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MATROID CONNECTIVITY
AND SINGULARITIES OF
CONFIGURATION HYPERSURFACES

GRAHAM DENHAM, MATHIAS SCHULZE, AND ULI WALTHER

ABSTRACT. Consider a linear realization of a matroid over a field.
One associates to it a configuration polynomial and a symmetric bi-
linear form with linear homogeneous coefficients. The correspond-
ing configuration hypersurface and its non-smooth locus support
the respective first and second degeneracy scheme of the bilinear
form.

We show that these schemes are reduced and describe the effect
of matroid connectivity: for (2-)connected matroids, the configu-
ration hypersurface is integral, and the second degeneracy scheme
is reduced Cohen—Macaulay of codimension 3. If the matroid is
3-connected, then also the second degeneracy scheme is integral.

In the process, we describe the behavior of configuration poly-
nomials, forms and schemes with respect to various matroid con-
structions.
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1. INTRODUCTION

1.1. Feynman diagrams. A basic problem in high-energy physics is
to understand the scattering of particles. The basic tool for theoretical
predictions is the Feynman diagram with underlying Feynman graph
G = (V,E). The scattering data correspond to Feynman integrals,
computed in the positive orthant of the projective space labelled by
the internal edges of the Feynman graph. The integrand is the square
root of a rational function in the edge variables x., e € F, that depends
parametrically on the masses and moments of the involved particles (see
[Bro17)).

The convergence of a Feynman integral is determined by the struc-
ture of the denominator of this rational function, which always involves
a power of the square root of the Symanzik polynomial ZTGTG ]_[eﬁ Te
of G where 7 denotes the set of spanning trees of G. The remaining
factor of the denominator, appearing for graphs with edge number less
than twice the loop number, is a power of the square root of the second
Symanzik polynomial obtained by summing over 2-forests and involves
masses and moments. Symanzik polynomials can factor, and the sin-
gularities and intersections of the individual components determine the
behavior of the Feynman integrals.

Until about a decade ago, all explicitly computed integrals were built
from multiple Riemann zeta values and polylogarithms; for example,
Broadhurst and Kreimer display a large body of such computations in
[ ]. In fact, Kontsevich at some point speculated that Symanzik
polynomials, or equivalently their cousins the Kirchhoff polynomials

Q/JG(SU) = Z er
TeTq eeT
be mixed Tate; this would imply the relation to multiple zeta val-
ues. However, Belkale and Brosnan | | proved that the collection
of Kirchhoff polynomials is a rather complicated class of singularities:
their hypersurface complements generate the ring of all geometric mo-
tives. This does not exactly rule out that Feynman integrals are in
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some way well-behaved, but makes it rather less likely, and explicit
counterexamples to Kontsevich’s conjecture were subsequently worked
out by Doryn [ | as well as by Brown and Schnetz | ]. On the
other hand, these examples make the study of these singularities, and
especially any kind of uniformity results, that much more interesting.

The influential paper | | of Bloch, Esnault and Kreimer gen-
erated a significant amount of work from the point of view of complex
geometry: we refer to the book | | of Marcolli for exposition, as
well as | ; ; |. Varying ideas of Connes and Kreimer on
renormalization that view Feynman integrals as specializations of the
Tutte polynomial, Aluffi and Marcolli formulate in [ ; ]
parametric Feynman integrals as periods, leading to motivic studies on
cohomology. On the explicit side, there is a large body of publications
in which specific graphs and their polynomials and Feynman integrals
are discussed. But, as Brown writes in | |, while a diversity of
techniques is used to study Feynman diagrams, “each new loop order
involves mathematical objects which are an order of magnitude more
complex than the last, [...] the unavoidable fact is that arbitrary
integrals remain out of reach as ever.”

The present article can be seen as the first step towards a search for
uniform properties in this zoo of singularities. We view it as a stepping
stone for further studies of invariants such as log canonical threshold,
logarithmic differential forms and embedded resolution of singularities.

1.2. Configuration polynomials. The main idea of Belkale and Bros-
nan is to move the burden of proof into the more general realm of
polynomials and constructible sets derived from matroids rather than
graphs, and then to reduce to known facts about such polynomials.
The article | | casts Kirchhoff and Symanzik polynomials as very
special instances of configuration polynomials; this idea was further
developed by Patterson in | ]. We consider this as a more nat-
ural setting since notions such as duality and quotients behave well
for configuration polynomials as a whole, but these operations do not
preserve the subfamily of matroids derived from graphs. In particular,
we can focus exclusively on Kirchhoff/configuration polynomials, since
the Symanzik polynomial of G appears as the configuration polynomial
of the dual configuration induced by the incidence matrix of G.

The configuration polynomial does not depend on a matroid itself
but on a configuration, that is, on a (linear) realization of a matroid
over a field K. The same matroid can admit different realizations,
which, in turn, give rise to different configuration polynomials (see Ex-
ample 5.3). The matroid (basis) polynomial is a competing object,
which is assigned to any, even non-realizable, matroid. It has proven
useful for combinatorial applications (see | ; ]). For graphs
and, more generally, regular matroids, all configuration polynomials
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essentially agree with the matroid polynomial. In general, however,
configuration polynomials differ significantly from matroid polynomi-
als, as documented in Example 5.2.

Configuration polynomials have a geometric feature that matroid
polynomials lack: generalizing Kirchhoff’s matrix-tree theorem, the
configuration polynomial arises as the determinant of a symmetric bi-
linear configuration form with linear polynomial coefficients. As a con-
sequence, the corresponding configuration hypersurface maps naturally
to the generic symmetric determinantal variety. In the present arti-
cle, we establish further uniform, geometric properties of configuration
polynomials, which we observe do not hold for matroid polynomials in
general.

1.3. Summary of results. Some indication of what is to come can be
gleaned from the following note by Marcolli in | , p. 71]: “graph
hypersurfaces tend to have singularity loci of small codimension”.

Let W < K¥? be a realization of a matroid M of rank tk M = dim W
on a set F (see Definition 2.14). Fix coordinates xp = (x.)ecp. There is
an associated symmetric configuration (bilinear) form Quw with linear
homogeneous coefficients (see Definition 3.20). Its determinant is the
configuration polynomial (see Definition 3.2 and Lemma 3.23)

Yy = det Qw = Z CW,B - Hﬂfe € K[zg]
BeBy eeB
where By denotes the set of bases of M and the coefficients ¢y g € K*
depend of the realization W. The configuration hypersurface defined
by ¢y is the scheme

Xw = Spec(]K[xE]/@pW» - K”.

It can be seen as the first degeneracy scheme of Qy (see Definition 4.9).
The second degeneracy scheme Ay < KF of Qu, defined by the
submaximal minors of Qy, is a subscheme of the Jacobian scheme
Yw < KE of Xy, defined by ¢y and its partial derivatives (see
Lemma 4.12). The latter defines the non-smooth locus of Xy, over K,
which is the singular locus of Xy if K is perfect (see Remark 4.10). Pat-
terson showed Xy and Ay, have the same underlying reduced scheme
(see Theorem 4.17), that is,

Ay € Sy € KF, 2ied = A
We give a simple proof of this fact. He mentions that he does not
know the reduced scheme structure (see | , p. 696]). We show
that Xy is typically not reduced (see Example 5.1), whereas Ay, often

is. Our main results from Theorems 4.16, 4.25, 4.36 and 4.37 can be
summarized as follows.

Main Theorem. Let M be a matroid on the set E with a linear real-
ization W < K over a field K. Then the configuration hypersurface
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Xy is reduced and generically smooth over K. Moreover, the second
degeneracy scheme Ay is also reduced and agrees with X3, the non-
smooth locus of Xy over IK. Unless K has characteristic 2, the Jaco-
bian scheme Yy is generically reduced.

Suppose now that M is connected. Then Xy is integral unless M has
rank zero. Suppose in addition that the rank of M is at least 2. Then
Ay is Cohen—Macaulay of codimension 3 in KE. If, moreover, M is
3-connected, then Ay is integral. U

Note that Xy = Jif rkM =0and Sy = & = Ay if tkM < 1 (see
Remarks 3.5 and 4.13.(a)). It suffices to require the connectedness hy-
potheses after deleting all loops (see Remark 4.11). If M is disconnected
even after deleting all loops, then Yy, and hence Ay has codimension
2 in K¥ (see Proposition 4.16).

While our main objective is to establish the results above, along the
way we continue the systematic study of configuration polynomials in
the spirit of | ; |. For instance, we describe the behavior of
configuration polynomials with respect to connectedness, duality, dele-
tion/contraction and 2-separations (see Propositions 3.8, 3.10, 3.12 and
3.27). Patterson showed that the second Symanzik polynomial associ-
ated with a Feynman graph is, in fact, a configuration polynomial.
More precisely, we explain that its dual, the second Kirchhoff polyno-
mial, is associated to the quotient of the graph configuration by the
momentum parameters (see Proposition 3.19). In this way, Patterson’s
result becomes a special case of a formula for configuration polynomials
of elementary quotients (see Proposition 3.14).

1.4. Outline of the proof. The proof of the Main Theorem inter-
twines methods from matroid theory, commutative algebra and alge-
braic geometry. In order to keep our arguments self-contained and ac-
cessible, we recall preliminaries from each of these subjects and give de-
tailed proofs (see §2.1, §2.3 and §4.1). One easily reduces the claims to
the case where M is connected (see Proposition 3.8 and Theorem 4.36).

An important commutative algebra ingredient is a result of Kutz (see
[ ]): the grade of an ideal of submaximal minors of a symmetric
matrix cannot exceed 3, and equality forces the ideal to be perfect.
Kutz’ result applies to the defining ideal of Ay,. The codimension
of Ay in K is therefore bounded by 3 and Ay, is Cohen-Macaulay
in case of equality (see Proposition 4.19). In this case, Ay is pure-
dimensional and hence it is reduced if it is generically reduced (see
Lemma 4.4).

On the matroid side our approach makes use of handles (see Defini-
tion 2.3), which are called ears in case of graphic matroids. A handle
decomposition builds up any connected matroid from a circuit by suc-
cessively attaching handles (see Definition 2.6). Conversely, this yields
for any connected matroid which is not a circuit a non-disconnective
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handle which leaves the matroid connected when deleted (see Defini-
tion 2.3). This allows one to prove statements on connected matroids
by induction.

We describe the effect of deletion and contraction of a handle H to
the configuration polynomial (see Corollary 3.13). In case the Jaco-
bian scheme Yy y associated with the deletion M\H has codimension
3 we prove the same for Yy (see Lemma 4.22). Applied to a non-
disconnective H it follows with Patterson’s result that Ay, reaches the
dimension bound and is thus Cohen-Macaulay of codimension 3 (see
Theorem 4.25). We further identify three (more or less explicit) types
of generic points with respect to a non-disconnective handle (see Corol-
lary 4.26).

In case chK # 2, generic reducedness of Xy implies (generic) re-
ducedness of Ay,. The schemes Yy and Ay show similar behavior
with respect to deletion and contraction (see Lemmas 4.29 and 4.31).
As a consequence, generic reducedness can be proved along the same
lines (see Lemma 4.35). In both cases, we have to show reducedness
at all (the same) generic points. In what follows, we restrict ourselves
to Ay. Our proof proceeds by induction on the cardinality |E| of the
underlying set F of the matroid M.

Unless M a circuit, the handle decomposition guarantees the exis-
tence of a non-disconnective handle H. In case H = {h} has size 1,
the scheme Ay, associated with the deletion M\h is the intersection
of Ay with the divisor z. (see Lemma 4.29). This serves to recover
generic reducedness of Ay from Ay, (see Lemma 4.30). The same
argument works if H does not arise from a handle decomposition.

This leads us to consider non-disconnective handles independently
of a handle decomposition. They turn out to be special instances of
maximal handles which form the handle partition of the matroid (see
Lemma 2.4). As a purely matroid-theoretic ingredient, we show that
the number of non-disconnective handles is strictly increasing when
adding handles (see Proposition 2.12). For handle decompositions of
length 2, a distinguished role is played by the prism matroid (see Exam-
ple 2.7). Its handle partition consists of 3 non-disconnective handles
of size 2 (see Lemmas 2.10 and 2.25). Here an explicit calculation
shows that Ay, is reduced in the torus (K*)% (see Lemma 4.28). The
corresponding result for Xy, holds only if ch K # 2.

Suppose now that M is not a circuit and has no non-disconnective
handles of size 1. Then M\e might be disconnected for all e € E and
does not qualify for an inductive step. In this case, we aim instead for
contracting W by a suitable subset G < E which keeps M connected.
In the partial torus K x (K*)¢ where F := E\G, the scheme Ay /¢
associated with the contraction M/G relates to the normal cone of
Ay along the coordinate subspace V(zp) where xp = (zy)fer (see
Lemma 4.31). To induce generic reducedness from Ay /g to Ay, we
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pass through a deformation to the normal cone, which is our main
ingredient from algebraic geometry. The role of x; above is then played
by the deformation parameter ¢.

In algebraic terms, this deformation is represented by the Rees al-
gebra Rees; R with respect to an ideal I < R, and the normal cone by
the associated graded ring gr; R (see Definition 4.6). Passing through
Reesy R, we recover generic reducedness of R along V(I) from generic
reducedness of gr; R (see Definition 4.3 and Lemma 4.7). By assump-
tion on M, there are at least 3 more elements in F than maximal
handles (see Proposition 2.12), and M is the prism matroid in case of
equality. Based on a strict inequality, we use a codimension argument
to construct a suitable partition £ = F' LG for which all generic points
of Ay are along V(zp) (see Lemma 4.34). This yields generic reduced-
ness of Ay, in this case (see Lemma 4.32). A slight modification of the
approach also covers the generic points outside the torus (KK*)8 if M is
the prism matroid. The case where M is a circuit is reduced to that
where M is a triangle by successively contracting an element of E (see
Lemma 4.33). In this base case Ay is a reduced point, but 3y is
reduced only if ch K # 2 (see Example 4.14).

Finally, suppose that M is a 3-connected matroid. Here we prove
that Ay is irreducible and hence integral, which implies that X is ir-
reducible (see Theorem 4.37). We first observe that handles of (co)size
at least 2 are 2-separations (see Lemma 2.4.(c)). It follows that the
handle decomposition consists entirely of non-disconnective 1-handles
(see Proposition 2.5) and that all generic points of Ay, lie in the torus
(IK*)E (see Corollary 4.27). We show that the number of generic points
is bounded by that of Ay, for all e € I/ (see Lemma 4.30). Duality
switches deletion and contraction and identifies generic points of Ay,
and Ayt (see Corollary 4.18). Using Tutte’s wheels-and-whirls the-
orem, the irreducibility of Ay, can therefore be reduced to the cases
where M is a wheel W,, or a whirl W” for some n > 3 (see Example 2.26
and Lemma 4.38). For fixed n, we show that the schemes Xy, 3y and
Ay are all isomorphic for all realizations W of W,, and W™ (see Propo-
sition 4.40). An induction on n with an explicit study of the base cases
n < 4 finishes the proof (see Corollary 4.41 and Lemma 4.43).

