W)).
Note that there is no loss in supposing that ord » < ord g, for one may reduce » modulo
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g. Under this assumption, if m € Z,, (W) and we subtract r from m, then it is only the
monomials with degree smaller than ord g that are affected, whence

dg—
[(m)e — (m — )¢ Z (¢ —1)q' < (g).
i=0
Thus we see that whenever m € Z, (W), then m£r € Z, ,1,.(W + (g)), whence
(3-2) Zgo(W ={9)) < Zgr(W) < Zgo(W + (9))-

Every polynomial m € F[t] belongs to some residue class modulo g, and so by averaging
over the elements r € Fy[t] with 0 < (r) < (g) within (3.2), we obtain

Zgo(W —{g)) < (W +1)/(g) < Zgo(W +(g)).
It therefore follows that
(9" (X —{9) +1) < Zyo(X) <{g) " (X +(9) + 1),

and so the proof of the lemma is completed by reference to (3.2).

We now analyse the distribution of refined smooth polynomials. Given positive numbers
X and Y with Y < X, define the set of Y-smooth polynomials

Ac(X,Y)={neF,[t] : (n)e <X and @w|n = (@) <Y},
and write ,Zfé (X,Y) = card(jg (X,Y)). One readily confirms the relation
(3.3) A(P,R) = A¢(qP —1,2R — 1),

and so the set A¢(X,Y) offers a refinement of the set A(P, R).

Before announcing an asymptotic formula for card(ﬂg (X,Y)), it is helpful to introduce
some notation. When X and Y are positive numbers with Y < X, define

T _

(3.4 LY = ] = axv)= Y @@
Y <(w)e<X d|Tly (X,Y)
(d)e<X

and
(3.5) E(X,Y) = card{d € F,[t] : d monic, (d)¢ < X and w|d =Y < (w)e < X}.

Here, we use f(-) to denote the Mobius function on F,[t], and throughout, whenever we
apply the decoration  to a summation or product, we implicitly assume that the latter is
restricted to monic polynomials.
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Lemma 3.2. Suppose that X andY are positive numbers with Y < X. Then E(X,Y) <
X/log(2Y).

Proof. Write L(W) = [log, W] for W = X,Y. Then an upper bound for E(X,Y) is
provided by sieving out the zero congruence class modulo w, for each irreducible @ with
ord @ < min{L(Y), $L(X)}, from the polynomials d with ord d < L(X). A modicum of
computation leads from Theorem 3.2 of Hsu [12] to the upper bound

qL(X) X

EY) < IR 107 < Toa@)’

and this completes the proof of the lemma.

Lemma 3.3. Let X and Y be positive numbers with 1 <Y < X. Then

Ae(X,Y) = pg(X,Y)X + O(X/log(2Y)).

Proof. If n is an element of ./Z(g(X ,Y), then (n)s < X. The monic divisors of n are
polynomials of degree at most ord n, whence of size at most (n)e < X. By the inclusion-
exclusion principle, therefore, one has

S o= Y w1

neAe (X,Y) d|l,(X,Y) (m)e<X
(dye<X d|m

An application of Lemma 3.1 consequently reveals that

Ae(X,Y) = ZT w(d)(X/{d) + O(1)) = pg(X,Y)X + O(E(X,Y)),
d|TT,(X,Y)
(d)e<X

and so the proof of the lemma follows by making use of Lemma 3.2.

It is convenient for future reference to record an estimate for the relative density
pq(X,Y) in terms of the familiar Dickman function p(u). We recall at this point that
p(u) is defined for real numbers u to be the unique continuous solution of the differential-
difference equation up’(u) = —p(u — 1) (v > 1) satisfying the initial conditions p(u) = 0
for u <0, and p(u) =1 for 0 < u < 1.

Lemma 3.4. When R and P are positive numbers with P > 1 and 2P/log(2P) < R < P,
one has R R
palaP —1,2R — 1) = p(P/R) + O(P~1/?),

Proof. Estimates for the number of smooth polynomials available in the literature (see
Proposition I1.4 of [3], or alternatively [18] or [20]) provide the formula

card(A(P, R)) = p(P/R)¢P + O(2"/EP/R).
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On the other hand, it follows from Lemma 3.3 that
Ae(qP —1,2R —1) = p,(¢P — 1,2R — 1)qP + O(P/R).
When 2P/log(2P) < R < P, therefore, we may conclude from (3.3) that
,oq(q]3 ~1,2R - 1) — p(P/R) < 2P/BR™' « P71/2,

and thus the proof of the lemma is complete.

4. Major arc approximations for exponential sums. In order to obtain the asymp-
totic formula for the major arc contribution given by (2.9), one must establish control of
the generating functions F'(«) and f(«) for o € 91. Our goal in this section is to obtain as-
ymptotic formulae for these exponential sums and certain associated generating functions
of use on the set of major arcs. When « is close to a rational point a/g of small height,
it transpires that F'(«) is easily approximated in terms of the local generating function
S(g,a), defined for a, g € F,[t] by

(4.1) S(g,a) = Z e(ar®/g).

(r)<(9)

Lemma 4.1. (i) Suppose that o € T, and that o = a/g + B with a,g € F,ft], 0 < (a) <
(9) < P and (8) < ()" P'=*. Then F(a; P) = (g)"'S(g,a)F(B; P).

(ii) When (8) < P'=F_ one has F(B3; P) < P(1 + Pk(8))~1/*.

(iii) When (g,a) = 1, one has S(g,a) < (g)*~/*.

Proof. The conclusion of part (i) of the lemma is [14, Proposition 4], and that of part (iii)
is estimate (a) of [14, Lemma 22]. It remains to establish part (ii). When (8) < P~*
the desired bound is immediate from the trivial estimate F(8; P) < P. We may suppose
henceforth, therefore, that Pk < (B) < Pk Put L = —ord B, so that L = kP — N
for some integer N with 1 < N < P — 1. We may write 3 in the form =), , bt
with b; € F, (i < —L) and b_r, # 0. Next let r be a non-negative parameter with r < P,
and consider the contribution within the exponential sum F'(3; P) defined by (2.3) arising
from those terms x with ord z = P — r. We write © = ¢o + c1t + - - + cp_tF ", with
¢i€F, (0<i<P—r)and cp_, #0.

Suppose temporarily that N > rk — 1, and write M = P+ r(k —1) — N — 1, so that
0< M < P—randr < P/k. Let Z(c) denote the coefficient of t£~1 in the expansion of
z¥. The monomials occurring in Z(c) take the shape c§°cf* ... cp ", where the exponents
k; (0 <1i < P —r) are non-negative integers with

(4.2) ko+ki+-+kpr=k and k1 +2ke+- -+ (P—r)kp_, =L—1.
It follows from (4.2) that

K1+ +Ky—1+KpM+1+ -+ rp_r < k— K,



14 Y.-R. LIU AND T. D. WOOLEY
and hence that

(k—kr)P—1)>L -1 kM =kP—N—1—rp(P+r(k—1)— N —1)
=(k—rkpm)(P—=71)+(kpr — 1)(N +1—1k).

Our hypothesis that N > rk — 1 consequently ensures that x;; < 1. On making use also
of (4.2), we deduce in addition that when ky; = 1, one necessarily has kp_, = k — 1 and
ki =0(0<i<P—ri# M). It follows that for a suitable polynomial Y(c) in the
variables ¢; (0 < i < P —r,i # M), one may write Z(c) = keyclo L + Y(c). Plainly,
moreover, the coefficients of the terms ¢/ in the expansion of z* with degree j > L cannot
involve any positive power of ¢j;. We therefore deduce that the contribution of these terms
x within the sum defining F'(a; P) in (2.3) is bounded above by

P CZ0 | B 3

ord x=P—r ci€F, cp_r€FY
(0<i<P—r,i#M)

(4.3) Z eq(kb_rearcs |

CM EFq

Since the coefficient kb_ Lc’f)__lr of ¢ps in the innermost sum on the right hand side of
(4.3) is non-zero, this sum is necessarily zero, and hence the left hand side of (4.3) is zero
whenever 0 < r < (N+1)/k. On noting that P—(N+1)/k = —(ord 8+1)/k, we therefore
deduce from (2.3) that

|[F(8; P)| =

> e(Bz")

ord z<—(ord B+1)/k

< > L

(zy<(B)—1/k

In this way we conclude that in the circumstances at hand, one has |F(8; P)| < (8)~1/*,
and this suffices to complete the proof of the lemma.

Before discussing the asymptotic behaviour of the smooth Weyl sum f(«; P, R) for
a € N, we require a technical lemma. It is useful in this context to write my for the
successor of the polynomial m € F,[t] when viewed according to the quasi-ordering on
[F,[t], so that m4 = T¢((m)e + 1) and (my)e = (m)e + 1.

Lemma 4.2. Suppose that P and X are natural numbers with 1 < X < qﬁ — 1. Then
whenever 3 € T satisfies (B) < P'=F, one has

(4.4) card{m € F [t] : (m)e < X and e(Bm*) # e(Bmh)} < 1 + P(B).

Proof. There is at most one polynomial m counted on the left hand side of (4.4) for which
ord my > P, namely that with (m)¢ = qﬁ— 1, and its contribution is plainly accomodated
by the right hand side of (4.4). Consider then a polynomial m counted on the left hand side
of (4.4), and suppose that (m)¢ < q]3 — 1. The situations in which ord 8 < —kP — 1 may
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be disposed of at once. For whenever (m)¢ < X, one has ord(fm*) < kP +ord 8 < —1.
In view of our earlier assumption, a similar argument yields the bound ord(Sm”) < —1,
and thus we see that in the situation at hand one has e(8mF) = 1 = e(8m* ). The bound
(4.4) is therefore trivial for ord g < —kP — 1.

We are left to consider the situations in which (8) < P'=* and yet ord 8 > —kP — 1.
In such circumstances, one has ord § = L, with L = N — kP — 1 for some natural number
N satisfying 0 < N < P. We may write 3 = >, bit’, where b; € F, (i < L) and
by, # 0. Let r be a non-negative integer with » < P, and consider the contribution on the
left hand side of (4.4) arising from those terms m with ord m = P —r. If r > N/k + 1,
then an argument paralleling that of the first paragraph establishes that ord(3m*) < —1
and ord(Bm%) < —1, so that e(8m”*) = 1 = e(fm%). Such terms do not contribute to
the left hand side of (4.4), so we suppose instead that r < N/k + 1. We may write m =
coteit+- - +ep_ P wherec; € F, (0 <i < P—r)and cp_, # 0. If ord(my) > ord(m),
then necessarily ¢; = €972 (0 < i < P —r), so that m is uniquely determined. Otherwise,
in view of our earlier observations, we may write m = ca’ teft+-+ CJIS_rtP —", where
c;" €eF, (0<i<P—r)and c;_r = 0. It then follows that mF* and mﬁ may be written
in the form

k(P—r) k(P—r)
(4.5) mk = Z a;t’  and mi = Z a;rtj,
§=0 5=0

where aj,a;r eF, (0<j<KkP-r)). Put M =P+r(k—1). Then a consideration of
the multinomial expansion of m* reveals that for kr < u < N, one has

(4.6) ApP—r = ch_uc’;;__lr + Q,(c),

for some Q,(c) € Fylcpr—ut1,---,cp—r]. One also has agp_g, = c’}_r and app_, = 0 for
u < kr. Similar relations hold for coefficients decorated with a superscript +.
It is apparent from (4.5) that

N
res(Bm") — res(Bmk) = Z (akp—i — ) p_;)bi—kp—1.

i=kr

Thus we see that when e(8m”) # e(8mk), the relation ayp_; = afp_; cannot hold for
every index i with kr < i < N. But it is a consequence of (4.6) that when kr < w < N
and cpr_y = c;\%_v for kr < v < w, and in addition agp_,, = a’ZP—uﬂ then in fact
cM—w = Ciy_- When e(Bm”) # e(fm%) and ord(my) = ord(m), therefore, one has
CM—v F CL_U for some index v with kr < v < N. In view of the definition of M, we thus
conclude that ¢, # ¢ for some index v with P +r(k—1) - N <v < P —r.

Now suppose that e(8m*) # e(ﬁmi), and let v denote the largest index with P — N <

v < P for which ¢, # ¢. The polynomials m and m take the forms

m = Cptp 4ot CU_|_1tv+1 + gstv i gq—Qtv—l + Sq—Qtv—Q 4ot €q—2
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and
my = cpth - eyt T

where s € {—00,0,1,...,g—3}and ¢; € F;, (v+1 < i < P). Here, if v = P, then we
understand the last condition to be moot, and when s = —oo, we interpret s + 1 to be
0. In these circumstances, the number of available choices for s and c is (¢ — 1)g¥~°.
Summing over the available choices of v with P — N < v < P, we deduce that the total
number of possible choices for m with (m)e < X and e(8m”) # e(fm%) is at most
14 ¢Vt =1 4 ¢gFP+2+ord B and the conclusion of the lemma follows at once.

We are now equipped to establish a major arc approximation to f(a; P, R).

Lemma 4.3. Let P and R be positive numbers with P > 1 and 2P/log(2P) < R <
P —logP. Suppose that a € T, that a and g are elements of Fy[t] with g monic and

(a,g9) = 1, and write B = o — a/g. Then whenever (g) < R and (8) < P'~*, one has

f(e; P, R) — (g)~'S(g,a)p(P/R)F(8; P) < {g) P(log P)~"/*(1 + P*(8)).
Proof. Rather than tackling f(«; P, R) directly, we initially consider the sum
fe(; X,Y) = Z e(az®).

wGAvg(X,Y)
(x)e>Y

Recall (3.4) and suppose that X and Y are positive numbers with 1 <Y < X. Then by
the inclusion-exclusion principle, one has

S o= Y owe Y n

:re./zig(X,Y) d|Hq(X’Y) <m>ESX
z=r (mod g) (dye<X mE"”d(lmOd 9)

If d|II,(X,Y) and both d and g are monic, it follows that when (g)¢ <Y one has (g,d) = 1.
Recalling (3.5) and applying the Chinese Remainder Theorem in combination with Lemma
3.1, therefore, we deduce that

S 1= Y w@(x/igd) + 0(1)

z€A:(X,Y) Ty (X,Y)
z=r (mod g) (dye<X
B T _
— 7% Y @@ + B
d|II4(X,Y)

(d)e<X
Applying Lemma 3.2 to both the latter formula and the case g = 1 of the same relation,

we find that
Yo 1=(g" > 1+0(X/log(2Y)),

:EG.A}(X,Y) JJGA}(X,Y)
z=r (mod g)
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whence
(4.7) > elazt/g) = (9)'S(g,a) D 1< (g)X/log(2Y).
ze A (X,Y) r€Ae (X,Y)
When W is a positive number with Y < W < X | write
SW)y= > (e(ax¥/g) - (9)""S(g,a)).
:cE.Zg(W,Y)

In these circumstances (4.7) yields the estimate S(W) = O({(g)X/log(2Y)), and so it
follows by partial summation that

> (elaa®) ~ (9)'S(g0) = > SW)(e(Ba) ~ e(Bah)
r€A:(X,Y) Y <W<X
(z)e>Y W=(w)e
+ O((g)X/1og(2Y)).

In view of the conclusion of Lemma 4.2, therefore, when 1 < X < qﬁ —1and (B) < ﬁl_k,
we have

(4.8)  fe(; X,Y) — (9)7'S(g,0) fe(B; X,Y) < (g) X (log(2Y)) (1 + P*(B)).

On applying partial summation we obtain

fe(B; X,Y) Z Ae(W,Y)(e(B2%) — e(Bz%))

+ Ae(X,Y)e(BTe([X] + 1)F) — Ae(Y, Y )e(BTe([Y + 1))F).
Thus, on writing
Te(B; X, Y)= > W(e(Bz") —e(Bah))

Y<W<X
W=(z)¢

+ Xe(BTe([X] + 1)F) = Ye(BTe([Y] + 1)F),
it follows from Lemmata 3.3 and 4.2 that when 1 < X < qﬁ — 1, one has
(4.9) fe(B: X,Y) — pg(X,Y)Ye(B; X,Y) < X (log(2Y)) M (1 + P*(B)).