Acknowledgments. The project whose results are presented here
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Pisa in February 2018. We thank the Institute for a pleasant stay
in a stimulating research environment. We also thank Aldo Conca,
Raul Epure, Darij Grinberg, Delphine Pol and Karen Yeats for helpful
comments. We are grateful to the referees for a careful reading of the
manuscript and resulting improvements to the exposition.
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2. MATROIDS AND CONFIGURATIONS

Our algebraic objects of interest are associated to a realization of
a matroid. In this section, we prepare the path for an inductive ap-
proach driven by the underlying matroid structure. Our main tool is
the handle decomposition, a matroid version of the ear decomposition
of graphs.

2.1. Matroid basics. In this subsection, we review the relevant basics
of matroid theory using Oxley’s book (see | |) as a comprehensive
reference.

Denote by MinP and MaxP the set of minima and maxima of a
poset P. Let M be a matroid on a set £ =: Ey. We use this font
throughout to denote matroids. With 2% partially ordered by inclusion,
M can be defined by a monotone submodular rank function (see | ,
Cor. 1.3.4])

tk =1ky: 2¥ - N ={0,1,2,...}
with rk(S) < |S] for any subset S € E. The rank of M is then
kM := rky(E).

Alternatively, it can be defined in terms of each of the following collec-
tions of subsets of F (see | , Prop. 1.3.5, p. 28]):

e independent sets Ty = {I € E | |I]| = tky(I)} < 2F,
e bases By = MaxZy = {B € E | |B| = tkm(B) = rkM} < 2%,
e circuits Cy = Min(2F\Zy) < 2%,
e flats Ly = {F < E |Vee E\F: tku(F u {e}) > rkm(F)}.
For instance (see | , Lem. 1.3.3]), for any subset S € FE,
(2.1) tkym(S) = max {|I| | S 2 I € Iiu}.
The closure operator of M is defined by (see | , Lem. 1.4.2])
(22) ClMI 2E — LM, I'kM = I'kM o ClM .

The following matroid plays a special role in the proof of our main
result.

Definition 2.1 (Prism matroid). The prism matroid has underlying
set £ with |E| = 6 and circuits

CM = {{617 €2, €3, 64}7 {617 €2, €5, 66}7 {637 €4, €5, 66}}'

The name comes from the observation that its independent sets Zy, are
the affinely independent subsets of the vertices of the triangular prism
(see Figure 1).

The elements of E\|JBwu and [ Bw are called loops and coloops in
M respectively. A matroid is free if E € By, that is, every e € E is
a coloop in M. By a k-circuit in M we mean a circuit C' € Cy with
|C'| = k elements, 3-circuits are called triangles.
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FiGURE 1. The triangular prism.
€6

AN

The circuits in M give rise to an equivalence relation on E by declar-
ing e, f € E equivalent if e = f or e, f € C for some C € Cy (see | ,
Prop. 4.1.2]). The corresponding equivalence classes are the connected
components of M. If there is at most one such a component, then M is
said to be connected. The connectivity function of M is defined by

M 28 >IN, Au(S) = tkm(S) + rkp(E\S) — rk(M).

For k > 1, a subset S € FE, or the partition E = S 1 (F\S), is called
a k-separation of M if

() < k < min{[S],|E\S|}.

It is called ezact if the latter is an equality. The connectivity A(M) of
M is the minimal k for which there is a k-separation of M, or A(M) = o
if no such exists. The matroid M is said to be k-connected if A\(M) > k.
Connectedness is the special case k = 2.

We now review some standard constructions of new matroids from
old. Their geometric significance is explained in §2.3.

The direct sum M; @ My of matroids M; and M, is the matroid on
Ewm, u Eym, with independent sets

€ 3

(23) IMl(JBMQ = {[1 [ [2 | [1 € IMN [2 € IMQ}.
The sum is proper if By, # & # Ewm,. Connectedness means that
a matroid is not a proper direct sum (see | , Prop. 4.2.7]). In

particular, any (co)loop is a connected component.
Let F < FE be any subset. Then the restriction matroid M|g is

the matroid on F' with independent sets and bases (see | , 3.1.12,
3.1.14])

(2.4) Ivy =ZInm 02", Buj, = Max{B n F | B € Bu}.

Its set of circuits is (see | , 3.1.13))

(2.5) Cmir = Cm 0 2F.

By definition, rkyj, = rku|sr, so we may omit the index without

ambiguity. Thinking of restriction to E\F as an operation that deletes
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elements in F from FE, one defines the deletion matroid

M\F = M|E\F
The contraction matroid M/F is the matroid on F\ F with independent
sets and bases (see | , Prop. 3.1.7, Cor. 3.1.8])

(2.6) Zwmyr = {I S E\F | I U B € Iy for some/every B € By},
Bu/r = {B' < E\F ‘ B’ U B € By for some/every B € BM|F}.

Its circuits are the minimal non-empty sets C\F where C' € Cy (see
| , Prop. 3.1.10]), that is,

In §2.3, E will be a basis and EV the corresponding dual basis. We
often identify £ = EY by the bijection

(2.8) viE—>EY, e—e".
The complement of a subset S € F corresponds to
S+ :=v(E\S) < EV.
The dual matroid M+ is the matroid on EY with bases
(2.9) By: = {B*| Be Bu}.
In particular, we have (see | , 2.1.8])

kM +rk M+ = |E).

Connectivity is invariant under dualizing (see | , Cor. 8.1.5]),
(2.10) v = AuLov, AM) = A(M*).

We use v~! in place of (2.8) for M+, so that S*+ = S. For subsets
F < F and G < EY, one can identify (see | , 3.1.1])

(2.11) (M/F): = MHpr = MA(F),

(MwHG))" = Mlg)" = MY/G.

Various matroid data of M+ is also considered as codata of M. A triad
of M is a 3-cocircuit of M, that is, a triangle of M+,

Ezxample 2.2 (Uniform matroids). The uniform matroid U, of rank
r =0 on aset E of size |E| = n has bases

By,,={B< E||B|=r}.

For r = n it is the free matroid of rank r. It is connected if and only
if 0 < r < n. By definition, Uf’n =Up,_pp foral 0<r<n.

Informally, we refer to a matroid M on E for which E € Cy, and hence
Cw = {E}, as a circuit, and as a triangle if |F| = 3. It is easily seen that
such a matroid is U,,_; ,, where n = |E|, and that A(U,_1,) = 2. o
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2.2. Handle decomposition. In this subsection, we investigate han-
dles as building blocks of connected matroids.

Definition 2.3 (Handles). Let M be a matroid. A subset & # H € E
is a handle in M if C' n H # ¢ implies H < C for all C' € Cyy. Write
Hw for the set of handles in M, ordered by inclusion. A subhandle of
H e Hy is asubset @ # H < H. We call H € Hp

proper if H # E,

mazimal if H € Max Hy,

a k-handle if |H| = k,

disconnective if M\ H is disconnected and

separating if min {|H|, |E\H|} = 2.

Singletons {e} and subhandles are handles. If | JCu # E, then
E\|JCm € MaxHy and is a union of coloops. The maximal han-
dles in | JCm are the minimal non-empty intersections of all subsets of
Cm. Together they form the handle partition of E

E- || H

HeMax Hm

which refines the partition of | JCu into connected components. In
particular, each circuit is a disjoint union of maximal handles. For any
subset F' € E, (2.5) yields an inclusion

Hm N 2F - HM\F-

Lemma 2.4 (Handle basics). Let M be a matroid and H € Hy.

(a) If H = E, then M = U,.,, where n = |E| = 1 and r € {n —1,n}
(see Example 2.2). In the latter case, |E| =1 if M is connected.

(b) Either H € Tyy or H € Cy. In the latter case, H is maximal and
a connected component of M. In particular, if M is connected and
H s proper, then H € Ty, H < C for some circuit C' € Cy, and
H € Cwyp\m)-

(c) For any subhandle & # H' < H, H\H' consists of coloops in
M\H'. In particular, non-disconnective handles are mazimal.

(d) If H ¢ Cw, then there is a bijection

Cw — Cwym, C— C\H.
If H ¢ MaxHy, then there is a bijection
MaXHM - MaXHM/H, Hl — H/\H,

which identifies non-disconnective handles. In this case, the con-
nected components of M which are not contained in H\|JCu cor-
respond to the connected components of M/H.

(e) Suppose that M is connected and H is proper. Then

tk(M/H) =1kM — |H|, Mu(H)=1.
In particular, if H is separating, then H is a 2-separation of M.
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Proof.

(a) Suppose that H = E. Then Cy < {£} and M = U,,_4, in case
of equality. Otherwise, Cy = ¢ implies By = {E} and M = U,,,, (see
[ , Prop. 1.1.6)).

(b) Suppose that H ¢ Zy. Then there is a circuit H = C' € Cy. By
definition of handle and incomparability of circuits, H = C\(E\H) €
Cwvye\m) (see (2.7)) and H = C' is disjoint from all other circuits and
hence a connected component of M.

(c) Suppose that h € H\H'is not a coloop in M\H’. Then he CnH
for some C' € Cyyr S Cw (see (2.5)) and hence H' < H < C since H is
a handle, a contradiction.

(d) The first bijection follows from (2.7) with ' = H. The remaining
claims follow from the discussion preceding the lemma.

(e) Part (b) yields the first equality (see | , Prop. 3.1.6]) along
with a circuit H # C € Cy. Pick a basis B € By\g. Clearly S := BuH
spans M. For any h € H, we check that S\{h} € Zy. Otherwise, there is
a circuit S\{h} 2 C € Cy. Since C' & B and by definition of handle, we
have H nC # ¢ and hence h € H < C, a contradiction. It follows that
kM = |S|—1 =1k(M\H) +|H|—1 and hence the second equality. [

Proposition 2.5 (Handles in 3-connected matroids). Let M be a 3-
connected matroid on E with |E| > 3. Then all its handles are non-
disconnective 1-handles.

Proof. Let H € Hyn be any handle. By Lemma 2.4.(a), H must be
proper. By Lemma 2.4.(¢), H is not separating, that is, |H| = 1 or
|[E\H| = 1. In the latter case, M is a circuit by Lemma 2.4.(b) and
hence not 3-connected (see Example 2.2). So H is a 1-handle.

Suppose that H is disconnective. Consider the deletion M" := M\ H
on the set E' := F\H. Pick a connected component X of M’ of minimal
size | X| < |E'|. Since H # ¢ and |E| > 3, both X u H and its
complement E\(X u H) = E'\X have at least 2 elements. Since X is
a connected component of M and by Lemma 2.4.(e),

rk(X) + rk(E"\X) = rkM' = rk M.
Since rk(X u H) < 1k(X) + |H| = rk(X) + 1, it follows that
WmX UH)=rk(XUH)+rk(E\(XuUH))—1kM< 2.

Whence X U H is a 2-separation of M, a contradiction. O

The following notion is the basis for our inductive approach to con-
nected matroids.

Definition 2.6 (Handle decompositions). Let M be a connected ma-
troid. A handle decomposition of length k of M is a filtration

Cwaokic---cl,=F
such that M|, is connected and H; := F\F;_; € Hwmyp, fori=2,... k.
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By Lemma 2.4.(b) and (2.5), a handle decomposition yields circuits
(2.12) C, := I €eCy, HiQCiECM|Fi§CM, 1=2,...,k.
Conversely, it can be constructed from a suitable sequence of circuits.

Ezample 2.7 (Handle decomposition of the prism matroid). The prism
matroid (see Example 2.1) has handle partition

E = {e1, e} Li{es, eq} L {es, 6}
A handle decomposition of length 2 is given by
Fy ={e1,eq,e3,e4} € Fy = F.
Note that all handles are proper, maximal, separating 2-handles. o

Proposition 2.8 (Existence of handle decompositions). Let M be a
connected matroid and Cy € Cy. Then there is a handle decomposition
of M starting with Fy = C}.

Proof. There is a sequence of circuits C, ..., Cy € Cy which defines a
filtration F; := Ujgz‘ C}; such that C; n F;_; # & and C;\F,_; € Cwyp,_,
fori=2,... k (see | ]). The hypothesis C; n F;_; # ¢ implies
that M|g, is connected for i = 1,... k.

It remains to check that H; = C;\F;_; € Hwp, fori=2,..., k. Since
circuits are nonempty, J # H; & F;. Let C € Cy 5, be a circuit such
that e € C n H; < C n C;. Suppose by way of contradiction that
H; &€ C. Then there exists some d € C;\(C U F;_;). By the strong
circuit elimination axiom (see | , Prop. 1.4.12]), there is a circuit
C" € Cyp, < Cm (see (2.5)) for which d e C" < (C U C;)\{e}. Then
C'"\F;_1 < C;\Fi_1 € Cw/F,_, by assumption on C;. It follows that either
C' < F,_y or C'\F,_; = C;\F,_1 (see (2.7)). The former is impossible
because C' 3 d ¢ F;_;, and the latter because C' U F;_1 $ e € C;. O

In the sequel, we develop a bound for the number of non-disconnective
handles.

Lemma 2.9 (Non-disconnective handles). Let M be a connected ma-
troid. Suppose that H € Hy and H' € Hy\ g are non-disconnective with
H o H' # E. Then there is a non-disconnective handle H" € Hy such
that H" < H', with equality if H' € Hy.

Proof. By hypothesis, M and M\H are connected and H v H' # E
implies that both H and H’ are proper handles. Then Lemma 2.4.(b)
yields circuits C' € Cy and C" € Cyyu S Cwm (see (2.5)) such that H & C'
and H' < C".

Suppose that C' € H u H'’. Then the strong circuit elimination
axiom (see [ , Prop. 1.4.12]) yields a circuit C” € Cy for which
C"c Hu(C', H &€ C" and C" & H v H'. Since C" < C' con-
tradicts incomparability of circuits, H < C” since H is a handle and
Lemma 2.4.(b) forbids equality.
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Replacing C' by C” if necessary, we may assume that H ¢ C and
C ¢ Hu H'. In particular, H" := H'\C € Hwpy and H" = H' if
H' € Hym. Since M\(H u H’) is connected by hypothesis, C' witnesses
the fact that H, C' n H' and E\(H u H') are in the same connected
component of M\H"” (see (2.5)). In other words, M\H" is connected.
If H"” € Hy is a handle, then H” is therefore non-disconnective.

Otherwise, there is a circuit C” € Cy such that @& # C" n H" # H”.
In particular, H = C” since otherwise C" n H = ¢ and C" € Cyg
(see (2.5)) which would contradict H” € Hm g. This means that C”
connects H with C” n H”. We may therefore replace H” by & #
H"\C" < H” and iterate. Then H” € Hy after finitely many steps. [

Lemma 2.10 (Handle decomposition of length 2). Let M be a con-
nected matroid with a handle decomposition of length 2. Then M has
at least 3 (disjoint) non-disconnective handles. In case of equality, they
form the handle partition of M.

Proof. Consider the circuits C" := C} € Cy, C := Cy € Cy (see (2.12)),
the non-disconnective handle H := H; € Hy and the subsets ¢ #
H:=C\C<cFand g#H'":=CnC'"<E. Then E=HuH uH"
and ' =H UH" and C = H v H".

Let C” € Cy be any circuit with C" # C” # C. By incompara-
bility of circuits, C” &€ C” and hence H < C” since H is a handle.
By Lemma 2.4.(d), we may assume that |H| = 1. Then H < C”
(see | , §1.1, Exc. 5]). In particular, H € Hy is a third non-
disconnective handle. If H u H' < C” is an equality, then also H"” € Hy
is a non-disconnective handle and H w H' 1 H” is the handle decom-
position.

Otherwise, C” witnesses the fact that H, H and & # C"n H" # H"
are in the same connected component of M|c» (see (2.5)). If H"\C" €
Hwn is a handle, then it is therefore non-disconnective. Otherwise,
iterating yields a third non-disconnective handle H"\C" 2 H" € Hy.

U

Ezample 2.11 (Unexpected handles). Consider the matroid M on E =
{1,...,6} whose bases

By = {{17 2,3, 4}’ {1’ 2,3, 5}’ {17 2, 47 5}7 {17 3, 47 5}a {2a 3, 4a 5}a
{1, 2,3, 6}, {1, 2,4, 6}, {1, 3,4, 6}, {2, 3,4, 6},
{1,3,5,6},{1,4,5,6},{2,3,5,6), {2,4,5,6)}

index those sets of columns of the matrix

100011
010011
00101 2
00011 2
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which form a basis of I3 (see Remark 2.15). Its circuits and maximal
handles are given by

Cw = {F1:={1,2,3,4,5},{1,2,3,4,6},{1,2,5,6},{3,4,5,6}},
Max Hy = {{1,2},{3,4}, {5}, {6} =: H,}.
In particular M is connected with a handle decomposition
FicFiuHy=:F,=F

of length 2. Here all 4 maximal handles are non-disconnective and the
inequality in Lemma 2.10 is strict. This can happen because M is not
a graphic matroid (see Lemma 2.25). o

Proposition 2.12 (Lower bound for non-disconnective handles). Let
M be a connected matroid with a handle decomposition of length k = 2.
Then M has at least k + 1 (disjoint) non-disconnective handles.

Proof. We argue by induction on k. The base case k = 2 is cov-
ered by Lemma 2.10. Suppose now that k& > 3. By hypothesis (see
Definition 2.6), Hy € Hm is a non-disconnective handle and the con-
nected matroid M\Hy, = M|p,_, has a handle decomposition of length
k — 1. By induction, there are k (disjoint) non-disconnective han-
dles Hy, ..., H;_, € Hwum,. Since k > 3 and handles are non-empty,
HyuH!# FEfori=0,...,k—1. Foreachi=0,...,k—1, Lemma 2.9
now yields a non-disconnective handle H; © H! € Hy. Thus, M has
k + 1 (disjoint) non-disconnective handles Hf, ..., H] |, H, € Hw. O

We conclude this section with an observation.

Lemma 2.13 (Existence of circuits). Let M be a connected matroid of
rank tk M = 2. Then there is a circuit C' € Cy of size |C| = 3.

Proof. Pick e € E. Since M is connected, E is the union of all circuits
e € C' € Cw. Suppose that there are only 2-circuits. Then E = cly(e)
(see [ , Prop. 1.4.11.(ii)]) and hence rkM = 1 (see (2.2)), a con-
tradiction. U

2.3. Configurations and realizations. Our objects of interest are
not associated to a matroid itself but to a realization as defined in the
following. All matroid operations we consider come with a counter-
part for realizations. For graphic matroids, these agree with familiar
operations on graphs (see §2.4).

Fix a field KK and denote the K-dualizing functor by

—V := Homg(—, K).

We consider a finite set E as a basis of the based K-vector space IK¥
and denote by EY = (e¥)ecg the dual basis of

(2.13) (KF)Y = KF".

By abuse of notation we set SY := (e¥).es for any subset S € E.
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We consider configurations as defined by Bloch, Esnault and Kreimer

(see | , §1]).

Definition 2.14 (Configurations and realizations). Let E be a finite
set. A K-vector subspace W < KK¥ is called a configuration (over IK).
It defines a matroid My, on E with independent sets

(2.14)  Zm,, ={S < E|SY|w is K-linearly independent in TW"}.

Let M be a matroid and W < K¥ a configuration (over K). If M = My,
then W is called a (linear) realization of M and M is called (linearly)
realizable (over ). A matroid is called binary if it is realizable over IFs.
A configuration W < K¥ is called totally unimodular if ch K = 0 and
W admits a basis whose coefficient matrix with respect to F has all
(maximal) minors in {0, +1}. A matroid is called regular if it admits
a totally unimodular realization. Equivalently, a regular matroid is
realizable over every field (see [ , Thm. 6.6.3]).

Since EY|w generates WY, we have (see (2.14))
(2.15) rk(My) = dim WY = dim W.

Remark 2.15 (Matroids and linear algebra). The notions in matroid
theory (see §2.1) are derived from linear (in)dependence over K. Let
W < K? be a realization of a matroid M. Pick a basis w = (w!, ..., w")
of W where r := rkM (see (2.15)). For each e € E, €|y is then
represented by the vector (w!); € K" where w! := e¥(w') for i =
1,...,r. Order E = {ey,...,e,} and set w§ = wéj for j =1,...,n.
Then these vectors form the columns of the coefficient matrix A =
(w})i; € K™ of w. By construction, W is the row span of A. The
matroid rank rky(S) of any subset S < E now equals the K-linear
rank of the submatrix of A with columns S (see (2.1) and (2.14)). An
element e € F is a loop in M if and only if column e of A is zero; e is
a coloop in M if and only if column e is not in the span of the other

columns. o

Remark 2.16 (Classical configurations). Suppose that My, has no loops,
that is, €|y # 0 for each e € E. Then the images of the e¥ |y in PWY

form a projective point configuration in the classical sense (see [ ).
Dually, the hyperplanes ker(e¥) n W form a hyperplane arrangement
in W (see | ]), which is an equivalent notion in this case. o

We fix some notation for realizations of basic matroid operations.
Any subset S © FE gives rise to an inclusion and a projection

(2.16) 1g: K5 - KB, 7g: KPP — KE/KPY = K5
of based IK-vector spaces.

Definition 2.17 (Realizations of matroid operations). Let W < K¥
be a realization of a matroid M, and let F' < F be any subset.
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(a) The restriction configuration (see (2.16))
Wlp:=7np(W) c KF
=~ (W + K\ KBV ~ W /(W A KE\F)

realizes the restriction matroid M|z.
(b) The deletion configuration

realizes the deletion matroid M\F. We write W\e := W\{e} for
ee b.
(¢) The contraction configuration
W/F :=W n K\ KP\F
realizes the contraction matroid M/F.
(d) The dual configuration (see (2.13))
W= (KF/w)¥ c KF
realizes the dual matroid M.
(e) Any 0 # p € WV defines an elementary quotient configuration
W, :=kerp < KE.
Remark 2.18. Let W < K be a realization of a matroid M.

(a) An element e € F is a loop or coloop in M if and only if W < KF\e}
or W = (W\e) ® K respectively. In both cases, W\e = W /e
KEMe}

(b) For 0 # ¢ € WY, pick w € W\W,, and e ¢ E. Consider the
configuration
Wow =W, @K - (w+e) € KFVI
Then W, ,\e = W and W, /e = W,. By definition, My, is

therefore an elementary quotient of Myy; it can be characterized in
terms of the notion of a modular cut (see | , §85.5] and [ ,

§7.3]). o

Lemma 2.19 (Lift of direct sums to realizations). Let W < K¥ be
a realization of a matroid M. Suppose that M = My @ My decomposes
with underlying partition £ = E; u FEy. Then W = W1, @ Wy where
W; := M/E; € K¥ realizes M; = M|g, for {i,j} = {1,2}.
Proof. By definition (see Definition 2.17.(a) and (c)),

WieWy > W > W|g ®&@Wl|g, W,—>Wl|g, =12

By the direct sum hypothesis, W; and W |g, realize the same matroid
(see (2.3), (2.4) and (2.6))

M/E; = M|g, = M;, {i,j} = {1,2}.

Thus, dimW; = dim(W|g,) for i = 1,2 (see (2.15)) and the claim
follows. t
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Ezample 2.20 (Realizations of uniform matroids). Let W < K¥ be the
row span of a matrix A € K™*" (see Remark 2.15). If A is generic in
the sense that all maximal minors of A are non-zero, then W realizes
the uniform matroid U,,, (see Example 2.2). o

2.4. Graphic matroids. Configurations arising from graphs are the
most prominent examples for our results. In this subsection, we review
this construction and discuss important examples such as prism, wheel
and whirl matroids.

A graph G = (V,E) is a pair of finite sets V' of vertices and E of
(unoriented) edges where each edge e € E is associated to a set of one
or two vertices in V. This allows for multiple edges between pairs of
vertices, and loops at vertices.

A graph G determines a graphic matroid Mg on the edge set E. Its
independent sets are the forests and its circuits the simple cycles in G.
Any graphic matroid comes from a (non-unique) connected graph (see
[ , Prop. 1.2.9]). Unless specified otherwise, we therefore assume
that G is connected. Then the bases of Mg are the spanning trees of
G (see | , p- 18]),

(2.17) Bu, = Te.

Remark 2.21 (Graph and matroid connectivity). A wvertex cut of a
graph G = (V| E) is a subset of V' whose removal (together with all
incident edges) disconnects G. If G has at least one pair of distinct
non-adjacent vertices, then G is called k-connected if k is the minimal
size of a vertex cut. Otherwise, G is (|V/| — 1)-connected by definition.
Suppose that |V| > 3. Then Mg is (2-)connected if and only if G

is 2-connected and loopless (see | , Prop. 4.1.7]). Provided that
|E| = 4, Mg is 3-connected if and only if G is 3-connected and simple
(see | , Prop. 8.1.9]). o

Ezample 2.22 (Prism matroid as graphic matroid). The prism matroid
(see Definition 2.1) is associated with the (2,2, 2)-theta graph in Fig-
ure 2. In particular it is 3-connected as witnessed by the minimal vertex
cut {vy,v9,v3} (see Remark 2.21). o

FIGURE 2. The (2,2, 2)-theta graph with a choice of orientation.
€2

U1 - Us
€4
e V2 |€6
€3
V4 ~ U3
€5

Graphic matroids have realizations derived from the edge-vertex in-
cidence matrix of the graph (see | , §2]). A choice of orientation
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on the edge set F turns the graph G into a CW-complex. This gives
rise to an exact sequence

0

(2.18) 0— H, K” KY —7 Hy—— 0
€ € ~
(s> t)——t—s K
€
v—1

where H, := H,(G, K) denotes the graph homology of G over K. The
dual exact sequence

5\/

(2.19) 0 H! KE” KV «+——H’«—0
involves the graph cohomology H® := H*(G,K) of G over K.

Definition 2.23 (Graph configurations). We call the image
KE" 2 Wg :=§Y(KY") % ker(o)¥

of 0¥ the graph configuration of the graph G over K. Note that it is
independent of the orientation chosen to define ¢ in (2.18).

For any S € FE, the sequence (2.18) induces a short exact sequence
0— H n K — K5 — Wy.

By definition of Mg and My, (see Definition 2.14) and since H; is
generated by indicator vectors of (simple) cycles, we have

SEIMG — Hl mKS =0 < SEIMWGa
which implies that
Mg = My,

The configuration Wy is totally unimodular if chK = 0 (see | )
Lem. 5.1.4]) which makes Mg a regular matroid. By construction,
W& = Hy < K realizes the dual matroid M (see Definition 2.17.(d)).

Ezample 2.24 (Configuration of the (2,2,2)-theta graph). With the
orientation of the (2,2, 2)-theta graph G depicted in Figure 2 the map
0V in (2.19) is represented by the transpose of the matrix

1 1.0 0 0 O
0 01 1 0 0
0 0 0 0 1 1
-1 0 -1 0 -1 0

Its rows generate the graph configuration Wy realizing the prism ma-
troid (see Example 2.22). o
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Lemma 2.25 (Characterization of the prism matroid). Let M be a
connected matroid on E = {ey,...,es} with |[E| = 6 whose handle
partition

E=H uHy,uHs;, H = {61762}, Hy = {63764}, Hs = {65766}7

is made of 3 maximal 2-handles (see Example 2.7 and Lemma 2.10).
Then M is the prism matroid (see Definition 2.1). Up to scaling E, it
has the unique realization W < K with basis

1 2 3 4
w =e1+ey, W =e3+te, W :=et+e, W =e;+e3+es,

the graph configuration of the (2,2,2)-theta graph (see Example 2.2/).

Proof. Each circuit C' € Cy is a (non-empty) disjoint union of Hy, Hy, H3
(see Definition 2.3). By Lemma 2.4.(b), no H; is a circuit but each H;
is properly contained in one. By hypothesis, E is not a maximal handle
and hence E ¢ Cy. Up to renumbering Hy, Hy, H3, this yields circuits
H, u Hy and Hy u Hs. By the strong circuit elimination axiom (see
[ , Prop. 1.4.12]), there is a third circuit H; 1 Hy. Then

Cm = {01702703}, Ci=HyuHs, Cy=H uH;s, Cs3=H uH,,

identifies with the circuits of the prism matroid. It follows that M must
be the prism matroid.

Let W < K¥ be any realization of M. Then dim W = rk M = 4 (see
(2.15) and (2.17)). Pick a basis w = (w', ..., w*) of W and denote by
A = (w}); the coefficient matrix (see Remark 2.15). We may assume
that columns 2,4,6,5 of A form an identity matrix. Since C7 and Cj
are circuits, wi = 0 # w3 and w? = 0 # w;. Thus,

« 10000
00« 100
A:*0*001
« 0+ 0 10

3 4

Since Cj is a circuit, suitably replacing w3, w* € (w? w*), reordering

Hj and scaling e, e3 makes

A —

—_ O O %
o O O
— O % O
OO = O
— % O O
o~ OO

where w}, w2, wi # 0. Now suitably scaling first w!, w? w? and then
€, €4, € makes

110000
001100
A=loooo 11
1 01010
Now w = (w!, ..., w?) is the desired basis. O
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The following classes of matroids play a distinguished role in con-
nection with 3-connectedness.

Ezample 2.26 (Wheels and whirls). For n > 2 the wheel graph W,, in
Figure 3 is obtained from an n-cycle, the “rim”, by adding an additional
vertex and edges, the “spokes”, joining it to each vertex in the rim.
There is a partition of the set of edges

E=SuR, S={s1,...,8.}, R={r,....,r},

into the set S of spokes and the set R of edges in the rim. The symmetry
suggests to use a cyclic index set Z,, := Z/nZ = {1,...,n}.

r3 T2

Te

T8 T'g
FiGURE 3. The wheel graph W,,.