We now put X = q]3 —land Y = 2R — 1. The hypotheses of the statement of the
lemma then permit us to assume that Y < P(log P)~/2 and log Y >> (log P)'/2. But on
recalling (2.3), a modicum of computation reveals that

Te(B: X, Y)= > e(Ba¥)=F(;P)+O(P(log P)~/?)
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and
fla; P,R) = Z e(az®) = fg(a;X, Y) + O(ﬁ(logﬁ)—lﬁ)‘
r€A:(X,Y)

Hence, by substituting (4.9) into (4.8), we deduce that

f(a; PR) — (9)"'S(g,a)pe(qP — 1,2R — 1)F(3; P)
< (g)P(log P)"'/2(1+ P*(p)),

and the conclusion of the lemma is now confirmed by recalling Lemma 3.4.

5. A lower bound for the major arc contribution. The sets (g, a; V') comprising
N are sufficiently sparse and narrow that the derivation of the asymptotic relation (2.9)
is now essentially routine. In preparation for our proof of this formula, we introduce the
singular integral

65.1) Jaslm)= [ F(3)e(~pm)ds.
(B)<(gP)t—*
and the singular series
i
(5.2) Son(m) = D A(gim),
gqu[t]

in which we have written

(5.3) As(gim) = (g)~° E S(g,a)’e(—ma/g).
(a)<(g)
(a,9)=1

Lemma 5.1. Suppose that n and R are positive numbers with n < 1 and nP < R <
P —log P. Then whenever s > 2k + 1, one has G4 (m) < 1 and J, ,(m) < 135_’“, and
furthermore

Rs(m; m) - p(P/R)S_265,k(m)Js,k(m) < ﬁs—k"}—l/k‘

Proof. Define F*(a) for a € 9 by taking F*(a) = (9)"1S(g,a)F(B) when a = 8+ a/g

lies in M(g,a;V) € M. Then for a € N, it follows from (2.8) and Lemma 4.1(i) that

F(a) = F*(a), and from Lemma 4.3 that f(a) = p(P/R)F*(a) + O(PV~%). The bound
F(a)’ (@)% = p(P/R)* *F*(a)® < PV~

therefore holds uniformly for a € 9. But the measure of 9 is O(V‘gﬁ_k), and so

(5.4) /m (F(a)2f(@)*~2 = p(P/R)* 2F*(a)®)e(—ma) do < P*~FV 1,
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Furthermore, from the definition of 91, we have

(5.5) /F*(a)se(—ma)da:G(m;V)J(m;V—kP),
n
where
;
5.6 J(m; W) = F(B)’e(—Bm)ds and GS(m;W)= As(g:m).
(56 Il >/<m<w<ﬁ><ﬁ>ﬁ m:w)= 3" 2 (gim)

(9)<W

When W < (qlg)l_k, it follows on combining (5.1) and (5.6), and then applying Lemma
4.1(ii), that one has the estimate

Jo(m) = J(m; W) < P* /<5>>w(1 + BE(B))~/* dg.

But equation (3) of [14] shows that when [ € Z, the measure of the set of points 5 in T
with (8) < ¢! is at most ¢!. When s > k + 1, one therefore finds that

(5.7) J(m;V = kP) — Jyx(m) < P* Z g1 g HEP)=s/h  pe—k—1/k,
I=V—kP

and with the same condition on s, a similar argument yields

(5.8) Ton(m) < 138/ (L4 BRB)) R dR < PR,
(B)<(gP)t—F

Employing the conclusion of Lemma 4.1(iii) within (5.3), we next find that 2s(g; m) <
(g)t=3/k. Then for s > 2k + 1, it follows from (5.2) and (5.6) that

t = N
(5.9) S(m; V) = Gon(m) < Y ()< Y (") < VIR
(9)>V h=V+1
and with the same condition on s, a parallel argument leads to the estimate
'I' oo
(5.10) Gor(m) < > (g P <) (") <
g€F [t] h=0

Finally, on substituting (5.7) and (5.9) into (5.5), and then employing the estimates
(5.8) and (5.10), we conclude that

/ F*(a)’e(—ma)da — S, (m)Js k(M) < psky -1k,
N

The proof of the lemma is completed by reference to (5.4).

We show next that under mild hypotheses, the singular series is well-behaved.
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Lemma 5.2. Suppose that m € JE[t] and s > 2k +1. Then 1 < &4, (m) < 1.

Proof. We suppose that s > 2k + 1 throughout the proof of this lemma?. Define the local
density 2 s(m) associated with the completion F,(¢)s of Fy(t) by

Qps(m) =1+ Zﬁls(wh;m).
h=1

Then the argument of the proof of [14, Lemma 23| shows that the infinite product
[I, Qe s(m) converges absolutely to &, i(m). Next, let M(g;m) denote the number
of solutions of the congruence z¥ + --- + 2% = m (mod g), with (z;) < (g) (1 <i < s).
Then the argument of the proof of [14, Theorem 29] establishes that

Qp s(m) = hli_)rilo(w>h(1_s)Ms(wh;m),

that -
Qe s (m) — 1] <) (@) TVF < () TR,
h=1

and also that whenever m € JF[t], then Qg o(m) > (w)!~*. Under the latter hypothesis,
therefore, we deduce that there is a large positive number A = A(q, s, k) for which

(5.11) Son(m)> [[ 1= (wm)'7/CR)L
(@)>A

But the number of monic irreducible polynomials of degree h is at most ¢"/h (see [19,

page 13]), whence
Z<w>—1—1/(2k) < Z(hqh/(Qk))—l < 1.
h

w

Consequently, on extracting logarithms, one finds that the infinite product (5.11) con-
verges, and that &, ,(m) > 1. The proof of the lemma is completed on recalling the
estimate S, x(m) < 1 provided by Lemma 5.1.

We remark that with additional effort, the condition s > 2k + 1 could be relaxed to the
less severe constraint s > k+ 1. Furthermore, as is implicit in Theorem 29 of [14], one has
J%[t] = Fq[t] when ch(F,) > k. It is also a consequence of the work presented here together
with the conclusion of Theorem 29 of [14] that whenever m is congruent to a sum of kth
powers modulo w for all irreducible polynomials w satisfying () < (k — 1), then in fact
m € JE[t].

Next we turn our attention to the singular integral J, ;(m), the analysis of which is in
many ways simpler than in the analogous situation for Z.

2In [14], Lemma 23, the condition s > 3k + 1 is imposed instead, apparently as a result of an oversight.
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Lemma 5.3. Suppose that s > k + 1. Then P5~% < Jsx(m) < Pk,

Proof. Suppose that the leading coefficient of the polynomial m is ¢(m). We define b =
b(m) to be ¢(m) when k divides ord m and m is not exceptional, and otherwise we set
b(m) to be 0. In addition, we write Jo(m) = Joo(m; q) for the number of solutions of the
equation zf + - - + x¥ = b with x € F$ \ {0}. Then it follows from Lemma 17 of [14] that
whenever s > k + 1, one has

(5.12) Jox(m) = Joo(m)P*~F 4+ O(P*—F-1/F),

and moreover that 1 < J,,(m) < 1. In order to confirm this assertion, one observes that
the integration in (5.1) is over § € T with ord f < —(k — 1)(P + 1), and further that
(k—1)(P+ 1) < ord m, except possibly when P < 2k — 1. One may therefore apply
Lemma 17 of [14] with m = P+1 and m' = (k—1)(P+1), and when P is large enough in
terms of k it is only the cases (a) and (b) of this lemma that are relevant3. We note that
when b(m) # 0, the lower bound J,,(m) > 1 may be confirmed by following the argument,
of the proof of Lemma 27 of [14]. We remark that the same conclusion as above is implicit
in Proposition 9 of Car [2], and also that the conclusion of Theorem 18 of [14] differs from
what would be anticipated based on (5.12), owing to some oversights in the argument of
[14].

On observing that when > 0 and R > nP, one has p(P/R) > 1, we may combine
Lemmata 5.1, 5.2 and 5.3 to obtain the following conclusion.

Lemma 5.4. Suppose that n and R are positive numbers with n < 1 and nP < R <
P —log P. Then whenever m € JE[t] and s > 2k + 1, one has Ry(m; M) > P+,

6. Pruning technology. The minor arc estimates that we obtain in §13 are insufficient
to bound directly the quantity Rs(m;n) defined in (2.5), and thus we are forced to employ
pruning techniques to bridge the gap. In this context, we write 9 for 9(P) and p for
m(P), and we say that a positive number u > 2k — 2 is accessible to the exponent k when
there exists a positive number ¢ for which

(6.1) /p |F(a)?f(a)"|da < put2=k=3,

Our goal in this section is to show that whenever u is accessible to the exponent k, and s
is an even integer with s — 2 > wu, then

(6.2) / F()?f(a)*|da = o P*H).

This estimate plainly implies that Rs(m;n) = o(ﬁs_’“), a bound required in the discussion
concluding §2, and thus the focus of later sections is the pursuit of bounds of the shape
(6.1).

We begin by analysing mean values of classical Weyl sums.

3We emphasise that m and m’ are integers in this context.
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Lemma 6.1. Whenever u > 2k + 1, one has

/ |F(a)|* da < P*7*.
B

Proof. Suppose that o € P, so that for some a, g € Fy[t] with g monic, 0 < (a) < (g) < P
and (a,g) = 1, one has o € M(g, a; P). Making use of the definition of 9(g, a; P) together
with Lemma 4.1, we find that

(6.3) F(a) < P(g)" /¥ (14 P*a—a/g) """,

Consequently, one has
(6.4) / |F(a)|"da < P*Ty Ty,
B

where

—u/k and T, = 1+ PR(B))~w/* 43,
DI and T} /WA( (8))/* g

9€Fli] (<o) pik
(a,9)=

Since the number of monic polynomials g € F,[t] with (g) = ¢’ is equal to ¢!, we see
that whenever u > 2k + 1, one has

(6.5) T, < Z YR <N (g <
h=0

g€F[t]

Meanwhile, observing next that the measure of the set of points 8 in T with (8) = ¢ is
at most ¢'t1, we deduce that

<« Pk pk th(l—u/k).
h=0

When v > k + 1, it therefore follows that T, = O(ﬁ_k). The conclusion of the lemma
follows on substituting this estimate together with (6.5) into (6.4).

Next we leverage control on the major arcs of mean values involving F'(«) into control
of mixed mean values involving also f(a).
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Lemma 6.2. Suppose that u > 2k — 2 is accessible to the exponent k, and that v is an
integer with 2v > u. Then we have

(6.6) /\F (@) da < PPH2ER,

Proof. When B is a measurable subset of T, write

/ |F(a)?f(a)?"| dov.

Then by applying Hélder’s inequality, we obtain
1/(v+1) yv/(v+1
(6.7) I(T) = I(p) + 1) < I(p) + 1/ I L7,

where we write
I :/ |F(a)**"?da and I :/|f(a)|2v+2 dov.
¥ T

Since 2v + 2 is even, the integral Is counts the number of solutions of the equation

v+1

i=1

with z;,y; € A(P,R) (1 <i <wv+1). An upper bound for I5 is therefore provided by
permitting z; and y; to be any elements of F,[t] with (x1) < P and (y;) < P, whence

I < /|F a)?’| do = I(T).

It therefore follows from (6.7) that
(6.8) I(T) < I(p) + 1.

But by hypothesis u is accessible to the exponent k, and 2v > u. Hence, on employing
the trivial estimate |F(a)| = O(P), we find that there is a positive number § for which
I(p) = O(P2v+2=k=%) From Lemma 6.1, moreover, we have I; = O(P2'*2=F)  We
therefore deduce from (6.8) that I(T) = O(P2v+*27%). This confirms (6.6), and so the
proof of the lemma is complete.

We next show that in the mean value crucial to our application, the contribution of the
arcs P\ N is of smaller order than the expected main term.
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Lemma 6.3. Suppose that u > 2k — 2 is accessible to the exponent k, and that s is an
even integer with s > u + 2. Then we have

/ IF(a)?f(a)* 2| do < P5~FY—2/(ks),
PAN

Proof. An application of Holder’s inequality reveals that

(6.9) / [F(0)f(a)* 2 da < Jy2*J50°,
PAN

where

(6.10) J1 = / |[f(@)]Pda and Jy = / |F(a)|? da.
T PAN

But s is even, so that on considering the underlying equation we find that
n < [ 1F@) (@) 2 da.
T

Since s — 2 > u and u is accessible to the exponent k, the upper bound J; = 0(138_’“)
therefore follows from Lemma 6.2.

In order to tackle Jo we observe first that when o € M(g, a; P) C P, it follows as in
(6.3) that

F(a) < P((g) + P*{ga = a))"V/%.

But if @ € P\ N, one necessarily has either (g) > V or (ga — a) > VP~*, whence

Fla) < PV~—1/k_ Note that the hypotheses of the lemma ensure that s > 2k + 2. Then
on substituting our estimate for F'(«) into (6.10), we deduce from Lemma 6.1 that

Ty < 1317—%/ F()] da < BF71/%,
B

The conclusion of the lemma follows on substituting the latter bound together with our
earlier bound for .J; into (6.9).

Since n = pU (P \ MN), the estimate (6.2) follows on combining the conclusion of Lemma
6.3 with (6.1). We finish this section by collecting together the conclusions of Lemmata
5.4 and 6.3 to obtain the following lemma.

Lemma 6.4. Suppose that n and R are positive numbers with n < 1 and nP < R <
P —log P. Suppose also that u > 2k — 2 is accessible to the exponent k, and that s is an
even, integer with s > u+ 2. Then whenever m € J%[t], one has Rq(m;P) > P+,
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7. The fundamental lemma for smooth Weyl sums. The goal of the next three
sections is to derive, for natural numbers s, upper bounds for the mean values

(7.1) S,(P,R) = /T |f(e;; P, R)|? dav.

By orthogonality, the mean value S (P, R) counts the number of solutions of the equation
(7.2) oY al =y

with x;,y; € A(P,R) (1 < i <s). We estimate Ss(P, R) via the iterative method intro-
duced by Vaughan [22], in the variant permitting repeated efficient differencing established
by the second author [27]. As in [22] and [27], our first step is a fundamental (auxiliary)
lemma, and here we model our approach on that of [27]. Aside from leading to consider-
ably sharper estimates, the latter also permits one to replace two smooth Weyl sums in
(7.1) by corresponding classical Weyl sums, hence simplifying considerably the major arc
analysis discussed above.

Before proceeding further, it is convenient to have available two technical lemmata that
provide basic estimates of use in our subsequent deliberations. When g € [F,[t], we denote
by so(g) the squarefree kernel of g, which is to say so(g) =[], @. In addition, when L
is a positive number, we define the set C,(L) by

w|g

Cy(L) = {y € FJt] : v is monic, (y) < L and so(y)]so(9)}.

Lemma 7.1. Let ¢ and A be fized positive numbers. Then whenever g € Fy[t], and L is
a positive number for which (g) < LA, one has card(Cy4(L)) < L*.

Proof. Observe first that there is no loss of generality in supposing that ord g > 5, for
otherwise we may replace g by ¢° without adversely affecting the desired conclusions.
Next, from the definition of C,(L), one has

(7.3) card(Co(L)) < > (L)) <[ — (=) ™).

s0(y)lso(9) @|g

Write 1(g) for 2'/¢1log(g)/loglog(g). We divide the product on the right hand side of
(7.3) according to the size of (w). On the one hand,

[T a-@™ "< J[ @-q¢9)" <exp(—qlog(l—q *)¥(g)).
=i () <o)
(w)<v(g)

On the other hand, since the number of monic irreducible divisors of g having degree
exceeding log, ¥(g) cannot exceed (ord g)/(log, 1 (g)), one has

I[I a-@™)"< JI 2<expllog,(g)/log,v(9).
wlg wlg

(=) >v(g) (=) > (g)
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On substituting the latter estimates into (7.3), we find that there is a positive number
B = B(q,¢) for which

card(Cy(L)) < L° exp(Bloglg)/logloglg)) < L*,

thereby confirming the conclusion of the lemma.