For n = 3, the wheel matroid is the graphic matroid W,, := My, on
E. For n = 2, the whirl matroid is the (non-graphic) matroid on E
obtained from My, by relaxation of the rim R, that is,

Bwn := B, u{R}.
In terms of circuits, this means that
Cwr = Cmy, \R U {{s} U R|se S}

The matroids W,, and W™ are 3-connected (see | , Exa. 8.4.3]) of
rank

rkW,, = n =rkW".
For each i € Z,, {s;, 1, si11} is a triangle and {r;, 7,41, S;41} a triad.

Conversely, this property enforces M € {W,,, W"} for any connected
matroid M on E (see | , (6.1)]). o

We describe all realizations of wheels and whirls up to equivalence.
In particular, we recover the well-known fact that whirls are not binary.
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Lemma 2.27 (Realizations of wheels and whirls). Let W < K be any
realization of M € {W,,, W"}. Up to scaling E = S u R, W has a basis

(2.20) w=si+rm—t-r, wW=s+r—"ri1, 1=2,...,0,
wheret =1 if M =W, and t € K\{0,1} if M = W".

Proof. Since S € By, we may assume that the coefficients of s; in w’
form am identity matrix, that is, wij_ = 0; ;. The triangle {s;,7;,s;+1}
then forces w] , w/*! # 0 and w; = 0 for all i € Z,\{j,j + 1}. Suitably
scaling 71, w?, ro, w?, ... r_1,w", S1,. .., 8, successively yields (2.20).
The claim on ¢ follows from R € Cy, and R € By respectively. O

3. CONFIGURATION POLYNOMIALS AND FORMS

In this section, we develop Bloch’s strategy of putting graph polyno-
mials into the context of configuration polynomials and configuration
forms. We lay the foundation for an inductive proof of our main re-
sult using a handle decomposition. In the process, we generalize some
known results on graph polynomials to configuration polynomials.

3.1. Configuration polynomials. To prepare the definition of con-
figuration polynomials we introduce some notation.

Let W < KP be a configuration, and let S € E be any subset.
Compose the associated inclusion map with mg to a map (see (2.16))

(3.1) s We—s KP 5 K9,

Fix an isomorphism
(3.2) cw: K — AW

and set ¢y := idg for the zero vector space. Any basis of W gives rise
to such an isomorphism and any two such isomorphisms differ by a
non-zero multiple ¢ € K*. Up to sign or ordering E, we identify

S|
3.3 K* =K — 1
(33) NES =K psel

€
as based vector spaces. Suppose that |S| = dim W. Then the determi-
nant

/\\S\ aw.s
—_—

(3.4) det as: K —2— ASTw APTKS = K

is defined up to sign. Its square
(35) Cw,s ‘= (det Oq/{/"g)2 e K

is defined up to a factor ¢ for some ¢ € K* independent of S. Note
that det ap g = idk and hence ¢y g = 1. By definition (see (2.14)),

(36) cw,s #0 < Se BMW-
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Remark 3.1 (Compatibility of coefficients with restriction). Let W <
K be a configuration, and let S € F < E with |S| = dimW. Then
the maps (3.1) for W and W|p form a commutative diagram

aw,s
s
Wc K* K
WFWJ: FFJ/ H
s
WS K*F K*
O‘W\F,S
and hence cyyg = ¢* - cw|p,s for some c € K* independent of S. o

Consider the dual basis EY = (€").cg of E as coordinates on K¥,

(3.7) Tei=e", Og:=——, eck.
OFe

Given an enumeration of E = {ey,...,e,}, we write

XTii=Te;y, O; = 0Oeyy, T=1,...,0.
For any subset S € E, we set
. S . .

(3.8) g = (Te)ees, x° = H:ce, T i=xp.

eeS

Definition 3.2 (Configuration polynomials). Let W < K¥ be a real-
ization of a matroid M. Then the configuration polynomial of W is (see

(3.5))
Yy = Z cwp - 2P e Klz].

BGBM

Remark 3.3 (Well-definedness of configuration polynomials). Any two
isomorphisms ¢y (see (3.2)) differ by a non-zero multiple ¢ € K*. Using
the isomorphism c - ey in place of ¢y replaces ¥y by ¢ - ¥y . In other
words, iy is well-defined up to a non-zero constant square factor.
Whenever 1y, occurs in a formula, we mean that the formula holds
true for a suitable choice of such a factor. o

Remark 3.4 (Equivalence of configuration polynomials). Dividing e €
E by ¢ € K* multiplies both z. = e¥ (see Remark 2.16) and the
identifications (3.3) with e € S by c¢. For each e € B € By, this
multiplies ¢y p by ¢® and 2? by c. This is equivalent to substituting
3 - x, for z, in ¢y. Scaling E thus results in scaling z in ¥y .
However, dropping the equality (3.7) and scaling e € E for fixed x,
replaces W in ¢y by a projectively equivalent realization (see | ,
§6.3]). If M is binary, then all realizations of M over K are projectively

equivalent (see | , Prop. 6.6.5]). The corresponding configuration
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polynomials are geometrically equivalent in this case. In general, how-
ever, there are geometrically different configuration polynomials for
fixed M and K (see Example 5.3). o

Remark 3.5 (Degree of configuration polynomials). Let W < K be a
realization of a matroid M. Then (see (2.15) and (3.6))

deg ¥y =1kM = dim W.

In particular, ¥y # 0, and ¢y = 1 if and only if tkM = 0. By
definition, 1y is independent of (divided by) z. if and only if e € E is
a (co)loop in M. o

Remark 3.6 (Matroid polynomials and regularity). For any matroid M,
not necessarily realizable, there is a matroid (basis) polynomial

If M is regular, then ¥y = ¥y for any totally unimodular realiza-
tion W of M over IK. Conversely, this equality for some realization W
over K with ch K = 0 establishes regularity of M. For regular M, all
configuration polynomials over IK are geometrically equivalent (see Re-
mark 3.4). In general, however, ¥y and ¥y are geometrically different
(see Example 5.2). o

Ezample 3.7 (Configuration polynomials of uniform matroids). Let
W < K¥ be a realization of a uniform matroid M = U, (see Ex-
ample 2.20).

(a) Suppose that M = U, ,, is a free matroid. Then F € By and

IPWZJTE

is the elementary symmetric polynomial of degree n in n variables.
(b) Suppose that M = U,,_1,, is a circuit. Then E € Cy and by
Remark 3.1 and (a)

Yy = Z Ve,  Ywne = 2N

eeFE

A priori, substituting z”\¢} for Yy in Py is invalid (see Remark 3.3).

However, this can be achieved as follows: Ordering £ = {ey,...,e,}, W
has a basis w' = e; +¢; - e, with ¢; € K* where i = 1,...,n — 1. Scaling
first w!,...,w" ! and then e;,...,e,_1 makes ¢; = --- = ¢,_1 = LI.
This turns ¥y, into
o = 32PN,
ecFE

the elementary symmetric polynomial of degree n — 1 in n variables.
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(¢) If M = U,,_a,, then M has (n712) bases, and ¥y, has (ng) mono-
mials whose coefficients depend on the choice of W. For instance, the
row span W of the matrix

1 01 1
011 -1

Vw = X129 + 123 + T1X4 + ToX3 + Toxy + 42324.

realizes U 4 and

Realizations of Uy ,, are treated in in Example 5.4. o

In the following, we put matroid connectivity in correspondence with
irreducibility of configuration polynomials.

Proposition 3.8 (Connectedness and irreducibility). Let M be a ma-
troid of rank tk M > 1 with realization W < K¥. Then M is connected
if and only if M has no loops and Yy is irreducible. In particular, if
M = @, M; with connected components M; and induced decomposi-
tion W = @._, W; (see Lemma 2.19), then Yw = [ [}, Yw, where Yw,
15 1rreducible if tkM; > 1, and Yw, = 1 otherwise.

Proof. First suppose that M = M;@M, is disconnected with underlying
proper partition £ = E; u Ey. By Lemma 2.19, W = W; @ W, where
W; < K¥ realizes M;. Then aw,B = aw,.B, @ aw, B, and hence cyy p =
Cwy.By - Cwa,B, for all B = By 1 By € By where B; € By, for i = 1,2 (see
(2.3)). It follows that ¥y = ¥w, - Yw,. This factorization is proper
if M and hence each M; has no loops (see Remark 3.5). Thus, ¢y is
reducible in this case.
Suppose now that ¢y is reducible. Then

Yw = b1 - P
with ¢); homogeneous non-constant for ¢ = 1,2. Since 9y is a linear
combination of square-free monomials (see Definition 3.2), this yields
a proper partition E = E; U Fy such that ¢; € K[zpg,] for i = 1,2. Set

(3.9) M; = M|g, =12

Each basis B € By indexes a monomial 2% in 1y (see (3.6)). Set
B;:=Bn E; €Iy, fori=1,2 (see (2.4)). Then z? = 2P - 25> where
2P is a monomial in v; for i = 1,2. By homogeneity of 1;, B; € By,
for i = 1,2 and hence B = By 1 By € Bu,gm, (see (2.3)). It follows
that By < BMl@MQ'

Conversely, let B = By L By € By,gm, Where B; € By, for i = 1, 2.
Then B; = B! n E; for some B, € By for i = 1,2 (see (2.4) and (3.9)).
As above, 2P is a monomial in 1); for i = 1,2. Then 28 = 2B . 252
is a monomial in ¥y and hence B € By (see (3.6)). It follows that
BM =2 BMI@M2 as well.

So M = M; @ M, is a proper decomposition and M is disconnected.

This proves the equivalence and the particular claims follow. O
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We use the following well-known fact from linear algebra.

Remark 3.9 (Determinant formula). Consider a short exact sequence
of finite dimensional IK-vector spaces

0 w V U 0.
Abbreviate AV := A" V. There is a unique isomorphism

Awe A\U=/AV

that fits into a commutative diagram of canonical maps

/\W®/\dimUV /\dimWV®/\dimUV

J J

AW AU AV.

Tensored with
(A = A\, (A\AW) = A,
respectively it induces identifications
Aw=Ave AU, AU=AW"®/\V.

Consider a commutative diagram of finite dimensional K-vector spaces
with short exact rows

0 w %4 U 0
aJ: vl: BT:
0 U’ % w’ 0.

Then the above identifications for both rows fit into a commutative
diagram

ANW=—AWRINUSANU ——==AVAU"
/\al: /\a®/\6‘1®/\ﬁvlz /\v®/\5vl:
/\U/ /\U/®Awl®/\wlv /\V/®/\W/V.
&

The following result of Bloch, Esnault and Kreimer describes the be-
havior of configuration polynomials under duality (see | , Prop. 1.6]).

Proposition 3.10 (Dual configuration polynomials). Let W < K¥ be
a realization of a matroid M. For a suitable choice of ey (see (3.2)),

det apyr g1 = det a5
for all S € E of size |S| = rk M. In particular,

Ywe =2 Yw (00 )eer).
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Proof. Let S < E be of size |S| = rkM. Then S € By if and only if
St e By (see Remark 3.3). We may assume that this is the case as
otherwise both determinants are zero. Then there is a commutative
diagram with exact rows

0 W KE KE /W —— 0

~ ~ ~ v
aw,sl_ VJ_ :TO‘WLSL
\2

0 KSEVKEY 55 RS g

where the middle isomorphism is induced by (2.8). This yields a com-
mutative diagram (Remark 3.9 and (2.15))

K—— AP K @k K
cw lid@cWL
/\rkM W —— /\|E\ KE ® /\rkMi Wi
A*M a5 J/\EI VAT mt S

/\rkM KS /\|E\ KE” ® /\rk M-+ ]KSL.

Using (3.3), we may drop A"/ KZ and A" KE". A suitable choice of
cw turns the upper isomorphism into an equality. The claim follows
by definiton (see (3.4) and Definition 3.2). O

The coefficients of the configuration polynomial satisfy the following
restriction-contraction formula.

Lemma 3.11 (Restriction-contraction for coefficients). Let W < K¥
be a realization of a matroid M, and let F' < E be any subset. For any
basis B € By, B n F € By, if and only if B\F € Bw/p. In this case,

2
Cw,B = C ' CW/F,B\F * CW|p,BnF
where ¢ € IK* is independent of B.

Proof. The equivalence for B € By holds by definition of matroid con-
traction (see (2.6)). For any such B, there is a commutative diagram
with exact rows (see Definition 2.17.(a) and (c))

0— W/F Vf Wlp ——0
0 —— KBV KE K 0

L]

0 — KB\ K” KP M —— 0.
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Taking exterior powers yields (see Remark 3.9 and (2.15))

K < K=K®IK
CWJZ ) :JCW/F®CW|F
/\rkM W—— /\rk(M/F) W/F® /\rk(MIF) W|p

/\rkM KB /\rk(M/F) KBV ® /\rk(MIF) KBF
]

The following result describes the behavior of configuration poly-
nomials under deletion-contraction. It is the basis for our inductive
approach to Jacobian schemes of configuration polynomials. The state-
ment on .1y was proven by Patterson (see | , Lem. 4.4]).

Proposition 3.12 (Deletion-contraction for configuration polynomi-
als). Let W < K¥ be a realization of a matroid M, and let e € E.
Then

Ywne = Yw /e if e is a loop in M,
Yw = { Ywl. - Ywre = Yw|. - Yw\e if € is a coloop in M,
Ywe + Yw. - Yw e otherwise,

where Yy, = . if € is not a loop in M. In particular,

r

0 if e is a loop in M,
Ocbw = { Ywse = Ywne if € is a coloop in M,
LV e otherwise,

f,le)W\e = Yws ifeis aloop in M,

Ywlz.—0 =30 if € is a coloop in M,
| Ve otherwise.
Proof. Decompose
(3.10) Yw = Z CW,B - 2 +x. - 2 Cw,B 2B\,
e¢ BeBy ecBeBy

The second sum in (3.10) is non-zero if and only if e is not a loop.
Suppose that this is the case. Then M|, is free with basis {e} and
Yw|, = . by Remark 3.7.(a). By Lemma 3.11 applied to F' = {e}, the
second sum in (3.10) then equals (see (2.6) and Remark 3.3)

2 B
C - CWle,{e} - Z CW/e,B T = ¢W/e
BEB|\/|/8

for some ¢ € IK*. The first sum in (3.10) is non-zero if and only if e is
not a coloop. By Lemma 3.11 applied to F' = E\{e}, it equals in this
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case (see (2.4) and Remark 3.3)

C2 . CQQ . Z CW\E,B . .Z'B — ¢W\e

BEBM\e
for some ¢ € K*. If e is a (co)loop, then W/e = W\e (see Re-
mark 2.18.(a)). The claimed formulas follow. O

The following formula relates configuration polynomials with dele-
tion and contraction of handles. It is the starting point for our descrip-
tion of generic points of Jacobian schemes of configuration hypersur-
faces in terms of handles.

Corollary 3.13 (Configuration polynomials and handles). Let W <
K® be a realization of a connected matroid M on E, and let E # H €
Hwn be a proper handle. Then

(3.11) Yw = Ywym)  Ywa + Ywiy  Ywm,
(312) wW/(E'\H) = Z ’l/}W|H\{h}7
heH
(313) wle = :EHa ¢W\H\{h} = xH\{h}
In particular, after suitably scaling H,
(3.14) Yy = Z gAY Yw\m + z Yw/H-
heH

Proof. By Lemma 2.4.(b), H € Cw/p#) and hence (3.12) by Exam-
ple 3.7.(b). By Lemma 2.4.(b) (see (2.4)), M|y is free, and equali-
ties (3.13) follows from Example 3.7.(a). Equality (3.14) follows from
(3.11), (3.12) and Example 3.7.(b). It remains to prove equality (3.11).

We proceed by induction on |H|. Let h € H and set H' := H\{h}.
Since M is connected, it has no (co)loops and hence

(3.15) Yw = Y + Ywy, - Ywon

by Proposition 3.12. If |H| = 1, then H € Cwmypn) implies that
tk(M/(E\h)) = 0 and hence ¥y gp = 1 (see Remark 3.5). Sup-
pose now that |H| > 2. By Lemma 2.4.(b) and (¢), M|y is free and H’
consists of coloops in M\h. Tterating Proposition 3.12 thus yields

(3.16) Yun = H Yw,, - Ywa = Ywy,,  Ywa-

h'eH’

By Lemma 2.4.(d), the set H' is a proper handle in the connected
matroid M/h. By Lemma 2.4.(c), h is a coloop in M\H" and hence

W/h\H" = W\H'/h = W\H"\h = W\H.
by Remark 2.18.(a). By the induction hypothesis,

(3.17) Ywn = Z UW gy - OwE + YWy, - Ywa

h'eH’
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By Lemma 2.4.(b), M|y and M| g7y are free. Iterating Proposition 3.12
thus yields

(3.18) YW YWl = VWl YW YWy = OW -

Using equalities (3.12) and (3.18), equality (3.11) is obtained by sub-
stituting (3.16) and (3.17) into (3.15) (see Remark 3.3). O

The following result describes the behavior of configuration polyno-
mials when passing to an elementary quotient.

Proposition 3.14 (Configuration polynomials of quotients). Let W <
KE be a realization of a matroid M, and let 0 # o € W. Then

2
I/DW('Q = Z (Z i@e - det OWV,SU{e}) xS’

SCFE e¢S
|S]=rkM—1

where ¢ = (Pe)eer € (KE)Y is any lift of ¢ with a sign + determined
by a Laplace expansion.

Proof. Set V := W+ and V, := Wsj and consider the commutative
diagram with short exact rows and columns

| ]
0 w K" |V 0
© /
%)
K 0
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Dualizing and identifying the two copies of KK by the Snake Lemma
yields a commutative diagram with short exact rows and columns

(3.19) 0
0 K
b
0 Wy KE" +——V,+—0
0 wv KE «———V+——0
" /
@
K 0
0.

By Remark 3.9 and with a suitable choice of ¢y (see Remark 3.3), the
right vertical short exact sequence in (3.19) gives rise to a commutative
square

Let S’ € EY with |S’| = dim V,, = rk M+ + 1 and denote (see (2.8))

s = (951/‘1(6))665’ e K.
Due to (3.19) the maps ay, s (see (3.1)) and

(s ave) K@V — KF° LK

rkM++1

agree after applying A . Laplace expansion thus yields

det O[V‘P,S/ = Z i@yfl(e) . det O{V“S‘/\{e}.

eeS’

Let S € E with |S] = dimW, = tkM — 1 and S’ = S*. Then
Proposition 3.10 yields

2
w,,s = (Z i@e - det aW,Su{e}) . O

e¢S
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3.2. Graph polynomials. We continue the discussion of graphic ma-
troids from §2.4 and consider their configuration polynomials.

Definition 3.15 (Graph polynomials). The (first) Kirchhoff polyno-
meal of a graph G over K is the polynomial

g = Z 7 e K[z].
TeTq
Replacing 7 by 2P\T defines the (first) Symanzik polynomial 1% of a
graph G over K. We refer to ¢¢ and ¢ as (first) graph polynomials.
By (2.17), we have ¢ = 1y for any totally unimodular realiza-

tion W of M¢. In particular, this yields the following result of Bloch,
Esnault and Kreimer (see | , Prop. 2.2] and Proposition 3.10).

Proposition 3.16 (Graph polynomials as configuration polynomials).
The graph polynomials

’l/}G = ’l/}WGv wJG_’ = wWéa
are the configuration polynomials of the graph configuration and of its
dual (see Definition 2.23). O

Ezample 3.17 (Graph polynomial of the prism). For the unique real-
ization W = W of the prism matroid (see Lemma 2.25),
Yw = Yo = 1172(23 + 24)(T5 + T6)
+ w3w4(T1 + T2)(T5 + T6)
+ z5x6(x1 + 2) (23 + x4)
is the Kirchhoff polynomial of the (2, 2, 2)-theta graph G (see Figure 2).

<&

Let G = (E,V) be a graph. A 2-forest in G is an acyclic subgraph
T of G with |V| — 2 edges. Any such T' = {T},T>} has 2 connected
components T} and T. We denote by TZ the set of all 2-forests in G.

Definition 3.18 (Second graph polynomials). The second Kirchhoff
polynomial of a graph G over K is the polynomial

bep) = Y mn () e Klal, mpp) = Y p

{T1,12}eTE veT;

depending on a momentum 0 # p € kero for G over K (see (2.18)).

Note that
mr(p) = >, po=— Y, pv = —mp,(p)

veTy veTs
and hence the coefficient my, (p)? € K of ¢(p) is well-defined.
Replacing the 2-forests T} L Ty by cut sets E\(Ty u T5) defines the
second Symanzik polynomial ¥5(p) of a graph G over K (see | )
Def. 3.6]). We refer to 1q(p) and ¥ (p) as second graph polynomials.
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The following reformulation of a result of Patterson realizes second
graph polynomials as configuration polynomials of a (dual) elementary

quotient (see [ , Prop. 3.3] and Proposition 3.10). Patterson’s
proof makes the general formula in Proposition 3.14 explicit in case of
graph configurations (see | , Lem. 3.4]).

Proposition 3.19 (Second graph polynomials as configuration poly-
nomials). The second graph polynomials

Ya(p) = bawey,  YED) = Ywep)ts

are the configuration polynomials of the quotient of the graph config-
uration by a momentum and of its dual (see Definitions 2.17.(d) and
(e) and 2.23). O

3.3. Configuration forms. The configuration form yields an equiv-
alent definition of the configuration polynomial as a determinant of
a symmetric matrix with linear entries. Its second degeneracy locus
turns out to be the non-smooth locus of the hypersurface defined by
the corresponding configuration polynomial.

Definition 3.20 (Configuration forms). Let ux denote the multipli-
cation map of IK. Consider the generic diagonal bilinear form on K¥,

Qe = 24176'#1}( o(e¥ xev): KF x KF — K[z].
ecE
Let W < K¥ be a configuration. Then the configuration (bilinear)
form of W is the restriction of Qe to W,
Qw = Qelwxw: W x W — KJz].
Alternatively, it can be seen as the composition of canonical maps

Q@ v
(3.20) Qw: W[z] — KP[a] —5 KP' [2] — W [a],
where —[z] means — ® K[z]. For k = 0,...,r := dim W, it defines a
map

r—k r—k
AWe \WeKz] - K[z].
Its image is the kth Fitting ideal Fitty coker Qw (see [ , §20.2])
and defines the k& — 1st degeneracy scheme of Qu. We set
My = Fitty coker Qw < K[z].
Note the different fonts used for My, and My, (see Definition 2.14).

Remark 3.21 (Configuration forms as matrices). With respect to a basis
w= (wh,...,w") of W, Qw becomes a matrix of Hadamard products

(see Remark 2.15)

Qu = (&, w' xw’));; = (Z Te W' - wg)

e K™, w' =e"(w).
ecll i

/[/7]
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Let Q% denote the submaximal minor of a square matrix () obtained
by deleting row ¢ and column j. Then

My ={Qyl |i,je{l,...,r}).
Any basis of W can be written as w’ = Uw for some U € Autg W.
Then

Qw’ = UQw U'.

and the Q%] become K-linear combinations of the Q%. We often con-
sider Qw as a matrix @),, determined up to conjugation. o

Remark 3.22 (Configuration forms and basis scaling). Scaling E results
in scaling = in Qw and in My, (see Remark 3.4). o

Bloch, Esnault and Kreimer defined ¢y in terms of Qy (see | ,
Lem. 1.3]).

Lemma 3.23 (Configuration polynomial from configuration form).
For any configuration W < K¥, the configuration polynomial

Yw = det Qw € My

is the determinant of the configuration form (see Remarks 3.3 and
3.21). O

Ezample 3.24 (Configuration form of the prism realization). Consider
the realization W of the prism matroid with basis given in Lemma 2.25.
Then the corresponding matrix of Qw reads (see Remark 3.21)

1+ T2 0 0 T
0 T3 + T4 0 x3
Qw =
0 0 Ts + Tg Ts
X1 T3 x5 1+ T3+ X5

Lemma 3.23 recovers the polynomial det Qw = ¥y in Example 3.17.
o

The following result describes the behavior of Fitting ideals of con-
figuration forms under duality. We consider the torus

TF = (K*)? c K, K[T¥] = K[z*'] = K[z],=.
The Cremona isomorphism T¥ =~ TE" is defined by
(3.21) (p: K[TF] = K[TF"], z;'< 2., eckE.

e

Proposition 3.25 (Duality and cokernels of configuration forms). Let
W < K be a configuration. Then there is an isomorphism over (g,

coker (Qw )z = coker(Qwt) e,

where the indices denote localization (see (3.8)). In particular, this
mduces an isomorphism

(Miy)or = (M) v
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Proof. Consider the short exact sequence

(3.22) 0 W K~ KZ/W ——0

and its K-dual

(3.23) 0 W K& W «——0.
We identify K = KF*" and K¥/W = W=V, and we abbreviate
Q:=Qxr, Q7 :=Qks.

Then Q,» and QYzv are mutual inverses under (g. Together with
(3.22) and (3.23) tensored by K[z*!] and (3.20) for W and W+, they
fit into a commutative diagram with exact rows connected vertically
by morphisms over (g

0 coker(Qyy1)gev

>
~
~
~
~
~

0 , W[l‘il] ]KE[ZL‘il] WJ_V[:L,il] 0

(Qw),E QxEJ TQ;EV (Quw1),Bv

il]

0 WY e K 1] e Wit e 0

where —[2%!] means — ® K[z*!]. Exactness of the columns is due to
det Qw = Yw # 0 (see Lemma 3.23 and Remark 3.5). Composing
the middle vertical isomorphism over (g with (taking preimages along)
the dashed compositions yields the claimed isomorphism by a diagram
chase. U

The following result describes the behavior of submaximal minors of
configuration forms under deletion-contraction. It is the basis for our
inductive approach to second degeneracy schemes.

Lemma 3.26 (Deletion-contraction for submaximal minors). Let W <
K® be a realization of a matroid M of rank r = tkM, and let e € E.
Then any basis of W /e can be extended to bases of W and W\e such
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that Qi =
QW\e Qw/e if e is a loop in M,
@/)W\e ww/e if e is a coloop in M, i =1 = j,
= Ze - if e 1s a coloop in M, i # 1 # 7,
W\e W/e e ] M. .
4 O if e is a coloop in M, otherwise,
¢W/e if e is not a (co)loop in M, i =r = j,
QW\e if e is not a (co)loop in M, i =r orj=r,
QW\6+SL’6 Qw/e if e is not a (co)loop in M, i #r # j,
foralli,j € {1,...,r}. In particular, the Q% are linear combinations
of square-free monomials for any basis of W.
Proof. Pick a basis w',...,w" of W < K¥ and consider

(er w w7> e K"
eeF ij

as a matrix (see Remark 3.21). Recall that (see Definition 2.17.(b) and

(),
W\e =t (W), W/e=W n KN

and the description of (co)loops in Remark 2.18.(a):

e If e is a loop, then w! = 0 for all i = 1,...,r and hence W\e =
W =W/e.

e If e is not a loop, then we may adjust w* ,w" such that w! = d; ,
forall i = 1,...,7 and then w!,...,w" !is a general basis of W/e

e If ¢ is a coloop, then we may adjust w” = e and 7g\ () identifies

wh, ... w™! with a basis of W\e = W /e.
In the latter case,

(3.24) Quw = (Qg\e 0) ,

Te

and the claimed equalities follow (see Lemma 3.23).
It remains to consider the case in which e is not a (co)loop. Then
ey and T (e (see (2.16)) identify w!, ..., w"' and w?, ..., w" with

bases of W /e and W\e respectively. Hence,
e b e b
(325) QW\@ = <QZ¥/ > ) QW = (QZ{/ > )

a Te +Q

where both the entry a and column b are independent of x.. We con-
sider two cases. If i = r or j = r, then clearly Q) = i,’[i\e. Otherwise,

QW\e + Ze - Q%/e

This proves the claimed equahtles also in this case (see Lemma 3.23)
and the particular claim follows. O
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As an application of Lemma 3.23, we describe the behavior of con-
figuration polynomials under 2-separations.

Proposition 3.27 (Configuration polynomials and 2-separations). Let
W < KPF be a realization of a connected matroid M. Suppose that
E = Ey u Es is an (exact) 2-separation of M. Then

Yw = Vwip - Ywip, + YW, - YW/,

Proof. We adopt the notation from | , §8.2]. Extend a basis By €
Bwmy,, to a basis B € By. Then W is the row span of a matrix (see
[ , (8.1.1)] and Remark 2.15)

(10 A 0
A= <0 I D A;) ’
where the block columns are indexed by B\Bs, By, E1\B, E5\Bs, and

rk D = 1. After suitably ordering and scaling By, E;\B the lower rows
of A, we may assume that

D=<1b)ta1,
ar=(1 -+ 10 - 0)=0,
b=(1 -~ 1 0 --- 0).

The size of b and a; is determined by number of rows and columns of
D, respectively. While b could be 0, at least one entry of a; is a 1. After
suitable row operations and adjusting signs of By, we can repartition

I 00 Ay O
(326) A = 01 0 aq a9
0 I 0 A

Denote by e € E the index of the column (0 1 b)". Let Xy, x., Xo, X7, X},
be diagonal matrices of variables corresponding to the block columns
of A. Then the configuration form of W becomes (see Remark 3.21)

X1 + AlX{Ai AlX{(li 0
Qw = a; XA} Te + a1 X1at + as Xjal, xeb + as X5 AL
0 ble, + Ay Xbah blaeb + Xy + Ay XL AL

which involves
0 _( Qw/e, AiXiaq
Wie, a XJAY a Xjdt )7
Qw /e, = X1 + A1 X AL,

0 [ xe+ axXhah b+ asXiAL
Wiey — btl‘e + AzXéag QW/El

QW/El = btxeb + X2 + AQXéA;

Laplace expansion of ¢y = det Qu (see Lemma 3.23) along the eth
column yields the claimed formula. O
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Remark 3.28 (Configuration polynomials and handles). Let W < KF
be a realization of a connected matroid M, and let H € Hy be a sep-
arating handle. By Lemma 2.4.(e), H is a 2-separation of M. Propo-
sition 3.27 applied to £ = (E\H) u H thus yields the statement of
Corollary 3.13 in this case. o

4. CONFIGURATION HYPERSURFACES

In this section, we establish our main results on Jacobian and second
degeneracy schemes of realizations of connected matroids: the second
degeneracy scheme is Cohen-Macaulay, the Jacobian scheme equidi-
mensional, of codimension 3 (see Theorem 4.25). The second degen-
eracy scheme is reduced, the Jacobian scheme generically reduced if
ch K # 2 (see Theorem 4.25).