Write w(g) for the number of distinct monic irreducible polynomials dividing g, and
write di(g) for the number of ways of writing g in the form g = cg ... gx, with ¢ € F,
and with g; € Fy[t] (1 < ¢ < k) monic.

Corollary 7.2. For each k € N, one has d(g) < (9)¢ and k*9) < (g)®.

Proof. The desired estimates follow at once from Lemma 7.1 on noting that, from the
definition of C,(L), one has k*(9) < dy(g) < (C4(ord g))*—1.

It is convenient also to have available a crude lower bound for card(A(P, R)).

Lemma 7.3. Suppose that R and P are positive numbers with P > 1 and R > P/log(2P).
Then card(A(P, R)) > P17=.

Proof. Since for a fixed value of P, the cardinality of A(P, R) is an increasing function of R,
there is no loss of generality in supposing that R = P/log(2P). By suitably adjusting the
implicit constant in the lower bound supplied by the conclusion of the lemma, moreover,
we may also suppose that P and R each exceed 6. Observe next that the cardinality of
A(P,R) is equal to ¢ — 1 times the number of non-negative integral solutions z of the
inequality

Z zword w < P.

ord w<R

From page 13 of [19], the number of monic irreducible polynomials of degree [R] is at least
(¢"~1—=2¢%/?)/R > ¢®*~2/R. Thus we find that card(A(P, R)) > Z(N,U), where Z(N,U)
denotes the number of non-negative integral solutions u of the inequality u1+- - -+uy < U,
with N = [¢®~2/R] and U = [P/R]. But then Z(N,U) is equal to the number of non-
negative integral solutions u of the equation ug + u; + --- +uy = U, and by Exercise 1
of [23, §1.5], we therefore have Z(N,U) = (N + U)!/(N!U!). In view of our assumption
that R = P/log(2P), an application of Stirling’s formula reveals that

log Z(N,U) > Nlog(14+U/N)+ Ulog(l+ N/U) + O(log(2U))
= Plogq — (log(2P))? 4+ O(log(2P)),

whence for large values of P one obtains
card(A(P, R)) > P exp(—2(loglog P)?) > P'~*,

This completes the proof of the lemma.
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We now advance to describe the fundamental lemma that underlies our efficient differ-
encing method. This entails the introduction of some notation. Let P, (), R be positive
numbers with 1 < R < @ < P. Also, let r be a non-negative integer, and let C;, C! be
real numbers with 0 < C/ < C; < P (1 <4 <r). We consider a subset C of polynomials
¢ whose degrees lie in the box [C], C1] x - -+ x [C/, C}]. For the sake of concision we write
5']- for the product CiCs ... @, we write 5’; for 6{6§ - @’, and we do likewise, in the
obvious fashion, for other sets of parameters. We interpret an empty product of the latter
type to be unity. Consider next a polynomial ¥(z; c) in the variables z, ¢y, ..., ¢, of degree
at least one in terms of z, having coefficients in I, [t], and write ¥’(z; c) for (0¥ /0z)(z; c).
We suppose throughout that s is a non-negative integer.

We denote by Sq(P,Q, R) = Ss(P,Q, R; V;C) the number of solutions of the equation

S

(7.4) U(z;b) — ¥(w;c) = Z(wf — ),
with

(7.5) r;,y; € AQ,R) (1<j<s),
(7.6) (z),(w)y < P and b,ceC.

Here we adopt the convention that if s = 0, then the right hand side of (7.4) is re-

placed by 0. Next, given a real number 6 with 1 < P < Q, we define Ts(P,Q, R;0) =
Ts(P,Q, R;0;¥;C) to be the number of solutions of the equation

(7.7) U(zc) — B(wse) =mP ) (uf — k),

j=1

with z, w, ¢ as in (7.6), and with

(7.8) m monic and P’ < (m) < min{Q, P’R},
(79) upv; € AQ—6P.R) (1<j<s)
(7.10) z=w (mod mk).

Finally, we write N4(P,Q, R) = Ns(P,Q, R; ¥;C) for the number of solutions of the equa-
tion (7.4) subject to (7.5) and (7.6) for which ¥/(z;b) = ¥'(w;c) = 0.
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Lemma 7.4. Suppose that 0 = 0(s,k; V) satisfies the constraint 0 < P < Q. Then
whenever s is a natural number, one has

SS(P7 Q7 R) < Ss(Pa 0P7 R) + NS(Pa Q7 R) + @ﬁe—’_ESs—l(Pa Q? R)
(7.11) + P*C.(P°R)*'T,(P,Q, R;0).

Proof. We divide the solutions of (7.4) counted by Sq(P, @, R) into four classes, and seek
to establish that the contribution from each class is majorised by one of the terms on the
right hand side of (7.11). In order to describe our classification of these solutions, it is
useful to introduce a notion modifying that of a divisor in a special way. When L is a
positive number, we write D(L)y when there is a divisor w of z with (w) < L such that
x/w is monic and has all of its irreducible factors amongst those of y.

Let S; denote the number of solutions of (7.4) satisfying (7.5) and (7.6) such that

(7.12) min{(z;), (y;)} < P’
for some j with 1 < j < s; let S5 denote the number for which
(7.13) U'(2;b) =0 or ¥'(w;c)=0;

let S3 denote the number for which min{(z;), (y;)} > P? for 1 < j < s, the condition
(7.13) does not hold, and such that for some j with 1 < j < s one has

(7.14) z;D(P)¥'(2;b) or y,D(OP)¥ (w;c);

and let S4 denote the number for which min{(z;), (y;)} > P? for 1 < j < s, the condition
(7.13) does not hold, and such that (7.14) holds for no j with 1 < j < s. Then

(715) SS(P,Q,R) S 4max{5’1,5’2,5'3,5’4}.
We divide into cases.

(i) Suppose that S7 > max{Ss,S3, S4}, so that from (7.15) one has Ss(P,Q, R) < 45.
Define G(a; P) = G(a; P;C) by

G(o; P) =) e(al(z;b)),

z,b

where the summation is over z and b satisfying (7.6). Then on recalling (2.3), it is apparent
from (7.12) that

S [ 1600 PR (0P R) f(0 Qo R da
T
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By Hoélder’s inequality, one therefore has
5:(P.Q. R) < (S:(P,0P, R))"/ @) (5,(P.Q, R))' 1/,

and so the upper bound (7.11) holds in the first case.
(ii) Suppose that S > max{S1, 53, S4}, so that from (7.15) one has Ss(P, Q, R) < 45,.
Now define G(«; P) = G(a; P;C) by

G(a; P) = e(a¥(zb)),

z,b

where the summation is over z and b satisfying (7.6) and the first condition of (7.13).
Then we see that

52 < [ |Glas P)G(a: P)f (05 Q. B do.
T
By Schwarz’s inequality, therefore, we have
Ss(P,Q,R) < (Ny(P,Q, R))"/*(Ss(P,Q,R))"/?,

and so (7.11) holds also in the second case.

(iii) Suppose that S3 > max{S1, S2,S4}, so that from (7.15) one has Ss(P, Q, R) < 4S5.
Given z and b satisfying (7.6) with ¥/(z;b) # 0, denote by L(z;b) the set of polynomials
x for which (z) < @, and such that = has a divisor v with (v) < P? with the property

that z/v is monic and has all of its irreducible factors amongst those of ¥/(z;b). Define
the exponential sum H(«; P,Q) = H(«o; P,Q;C) by

H(a; P,Q) = Z Z e(a(z® +U(z;b))),

z,b z€L(z;b)

where the first summation is over z and b satisfying (7.6) subject to the condition that
U’(z;b) # 0. Then

S < [ |H(ai P.Q)G(as P)f(as Q. R da,
T
so that by Schwarz’s inequality,
1/2 2 2 2 1/2
Ss < (S5(P,Q, R)) (/ |H(c; P,Q)2 f(a: Q, R)**~ |da> .
T

It therefore follows from orthogonality that

(7.16) S:(P,Q,R) <Y V(g.9),

9,9’
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where we write V (g, g’) for the number of solutions of the equation
U(zib) +mfat oy + a2l = W(wie) + 0ty Hyr 4yl
with z, w, b, ¢ satisfying (7.6), with x; and y; satisfying (7.5) for 1 < j < s—1, and with
W(zb) £0, W(wie) £0, g[¥(z;b), ¢|¥(wie), (m) <P’ (n) <P’
z, y monic, (z) <Q(m)~!, (y) QM) so(w) =g, so(y) =9

Now define Gy (a; P) = G4(a; P;C) by putting

Gy(a; P) =) e(a¥(zb)),

z,b

where the summation is over z and b satisfying (7.6), and subject to the conditions
U'(z;b) # 0 and ¢|V’'(z;b). Let § be the total degree of ¥. Then since (z) < P and
C; <P (1<i<r), wehave (I'(z;b)) < P°. It therefore follows from (7.16) that

(7.17) S.(P.Q.R) < [ 10(0)® (0 QR | da
T
where we write
1
(7.18) Gla) = Ggy(a; P) Z e(amFa®).
(g)<P? (m)< PO (x)<Q(m)~1
so(z)=g

Here, if g is not squarefree, we understand the third summation of (7.18) to be empty.
We now apply Cauchy’s inequality to (7.18), obtaining the upper bound

(7.19) Gl@)P <M Y |Gylas P),

(gy<Ps

M = ‘ ZA ZT e(am®z®)

(9)<P% (m)<P9 (z)<Q(m)~!
so(x)=g

where

Interchanging the order of summation in the last expression, and then applying Cauchy’s
inequality in combination with Lemma 7.1, we deduce that

M = Z ‘ ZT Z e(am®z")

(9)<PS (z)<@Q  (m)<P*

< P* Z ZT ‘ Z e(amPzh)

(<P (2)<Q  (m)<P?
so(z)=g (m)<Q(z)~"

‘ 2
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Consequently, on making a trivial estimate for the innermost sum in two different ways,
we find that

~ PN ~ ~ ~
M <P Y PPQa) ™ < PP Qlog Q.
(z)<Q

We now substitute the last estimate into (7.19), and from there into (7.17), obtaining
the upper bound

(7.20) S«(P,Q,R) < P*Q Y J(g),

(g)<P?

where we have written
(@) = [ 16(0: P (03 Q R do.

By orthogonality, the integral J(g) counts the number of solutions of an equation of the
shape (7.4), subject to (7.5) and (7.6), save with s — 1 in place of s, and with ¥/(z;b) # 0,
U (w;c) # 0, g|¥'(z;b) and g|¥'(w;c). Note that for each fixed choice of z and b, it
follows from Corollary 7.2 that the number of possible divisors g of ¥/(z;b) is at most
O((¥(2;b))¢) = O(P%), and likewise for ¥(w;c). We therefore deduce that

3 J(9) < PS._1(P,Q, R),

(g)<P?

and from here, the relation (7.20) leads to the upper bound
S«(P,Q,R) < P'*QS,_1(P,Q,R).

This confirms (7.11) in the third case.
(iv) Suppose that Sy > max{S1, S2, S5}, so that from (7.15) one has Ss(P, @, R) < 45;.
Then for a given solution of (7.4) satisfying (7.5) and (7.6) counted by S4, we have

() > P% (y;) > P’ (1<j<s) and U(zb)#0, ¥(wic)#0,
and neither
(7.21) z;D(0P)¥' (2;b) nor y,D(OP)¥ (w;c) (1<j<s).

When 1 < j < s, let m; denote the product of all the monic irreducible factors of z;
that are coprime to W/(z;b). If one were to have (m;) < P? then x;D(0P)¥'(z;b),
contradicting (7.21). Then we are forced to conclude that (m;) > P?. Let m; be a monic

divisor of m; of smallest degree satisfying the property that (m;) > P?. Since the degree
of each irreducible factor of z; is at most 12, we may infer that

P? < (mj) < min{Q, P’R} and (m;, ¥'(z;b)) = 1.
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Plainly, we may proceed in a similar manner with y; for 1 < j <s.
With the discussion of the previous paragraph in mind, we see that Sy < Vi, where V}
denotes the number of solutions of the equation

U(z;b) + Z(mjuj)k = U(w;c) + Z(njvj)k,

with z, w, b, ¢ satisfying (7.6), and subject to the condition that for 1 < j < s one has

~

(7.22) mj, n; monic, P? < (m;), (n;) < min{Q, P’ R},
(mj, ¥'(2;b)) = (nj, ¥ (w;c)) =1,

uj € A(Q —ord m;, R), v; € A(Q —ord nj, R).

Now define F,,(«a; P) = F,(a; P;C) by putting
Fo(a; P) =) e(a¥(z;b)),
z,b
where the summation is over z and b satisfying (7.6) subject to the condition that
(m, ¥'(z;b)) = 1. Also, write
Fj(a) = f(m?a;@ —ord mj,R)f(—né?a;Q —ordn;,R) (1<j<5s).

Then it follows from orthogonality that

S

(7.23) V< Z/TFM(a;P)FN(—a;P) I Fi(e) de,

Jj=1

where here, and in what follows, the summation over m and n is subject to (7.22), and
we have written M =mq...mgsand N =nq...ng.
We next write
Xj(a) = |Far(a; P)* f(m}a; Q — ord mj, R)*|

and
Yi(a) = |Fn(a; P)Qf(nfa; Q — ord n;, R)*|.

Then it is apparent from (7.23) that

Sy K Z /T H(Xj(a)lfj(a))l/(%) da,

so that by Holder’s inequality,

(7.24) Si<y H (/T X;() da)l/(%) (/T Yj(a) da)

m,n j=1

1/(2s)
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Now observe that
/Xj(a) da < W(P,Q,R;m;) and /Yj(a) da < W(P,Q, R;n;),
T T

where we write W (P, @, R; m) for the number of solutions of the equation
(7.25) U(z;b) +mF (Wl + -+ u) = U(w; ) + mF(F + - +0h),

with z, w, b, ¢ subject to (7.6), and with u;,v; € A(Q —0P,R) (1 < j < s) and
(U'(z;b),m) = (¥'(w;c),m) = 1. Then, on applying Holder’s inequality on the right
hand side of (7.24), we obtain the estimate

1-1/(2s s Hze)
s (X)) )(ZH<W<P,@,R;mj>W<P,@,R;nj>>)

m,n m,n j=1

(7.26) < (P°R)>*~'V(P,Q, R;9),

where V (P, Q, R;0) denotes the number of solutions of the equation (7.25) subject to (7.6),
(7.8), (7.9) and the conditions (¥’(z;b), m) = (¥ (w;c),m) = 1. We now seek to establish
that

(7.27) V(P,Q,R;0) < P°C,T,(P,Q,R;0),
for on substituting this bound into (7.26), we obtain
Ss(P,Q,R) < P*C.(P’R)*~'T,(P,Q, R; 0),

and this confirms (7.11) in the fourth and final case.

For a given polynomial m satisfying (7.8), let £(m;u; b) denote the set of solutions z of
the congruence ¥(z;b) = u (mod m*), with (z) < (m*) and (¥'(2;b), m) = 1. Consider
an irreducible factor @ of m, and suppose that =" ||m*. An application of Hensel’s Lemma
(see, for example, Lemma 5.21 of [10]), shows that card(£(w”;u;b)) < 4§, where § is
the degree of W. Applying the Chinese Remainder Theorem and recalling Corollary 7.2,
therefore, we deduce that

(7.28) card(E(m;u; b)) < 6™ <« (m)e.