4.1. Commutative ring basics. In this subsection, we review the rel-
evant preliminaries on equidimensionality and graded Cohen—Macaulay-
ness using the books of Matsumura (see | ]) and Bruns and Her-
zog (see [ |) as comprehensive references. For the benefit of the
non-experts we provide detailed proofs. Further we relate generic re-
ducedness for a ring and an associated graded ring (see Lemma 4.7).

4.1.1. Equidimensionality of rings. Let R be a Noetherian ring. We
denote by Min Spec R and Max Spec R the sets of minimal and maximal
elements of the set Spec R of prime ideals of R with respect to inclusion.
The subset Ass R < Spec R of associated primes of R is finite and
Min Spec R < Ass R (see | , Thm. 6.5]).

One says that R is catenary if every saturated chain of prime ideals
joining p, q € Spec R with p € q has (maximal) length height(q/p) (see
[ , p- 31]). We say that R is equidimensional if it is catenary and

Vp € Min Spec R: Ym € Max Spec R: p € m = height(m/p) = dim R.
If R is a finitely generated K-algebra, then these two conditions reduce
to (see [ , Thm. 2.1.12] and | , Thm. 5.6])
Vp € Min Spec R: dim(R/p) = dim R.
We say that R is pure-dimensional if
Vp e Ass R: dim(R/p) = dim R,

which implies in particular that Ass R = Min Spec R. It follows that
pure-dimensional finitely generated K-algebras are equidimensional.

The following lemma applies to any equidimensional finitely gener-
ated IK-algebra.

Lemma 4.1 (Height bound for adding elements). Let R be a Noether-
tan ring such that Ry, is equidimensional for all m € Max Spec R.

(a) All saturated chains of primes in p € Spec R have length height p.
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(b) For any p € Spec R, x € R and q € Spec R minimal over p + (x),
height g < height p + 1.

Proof.

(a) Take two such chains of length n and n’ starting at minimal
primes po and p; respectively. Extend both by a saturated chain of
primes of length m containing p and ending in a maximal ideal m.
Since Ry, is equidimensional by hypothesis, these extended chains have
length n + m = n’ + m. Therefore, the two chains have length n = n’.

(b) By Krull’s principal ideal theorem, height(q/p) < 1. Take a
chain of primes in p of length height p and extend it by q if p # q. By
(a), this extended chain has length height q and the claim follows. [

Lemma 4.2 (Equidimensional finitely generated algebras and local-
ization). Let R be an equidimensional finitely generated K-algebra and
rxe R. If R, # 0, then R, is equidimensional of dimension dim R, =
dim R.

Proof. Any minimal prime ideal of R, is of the form p, where p €
Min Spec R with = ¢ p. By the Hilbert Nullstellensatz (see [ ,
Thm. 5.5)),

ﬂ Max V(p) = p.
This yields an m € Max Spec R such that p € m # = and hence p, <

m, € MaxSpec R,. Since R and hence R, is a finitely generated K-
algebra,

dim(R,/p,) = height(m,/p,) = height(m/p) = dim R
by equidimensionality of R. The claim follows. U

4.1.2. Generic reducedness. The following types of Artinian local rings
coincide: field, regular ring, integral domain and reduced ring (see
[ , Thms. 2.2, 14.3]). A Noetherian ring R is generically reduced
if the Artinian local ring R, is reduced for all p € Min Spec R (see
[ , Exc. 5.2]). This is equivalent to R satisfying Serre’s condition
(Ro). We use the same notions for the associated affine scheme Spec R.

Definition 4.3 (Generic reducedness). We call a Noetherian scheme X
generically reduced along a subscheme Y if X is reduced at all generic
points specializing to a point of Y. If X = Spec R is an affine scheme,
then we use the same notions for the Noetherian ring R.

Lemma 4.4 (Reducedness and purity). A Noetherian ring R is reduced
if it is generically reduced and pure-dimensional.

Proof. Since R is pure-dimensional, Ass R = Min Spec R and hence R
becomes a subring of localizations (see | , Thm. 6.1.(1)])

R~ @ R= @ R,

peAss R Min Spec R
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The latter ring is reduced since R is generically reduced, and the claim
follows. U

Lemma 4.5 (Reducedness and reduction). Let (R, m) be a local Noe-
therian ring. Suppose that R/tR is reduced for a system of parameters
t. Then R is reqular and, in particular, an integral domain and reduced.

Proof. By hypothesis, R/tR is local Artinian with maximal ideal m/tR.
Reducedness makes R/tR a field and hence m = tR. By definition, this

means that R is regular. In particular, R is an integral domain and
reduced (see [ , Thm. 14.3]). O

Definition 4.6 (Rees algebras). Let R be a ring and I < R an ideal.
The (extended) Rees algebra is the R[t]-algebra (see | , Def. 5.1.1])

Rees; R := R[t, [t '] < R[t*"].
The associated graded algebra is the R/I-algebra

[oe}
gry R:=@1'/I""
i=0
Lemma 4.7 (Generic reducedness from associated graded ring). Let
R be a Noetherian d-dimensional ring, I I R an ideal, S := Rees; R
and R := gr; R.
(a) Suppose R is an equidimensional finitely generated IK-algebra. Then
S is a (d + 1)-equidimensional finitely generated K-algebra.
(b) If S is (d+1)-equidimensional and I # R, then R is d-equidimensional.
(c) If S is equidimensional and R is generically reduced, then R is
generically reduced along V (I).

Proof. There are ring homomorphisms
R — R[t] - S — S/tS =~ R.

Since R is Noetherian, [ is finitely generated and S finite type over R.

(a) If R is an integral domain, then so are S < R[t*!]. By definition,
formation of the Rees ring commutes with base change. After base
change to R/p for some p € Min Spec R, we may assume that R is a d-
dimensional integral domain. Then S is a (d + 1)-dimensional integral
domain (see [ , Thm. 5.1.4]). Since S is a finitely generated K-
algebra (as R is one), S is equidimensional.

(b) Multiplication by ¢ is injective on R[t*!] and hence on S. If
I # R, then S/tS =~ R # 0 and t is an S-sequence. Since S is (d +
1)-equidimensional, R is d-equidimensional by Krull’s principal ideal
theorem.

(c) Let p € Min Spec R and consider the extension p[t*!] € Spec R[t*!].
Then (see | , p- 96])

t¢p:=p[tt] n S e Min Spec S



CONFIGURATION HYPERSURFACES 41

and hence

(41) S5 = (S5, = RI* Ty

Since p[t*!] n R = p, the map R — R[t*!] induces an injection
(4.2) R, — R[t* ).

To check injectivity, consider R, 3 z/1 — 0 € R[t*'],+1). Then 0 =
zy € R[t*] for some y = X, y;t* € R[tT']\p[t*!]. Then 0 = zy; € R for
all ¢ and y; € R\p for some j. It follows that 0 = z/1 € R,. Combining
(4.1) and (4.2) reducedness of R, follows from reducedness of Sj.

Suppose now that V(p) nV(I) # & and hence (the subscript denot-
ing graded parts)

R#p+1=py+(tS)o= (p+tS)o

implies that p +tS # S. Let q € Spec S be a minimal prime ideal over
p + tS. No minimal prime ideal of S contains the S-sequence ¢ € q.
By Lemma 4.1.(b), height ¢ = 1 and q is minimal over ¢. This makes
t a parameter of the localization S,. Under S/tS =~ R, the minimal
prime ideal q/tS € Spec(S/tS) corresponds to a minimal prime ideal
g € Spec R. Suppose that R is generically reduced. Then

Sq/tSq = (S/ts)q/ts = Rﬁ

is reduced. By Lemma 4.5, Sy and hence its localization (Sq)s, = S is
reduced. Then also R, is reduced, as shown before. U

4.1.3. Graded Cohen—Macaulay rings. Let (R, m) be a Noetherian *local
ring (see | , Def. 1.5.13]). By definition, this means that R is a
graded ring with unique maximal graded ideal m. For any p € Spec R,
denote by p* € Spec R the maximal graded ideal contained in p (see
[ , Lem. 1.5.6.(a)]). For any p € Spec R, there is a chain of max-
imal length of graded prime ideals strictly contained in p (see | ,
Lem. 1.5.8]). If m ¢ Max Spec R, then such a chain for n € Max Spec R
ends with m < n. It follows that

dim R — {dlm Ry if m € Max Spec R,

(4.3) ) .
dim R, + 1 if m ¢ Max Spec R.

For any proper graded ideal I < R also (R/I,m/I) is *local and

(4.4) m € MaxSpec R <= m/I € Max Spec(R/I).

Any associated prime p € Ass R is graded (see | , Lem. 1.5.6.(b).(ii)])
and hence p € m. This yields a bijection (see | , Thm. 6.2])

(4.5) AssR — Ass Ry, P Pn.

If I <R is a graded ideal and p € Spec R minimal over I, then p/I €
Min Spec(R/I) < Ass(R/I) and hence p is graded.

The following lemma shows in particular that *local Cohen—Macaulay
rings are pure- and equidimensional.
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Lemma 4.8 (Height and codimension). Let (R, m) be a *local Cohen—
Macaulay ring and I < R a graded ideal. Then R is pure-dimensional
and

(4.6) height I = codim I.

In particular, R/ is equidimensional if and only if height p = codim [
for all minimal p € Spec R over I.

Proof. The *local ring (R, m) is Cohen-Macaulay if and only if the

localization R, is Cohen-Macaulay (see | , Exc. 2.1.27.(c)]). In
particular, Ry, is pure-dimensional (see | , Prop. 1.2.13]) and (see
[ , Cor. 2.1.4])

(4.7) height [, = codim I,

Using (4.3), (4.4) for I = p and bijection (4.5), it follows that R is
pure-dimensional:

dim Ry, if m € Max Spec R,

VpeAssR: dim R =
p e Ass 1m dim Ry, + 1 if m ¢ Max Spec R,

dim(Ry/pm) + 1 if m ¢ Max Spec R,

dim(R/P)m/p if m € Max Spec R,
dim(R/p)msp + 1 if m ¢ Max Spec R,

(£/p).
Using (4.3) and (4.4), (4.6) follows from (4.7):
height I = height I, = codim [,
— dim Ry — dim (R /I)
= dim Ry — dim(R/1 )1
= dim R — dim(R/I) = codim .

{dlm( Ru/Pum) if m € Max Spec R,
dim
6)

Since R is Cohen—Macaulay, it is (universally) catenary (see | ,
Thm. 2.1.12]). By (4.4) and the preceding discussion of chains of prime
ideals in R/I and R/p, I is equidimensional if and only if dim(R/I) =
dim(R/p) for all prime ideals p € Spec R minimal over /. The particular
claim then follows by (4.6) for I and p. O

4.2. Jacobian and degeneracy schemes. In this subsection, we as-
sociate Jacobian and second degeneracy schemes to a configuration.
By results of Patterson and Kutz, their supports coincide and their
codimension is at most 3.

For a Noetherian ring R, we consider the associated affine (Noether-
ian) scheme Spec R, whose underlying set consists of all prime ideals
of R. We refer to elements of Min Spec R as generic points, of Ass R
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as associated points, and of Ass R\ Min Spec R as embedded points of
Spec R. An ideal I < R defines a subscheme Spec(R/I) < Spec R.

By abuse of notation we identify
K* = Spec K[z].
Due to Lemma 4.8,
codimge Spec(K[z]/I) = height [
for any graded ideal I < IK[z].
Definition 4.9 (Configuration schemes). Let W < KZ be a configu-

ration. Then the subscheme
X := Spec(K[z]/{vw)) < KE

is called the configuration hypersurface of W. In particular, Xg :=
Xwy, is the graph hypersurface of G (see Definition 2.23). The ideal

Jw = Ww) + Cew | e € E) JK[x]
is the Jacobian ideal of 1y,. We call the subschemes (see Defini-
tion 3.20)

Yw = Spec(K[z]/Jw) € K¥, Ay := Spec(K[z]/My) < K~,
the Jacobian scheme of Xy, and the second degeneracy scheme of Q.
Remark 4.10 (Degeneracy and non-smooth loci). If chK y tkM =
deg® (see Remark 3.5), then ¢y is a redundant generator of Jy due

to the Euler identity. By Lemma 3.23, X74 and Al? are the first
and second degeneracy loci of Quw (see Definition 3.20) whereas ¥1¢d is

the non-smooth locus of Xy over K (see [ , Thm. 30.3.(1)]). If
K is perfect, then ¥t is the singular locus of Xy (see | , 8§28,
Lem. 1]). o

Remark 4.11 (Loops and line factors). Let W < K¥ be a realization of
matroid M. Suppose that e is a loop in M, that is, e¥ |y = 0. Then ¢y,
and Qu are independent of z. (see Remark 3.5 and Definition 3.20)

Xw = Xwe x A, Sy =S x A, Ay = Ay x AL o

Lemma 4.12 (Inclusions of schemes). For any configuration W < K¥,
there are inclusions of schemes Ay € Yy € Xy € KE.

Proof. By definition, ¥y, € Jy and hence the second inclusion. By
Lemma 3.23, Yy = det Qw € My, and hence 0.1y € My, for all e € E.
Thus, Jyw € My and the first inclusion follows. O

Remark 4.13 (Schemes for matroids of small rank). Let W < KK¥ be a
realization of a matroid M.

(a) If rtkM < 1, then ¢y = 1 (see Remark 3.5) or ¢y # 0 is a
K-linear form. In both cases, Yy = @& = Aw. If tkM > 2, then
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(b) IftkM = 2, then Ay is a K-linear subspace of IK¥ and hence an
integral scheme. If ch K # 2, the same holds for Xy, due to the Euler
identity (see Remark 4.10). Otherwise, the non-redundant quadratic
generator ¥y of Jy can make Yy non-reduced (see Example 4.14). o

Ezample 4.14 (Schemes for the triangle). Let M be a matroid on E € Cy
with |E| = 3 and hence rkM = |E| —1 = 2. Up to scaling and ordering
E = {ey, es, €3}, any realization W < K¥ of M has the basis

wh = e; + es, w? = €s + e3.
With respect to this basis, we compute
T+ x x
av- ("5 L)
My = (x1 + 23,29 + X3, 23) = {T1, Ta, T3).
It follows that Ay is a reduced point.
On the other hand,
Yy = det Qw = 129 + T173 + T2X3,
Jw = by, 11 + T, X1 + X3, T2 + X3).
The matrix expressing the linear generators x1 + x9, 1 + x3, T2 + x3 in

terms of the variables z1, z9, v3 has determinant 2. If chIK # 2, then
Jw = {x1, %9, r3) and Xy is a reduced point. Otherwise,

2
Jw = <?/)W,$1 — X3,T2 — $3> = <$1 — X3,T2 — $3,9U3>
and Xy is a non-reduced point. o

Lemma 4.15. Consider two sets of variables x = x1,...,z, and y =
Yty ooy Ym- Let 0# fel <K[x] and 0 # g€ J <K[y]|. Then

foJdlz]+1y]-g={f,9) nIly] nJ[z] <K[z,y].