Consider a solution of (7.25) counted by W (P, @, R; m). Motivated by the observation
that ¥(z;b) = ¥U(w;c) (mod m*), we classify the set of solutions according to the residue
class modulo m* of ¥(z;b). Let

gm(e;Gb) = > e(a¥(z;b))
(2)<P
2=¢ (mod m*)



34 Y.-R. LIU AND T. D. WOOLEY

and

Gulo) = 3 Y Y guacn)

<{m)*k b (e€&(m;u;b)

in which here, and in what follows, the summation over b is subject to (7.6). Then on
reviewing the definition of V (P, @, R;#), we find that

(7.20) V(P,Q.R;6) < ST v
ﬁ9<<m>§min{@,ﬁ0§}
where
(7.30) v, = / Gon(@)|f(m*a; Q — 0P, R)* da.
T

We now apply Cauchy’s inequality in combination with (7.28), thereby obtaining the
estimate

Gm(@) < (m)Cr > Y > gm(as b))

(uwy<(m)* b ¢€&(m;u;b)

YO Y D gm(asGB).

b () <(m)”

On substituting this bound into (7.29) and (7.30), we consequently deduce that
V(P,Q,R;0) < P*C, T,

where

r- S Y ¥ / g (0. b)2 f(m*0: Q — 6P, R)| da

ﬁ9<(m>§min{©,ﬁ § b ({)<(m)k

A comparison of the equation underlying the right hand side of the last relation with
(7.7) reveals that T < T, (P, @, R;60). The desired bound (7.27) follows at once, and as we
remarked earlier, the latter confirms (7.11) in the fourth case. This completes the proof
of the lemma.

8. The efficient differencing process. The role of the fundamental lemma (Lemma
7.4) is to relate the mean value Sq(P, @, R) to the derived mean value T5(P, @, R;0), the
latter containing the relatively powerful congruence condition (7.10). We now exploit
this condition by engineering a differencing process more efficient than that available via
conventional Weyl differencing. In order to discuss this efficient differencing process, we
define the modified forward differencing operator A} by

A(f(2); him) = m™"(f(2) — f(z — hm")),
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and then define A;‘? recursively by
A;+1(f(2)3 hi,... hjyisma, ... ,mj+1)
= AT(A;(JC<Z)7 hla SRR hj;mla cee 7m]), hj.|_1;mj+1).

It is convenient also to adopt the convention that Ag(f(2)) = f(2).

While in characteristic zero, the differencing process effectively decreases the degree of
the polynomial argument by precisely one, the situation in positive characteristic is more
subtle. It is therefore useful to define the g-difference degree of a polynomial f(z) with
coefficients in Fy[t] to be the largest natural number v for which A*(f(z);h;m) is not
identically zero as a polynomial in z, h, m. We write v(f(z); q) for the ¢-difference degree
of the polynomial f(z). In addition, when confusion is easily avoided, we write v(k;¢q) for
v(2¥; q). The following lemma shows that v(k; ¢) may be conveniently evaluated in terms
of the sum of digits function 7,(k) defined in the preamble to the statement of Theorem
1.1.

Lemma 8.1. When k is a natural number, one has v(k;q) = v4(k).

Proof. Let the characteristic of F; be p, and write k in base p in the shape k& = a,p" +
<o+ a1p + ag, where 0 < a; <p—1 (0 <i <n)and a, # 0. We seek to show that
v(k;q) = ap + a1 + --- + an, and this we achieve by induction. Observe first that if
v4(k) =1, then k = p™ for some non-negative integer n. In such circumstances one has

n

A2 hym) = m™F (2P — (2 — hmF)P") = (=1)PHLRP P D)

which is not identically zero as a polynomial in z, h and m. Thus we see that v(k;q) = 1
when v,(k) = 1, and so the basis for our induction is established.

Suppose next that v,(k) > 2, and that y(I;¢) = v4(!) for each natural number [ with
[ < k. By the binomial expansion, one has

k—1
AT (ZF5hm) =) (=D)F I f(h,m)2,

J=0

where we write f;(h,m) = (l;)hk*jmk(k*jfl). When 0 < j < k, write 7 = 7(k, j) for the

non-negative integer satisfying p7 || (’;) Then we have

S BED- S0 -1

where, as usual, we write {8} for 8 — [5]. It follows that (I;) is coprime to p if and only
if j has the shape j = b,p" + -+ + bip + by, with 0 < b; < a; for 0 < i < n (this in fact
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follows from Lucas’ criterion). Writing N (k) for the set of integers j with 0 < j <k —1
for which the latter condition is satisfied, we therefore deduce that

A% (2% hym) = Z (—1)F=ItL fi(hym) 2.
FEN (k)

Furthermore, each term in the latter sum is non-trivial as a polynomial in 2z, h and m. In
view of our inductive hypothesis, therefore, one has

k;q) =1+ 5q) =1+ ).
v(k;9) e (73.0) ax 74(7)
Moreover, since 7, (k) > 2, there is some element j of N (k) for which ~,(j) = v4(k) — 1,

and so we conclude that vy(k;q) = 1+ (74(k) — 1) = 74(k). This establishes the inductive
step, and so the proof of the lemma is complete.

Before discussing the efficient differencing process itself, we pause to summarise Lemma
7.4 in a form tailored for the task we have in mind. When j is a non-negative integer, we
define the polynomial ¥;(z;h;m) = ¥, x(z;hq,..., hj;m, ..., m;) by putting

U,(z;h;m) = A;(zk; h;m).
For each integer j with 1 < j < ~,(k), one may write ¥, (2;h;m) in the form

k—j—1

(8.1) U, (zshim) = khy .. hy Yy ;(hym)z,
1=0
where, for 0 <1 < k — j — 1, the polynomials ¢; j(h;m) = @bl(f;.)(hl, o hiima, oo my)
have coefficients in Fy[t], and are of degree k —j —1 — [ in h and m. We observe that
1;(h;m) may be written as a polynomial in h.mF (1 < r < j), say ¢;,;(h;m) =
Xl,j(hlm’f,...,hjm?). When 0 < r < j, let I](Tk? denote the set of indices [ for which
x1,;(&) does not depend explicitly on & .41,...,&;. Here, we adopt the convention that
I](jk? =4{0,1,...,k—j—1}. Thus, in particular, the indices [ € I](?k? make no contribution
on the right hand side of (8.1).

We now abbreviate v, (k) simply to v, and when 1 < i <, we take ¢; = ¢;(s, k) to be
a parameter chosen in due course, but satisfying 0 < ¢; < 1/k. When 1 < j <+, we then
put

(8.2) Q=1 +---+¢;, Mj=¢;P, Hj=P—kM; and Q;=(1-9;)PF.

The parameter intervals [C], C;] (1 <14 <) of §7 are now interpreted as (M;, M; + R] and
[0, H;] (1 <i<y), withr=2j. We write X for the set of 2j-tuples of polynomials (m, h)
with M; < (m;) < MjRand 1 < (h;) < H; (1 <i<j). When1 < p < X<k, let ©,
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denote the set of polynomials x; (&) with [ € Zi“,g \Iif‘,c_l), and write 2, = 0, ,U---UO,, .
Next define D, ; to be the set of elements (m,h) € X; satisfying the condition that
X(hlmlf,...,hﬂmﬁ) = 0 for some x € E,. We then put & = D ; UDy; U---UTDj;,
and define C; = X; \ ;. In this way, we ensure that when W’ (2;h;m) is considered as
a polynomial in z, then whenever (m,h) lies in C;, every coefficient of W’ , that could
conceivably be non-zero is indeed non-zero.
Next we define
Fi(a) = > e(a¥; k(2 h;m)),

z,h,m

where the summation is over z, h, m with 1 < (z) < P and (m,h) € C;. Finally, we
write Ss(P, Q, R; ¥;) for Ss(P,Q, R; ¥V, 1;C;), and do likewise with the counting functions
T, and Nj.

Lemma 8.2. Let n be a positive number with n < 1, and suppose that R is a parameter
satisfying P/log(2P) < R < nP. Then whenever s is a non-negative integer and 0 < j <
v, one has

(8.3) So(P,Qj, R; ¥;) < PFR™ "WH M;M7 T To(P, Qj, R; 6115 ;).

Proof. Our strategy is to establish by induction that for each natural number s the upper
bound (8.3) holds. For the sake of convenience, write = ¢,11, so that Pl = /\j+1~
We begin by establishing a basis for the induction with the case s = 0. Observe that
So(P,Q;, R; ;) counts the number of solutions of the equation

(8.4) VU;i(z;h;m) = ¥ (w; g;n),

with (z), (w) < P, (m,h) € C; and (n, g) € C;. By exchanging the order of differentiation
and differencing, one sees that U’ (2;h;m) = k¥ ;_1(2;h;m), and so it follows from
the discussion in the preamble to this lemma that when (m,h) € C;, then ¥/, (z;h;m) is
a non-trivial polynomial in z, though possibly constant (i.e. a non-vanishing polynomial
only in h and m). But the latter implies that ¥, 1 (z; h;m) is also a non-trivial polynomial
in z, and of degree at least one. Fixing choices of (m,h) € C; and (n,g) € C;, therefore, we
find that for each fixed choice of w there are at most k — j possible choices for z satisfying
(8.4). We consequently find that

(8.5) So(P,Qj, By W) < P(H;M;R7)?.

The quantity To(P, @;, R;0; V), on the other hand, counts the number of solutions of
the equation

(8.6) V;(2;h;m) = ¥;(w; h;m),
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with (z), (w) < P, (m,h) € C;, M;41 < (m) < min{Q;, M;41 R} and z = w (mod m").
Counting only the diagonal solutions of (8.6) with z = w, we find that

(8.7) To(P,Qj, B; 05 9;) > PMjy H; M;RI*,
A comparison of (8.5) and (8.7) reveals that

So(P,Qj, Ry W;) < H;M;RI~'M

HlTo(P Qj, R;0;V,),

and this confirms the estimate (8.3) in the case s = 0.

Next, we suppose that (8.3) has been established with s replaced by u, for each non-
negative integer u with v < s, and we consider the conclusion of Lemma 7.4 with 0 = ¢; ;.
First consider the term S,(P,0P, R;V;). Note that since 0 < ¢; < 1/k (1 <i < j+1)
and j <y <k, onehas 1 —(¢1+---+¢;) >1—j/k> 0. It therefore follows from (8.2)

that 0P < @, that po < @j, and hence also that P2 < Q\j]\/Zﬂ_l. Then on interpreting
the equation underlying S,(P,0P,R;¥;) (v = s — 1,s) in integral form, and applying a
trivial estimate for the generating function f(«; 6P, R), we obtain the bound

S.(P,0P, R; \I/j):/|Fj(a)2f(a;0P,R)25|da
< Q] JHSS 1(P,0P,R; V).

But Ss—1(P,0P,R; ¥;) < Ss_1(P,Q;, R; ¥;), and so it follows from our inductive hypoth-
esis that

(8.8) Sy(P,0P,R; V;) < P°R*~3J H, M, M25 T2Q,Ts 1 (P,Q;, R; 0; 7).

A consideration of the semi-diagonal solutions of (7.7) counted by Ts(P,Q;, R;0;V;), in
which us = v4, in combination with the conclusion of Lemma 7.3, consequently reveals
that

(8.9) T,(P,Q;, R;0;9;) > QI iT,_1(P,Q;, R; 6; 7).

Now combining (8.8) and (8.9), and noting that @j+1]\/4\j+1 = @j, we arrive at the upper
bound

(8.10) Sy(P,0P, Ry W;) < PR3 H M M%7 T, (P, Q;, R: 0; ;).

Next we consider Ny(P,Q;, R;V;). If z, w, h, g, m, n, x, y is a solution of the equation

S

Uj(z;h;m) — U (w;gin) = > (2 —yf)

=1
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counted by Ns(P, Q;, R; ¥;), then one has W’ (z;h;m) = ¥’ (w;g;n) =0, and (m, h) € C;
and (n,g) € C;. As in the discussion above concerning the equation (8.4), the polynomials
W% (2;h;m) and W’ (w; g;n) are non-trivial in z and w respectively. In particular, if either
is a constant polynomial in terms of the respective variables z and w, then that constant
is non-zero. It follows that for fixed choices of (m,h) € C; and (n,g) € C;, there are at
most O(1) possible choices of z and w. On interpreting the number of solutions of the
underlying equation in integral form and applying the triangle inequality, we therefore
conclude that

(8.11) Ny(P,Q;, Ry ¥;) < (H;M,;R’)* / (5 Qj, R)|** dav.

~

If z € A(Q;, R), then either (x) < P or else x has a divisor m with P? < (m) < PYR.
On considering the associated equations, one therefore finds that

(8.12) / (0 Q. R)? da < / ()2 dar,
where we write

fla) = fla; Mj4q, R) + Z f(am®; Qj+1, R).

M1 <(m)<M;1 R
On considering the underlying equation, a change of variable yields the estimate
Z |f(am®; Qj41, R)|** da < M1 RS(Qj41, R),
M1 <(m)<M; 1 R

and so a trivial estimate for | f(a; M,;11, R)|, in combination with an application of Holder’s
inequality, leads from (8.12) to the bound

175, R do < 3732, + (01,10 R5.(@y1. ).
On recalling (8.11), we therefore arrive at the relation

(8.13) No(P,Q;, Ry W) < (H;M;R7)*(M;1+1R)**Ss(Qj41, R).

Next, on considering the semi-diagonal solutions counted by Ts(P,Q;, R;0; V;) in which
z = w, we obtain the lower bound

Ty(P,Q;, R; 0;%;) > PH;M; 1 R Sy(Qj11, R).
A comparison with (8.13) consequently leads to the upper bound

(8.14) Ny(P,Qj, Ry V;) < PR [ M M2 T TS (P, Q, R; 05 95).
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We now come to the third term on the right hand side of (7. 11) On recalhng the
inductive hypothesis, it follows from (8.9) together with the relation QJHM i1 = QJ that

(8.15) Q;P" 28, 1(P,Q;, Ry V) < PR3 ;M M* T Ty (P, Q;, R; 0; 7).

We therefore conclude from Lemma 7.4 in combination with (8.10), (8.14) and (8.15) that

So(P,Q;, R; U;) < P¥R¥* "W H;M; M1 To(P,Q;, R; 0, ¥;),
and this suffices to establish the inductive step. The desired conclusion (8.3) now follows
for every non-negative integer s, and this completes the proof of the lemma.

The conclusion of Lemma 8.2 enables us to bound the mean value S(P,Q;, R; V;) in
terms of Ts(P, Qj, R; ¢j+1; ¥;). We now complete the efficient differencing step by relating
Ts(P,Qj, B; 9115 95) to Ss(P, Qj41, B Wjp1).

Lemma 8.3. Let n be a positive number with n < 1, and suppose that R is a parameter
satisfying P/log(2P) < R < nP. Then whenever s is a positive integer and 0 < j < =,
one has

TS (P7 Qj7 Ra ¢j+1; \Ijj) < ﬁl—’—e.ﬁj—’_lﬁjj\zj—klss(Qj—kla R)

8.16
(810 + (Ss(Qj41, R (Ss(P, Qjy1, Ry 1)) /2.

Proof. We begin by noting that Ts(P,Q;, R; ¢;+1; ¥;) counts the number of solutions of
the equation

(8.17) U;(z;h;m) — ¥, (w; h; m) kz uf —of

with

(8.18) (z), (w) < P, (m,h)eC;,

and with

(8.19) m monic, ]\/4\j+1 < (m) < mln{QJ, ]+1R}

(8.20) ui,v; € A(Qjr1,R) (1<i<s) and z=w (modm").

The last condition may be interpreted by writing w = 2z — hm* for some h € F,[t] with

(h) < max{(z), (w)}{m)=F < f[jH. Let Uy denote the number of solutions of (8.17)
with (8.18), (8.19) and (8.20), where in addition one has z = w, and let U; denote the
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corresponding number of solutions for which w = 2z — hm* with (m,m;h,h) € ;1. Also,
let Us denote the number of solutions of the equation

(8.21) T;(z;h;m) — U (2 — hm”; h;m) kZu —oF

with z, h, m, m, u, v subject to (8.18), (8.19) and (8.20), and subject also to the condition
that (m, m;h, h) € Cj41. Then it follows from the above discussion that one has the upper
bound

(822) TS(P,Qj,R;¢j+1;\I]j) S U0—|—U1‘|—U2.
In view of the definition of Uy, the estimate
(8.23) Uy < PH;M; 1R 5,(Q,11, R)

is immediate from (8.17)—(8.20). Next we consider U;. For a fixed choice of m and h
with (m,h) € C;, any polynomials m and h with (m,m,h,h) € £;41 necessarily satisfy
the condition that x(himf{,...,hym¥ hm*) = 0 for some y € Z;11, and further that
v(ham¥, ... hymk ) # 0 whenever v € Z;. A consideration of the relative degrees of terms
involving m and h and m and h, reveals that whenever (m, m,h, h) € €41, then for each
fixed (m,h) € C;, the polynomial hm* must be a zero of some one of O(1) polynomials of
degree at most k. There are consequently at most O(1) possible such choices for hm* for
each fixed choice of (m,h) € C;. For each fixed choice of the non-zero polynomial hmF,
moreover, it follows from Corollary 7.2 that the number of available choices for A and m
is O(]3€ ). Given a fixed choice of w, it is a consequence of the foregoing discussion that
there are at most O(1) choices for z with w = z — hm* counted by U;. Interpreting the
equation (8.17) in terms of an associated integral and applying the triangle inequality, we
thus conclude that

Up < PYSHM;R) _ max /|f am®; Qj+1, R)|** da
M1 <(m)<Mj; i1 R

(8.24) — PY*H,;M;R5,(Q;41,R).
Next we observe that
m ¥ (U, (z;h;m) — (2 — hm*;h;m)) = ¥, (2;h, h;m, m).

On interpreting the equation underlying (8.21) in integral form, we therefore deduce that

Uy < [ Fron@)lf(es s, B do
T

By Schwarz’s inequality, we thus arrive at the upper bound

. 1/2
Uy < </ [f(e; Qj41, R / |Fji1(a)”f(a; Qjta, R) \da>
T
(8.25)
= (S5(Qj+1, R)V(Ss(P, Qjy1, Ry Wj41)) /2.
The desired conclusion (8.16) follows on combining (8.22), (8.23), (8.24) and (8.25).
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9. Permissible exponents. The application of Lemmata 8.2 and 8.3 in sequence permits
us to estimate Sg(P, Q;, R; V) in terms of Sg(P, @41, R; ¥;41), and thereby a kind of dif-
ferencing operation is executed inside the associated mean value. On recalling that ¥y (z) =
2F | it is evident from a comparison of (7.2) and (7.4) that S,y (P, R) < Ss(P, P, R; V),
and so we are able to apply the aforementioned differencing argument to obtain estimates
for S, (P, R) for successive values of u. The goal of this section is to obtain estimates of
the shape Ss5(P, R) < Prote , valid for suitable exponents A; when R is suitably small.
In this context, and in what occurs henceforth, it is useful to introduce the following
convention concerning the numbers ¢ and R. Whenever € or R appear in a statement,
either implicitly or explicitly, we assert that for each € > 0, there exists a positive number
no(e, s, k) such that the statement holds whenever R = nP, with 0 < n < (e, s, k). Note
that the “value” of €, and 1y, may change from statement to statement, and hence also
the dependency of implicit constants on € and 7. Notice that since our iterative methods
will involve only a finite number of statements (depending at most on k, s and ¢), there
is no danger of losing control of implicit constants through the successive changes implicit
in our arguments. Finally, we use the symbol & to indicate that constants and powers of
R and P°¢ are to be ignored.

We say that the exponent Ay = Ag (q) is permissible whenever, with the convention
described above, one has Ss(P, R) < }A)’\SJFE, wherein we write Ay = 2s — k + A;. We may
interpret what it means for the exponent A to be permissible as follows. Whenever € > 0
and 7o is a positive number sufficiently small in terms of €, then for all positive numbers
P sufficiently large in terms of ¢, €, 1, s and k, one has

/ |f(a; P, R)[** da < P iHaste,
T

Notice that by making use of a trivial estimate for f(«; P, R), it follows easily from the lat-
ter bound that permissible exponents Ay may always be assumed to satisfy the inequality
A, < k. In addition, the sequence of inequalities

P S [P e-ab) da < P [ | PR do
(n)<P*

ensures that A, is necessarily non-negative. The next lemma supplies permissible expo-
nents when s is 1 or 2.

Lemma 9.1. One has S1(P, P) < P and S3(P, P) < P2+¢.

Proof. The first inequality claimed in the statement of the lemma is trivial from orthog-
onality. For the second, we observe that Sy(P, P) is bounded above by the number of
solutions of the equation

k—1

(9.1) (z1 —y) @+ Py 4y ) = a2 —

with (z;), (y;) < p (i = 1,2). For each fixed choice of x5 and y» with 25 # y4, both

z1 —y and 2871+ 2872y 4. 49771 are divisors of the non-zero element of F[t] given
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by x5 — y5. Fixing any one of the O(ﬁs) possible choices of these divisors, say d; and ds
respectively, one finds that 1 = y; + di, whence

(1 +d)F P+ +d)f 2y 4+ -+ yf_l = ds.

The latter polynomial equation contains the leading term kylf ~1 and since throughout we
assume that the characteristic of F, does not divide k, we find that y; is determined by
a non-trivial polynomial of degree k — 1. Consequently, there are at most £ — 1 possible
choices for y; and hence also for x;. There are therefore at most O(]32+€) solutions of
(9.1) counted by So(P, P) in which 2§ # y&.

When 25 = 95, meanwhile, one has also z§¥ = y¥. In this situation, given a fixed
choice of y; and yo, there are at most k choices each for x; and z5. The number of
solutions of this type counted by Sy(P, P) is therefore at most O(P2). The upper bound
S (P, P) < P2t follows at once on combining this contribution with the one bounded in
the previous paragraph.

It follows from Lemma 9.1 that one may take Ay = k—1 and Ay = k — 2 as permissible
exponents. We note that it is reasonable to conjecture that the exponent A, = max{k —
u,0} is permissible for each positive integer u. The next lemma delivers a bound for
permissible A, obtained through our efficient differencing process.

Lemma 9.2. Write v = ~,(k), and let r be a fivzed natural number. Define the real
numbers 0s, As and \s inductively by defining 0o = 0, Ay = k — 2, Ay = 2, and when

s > 2 by taking
1 1 1 E—A,\7F
b=+ (7 - ,
kE+ As ko k+ Ay 2k

Ay =As1(1—0,)+ k0, —1,

and

s =25 —k+ A,.

Then the exponent Ag is permissible for 2 < s < r. In particular, given € > 0, there is
a positive number ny = no(e,r, k) with the property that whenever 0 < n < 19, one has

Sy (P,nP) < P>se.

Proof. We establish the desired conclusion by induction on s. The conclusion of the
lemma for s = 2 follows at once from Lemma 9.1. Suppose then that the conclusion of
the lemma has been confirmed when 2 < s < u. We apply Lemmata 8.2 and 8.3 to bound
Su+1(P,nP) by making use of the trivial upper bound S,+1(P,nP) < S, (P, Qo, R; ¥y),
with R = nP, Qo = P and ¥y = zF. With each application of Lemma 8.3, we make
a choice for the associated parameter ¢;; in such a manner that the two terms on the
right hand side are of similar order of magnitude, thereby optimising the ensuing upper
bound for T, (P, Q;, R; ¢;4+1; V). In view of the inductive hypothesis and our conventions
concerning € and R, this choice for ¢;,; supplies the bound

(9'2) Tu(Pa QjaR; d)j—i—l;\llj) < ﬁl—’—Eﬁij—i—l@\?_T_l-
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We begin this process with j = v — 1, and in this way successively define ¢; for j =
v,y —1,...,1. At the final stage we are able to extract the desired upper bound for
Su(P, Qo, R; ¥y).

We begin by considering the mean value associated with the equation (7.4), and observe
that by making a trivial estimate, one obtains

Su(P,Qy, R; V) < P*T*H?M2S,(Q+, R).
An application of Lemma 8.3 now reveals that
(9.3) Tuw(P,Qy—1,R; ¢ V1) < T + T,

where o
Ty = P'""H, 1 M,S,(Q+, R)
and

~ o 1/2
Ty = (Su(@Qyy R)? (PP HIMES.(Qy R))

In order to minimise our estimate for T, (P, Q—1, R; ¢4; ¥.,_1), we make a choice for ¢,
in such a way that T} ~ T5, that is

PH,_M,S,(Q-,R) ~ PH,M,S,(Q+, R).

We therefore choose ¢. so that H., = 1, which is to say ¢, = 1/k. Applying the inductive
hypothesis for S,(Q~, R), we deduce from (9.3) that

Tu(P, Q'y—l; R; ¢V; \Ilfy—l) < ﬁl—i_aﬁy—lj\z’y@»/y\ua

which confirms the estimate (9.2) in the case j = v — 1.

Suppose next that 7 > 0, and that we have fixed choices for ¢; when v > i > j + 1,
and further that we have established the bound (9.2). The conclusion of the previous
paragraph establishes such when j = v — 1. On substituting (9.2) into the conclusion of
Lemma 8.2, we obtain the upper bound

Su(P, Qs Ry W) < P HPMGQ)
Substituting this bound into the conclusion of Lemma 8.3, and applying the inductive
hypothesis for S,(Q;, R), we deduce that

(9.4) Tu(P,Qj—1,R; 5 ¥;_1) < lse(Tg + Ty),

where o
Ty = PH;_1M;Q},
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and DAr2u 2 a2\ 1/2 A\ 1/2
Ty = (PMj+1Hj M; jSl) (Qj“) :

We minimise our estimate for T,,(P, Q;_1, R; ¢;; V;_1) by choosing ¢; in such a manner
that T3 ~ Ty, that is

~ ~ 2 ~— ~ o~ ~ ~
(PHj_leQj.u) ~ PN H2MP Q) Q).
We choose ¢; so that

1 -+ /\u(l — (I)]) =2 — Qkiqu -+ 2U¢j+1 —+ )\u(l — q)j — ¢j+1)7

or equivalently,

14+ (B—Au)gj41
i 2k '

With this choice of ¢;, it follows from (9.4) that the estimate (9.2) holds with j — 1 in
place of j, and this completes the inductive step.
Thus far we have fixed choices for ¢; (7 > j > 1) via the relations

1+ (k= Au)djtr
2k

¢y =1/k and ¢; = (1<j<y-1).

It follows that for j = 1,2,...,~, one has

4 = Lo (1 E—A,\"’
TR+ A, kE kE+A, 2k '

In particular, we have

by — Lo (1o E— A\
" kA, E k+A, 2%k '

With this choice of ¢; (1 < j <), it follows from (9.2) that

Tw(P,Qo, R; 915 ¥p) <K ﬁlﬁf%\l@?“-

We therefore deduce from Lemma &.2 that

(9.5) Su(P,Qo, R; Wy) < PHeMZ Q)
and it follows that
(9.6) Sut1(P,R) < Pruite,

with Ay41 = Ay (1 — @1) + 1+ 2ugy. Thus, if we write 6,41 in place of ¢1, we find that the
exponent A, 1 is permissible, where Ay 11 = Ay (1 — 0y11) + kOy+1 — 1. The conclusion
of the lemma now follows in all details.

We record a further consequence of the argument employed in the proof of Lemma 9.2
as an associated lemma.
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Lemma 9.3. Define the exponents A\s (2 < s < r) as in the statement of Lemma 9.2.
Then one has

/ |F(o; P)%f(a; P,R)*|da < PY+17 (1< s<7).
T

Proof. We have only to observe that the upper bound (9.6) is extracted from (9.5), so that

in fact one has Ss(P, Qo, R; ¥y) < PXs+1+2 . But the latter supplies the conclusion of the
present lemma.

The bound supplied by Lemma 9.3 has value in that two classical Weyl sums are present
in the mean value, yet the estimate available for this mean value is not diminished in
quality. Since classical Weyl sums are a valuable resource in analysing the major arc
contribution, this simple observation has considerable utility. By modifying the argument
of the proof of [28, Theorem 2.1|, we are able to convert the conclusion of Lemma 9.2 into
a convenient form of essentially the same strength.

Theorem 9.4. Write v = v,(k), and let v be a fivred natural number. For each s € N
with 2 < s < r, define the positive number 05 ), by means of the equation
1—2s/k, when k < 2772,

9.7 0s.k +logds k=
(9.7) e+ 108 sk {1—(2—21—”)8/& when k > 2772,

Then the exponent Ag ), = ks is permissible for 2 < s <r. In particular, if we define

\ { 25 — k + kel =2/ when k < 2772,
Tl 25— k4 kel=2=2"s/k yhen k> 2772,

then one has Ss(P, R) < Prste (2<s<r).

Proof. We prove the theorem by induction. We begin by noting that for each natural
number s, the exponent d;j satisfies the inequality 0 < Js;, < 1. In addition, it is
apparent that d 4+ logd is an increasing function of 6 when § > 0. In order to establish the
conclusion of the theorem, therefore, it suffices to prove for each fixed s that

(9.8) Sy(P,R) < P k+ho"+e,

with 0* a positive number satisfying the condition 0* 4 log 0* < 4, + log ds k.
Consider first the case in which s = 2. Lemma 9.1 supplies the bound Sy (P, R) < P**¢,
so that Ay, = k — 2 is a permissible exponent. Moreover, one has

1—-2/k+log(1—-2/k) <1—4/k <6y + logda,

and so when s = 2 the upper bound (9.8) holds with §* < d5 . This confirms the desired
conclusion when s = 2.
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Suppose next that the first conclusion of the theorem holds for the index s, and write
0 = 0s,%. In addition, write A = 2s +2 — k + A with

(9.9) A =k5(1 - ¢1) + ko1 — 1,
and
1 1 1—6\""!

Then it follows from Lemma 9.2 that Agy; ) = A is a permissible exponent and that
Ss+1(P,R) < P> e, We therefore seek to prove that

(9.11) A/k +1og(A/k) < 0541, +108 G411,

and from here the bound (9.8) follows with s replaced by s 4+ 1, and with §* = 6541 k.
In view of our opening remarks, the first conclusion of the theorem will then follow by
induction.

On substituting (9.10) into (9.9), we deduce that

1-6 61—=6) /1—-6\""
A =ké+ 1—6)—1=Fko+ + — 1.

On writing w = (1 — 6)72'77, we therefore see that

AJk +log(AJk) =6 (1 - ﬁ) +logd + log (1 - ﬁ)
(2 —w)d 2—w (2 —w)?
k(1+0) k(1+0) 2k2(1+0)2
2—w (2 —w)?

ko 2k2(146)2

<d+logd —

<d+logd —

We now recall that 0 < § < 1, whence w < 2'=7. Also, since v > 2, one has
2—w=2-—(1-6)"2""7">2-(1-6)%/2=3(1+6)(3—9).
Thus we deduce that

2—w (3—9)2
A/k +log(A/k) < 6+ logd — TR

It follows that for all values of v, one has

(9.12) AJk +log(A/k) < 6 +logd — (2 — 2177 /k,
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and that whenever ~ satisfies the condition 2772 > k. then
(9.13) A/k +1log(A/k) < §+logd —2/k.
We now recall that 0 = ds x, so that from (9.7) and (9.13), one obtains
Ak +1log(A/k) <1—(254+2)/k = 541,k +10gdst1.k,
when k < 2772 whilst for k > 2772 it follows from (9.7) and (9.12) that
A/k+1og(AJk) <1 —(2—=2""") (s +1)/k = sy 1.5 + log b5 i1 k-

We have therefore confirmed the bound (9.11), whence the exponent Agyqp = kdsy1k
is permissible whenever A, = kd,  is permissible. This establishes the inductive step,
and so the first conclusion of the theorem follows by induction. In order to complete the
proof of the theorem, we have merely to note that from the first part, the exponent A
is permissible whenever A, is a positive number satisfying

kel=2s/k when k£ <2772 |

Aow/k _
(9.14) As e { kel=(2=2""7")s/k  when k > 272,

But then 0 < A, < k, and so the right hand side of (9.14) provides an upper bound for
Ag k.