Proof. For the non-obvious inclusion, take h = af + bg € I[y| n J|z].
Since f € I[y], bg € I[y] and similarly af € J[z]. Since f # 0 and J are
in different variables, it follows that a € J[z] and similarly b € I[y]. O

Theorem 4.16 (Decompositions of schemes). Let W < K¥ be a re-
alization of a matroid M without loops. Suppose that M = @ M;
decomposes into connected components M; on E;. Let W = @;_ | W;
be the induced decomposition into W; < KFi (see Lemma 2.19). Then
Xw is the reduced union of integral schemes Xy, x KE\E:i | and Sy is
the union of Xy, x KE\Pi and integral schemes Xy, x Xy, x KE\(E: 0 E;)
for i # 7. The same holds for 3 replaced by A. In particular, Xy is
generically smooth over K.

Proof. Proposition 3.8 yields the claim on Xy (see Remark 3.5). For
the claims on Xy and Ay, we may assume that n = 2 with My possibly
disconnected. The general case then follows by induction on n.
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By Proposition 3.8 and Definition 3.20, ¥y = ¥w, - Yw, and Qw =
Qw, ® Qw,. Then Lemma 4.15 yields
Jw = wWH ) JWQ [xEl] + JWI ['TEQ:I ’ wW2
= <77Z)W17 'QZ)W2> N Jwy [‘TE2] N Jwy, ['IEI]7

and hence
Yw = (X, x Xw,) U (Bw, x KP2) U (K x Sy,).

The same holds for J and ¥ replaced by M and A respectively.
Suppose now that M is connected. By Proposition 3.12, ¢y t 0.tbw
for any e € F and hence Yy & Xy. The particular claim follows. [

Patterson proved the following result (see | , Thm. 4.1]). While
Patterson assumes ch K = 0 and excludes the generator iy € Jy, his
proof works in general (see Remark 4.10). We give an alternative proof
using Dodgson identities.

Theorem 4.17 (Non-smooth loci and second degeneracy schemes).
Let W < K¥ be a configuration. Then there is an equality of reduced
loci
yred — Aled,
In particular, Yy and Ay have the same generic points, that is,
Min EW = Min AW

Proof. Order E = {ey,...,e,} and pick a basis w = (w!,...,w") of
W. We may assume that its coefficients with respect to eq,..., e,
form an identity matrix, that is, w;, = d;; for i,j € {1,...,r}. For

i,7 € {1,...,r} denote by Q%}j}’{i’j} the minor of @y obtained by
deleting rows and columns ¢, j. Then there are Dodgson identities (see
Remark 3.21, Lemma 3.23 and | , Lem. 8.2])

QW) = Qi - QI = Qi - Q4 — det Qur - Q)
= dw - Oy — dhw - Q7 € Ty
for i,j € {1,...,r}. In particular, any prime ideal p € Spec K[x] over

Jw contains My, and hence ¥4 = Ald. The opposite inclusion is due
to Lemma 4.12. O

Corollary 4.18 (Cremona isomorphism). Let W < K% be a configu-
ration. Then the Cremona isomorphism TY =~ TF" identifies

Xw nTF =~ Xy n TP,
SwnTE =~ S0 nTE,
Aw nTE =~ Ay n TP,

In particular, Xyw, Aw, Sy and Ay have the same generic points
in TF =~ T¥F",
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Proof. Propositions 3.10 and 3.25 yield the statements for Xy, and
Aw. The statement for Xy follows using that (g (see (3.21)) iden-
tifies .0, = —x.v0.v for e € E. The particular claim follows with
Theorem 4.17. U

Proposition 4.19 (Codimension bound). Let W < K% be a config-
uration. Then the codimensions of Yy and Aw in K¥ are bounded
by

codimyre Xy = codimge Ay < 3.
In case of equality, Ay is Cohen—Macaulay (and hence pure-dimensional)
and Yy 1s equidimensional.

Proof. The equality of codimensions follows from Theorem 4.17. The
scheme Ay, is defined by the ideal My, of submaximal minors of the
symmetric matrix Qyu with entries in the Cohen-Macaulay ring K|[z]

(see [ , p. 2.1.9]). In particular, codimyks Xy = grade My, (see
[ , 2.1.2.(b)]). Kutz proved the claimed inequality and that My,
is a perfect ideal in case of equality (see [ , Thm. 1]). In the

latter case, K[z]/Mw = IK[Aw] is a Cohen—Macaulay ring (see | )
Thm. 2.1.5.(a)]) and hence pure-dimensional (see Lemma 4.8). Then
Yw is equidimensional by Theorem 4.17. U

4.3. Generic points and codimension. In this subsection, we show
that the Jacobian and second degeneracy schemes reach the codimen-
sion bound of 3 in case of connected matroids. The statements on
codimension and Cohen—Macaulayness in our main result follow. In
the process, we obtain a description of the generic points in relation
with any non-disconnective handle.

Lemma 4.20 (Primes over the Jacobian ideal and handles). Let W <
K% be a realization of a connected matroid M, and let H € Hy be a
proper handle.

(a) For any he H, 2\M -y € Jyy.

(b) For any e, f € H with e # f, 2™ by € Ty + (xe, 7).

(¢) For any de H and e € E\H, x4 . 0.pyr i € Jw + (xa).

(d) If p € SpecK|z] with Jw < p $ Yw\u, then (xe, x5, x4) S p for
somee, f,ge H withe # f # g # e.

Proof. By Remark 3.4 and Corollary 3.13, we may assume that
Yy = Z 2 Yung + z Yw /b
heH

has the form (3.14).
(a) Using that 1y is a linear combination of square-free monomials
(see Definition 3.2),

R @/)W\H = ¢W|xh=0 = Yw — o - OpYw € Jw.
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(b) This follows from

Jw 3 0w = Y &My + 2Ny
heH

= oS g mod (x, xp).
(c¢) This follows from

Jw 3 0cbw = > a0y + 2 Ocbw
heH

= g\ Octwrng  mod (zq).

(d) By (a), the hypotheses force 2\{"} e p for all h € H and hence
(e, ) < p for some e, f € H with e # f. Then zf\e/} e p by (b)
and the claim follows. O

Remark 4.21 (Primes over the Jacobian ideal and 2-separations). Let
W < KPP be a realization of a connected matroid M. Suppose that
E = FE; u Es is an (exact) 2-separation of M. For {i, j} = {1, 2}, note
that

d; := deg@bW‘Ei = deg Yw/p, +1
and hence by Proposition 3.27

Jw 3 Vw = Ywyg, - Yw, + @/)W\Ej “Yw/B;
Jw 2 Z Telethw = di - bwp, - Ywip, + (di — 1) - dw,, - Ywyp,-

6€E¢
Subtracting d; - 1w from the latter yields iy 5 “Ywyg; € Jw, for

j = 1,2. It follows that, for every prime ideal p € Spec K|z] over Jy
and every 2-separation F' of M, we have |, € p or Yy € p. o

Lemma 4.22 (Inductive codimension bound). Let W < K be a re-
alization of a connected matroid M, and let H € Hy be a proper non-
disconnective handle. Suppose that codimgmu Yyrg = 3. Then Xy is
equidimensional of codimension

codimge Xy = 3
with generic points of the following types:
(a) p =T, Tp,5) = Pe s for somee, f,ge H withe # f # g # e,

(b) p = <1/)W\H, T4, :Eh> =:Pu.an for somed,he H withd # h,
(¢) Yw\a; Yww €9 P xp for all h e H.

Proof. Since H is non-disconnective, Yy g € K[z g ] is irreducible by
Proposition 3.8. Since d,h € H with d # h, ppan € SpecK[z] with
height prr q, = 3. The same holds for p. 5,,.

By Lemma 4.8 and the dimension hypothesis, Jy g < ]K[xE\H] has
height 3. Thus, for any d e H,

(4.8) height ({Jywm, 24 )) = height Jy~z + 1 = 4.
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In particular, ¥y g # & and hence Xy # & by Remark 4.13.(a).

Let p € Spec K[x] be any minimal prime ideal over Jy,. By Lemma 4.8
and Proposition 4.19, it suffices to show for the equidimensionality that
height p > 3. This follows in particular if p contains a prime ideal of
type Pefg OF Puan. By Lemma 4.20.(d), the former is the case if
Yunm ¢ p. We may thus assume that ¢y, g € p. By Lemma 4.20.(c),

(4.9) 2D Obyn g € p + (xa).
for any d € H and e € E\H.

First suppose that x4, € p for some d € H. If "M% e p_ then
p contains a prime ideal of type pp 4 for some h € H\{d}. Other-
wise, (Jurm,zay S p by (4.9) and hence heightp > 4 by (4.8) (see
Remark 4.23).

Now suppose that x), ¢ p for all h € H and hence ¢y /5 € p by (3.11)
and (3.13) in Corollary 3.13. Let q € Spec K[z| be any minimal prime
ideal over p + (x4). By (4.9), q contains one of the ideals

(4.10)  wm, Ywyms Tay h) = Pran + owmy,  {Twnm, Ta ),
for some h € H\{d}. By Lemma 2.4.(b) and (e) (see Remark 3.5),

deg vy = tk(M/H) = tkM — |H]|
=1kM —1k(H) = tk(M\H) — A(H) < deg Yy\u

and hence Yynu { Yw g and Yw /g ¢ pr.an. Thus, both ideals in (4.10)
have height at least 4 (see (4.9)) and hence height q > 4. It follows that
height(p + (x4)) = 4 and then height p > 3 by Lemma 4.1.(b). O

Remark 4.23. The case where height p > 4 in the proof of Lemma 4.22
does finally not occur due to the Cohen—Macaulayness of Ay, achieved
by the argument (see Proposition 3.8). o

Lemma 4.24 (Generic points for circuits). Let W < K¥ be a realiza-
tion of a matroid M on E € Cy with |E| —1 =1kM > 2. Then X5 is
the union of all codimension-3 coordinate subspaces of K.

Proof. We apply the strategy of the proof of Lemma 4.22. By Re-
mark 4.13.(4.13), the rank hypothesis implies that Xy # . Let
p € SpecK[z] be any minimal prime ideal over Jy. If Yy p ¢ p
for some E # H € Hy, then Lemma 4.20.(d) yields e, f,g € H with
e # f # g # e such that (z.,x,2,) < p. Otherwise, p contains
P = pyr g € p for all E # H € Hy and hence all z. where e € E.
(This can only occur if |E| = 3.) By Lemma 4.8 and Proposition 4.19,
it follows that p = (z., xf, z,). By symmetry, all such triplese, f,g e E
occur (see Example 3.7). O

Theorem 4.25 (Cohen—-Macaulayness of degeneracy schemes). Let
W < KP be a realization of a connected matroid M of rank tk M > 2.
Then Ay is Cohen—Macaulay (and hence pure-dimensional) and Sy
is equidimensional, both of codimension 3 in IK¥.
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Proof. By Proposition 4.19, it suffices to show that codimgr >y = 3.
Lemma 2.13 yields a circuit C' € Cy of size |C| = 3 and codimge Xy o =
3 by Lemma 4.24. Proposition 2.8 yields a handle decomposition of M
of length k with F; = C'. By Lemma 4.22 and induction on k, then
also codimye Xy = 3. O

Corollary 4.26 (Types of generic points). Let W < KE be a realiza-
tion of a connected matroid M of rank tkM > 2, and let H € Hy be
a non-disconnective handle such that tk(M\H) > 2. Then all generic
points of Xy and Ay are of the types listed in Lemma j.22 with respect
to H.

Proof. Applying Theorem 4.25 to the matroid M\H with realization
WA\H, the claim follows from Lemma 4.22 and Theorem 4.17. U

Corollary 4.27 (Generic points for 3-connected matroids). Let W <
KE be a realization of a 3-connected matroid M with |E| > 3 if rank
tk M > 2. Then all generic points of Sy and Ay lie in T, that is,

Min Xy = Min Ay < TF,

Proof. The equality is due to Theorem 4.17. We may assume that
Yy # & and hence rkM > 2 by Remark 4.13.(a). Let p € Min Xy be
a generic point of Xy,. For any e € E, consider the 1-handle H := {e} €
Hm. By Proposition 2.5 and Lemma 2.4.(e), H is non-disconnective
with tk(M\H) = rkM > 2. Corollary 4.26 forces p to be of type (c) in
Lemma 4.22. It follows that p € (.5 D(z.) = TF. O

4.4. Reducedness of degeneracy schemes. In this subsection, we
prove the reducedness statement in our main result as outlined in §1.4.

Lemma 4.28 (Generic reducedness for the prism). Let W < K¥ be any
realization of the prism matroid (see Definition 2.1). Then Ay nTF is
an integral scheme of codimension 3, defined by 3 linear binomials, each
supported in a corresponding handle. If ch K # 2, then also Sy nTF =
AW M TE

Proof. By Remark 3.22, we may assume that W is the realization from
Lemma 2.25. A corresponding matrix of Qy is given in Example 3.24.
Reducing its entries modulo p := {(z1 + x9, X3 + T4, T5 + x5) makes all
its 3 x 3-minors 0. Therefore, Jyy < My < p by Lemma 4.12. Using
the minors

1 + x2) - (—x375),

T+ Xo) - —IL'g) . (ZL‘5 + l‘ﬁ),

T+ To) - (T3 + 14) - T5,

~— ~— ~— “—
~—~~ —~ —~

Q=
Q=
Q=
Qi =

1+ x2) - (x3 + x4) - (T5 + 6),
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one computes that
Q%+ Qu — QU+ QU = (11 + 1) - Ty,
By symmetry, it follows that xoxsxe - p & My and hence
Aw N D(zaz426) = V(p) N D(z32476).
Using ¢y from Example 3.17, one computes that
(x9 - (2202 — 1) + 246 - (O3 + 05) + (x4 + xg) - (1 — 2404 — x606) )W
=2 (1) + 29) - 1T,
By symmetry, it follows that 2 - 232322 - p € Jy and hence
YSw N D(xoxyxg) = V(p) N D(xox46).
if ch K # 2. O
More details on the prism matroid can be found in Example 5.1.

Lemma 4.29 (Reduction and deletion of non-(co)loops). Let e € E be
a non-(co)loop in a matroid M. For any I <IK[z] set

I:= (I + (we)) {ze) A K[z] {2e) = ]K[xE\{e}]-
Then Jyn. < Jw and My = My for any realization W < IKF of M.