10. Estimates for smooth Weyl sums: preliminaries. The goal of this and the
following three sections is to convert our newly obtained mean value estimates for smooth
Weyl sums into estimates for individual smooth Weyl sums on the set of minor arcs p.
In order to derive such estimates we adapt the argument of [29], involving the use of the
large sieve inequality, to the setting of IF,[t]. Before advancing in the next section to the
pursuit of useable estimates, we begin in this section with some preliminary manoeuvres.

Lemma 10.1. When 6 € K, and m is a non-negative integer, one has

Z e(fzx) =

(z)<im

m, when ord ||0| < —m,
0, when ord ||6] > —m.

Proof. This is Lemma 7 of [14].

When @ is a natural number, and 7 € F,[t] is irreducible, define
A(Q,m) ={z eF,lt] : (z) <Q, w|zr = w < 7},

in which the relation < is that defined in the preamble to Lemma 3.1. Notice that
A*(Q, ) C A(Q,ord 7). The next lemma is an analogue of [22, Lemma 10.1].
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Lemma 10.2. Suppose that R, M and Q are positive numbers, that y € A(Q, R), and
in addition 1 < R < M < ordy < Q. Then there is a unique triple (w,u,v), with =
wrreducible and v monic, satisfying the following conditions:

(i) y = uv,

(i1) uw € A*(Q — ord v, ),

(iii) M < ord v < M + ord T,

(iv) o,

(v) whenever w is a monic irreducible polynomial with w|v, one has m X w and ord w <

R.

Proof. Consider natural numbers R, M, @ and an element y € A(Q, R) satisfying the
hypotheses of the statement of the lemma. We begin by establishing the existence of
a triple (m,u,v) with 7 irreducible and v monic, and satisfying the conditions (i)-(v).
Observe first that when y € A(Q, R), then in view of (2.2) we may write y = cwiws ... w,
with ¢ € IF;, and with @; (1 < ¢ < ¢) monic irreducible polynomials satisfying w; = wsy =
-+ = wy, and ord wy < R. Let

d():l and dJ:le (1§j§0’)

1<i<j

Then
0=orddy <ordd; <---<ord d, = ord y.

Since ord y > R and y € A(Q, R), one necessarily has ¢ > 2. But 0 < M < ord y,
and so there exists a natural number 7 with ord d, < M < ord d,y;. Moreover, since
R < M < ord y, it is apparent that 1 < 7 < . Consequently,

M <ord d;4q = ord(d;wwr41) < M 4+ ord @, 41.

We now take m = w,y1, v = dr41 and u = y/v, and observe that (7, u,v) satisfies all of
the conditions imposed on the triple in the statement of the lemma.

Next we establish the uniqueness of the triple (m,u,v). Suppose that the triples
(i, ui,v;) (i = 1,2) both satisfy the conditions imposed on (7, u,v) in the statement
of the lemma, save that subscripts are applied to the variables in the obvious manner. If
the two triples are distinct, there is plainly no loss of generality in supposing that either
w1 < o, or else that m; = mo and vy = vo. For ¢ = 1,2, let w; denote the product of all
the monic irreducible factors w of y with @w > 7;. Then for ¢ = 1,2, it is apparent that
?iwi for some exponent h; with h; > 1. If m; < ma, then ve|wq, and so it follows
from the condition (iii) that

V; =

(10.1) ord v; > ord 71 + ord vy > ord m + M.

But, also in view of the condition (iii), one has ord v; < M + ord 7. We therefore arrive
at a contradiction, and so we are forced instead to assume that m; = 7w and v, > vs. The
first of the latter two conditions implies that w; = ws, whence the second leads us to the
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condition h; > hy. But then we once again obtain the inequality (10.1), contradicting
condition (iii) as before. We therefore conclude that the triples (m;,u;,v;) (i = 1,2) are
identical, and so the triple (m,u,v), whose existence is asserted in the statement of the
lemma, is in fact unique. This completes the proof of the lemma.

We next employ this combinatorial decomposition of the set A(Q, R) so as to rewrite
smooth Weyl sums in a potentially bilinear form. In order to assist in this endeavour, when
M and R are positive numbers with 1 < R < M, and 7 is a monic irreducible polynomial
with ord 7 < R, we define B(M, 7, R) to be the set of monic polynomials v € F[t] for
which M < ord v < M + ord 7, «|v, and such that whenever w is a monic irreducible
polynomial dividing v, then @ > 7 and ord w < R.

Lemma 10.3. Let a € K. Then whenever R, M and @) are positive numbers with
1<R<M<Q andr eF,[t]\ {0}, one has

o~

g e(az®) < R max sup Vy.(a; Q, M, R;;0) + M,
m irreducible gcT
z€A(Q,R) ord <R

(z,r)=1

where

Vila; Q, M, Ry 0) = Z Z e(a(uv)® + Ou)|.
veB(M,m,R)  ue A*(Q—M,r)
(U,’I"):l (uyr):l

Proof. We make use of Lemma 10.2 to decompose the smooth Weyl sum in question in
the form

Z e(az®) = Z e(az®) + Z e(az”)

z€A(Q,R) z€A(Q,R) z€A(Q,R)
(xz,r)=1 ord <M ord x>M
(z,r)=1 (@,r)=1
—~ t
(10.2) <M+ > [Wea(:Q,R),
ord T<R
(m,r)=1

where we have written

Wea(;Q.R) = ) > e(a(uv)k).

veB(M,m,R) ue A*(Q—ord v,m)
(v,r)=1 (u,r)=1

But if we write

W’):t—ﬂ'(a7 9’ Q> Ma R) = Z Z G(Cl/(U'U)k + QU),
veB(M,m,R) ue A*(Q—M,r)
(v,r)=1 (u,r)=1
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then it follows that

er(oz;Q,R)=/W,,J’r7r(a,9;Q,M, R) Z e(—0x) db.
T —
(z)<Q(v) !

We next observe that by Lemma 10.1, provided that (v) < @, one has

/) 3 e(@m)‘dez / gO ()1 do = 1.
T <$>§@<U>7l (9><q—1@—1<v>

Thus we conclude that

(103) WT,TF(O[;Q7R) S sup |W7j,_7r<a797 QaMa R)|
0eT

On substituting (10.3) into (10.2), the conclusion of the lemma now follows on summing
trivially over 7 and applying the triangle inequality.

11. Estimates for smooth Weyl sums: large moduli. The argument that we apply
to estimate the smooth Weyl sum f(«; P, R) proceeds in two phases. In one stage we apply
the large sieve inequality to estimate f(«; P, R). This treatment provides a satisfactory
bound whenever « is well approximated by a ratio a/g of polynomials with (g) small.
In the second stage one applies a treatment employing bilinear sums that yields viable
estimates in the complementary situation in which « is well-approximated only by ratios
a/g in which (g) is necessarily large. In this section we tackle the latter situation, beginning
with an auxiliary lemma on bilinear sums.

Lemma 11.1. Suppose that o € K, and that a and g are elements of F,[t] with g monic,
(a,9) =1 and (ga — a) < {g)~*. Then whenever C,D € N, one has

~ A~ A~

(11.1) Y1 elacd) < CD((g) ' +C+ D7+ (g)(CD) ).
(cy<C |{dy<D

Proof. We begin by observing that, in view of the conclusion of Lemma 10.1, the inner
sum on the left hand side of (11.1) is either D or 0, depending on whether ord ||ac|| < —D
or ord |lac| > —D. Suppose that «, a and g satisfy the hypotheses of the statement of
the lemma. Then by dividing the range of summation for ¢ into arithmetic progressions
modulo g, we deduce that

(11.2) > I elaed) <D > > 1.

<C><a <d><5 (w)<a<g>—1 ord ||a§17n">+<g<£§||<—D
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Consider a fixed choice of w € Fy[t], and, if one exists, a fixed choice of r satisfying
the conditions imposed by the inner summation on the right hand side of (11.2). If o/
is any other polynomial with (r’) < (g) that also satisfies ord ||a(r’ + gw)|| < —D, then
necessarily ord ||a(r —r')|| < —D. Write o = a/g + (3, and observe that

ord [|e(r — )| < ord [la(r — ") /g| + ord [|B(r — ).
Since by hypothesis, one has (8) < (g) 2, we see that
ord ||B(r —r')|| = ord 8+ ord(r — r") < —2(ord g) + ord g = —ord g.

Meanwhile, when r # ', we have a(r — r’) #Z 0 (mod g), whence ord ||a(r — 7’)/g|| >
—ord g. We therefore deduce that, whether or not r # 7/, one has ord ||a(r — )| =
ord [la(r — ") /g||, and that whenever r and r’ both occur in the inner summation on the
right hand side of (11.2), then necessarily ord ||a(r — r’)/g|| < —D. By rearranging the
latter summation, we therefore conclude that

(11.3) > 1Y elaed) <D > > 1.

&<C | (d)<D w)<Clg)= o (hlo)
(e)y< (dy< (w) {9) ord |lah/g||<—D

Since (a, g) = 1, it follows that as h runs over a complete residue system modulo g, then
so does ah. Suppose now that y € F,[t] satisfies (y) < (g), and consider what it means
for ord ||y/gl| < —D. When (g) < D, one has ord ||y/g|| < —D if and only if g|ly. When
(g) > D, meanwhile, one has ord [ly/g|| < —D if and only if (y) < (g)D~1. Tt follows that

there are precisely max {1, (g) D'} residue classes y modulo g for which ord ||y/g|| < —D,
whence from (11.3),

This completes the proof of the lemma.

The next lemma, which provides upper bounds for f(«; P, R) of use when « is not well-
approximated by ratios a/g with (g) small, is established via an analogue of the argument
used to prove [29, Lemma 3.1].

Lemma 11.2. Suppose that X is a real number with % < A <1, and write M = AP. Let
a € Ko, and suppose that a and g are elements of Fy[t] with g monic, (a,g9) = 1 and
(gae — a) < (g)~1. Then whenever l,w € N, and A; and A, are permissible, one has

1/(2lw) —
)

f(a; P,R) < P <M\A” (P/M)™Ex(g; P, M)
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where L o .
Zk(g: P M) = (9)™" + M~F 4 (P/M)™F + (g) P,

Proof. An application of Lemma 10.3 with » = 1 shows that there exists an irreducible
polynomial © with ord 7 < R, and an element 6 € T, for which

(11.4) f(a; P,R) < RH (o) + M,

where we have written

He)= > |h(a0,0)],

vEA(M+R,R)
with

h(a;v,0) = Z e(a(uv)® + Ou).

u€EA*(P—M,m)

Define the complex numbers of unit modulus (v, #) by means of the relation
|h(c;0,0)[" = (v, 0)h(e; v,6)".

Here we adopt the convention that when h(a;v,0) = 0, then we take e(v,0) = 1. Next,
when d € F[t], we take r4 to be the number of solutions of the equation uf + - - - +uf = d,
with u; € A*(P — M,n) (1 < i <), in which each solution u is counted with weight
e(0(uy + -+ 4+ w;)). Thus we find that

h(a;v,0) = Z rqe(adv®).
(d)<(P/M)*
A swift application of Holder’s inequality consequently leads from here to the estimate
Hia) < (MR)™ 3 |h(asv,0)

vEA(M+R,R)
(11.5) = (MR Y rab(asd, ),

(d)<(P/M)*
where we have written

b(asd,0) = Y e(v,0)e(adv”).
vEA(M+R,R)

Now let ng denote the number of solutions of the equation uf + --- + uf = d, with

u; € A(P — M,ord 7), counted without weights. Thus, in particular, for each polynomial
d one has |rg| < ng. A further application of Holder’s inequality leads from (11.5) to the

bound
H(a)le < (ﬂﬁ)%ﬂ(l—l) <Z nd) (Z n§> Jw(a>7
d d
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in which the summations on the right hand side are over all polynomials d € F,[t], and
where we have written

(11.6) Jw(@)= > [b(asd,0)*".
(d)<(P/M)*

But by considering the underlying equations, it is apparent that

ang(qﬁ/ﬁ)l and angsl(P_MaR)a
d d

and hence
(11.7) H ()2 < (PR)?™(P/M)~(MR)™2*S(P — M, R)J,(a).

Next we write

o = / 16(8; d, 0)[2e(—Bed) d.
T

Then it follows from orthogonality that n. is equal to the number of solutions of the

equation
w

k k
Z(vi - Uw+i) =6

i=1
with v; € A(M + R, R) (1 <1i < 2w), wherein each solution v is counted with weight

w

H e(vi, 0)e(Vy1i, 0).

1=1

Since |e(v,0)| = 1 for each v, an application of the triangle inequality, combined with a
consideration of the underlying equation, leads to the upper bound

ﬁc S ﬁ() S Sw(M+ R7 R)
Thus it follows from (11.6) that

(11.8) Jw(@)= Y > ice(acd) < Su(M + R, R)R(a),
(d)<(P/M)k (c)<(MR)*

R(a) = Z ‘ Z e(acd)’.

(¢)<(MR)* (d)y<(P/M)*

Applying Lemma 11.1 with C = k(M + R) + 1 and D = k(P — M) + 1, we obtain the

estimate

where

A~

(11.9) R(a) < (PR)*((g)™* + (MR) ™" + (P/M)™* + (g)(PR)).
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On collecting together the upper bounds (11.7), (11.8) and (11.9), and noting that A,
and A, are permissible exponents, we arrive at the upper bound

o~ . 1/(20w)
H(a) < PR((P/M)™" 4 (MR) ™2 R(a))

~ o~ — 1/(2lw)
< Pl+e ((P/M)AZMAwEk(g; PM ) ‘

The conclusion of the lemma now follows on substituting this bound into (11.4).

12. Estimates for smooth Weyl sums: small moduli. We now examine the smooth
Weyl sum f(«; P, R) when « is well-approximated by a ratio a/g in which (g) is relatively
small. Here we apply a variant of Vinogradov’s method modelled on the argument of

[29, Lemma 4.1]. We recall and emphasise at this point that we assume throughout that
ch(F,) t k.

Lemma 12.1. Suppose that X\ is a real number with % <A <1, and write M = AP. Let
a € K, and suppose that a and g are elements of F,[t] with g monic, (a,g9) = 1 and
(ga —a) < (M\ﬁ)_k, (g) < (M\ﬁ)k, and either (go — a) > MP=* or (g) > MR. Then
whenever s is a natural number satisfying 2s > k + 1 and Ay is permissible, one has

f(a; P,R) < P°M + P'*¢ (ﬁ—l(ﬁ/ﬁ)As(l N (g>(ﬁ/]\7)—k)>1/(2s) |

Proof. The bilinear decomposition that enables us to apply the large sieve in this instance
is a little more delicate than that applied in the proof of Lemma 11.2. We begin by
recalling the definition of the set C,(L) from the preamble to Lemma 7.1. Suppose that
a, a and g satisfy the hypotheses of the statement of the lemma. We observe that each
element y in A(P, R) may be written uniquely in the form y = zd, with d € C4(P) and
x € A(P — ord d, R) satisfying (z,9) = 1. The smooth Weyl sum f(«a; P, R) defined in
(2.3) may therefore be rewritten in the shape

fla; PR) = > > e(a(zd)r).
deCy(P)NA(P,R) x€ A(P—ord d,R)
(m,g):l

An application of Lemma 7.1 now reveals that

fl;PR) < Y \ 3 e(oz(:cd)k)’+ S Py

deCy(P—M) zcA(P—ord d,R) deCy(P)
(z,9)=1 ord d>P—M
< P* ‘ d))| + PM.
] F ot

z€A(P—ord d,R)
(z,9)=1
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When d € Cy(P — M), one has M —ord d > M — (P — M) = (2\ — 1)P > 0. It therefore
follows from Lemma 10.3 that there exists a polynomial d € C4(P — M), an irreducible
polynomial m with ord 7 < R, and an element 6 € T, such that

(12.1) f(a; P,R) < P°M + P°Rg(«; d, w,0),

where

(12.2) g(a;d,m,0) = Z ‘ Z e(a(uvd)® 4 u)|.
veB(M—ord d,m,R) ueA*(P—M,r)
(v,9)=1 (u,9)=1

Let J(g,d, h) denote the number of solutions of the congruence (xd)* = h (mod g) with
(r) < (g) and (x,g9) = 1. When (h, g) {1 d*, one plainly has J(g,d,h) = 0. Suppose then
that (h, g)|d*, and write b’ = h/(h,g) and ¢’ = g/(h,g). Then J(g,d, h) is equal to ((h, g))
multiplied by the number of solutions of the congruence

(12.3) z8d*/(h,g) = h (mod ¢'),

with (x) < (¢’). Since (h',¢’) = 1, the number of solutions of this congruence is at most
O({¢")?). In order to verify this assertion, observe first that for each irreducible divisor w
of ¢’, the number of solutions of the congruence x*d*/(h,g) = b’ (mod =) is at most k.
Moreover, since any solution z of (12.3) necessarily satisfies (z,¢’) = 1, and ch(F) 1 k, it
follows from Hensel’s Lemma that each solution of the latter congruence lifts uniquely to a
corresponding solution z modulo w', for each natural number . The Chinese Remainder
Theorem consequently ensures that the number of solutions of (12.3) with (x) < (g¢’}) is
at most k“’(gl), and so the desired conclusion follows from Corollary 7.2. In this way, we
deduce that

(12.4) J(g,d,h) < (9)°((h,g)) < (g)*(d)*.

Let V denote the set of monic polynomials v with ]\7/<d> < (v) < ]\7?2/(@ and (v,g) =
1. Then in view of the estimate (12.4), there exists a natural number L, satisfying L <
(g)¢(d)*, with the following property. The set V can be divided into L classes Vi,..., VL
such that, for any two distinct elements vy, vs in a given set V;, we have (v1d)¥ = (vod)”
(mod g) if and only if v; = ve (mod g). Let b, denote the number of solutions of the
equation u¥ + - - +u¥ =y with u; € A*(P — M,7) and (u;,9) =1 (1 <i < 5), in which
each solution u is counted with weight e(f(u; +- - -+ us)). Then an application of Holder’s
inequality to (12.2) yields the estimate

~ o~ ~ 2
. 2s 15 k 2s—1 k
g(asd, m,0)7 < Pd)*(MR/(d))™" max > ’ > B bye(a(vd)y)

VeV (y)<(P/M)*
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The hypotheses of the statement of the lemma permit us to assume that 2s — 1 > k. It
therefore follows that there is an integer j, with 1 < j < L, for which

(12.5) g(ond,m,0)> < PAMR>*'Y | > bye(a(vd)y)
veVs [(y)<(P/M)*

In preparation for the application of the large sieve inequality, we next consider the
spacing of the elements a(vd)”® in T for distinct elements v of V;. Suppose that v1,v2 € V;
satisfy v1 # ve (mod g). Then in view of our construction of the set V;, one necessarily
has (vid)* # (ved)* (mod g), and hence our hypothesis that (a,g) = 1 ensures that

ord [la((v1d)* — (v2d)*) /g > —ord g.

Moreover, if we write 5 = a — a/g, then we may suppose that (g3) < (A/Z}A%)_k

deCy(P—M)and v e B(M—ord d, 7, R), one obtains

Since

ord [|B((v1d)* — (v2d)*)|| < (~k(M + R) — ord g) + k(M + R)
< ord [la((vid)* — (v2d)*)/g].

We therefore deduce that

ord [|[(8 + a/g)((v1d)* — (v2d)*)|| = ord [|a((vrd)" — (v2d)*)/gll,

whence
(12.6) ord ||a((v1d)* — (vad)®)|| > —ord g.

We now divide into cases, according to the size of (g). Suppose first that (g) > M R/(d).
Since for v € B(M — ord d,m, R), one has (v) < M§/<d>, it follows that in this case the
elements of V; are necessarily distinct modulo g. It therefore follows from (12.6) that the
points a(vd)* are spaced at least (g)~! apart in T.

Suppose next that (g) < A/Iﬁ/(d) In this case we plainly have (g) < MR, and so the
hypotheses of the lemma permit us to suppose that (ga — a) > MP=*. On one hand,
if v1,ve € V; satisfy the condition v; # vy (mod g), then it follows from (12.6) that the
points a(v1d)¥ and a(ved) are spaced at least (g)~! apart in T. If v; = v, (mod g) on
the other hand, then on recalling that (ga — a) < (]\7]/%)_’“, we find that

(12.7) ord [[a((v1d)* = (v2d)")|| = ord [[(a — a/g)d" (v — v5)|
' > M — kP — ord g + ord(d*(vF — vk)).

In order to obtain a lower bound for the final term appearing on the right hand side of
(12.7), we begin by noting that

(12.8) ord(d* (vF — v%)) > ord(vy — va) + ord(d* (VP 4 VF 2wy 4 - 4 0ETLY),
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If v1 # v9 and v; = vy (mod g), we have

(12.9) ord(vy —wvg) > ord g.

Further, if ord v; = ord vy, then since the elements of V; are monic, each term vf‘l_lvé
has the same degree and leading coefficient 1. Consequently, as an element of F[t], the
expression vlf_l + v’f_2v2 4o+ vlg_l has degree (k — 1)ord v, with leading coefficient &
(which is, of course, not divisible by ch(F,)). Whether or not ord v; = ord vs, therefore,
we find that when vy, vy € V;, one has

ord(d* 1 (vF Tt 4+ 0F 20y + - 4 0h 1)) = max{ord (v1d)* !, ord (ved)* 1}
(12.10) > (k —1)M.

On substituting (12.9) and (12.10) into (12.8), we see that
ord(d"(vf —v3)) > (k= 1)M +ord g,
whence by (12.7) we have
ord [la((v1d)" = (v2d)*)|| = ~k(P — M).

In this case, therefore, the points a(v1d)* and a(ved)¥ are spaced at least (]3 / M )~F apart
in T.

The previous discussion shows that for v € V;, the points a(vd)¥ are spaced at least
min{(g) =%, (P/M)~*} apart in T. We now apply the large sieve inequality for function
fields, as given by Theorem 2.4 of Hsu [12], to deduce that

2

(12.11) Yol > beladty)| < () +(P/M)F) YT byl

VeV |(y)<(P/M)k (y)<(P/M)*

But on considering the underlying equation, and recalling that A, is a permissible expo-
nent, one has

Do b <SP - M R) < (P/M)P IR
() <(P/M)*
On substituting the latter estimate into (12.11), and thence into (12.5) and (12.1), we
deduce that
Bedr L (DD\I+e ((D/TNAs -1 5T —ky ) (2%
flas P, R) < PM + (PR ((P/M)A M~ (1 + (g)(P/M) ™)) "

The conclusion of the lemma is now immediate on recalling our conventions concerning &

and R.
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13. Estimates for smooth Weyl sums: a uniform bound. The principal conclusions
of the previous two sections can be combined to provide an estimate for smooth Weyl sums
of use no matter what range the modulus g may lie in. In this section we derive such a
bound, and also optimise parameters so as to obtain conclusions asymptotically as strong
as are attainable via our methods.

Theorem 13.1. Suppose that X is a real number with % < A< 1. Let a € Ky, and
suppose that whenever a and g are elements of F[t] with g monic, (a,g) =1 and (ga—a) <

]3’\_’“, then one has (g) > P*R. Then provided that [, s,w € N satisfy 2s > k+1, and A,
A, Ay, are permissible exponents, one has

f(a; P,R) < P*(P* + P~ 4+ P'7),
where

E(1—=X) —2A, — (1= N4, and v — )\—(1—/\)A5.
2lw 2s

:u’:

Proof. For the sake of concision, let us write M = AP. By the function field analogue
of Dirichlet’s theorem on diophantine approximation (see [14, Lemma 3]), given o € T,

there exist polynomials a and ¢ in F,[t] with ¢ monic, (a,9) = 1, (g) < (M\E)k and
(goa — a) < (M R)™F. For the latter pair of polynomials, we have, in particular, the upper
bound (ga — a) < {g)~!. Consequently, we may apply Lemma 11.2 to deduce that when

(g) > (ﬁ/]\/f\)k, one has

f(Of, P, R) < ﬁl-ﬁ-s(ﬁ)\Aw—F(l—)\)Al (ﬁ—k‘(l—)\) _|_ ﬁ—kk))l/(Qlw) ‘I’ ﬁ)\
(13.1) < P5(P*+ P71,

Suppose, on the other hand, that (g) < (ﬁ/]\//j)k If (ga—a) > MDP=* then the hypotheses
of the statement of Lemma 12.1 are satisfied. If (ga — a) < MP~*, meanwhile, the

hypotheses of the present lemma ensure that (g) > M ]?i, and so the hypotheses of the
statement of Lemma 12.1 are again satisfied. We therefore conclude from Lemma 12.1

that when (g) < (f’/]\/f\)k, then one has

f(a; P,R) < P(P* + P(P~A(1-0A:)1/(29))
(13.2) < PP+ P

The proof of the lemma follows on combining (13.1) and (13.2).

As is more or less apparent from the conclusion of Theorem 13.1, the optimal choice
of X is that satisfying the condition ¢ = v. A modest calculation therefore leads to the
following corollary.
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Corollary 13.2. Suppose that [, s,w € N satisfy 2s > k+1, and A;, Ag, Ay, are permis-
sible exponents. Define A and o by means of the relations

kE— A — AJA,
o =
2(s(k+ Aw — Ay) +lw(1 + Ay))
and
)= s(k— Ay) + lwAg

sk Ay — A Flw(l+A)

Suppose in addition that % < A<1—o0. Then one has

sup |f(a;P,R)| < sup |f(a;P,R)| < P'77F.
acm(AP) aem(P)

Proof. The desired conclusion follows directly from Theorem 13.1 provided that one is able
to show that whenever « lies in m(P), then « satisfies the hypotheses of the statement
of Theorem 13.1. Consider then a point « in m(P). Suppose that a and g are elements
of Fy[t] with g monic, (a,g) = 1 and (ga — a) < P>~*_If one were to have (¢g) < P,
then necessarily a € 9M(P), contradicting our earlier assumption that a € m(P). We
are therefore forced to conclude that (g) > P > P\ Consequently, whenever « lies in
m(P), then « satisfies the hypotheses of the statement of Theorem 13.1. The proof of the
corollary is completed on verifying that with the choice of A made in the statement, one
has y© = v = ¢ in the conclusion of Lemma 13.1.

On making use of Theorem 9.4 to supply permissible exponents within this corollary,
we obtain a conclusion simple enough to use directly in subsequent applications.

Corollary 13.3. Suppose that k and q are natural numbers with ch(Fy) t k. Define
v = 74(k) as in the preamble to the statement of Theorem 1.1, and in addition define
B = By(k) by putting

1, when k < 2772,
(1 =27~ when k > 2772,

B, (k) = {

Then there is a positive absolute constant C4 with the property that, with the exponent
o(k) defined by means of the relation

o(k)~! = Bk(Logk + BLogLogk + C4+/Log Log k),

there exists a positive number T satisfying T < 1/2 for which

sup |f(e: P.R)| < sup [f(o; P, R)| < P1moe,
acem((1—7)P) aem(P)



WARING’S PROBLEM IN FUNCTION FIELDS 61
Proof. We begin by considering the situation in which k is large. Put

(13.3) s = [$Bk(logk + logloglogk + 1),

(13.4) w = [1Bk(loglogk +1)], and [ = [Bk/+/loglogk].

Then from Theorem 9.4, we find that the exponents A’ and A}, are permissible, where
A = kel28/(BR) < 1/loglogk and AX = ke!=2%/(BR) < /logk.

We also see from Theorem 9.4 that the exponent Aj is permissible, where A} satisfies the

equation

(A7 /k) +log(A;/k) =1 —21/(Bk).

But 0 + logd is an increasing function of ¢, and so it follows that
ArJk < 1—1/(Bk) +1?/(B%*k?).
We therefore deduce that the exponents
(13.5) A, =1/loglogk, A, =k/logk and A;=k—1/B+1?/(B%*)

are permissible.
We next recall the conclusion of Corollary 13.2. Define the exponents A(k) and o (k) by

sA, + lw
13. —1-
(13.6) A) stk Ay — A 1 lw(1 1 A)
and
(13.7) o(k) L = 25 4 230w T W)L+ A)

k— A — AgAy

Then whenever 3 < A(k) < 1—o(k), and in addition « satisfies the hypotheses of Theorem

13.1, one has f(a; P, R) < pl-o(k)+e Byt for sufficiently large values of k, it follows from
(13.3), (13.4) and (13.5) that the permissible exponents in the previous paragraph yield
the formulae

(13.8) 2(sAy + lw) = Blkloglog k(1 4+ O(1/+/loglogk)),

(13.9) k— A —AgA, = é(l—f—O(l/\/loglogk))
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and

(13.10) stk — Ay +lw(l+ Ag) + sA, = %(1 + O(1/+/loglogk)).

On substituting (13.8) and (13.9) together with (13.3) and (13.5) into (13.7), we find that
the exponent o(k) satisfies the upper bound

o(k)™! < Bklogk + B%*kloglog k(1 4+ O(1/+/loglogk)).
Thus, when k is sufficiently large, there is a positive absolute constant C4 for which

(13.11) o(k)~! < Bk(logk + Bloglog k + Cy4+/loglog k).
Likewise, now making use also of (13.10), we deduce from (13.6) that
loglog k
1 - Ak)=B Olg Oi (1+O(1/y/loglog k).
0g
When k is sufficiently large, therefore, it follows from (13.11) that 3 < A(k) < 1 — o (k).
We may thus conclude that whenever k is sufficiently large, one has
(13.12) sup |f(a; P,R)| < sup |f(a;P,R)| < Plmo®)+e,
acm(AP) aem(P)

where o(k) satisfies the upper bound (13.11).

The argument up to this point is applicable for sufficiently large values of k, say for
k > ko. We now seek to establish an estimate of the shape

(13.13) sup |f(e; P,R)| < P'~°,
aem(P)

for some positive number §, for each exponent k with £ < ky. By suitably increasing the
size of the absolute constant Cy in (13.11), it follows from (13.12) that the estimate (13.13)
holds for all exponents k, and thus the conclusion of the corollary follows at once.

For simplicity, we now take D to be a sufficiently large, though fixed, positive number,
and we set

s =1[9BDklogk + 1], w = [BDklogk+1] and [=2.
It follows from Theorem 9.4 that the exponents A} and A are permissible, where
A: — k61_2s/(Bk) < k_17D and AZ} — k€1_2w/(Bk) < I{J_D.
Thus, on recalling the conclusion of Lemma 9.1, we find that the exponents Ay = k~

Ay, = k=P and A; = k — 2 are permissible. On substituting these exponents into (13.6)
and (13.7), and noting that D has been chosen sufficiently large, we obtain

2BDklogk+5 1
0<1—Ak) < 1
<12k < 0Bk gk = 9

17D
)

and

(13.14) o(k)™' < 2s+4lw+ 1 < 21BDklogk.

On noting that the exponent A(k) satisfies the condition 1 < A(k) < 1 — o(k), we may
apply Corollary 13.2 to establish that (13.12) holds in the present situation, though now

with the upper bound (13.14) in place of (13.11). This conclusion confirms the desired
estimate (13.13), and the conclusion of the corollary now follows.
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14. An upper bound for G,(k): the proof of Theorem 1.1. The conclusions of §13
enable us to establish minor arc estimates of the shape (6.1), and from there we are able
to bound G4 (k) by means of Lemma 6.4.

Lemma 14.1. Let \(k) and o(k) be defined as in the statement of Corollary 13.2, and
suppose that 3 < A(k) < 1—o(k). Suppose also that v is a natural number withv > k—1,
and that Ay11 is a permissible exponent. Then whenever w is a natural number with
u>2v+ Ayy1/o(k), there exists a positive number & for which

/|F )| do < PUt2h=0,

Proof. We begin by recalling that p = m(P), so that the hypotheses of the lemma lead
from Corollary 13.2 to the upper bound

(14.1) sup | f(a; P, R)| < P1=o(k)+e,
achp

Let w = [Ay41/0(k)] + 1. Then on combining (14.1) with the conclusion of Lemma 9.3,
we deduce that

/\F (a)?"|da < (sup|f(a /|F @)%’ do

acp
< (Pl a(k)+5)wp2v+2—k+Av+1+e.

Since wo (k) > A,41, it follows that there is a positive number § for which

/‘F 2v+w’da < P2v+w—|—2 k— 6

The conclusion of the lemma now follows by making use of the trivial estimate | f(«)| < P.

Observe that Lemma 14.1 establishes that whenever u > 2v+A, 1 /0(k), and u > 2k—2,
then wu is accessible to the exponent k. It therefore follows from Lemma 6.4 that when s
is an even integer with s > u 4 2, and m € J¥[t], then R,(m;P) > Ps=*_ But under the
same hypotheses, one finds from (6.1) that there is a positive number § with the property
that

F(a)?f(a)* 2e(—am)da < P42 / IF(a)?f(a)"] do < P°~F=0,
p p

Consequently,

Ro(m;T) = Ry(m;P) + Re(msp) > P5F 4 O(P~+9) > psF,

We summarise this conclusion in the form of a theorem.
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Theorem 14.2. Let A(k) and o(k) be defined as in the statement of Corollary 13.2,

and suppose that % < Ak) < 1—o0(k). Suppose also that v is a natural number with

v >k —1 and that A,11 is a permissible exponent. Then whenever s is an even integer

with s > 20 + 2+ Ayp1/o(k), and m € JE[t], one has R(m) > (m)s/*=1. In particular,

when A, (v >k — 1) are permissible exponents, one has G4(k) < ,(k), where we write
Gy(k) = min 2v+442[A,+1/(20(k))]).

v>k—1

Corollary 14.3. There is an absolute constant Cs with the property that

Log Log k v Log Log k
+ Cs )
Logk Logk

Gq4(k) < Bk (Logk + LogLogk +2+ B

Proof. We apply the conclusions of Corollary 13.3 and Theorems 9.4 and 14.2 to deduce
that

(14.2) ng)gvg&h(mw+4+2[%Bk%L4%+muBm£%ﬂmg4>,

where we write

Log Logk v/Log Log k

SOEORE oy B
Logk Logk

and with Cy chosen to be a suitably large positive absolute constant. On taking

L(k)=1+B

v = [2Bk(Logk + LogLog k + 1 + BLog Log k/Log k)| ,
we find that

1
kel (2v+2)/(Bk) < T exp(—BLog Log k/Log k)

og
1 2
_ - BLog Logk L0 (LogLog k) .
Logk Logk (Log k)?

The upper bound for G, (k) provided by (14.2) therefore becomes

G4(k) < Bk(Logk + Log Log k + 1 + BLogLogk/Log k)
+ Bk(1+ O(y/LogLog k/Logk)).
The conclusion of the corollary follows on taking C5 to be a sufficiently large positive
absolute constant.

On comparing the definition of B, (k) with that of A,(k) given in (1.2), we see that
when k > 4, one has By(k) = A,(k) for k > 2772 and By(k) < A,(k) for k <2772, The
first conclusion of Theorem 1.1 consequently follows at once from that of Corollary 14.3.
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When p = ch(F,) divides k, on the other hand, the relation G,(k) = G4(k/ch(FF,;)) follows
on noting that every sum of kth powers in F[t] belongs to F,[t?], and that when m € J%|t],
the representation problem (1.1) may therefore be reduced to the simpler one

mi :xlf/p+$§/p++w]:/p,

where mq (t?) = m(t). This completes our proof of Theorem 1.1.

We finish this section by remarking that it should be possible to adapt the methods of
[24] and [25] to the function field setting, at least when ch(FF,) > k. With sufficient effort,
therefore, it should be feasible to establish under the latter condition that G,(5) < 17,
G4(6) <24, G,(7) <33, G4(8) < 42, and so on.

15. An upper bound for G;L(k:): the proof of Theorem 1.2. A modification of the
classical argument familiar from 7Z yields a straightforward proof of the upper bound for
G (k) recorded in Theorem 1.2. We therefore economise on details.

Lemma 15.1. Suppose that k and q are natural numbers with ch(Fy) {1 k. Let A(k) and
o(k) be defined as in the statement of Corollary 13.2, and suppose that % < Ak) <1-0(k).
Suppose also that v is a natural number with v > k — 1, and that A,11 is a permissible
exponent. Then one has G (k) < &1 (k), where we write

&1 (k) = max{2k + 1,v+ 3+ [A,11/(20(k))]}.

q

Proof. Let M be a large natural number, and suppose that v is a natural number satisfying
the hypotheses of the lemma. We put s = & (k), and let 2*(M) = Z;, (M) denote the
set of non-exceptional polynomials m in J’; [t], with ord m = M, that fail to admit a
strict representation as a sum of s kth powers. The set of exceptional polynomials may
be handled in like manner with trivial modifications to the argument, so we suppress
additional discussion of this set. Next, defining P = [M/k] as in the preamble to the
statement of Theorem 1.1, we define Z(M) = Z; (M) to be the set of non-exceptional
polynomials m in J’; [t], with ord m = M, for which the equation (2.4) fails to possess
a solution with (z;) < P (i = 1,2) and yj € A(P,R) (1 < j < s—2). For the sake
of concision, we write Z*(M) = card(Z*(M)) and Z(M) = card(Z(M)). Note that
Z*(M) < Z(M), and hence, in order to establish the conclusion of the lemma it suffices
to show that Z(M) = 0(]\/4\) as M — oo.
Next we define the exponential sum

meZ (M)

Then as a consequence of Lemma 5.4, one has

| @2y K @)y da = 3 Rumim > 0P

meZ(M)
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But if m € Z(M), then Rs(m;T) = 0, whence

/ F(a)*f(a)*2e(—ma) da—i—/F(a)2f(a)s_2e(—ma) da = 0.
n

n

Thus we see that

/ F(0)? f(0)* 2K (a) da

= /m F(a)?f(a)* 2K (o) da > Z(M)P*~F.

An application of Schwarz’s inequality now yields

1/2

(15.1) Z(M)P <« ( /T ]K(a)|2da>1/2 ( / |F(a)? f(a>2s—4|da)

In order to estimate the second integral on the right hand side of (15.1), we begin by
noting that Lemma 14.1 implies that whenever

(15.2) 2s —4> 20+ Ayyi/o(k),

then there is a positive number § for which
(15.3) / [F()2 f()2 ) da < P22k,
p

Under the same conditions, we therefore find that 2s — 4 is accessible to the exponent k,
whence Lemma 6.3 yields

(15.4) | IF@F@) da < P20,
PAN

Since n = p U (P \ N), the trivial estimate F(a) < P leads from (15.3) and (15.4) to the
upper bound

/\F(a)4f(a)23—4|da < 132/ IF()?f (@)% da < PP—F—1/(ks),
n n

Finally, by orthogonality, the first integral on the right hand side of (15.1) is equal to
Z(M). We therefore conclude from (15.1) that

Z(M)ﬁs-k» < Z(M)1/2(]325_’“17_1/(’“))1/2’

whence o N N
Z(M) < P*V—V*) « N (log M)~1/(12ks),
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We have shown in this way that Z(M) = 0(1\7) as M — oo, and from this, in view of
our earlier comments concerning exceptional polynomials, it follows that G (k) < s. The
proof of the lemma is completed by reference to (15.2).

We note that one variable may be saved in the argument above with only modest
additional effort. In our discussion we made use of two variables not restricted to be smooth
in (2.4), where only one is required in our minor arc treatment. This expedience allowed
us easy reference to Lemmata 5.4 and 6.3. However, by a straightforward modification of
the arguments of §§5 and 6, the two classical Weyl sums may be replaced by one classical
Weyl sum together with a smooth Weyl sum, and thereby a variable is saved.

A comparison of Lemma 15.1 with the conclusion of Theorem 14.2 reveals that the upper
bounds & (k) and &,(k) established by these lemmata for G} (k) and G4(k), respectively,
are essentially related by the equation & (k) = §&,(k) + 1. The argument of the proof
of Corollary 14.3 therefore yields the following upper bound for G} (k).

Corollary 15.2. There is an absolute constant Cg with the property that

LogLog k Lo \/LogLogk>

GT (k) <iBk|Logk+TLogLogk+2+ B
(k) < 3 (og +hoglogh 42+ Log k ®" Logk

q

In view of the discussion completing §14, the conclusion of Theorem 1.2 now follows at
once without additional complications.

16. The solubility of diagonal equations: the proof of Theorem 1.3. The ap-
plication of the Hardy-Littlewood method to equations of the shape (1.4) over F[t] is
essentially routine, and so we confine ourselves to an abbreviated discussion of the proof
of Theorem 1.3. We consider an equation of the shape (1.4) satisfying the hypotheses of
the statement of Theorem 1.3. Let P be a natural number sufficiently large in terms of
s, k, ¢ and a. We seek to establish a lower bound for the number Ng(P;a) of solutions
x € F,[t]* with (z;) < P (1 <i < s) by means of the Hardy-Littlewood method. Recalling
the notation introduced in (2.3), we now define F; = F;(«a; P) and f; = fi(a; P, R) by

Fi(a; P) = F(a;a; P) and  fi(a; P, R) = f(a;c; P, R).

Then it follows from (2.1) that a lower bound for N,(P;a) is provided by the quantity
NZ(P, R;a), defined by

(161) N:(P, R; a) :/Fngfg...fs da.
T

Next define o(k) as in the statement of Corollary 13.3, and let 7 be the associated
positive number satisfying 7 < % Suppose that ¢ € Fy[t], and that P is sufficiently

large in terms of ord c. Then it is a straightforward exercise to verify that whenever
ca € M((1 — 7)P), then a € M((1 — 7)P + ord ¢) C M(P). Consequently, whenever
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a € m(P), then caw € m((1 — 7)P). We therefore deduce that when P is sufficiently large
in terms of the degrees of the coefficients aq,...,as, then

sup|[fi(a)| = sup [f(aios PR <  sup  |f(B; P R)| < Po®te,
acp aem(P) Bem((1—7)P)

A modification of the argument of the proof of Lemma 14.1 now shows that whenever v is
a natural number with v > k — 1, and A, is a permissible exponent, and provided that
u is a natural number with v > 2v 4+ A,41/0(k), then there is a positive number ¢ with
the property that

(16.2) / |Fi(a)?f(a)"| da < put2—k=o (1<i,j<s).
p

In order to justify this assertion, one must note in particular that the efficient differencing
arguments underlying §§7, 8 and 9 may be modified so as to incorporate non-zero coeffi-
cients in the underlying variables. Thus, when b and ¢ are fixed non-zero polynomials, one
finds that whenever Agy is a permissible exponent, then

/ |F(bov; P)? f(ca; P, R)%®| dov < Pre+17+e,
T
where Ag11 =25 4+2 — k4 Agy1.

Next, by a straightforward modification of the argument of the proof of Lemma 6.3, we
deduce from (16.2) that when A, (u=1,2,...) are permissible exponents, and

(16.3) s> min {20+ 4+ 2[A,11/(20(k))]},

then
/sn\sn |Fi(a)fi(0)*?|do < PPRV 72/ () (1 < i j < s).

On recalling that n = p U (P \ M), therefore, an application of Hélder’s inequality in
combination with (16.2) and the last estimate reveals that

(16.4) / |F\Fyfs... fs|da < PsRY =2/ (k)
n

Turning next to the analysis of the major arcs 91, we may follow the arguments under-
lying the discussion of §5. Thus we find that

(16.5) | FiFafa. fyda— PR 26 it < PV,
N

where

(16.6) Top = /  F(aB; P)... F(asB; P)dg,
(By<(qP)1—k
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and .
68,k - Z le(g)a
gqu[t]
with
As(g) = (g)° Z S(g,a1d)...S(g,asb).
(by<(9)
(b,g):l

Here, the exponential sums S(g,a;b) are defined via (4.1) for 1 < i <s.
Defining next

Qw,s =1+ st(wh)7
h=1

an argument paralleling that of the proof of Lemma 5.2 shows that [[_ 0 s converges
absolutely to S, 5. In addition, if we write M;(g) for the number of solutions of the
congruence a1} + - - + asz¥ =0 (mod g), with (x;) < (g) (1 <i < s), then

Qs = lim (w)h(l_S)Ms(wh),

h— o0

and

Qs — 1] < () 17k,

But by the hypotheses of Theorem 1.3, the equation (1.4) possesses a non-trivial solution
x = a in K. Since ch(F,) 1 k, therefore, we may apply Hensel’s Lemma to show that
M(w") > (w)*=D | whence Q. > 0 for each irreducible polynomial w. We thus
conclude that for some positive number A = A(q, s, k;a), one has

Gop > [[L+ Alm) 7 HE) > 1,

Moreover, by an argument paralleling that employed in the proof of Lemma 5.1, one has
S, r < 1. Consequently, the hypotheses of Theorem 1.3 ensure that

(16.7) 1< G, <1,

It remains only to estimate the singular integral J; ;.. Here we observe that the argument
of the proof of Lemma 15 of [14] leads from (16.6) to the relation

(16.8) Tk = (qP)"F M 1 (P; a),
where M . (P;a) denotes the number of solutions of the inequality

(arah + -+ asal) < (gP)" 1,
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with (z;) < P (1 <i < s). The existence of a solution x € K%_ of the equation (1.4)
ensures that M (P;a) > 1 when P is sufficiently large. A variant of the argument of the

proof of [14, Lemma 16| therefore shows that M, ,(P;a) > ﬁs_k(qlg)k_l, and thus we
deduce from (16.8) that J, , > P~%. The argument of the proof of Lemma 5.1 leading to

(5.8), moreover, establishes that J, ; < Ps=k_ The hypotheses of Theorem 1.3 therefore
guarantee that

(16.9) PR < Jo < PR

On substituting (16.7) and (16.9) into (16.5), we are able to conclude that, under the
hypotheses of the statement of Theorem 1.3, one has

/ F1F2f3 e fs do > ﬁs—k.
N

In view of (16.1) and (16.4), therefore, provided that the lower bound (16.3) is satisfied,
we arrive at the lower bound

A@Kfzfﬁéﬂizt/mIaf%jé...fsdar+t/mfaf5jé...fsd&
n n
> ﬁs—k + O(ﬁs—k"/\v—2/(ks))‘

The conclusion of Theorem 1.3 now follows on verifying that the argument of the proof of
Corollary 14.3 leads from (16.3) to the upper bound

min {2044 + 2[Ay11/(20(k))]} < Gy (k) + Crk+/Log Log k/Log k,

v>k—1

for a suitable positive absolute constant C;. This completes our discussion of the proof of
Theorem 1.3.
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