Proof. This follows from Proposition 3.12 and Lemma 3.26. U

Lemma 4.30 (Generic reducedness and deletion of non-(co)loops).
Let W < K¥ be a realization of a matroid M, and let e € E be
a non-(co)loop. Then Yyr. = & implies Xy = &. Suppose that
MinXw < D(z.) and that Yw and Yyn. are equidimensional of the
same codimension. If Yyn. is generically reduced, then Yy is generi-
cally reduced. In this case, each p € Min Xy, defines a non-empty subset
v(p) € Min Xy, such that

(4.11) V(p)nViz) = | V()
qey(p)
(4.12) p#p = (p) ) =T

In particular, [Min Sy | < [MinSyn.|. The same statements hold for
Y3 replaced by A.

Proof. The subscheme Xy 0V (z.) € KF\e} is defined by the ideal Jy
(see Lemma 4.29). By Lemma 4.29 and since Jy, is graded,
Swe =& = Jue = Klzpg] = Jw = Klz]/(ze)
= Jw+<l’e>=]K[.T] — Jy Z]K[ZL’] — Yy =
which is the first claim.

Let p € Min Xy be a generic point of Xy,. Considered as an element
of Spec K[x] it is minimal over Jy . Since Jiy and hence p is graded,
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p + {(z.) # K[z]. Let q € SpecK[z] be minimal over p + {(z.). By
Lemma 4.29,

(4.13) Jwe € Jw < 4.
Since z. ¢ p by hypothesis, Lemma 4.1 shows that
height g = heightp + 1,
height g = height q — height (x.) = height p.
By the dimension hypothesis, Lemma 4.8 and (4.13), it follows that q is
minimal over both Jyn. and Jy . The former means that q € Min Xy\..

The set (p) of all such g is non-empty and satisfies condition (4.11).
Denote by t € K[Xy/] the image of z.. Then q ¢ MinK[Xy/] by

hypothesis and q is minimal over ¢ since q is minimal over Jy,. This
makes t is a parameter of the localization

R .= ]K[Zw]q
The inclusion (4.13) gives rise to a surjection of local rings
(4.14) K[Ew\elg = K[XZw n V(z.)]g = R/tR.

Suppose now that Yy is generically reduced. Then K[y .]g is a
field which makes (4.14) an isomorphism. By Lemma 4.5, R is then an
integral domain with unique minimal prime ideal pq. Thus, K[Xw ], =
Ry, is reduced and p is uniquely determined by q. This uniqueness is
condition (4.12). The particular claim follows immediately.

The preceding arguments remain valid if 3 and J are replaced by A
and M respectively: Lemma 4.29 applies in both cases. U

Lemma 4.31 (Initial forms and contraction of non-(co)loops). Let
W < K¥ be a realization of a matroid M. Suppose E = F 1 G is
partitioned in such a way that M/G is obtained from M by successively
contracting non-(co)loops. For any ideal J < K[x],c = Klzp,25'],
denote by J™ the ideal generated by the lowest xp-degree parts of the
elements of J. Then JwglzE'] € (Ji) o and My c[zd'] < (M) 6.

Proof. We iterate Proposition 3.12 and Lemma 3.26 respectively to pass
from W to W /G by successively contracting non-(co)loops e € G. This
yields a basis of W extending a basis w!, ..., w* of W/G such that

(4.15) Yw = 2% Yw e + p,
Ophw = z< - Opw a + Ofp,
w =1 QW6+ i,
for all fe Fand i,j € {1,...,s}, where p,q;; € K[z] are polynomials
with no term divisible by x%. Since ¢y and Qy; are homogeneous
linear combinations of square-free monomials (see Definition 3.2 and
Lemma 3.26), 2© - Ywa, ¢ 0w e and ¢ Q%/G are the respective
lowest xp-degree parts in (4.15). The claimed inclusions follow. u
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Lemma 4.32 (Generic reducedness and contraction of non-(co)loops).
Let W < K¥ be a realization of a matroid M. Suppose E = F U G is
partitioned in such a way that M/G is obtained from M by successively
contracting non-(co)loops. Then Ly, = & implies Sy N D(z%) N
V(xp) = &. Suppose that Sy n D(x€) and S are equidimensional
of the same codimension. If Yw g is generically reduced, then Xy N

D(z%) is generically reduced along V (xp). The same statements hold
for % replaced by A.

Proof. Consider the ideal
I:={rpy<K[Ew n D) =R
= K[Ewlee = K[z]/Jw)ee = Klzp, 25']/(Jw)ae,
R being equidimensional by hypothesis. With notation from Lemma 4.31
R =gr; R = gr,(K[z]/Jw)ec) = (g1, (K[z]/Jw )
= (K[a]/ T )se = Klzp, 26')/(T3)ac
Lemma 4.31 then yields the first claim:
Swic =@ == Jwie =Klzr] = Jwielzd'] = Klep, 28]
— (Ji),e = Klzp, 28] &= R=0 < I =R
= Yy n D) nV(zr) =T

The latter equality makes the second claim vacuous.
We may thus assume that I # R. Lemma 4.31 yields a surjection

T ]K[EW/G X TG] = (]K[SUF]/JW/G)[ H]
= Klzr, 25']/(Jwclzd']) - R.

By Lemmas 4.2 and 4.7 and the dimension hypothesis, source and tar-
get are equidimensional of the same dimension and hence 7=! induces

Min Spec R € Min(Sy ¢ x T).

Suppose now that Xy /¢ and hence Xy /g x T¢ is generically reduced.
For any p € Min Spec R, this makes K[Xy /¢ x T¢], a field and due to

T K[Ew e x TG]p - R,

also R, is a field. It follows that R is generically reduced. By Lemma 4.7,
R is then generically reduced along V(). This means that Xy, n D(z¢)
is generically reduced along V(zp).

The preceding arguments remain valid if 3 and J are replaced by A
and M respectively: Lemma 4.31 applies in both cases. U

Lemma 4.33 (Generic reducedness for circuits). Let W < K¥ be a
realization of a matroid M on E € Cy of ranktkM = |E|—1 > 2. Then
Aw s generically reduced. If chIK # 2, then also Yy is generically
reduced.
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Proof. We proceed by induction on |E|. The case |E| = 3 is covered
by Example 4.14; here we use ch K # 2.

Suppose now that |E| > 3. Let p € MinXy be a generic point
of ¥yw. By Lemma 4.24, p = {(x.,z¢,x,) for some e, f,g € H with
e# f#g+#e Pickde E\le, f,g}. Then E\{d} € Cu/a and hence
Ywa is generically reduced by induction. By Lemmas 4.2 and 4.32,
Yw N D(z,) is then along V(zp q)). By choice of d, (xp\(a ) € V(p) N
D(z4). In other words, p € Min(Xy n D(z4)) specializes to a point in
V(zg\aqy) N D(xq). Thus, Ly is reduced at p. It follows that Xy is
generically reduced.

By Theorem 4.17, Ay, has the same generic points as >y,. Therefore,
the preceding arguments remain valid if ¥ is replaced by A. U

Lemma 4.34 (Generic reducedness and contraction of non-maximal
handles). Let W < K¥ be a realization of a connected matroid M of
rank tkM > 2. Assume that |[Max Hm| = 2 and set

h:=|E| — |MaxHm| = 0.
Suppose that Ly is generically reduced for every realization W' < KF'
of every connected matroid M" of rank tk M’ = 2 with |E'| < |E)|.
(a) If h > 3, then Yy is generically reduced.
(b) If h > 2 and e € E, then Ly is reduced at all p € Min Xy NV (z.).
The same statements hold for ¥ replaced by A.

Proof. Let p € Spec K[z]| with height p = 3. Pick a subset F' < E such
that |[['n H'| = 1 for all H' € MaxH,,. If possible, pick F'n H' = {e}
such that z. € p. If h > 3, then by Lemma 4.1.(b)

(4.16) height(p +(zr)) < 3+ |F| = 3+ |Max Hm| < |E| = height (z).

If A > 2 and p € V(z.), then (4.16) holds with 3 replaced by 2. In
either case pick q € Spec K[z] such that

(4.17) p+{rr) S qs (1)

Add to F all f € E with xy € q. This does not affect (4.17). Then
zy ¢ q and hence z, ¢ p for all g € G := E\F # 4. In other words,

(4.18) pe DY), qeV(p)n D) nV(vg) # .

By the initial choice of F', G n H' < H' for each H' € MaxHy. By
Lemma 2.4.(d), successively contracting all elements of G does, up to
bijection, not affect circuits and maximal handles. In particular, M/G
is a connected matroid on the set F', obtained from M by successively
contracting non-(co)loops.

Since |F| = [Max Hm| = 2, connectedness implies that rk(M/G) > 1.
If tk(M/G) = 1, then Xy, = & by Remark 4.13.(a). Then Xy n
D(z%) n V(zr) = & by Lemma 4.32 and hence p ¢ Sy by (4.18).

Suppose now that p € Xy and hence 1k(M/G) > 2. Then Yy is
generically reduced by hypothesis, and p € Xy N D(2%) specializes to
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a point in V(xr) n D(xz%) by (4.18). By Theorem 4.25 and Lemma 4.2,
Yw, w0 D(z%) and Ty /G are equidimensional of codimension 3. By
Lemma 4.8, height p = 3 means that p € Min Xy,. By Lemma 4.32,
Y is thus reduced at p. The claims follow.

The preceding arguments remain valid if 3 is replaced by A. U

Lemma 4.35 (Reducedness for connected matroids). Let W < KE be
a realization of a connected matroid M of rank tk M = 2. Then Ay is
reduced. If chIK # 2, then Xy is generically reduced.

Proof. By Theorem 4.25, Ay, is pure-dimensional. By Lemma 4.4,
Ay is thus reduced if it is generically reduced. By Lemma 4.12 and
Theorem 4.17, the first claim follows if Yy is generically reduced.
Assume that chIK # 2. We proceed by induction on |E|. By
Lemma 4.33, Xy is generically reduced if E' € Cy; the base case where
|E| = 3 needs chIK # 2. Otherwise, by Proposition 2.8, M has a han-
dle decomposition of length k& > 2. By Proposition 2.12, M has k£ + 1
(disjoint) non-disconnective handles H = Hy, ..., Hy € Hy with

(4.19) (>k+1>3.

Note that Hy,...,H; € MaxHm n Iy by Lemma 2.4.(c) and (b). In
particular, rk(M\H) # 0.

Suppose first that H = {h}. Then rk(M\h) > 2 by Remark 4.13.(a)
and Lemma 4.30, and Min Xy, < D(xp,) by Corollary 4.26. By The-
orem 4.25, both Xy, and Yy, are equidimensional of codimension 3.
Thus, Xy is generically reduced by Lemma 4.30 and the induction
hypothesis.

Suppose now that |H;| = 2foralli = 1,...,¢, and set (see Lemma 4.34)

m = |MaxHwm|, h:=|E|—m.

If h > 3, then Xy is generically reduced by Lemma 4.34.(a) and the
induction hypothesis. Otherwise,

l
20+ (m—0) <D H| +(m—0) < |E|=h+m<3+m
i=1

and hence 20 < 3_ | |H;| < 3+ . Comparing with (4.19) yields £ = 3,
k=2and |H;| =2fori=1,2,3. By Lemma 2.10, E = Hy u Hy 1 Hj
is then the handle partition of M. In particular, h =6—-3 = 3 > 2. By
Lemma 2.25, M must be the prism matroid.

Let now p € Min Xy be a generic point of Xy, with M the prism
matroid. If p € T, then Xy is reduced at p by Lemma 4.28; here we
use ch K # 2 again. Otherwise, p € V(z.) for some e € E. Then Xy is
reduced at p by Lemma 4.34.(b) and the induction hypothesis.

The preceding arguments remain valid for arbitrary ch K if ¥ is re-
placed by A. O
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Theorem 4.36 (Reducedness). Let W < K¥ be a realization of a
matroid M. Then

Aw = S
1s reduced. If ch K # 2, then Xy is generically reduced.

Proof. By Theorem 4.16 and Lemma 4.35 (see Remarks 4.11 and 4.13.(a)),
Ay is reduced and Xy is generically reduced if ch K # 2. The claimed
equality is then due to Theorem 4.17. U

4.5. Integrality of degeneracy schemes. In this subsection, we
prove the following companion result to Proposition 3.8 as outlined
in §1.4.

Theorem 4.37 (Integrality for 3-connected matroids). Let W < KF
be a realization of a 3-connected matroid M of rank tkM = 2. Then
Ay is integral and hence Yy is irreducible.

Proof. The claim on Ay follows from Remark 4.13.(a) and Lemmas 4.38
and 4.43 and Corollary 4.41 below. Theorem 4.17 yields the claim on
Xw. O

In the following, we use notation from Example 2.26.

Lemma 4.38 (Reduction to wheels and whirls). It suffices to verify
Theorem 4.37 for M € {W,,, W"} with n > 3.

Proof. Let M and W be as in Theorem 4.37. By Remark 4.13.(b) and
Theorem 4.17, the claim holds if rkM = 2. If |E| < 4, then M = Uy,
where n € {3,4} (see | , Tab. 8.1]) and hence tkM = 2. We may
thus assume that tkM > 3 and |E| = 5.

The 3-connectedness hypothesis on M holds equivalently for Mt (see
2.10). By Corollaries 4.18 and 4.27, the Cremona isomorphism thus
identifies

(4.20) T 2 Min Ay = Min Ay € TF'.

It follows that integrality is equivalent for Ay, and Ayyo. In particular,
we may also assume that tk M+ > 3.

We proceed by induction on |E|. Suppose that M is not a wheel or a
whirl. Since rk M > 3, Tutte’s wheels-and-whirls theorem (see | )
Thm. 8.8.4]) yields an e € E such that M\e or M/e is again 3-connected.
In the latter case, we replace W by W+ and use (2.11). We may thus
assume that M\e is 3-connected. Then Ay, is integral by induction hy-
pothesis. Note that Min Ay, < D(z.) by (4.20). By Theorem 4.25, Ay,
and Ay are equidimensional of codimension 3. By Remark 4.13.(a)
and Lemma 4.30, Ay # & and |Min Ay| < \Min AW\E\ = 1. It follows
that Ay is integral. O
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Lemma 4.39 (Turning wheels). Let W < KE be the realization of W,
from Lemma 2.27. Then the cyclic group Z., acts on Xy, Sw and Ay
by “turning the wheel”, induced by the generator 1 € Z.,, mapping

(421) Si > Sit1, Ty — Tix1, w' — U)ZJFI.

Proof. By Lemma 2.27, W has a basis w = (wy,...,w,) where w' =
s; +1r; — 1 for all i € Z,,. The assignment (4.21) stabilizes W < K¥.
The resulting Z.,-action stabilizes ¥y and Qw, and hence Jy and My .
As a consequence, it induces an action on Xy, Yy and Ayy. ]

The graph hypersurface of the n-wheel was described by Bloch, Es-
nault and Kreimer (see | , (11.5)]). We show that it is also the
unique configuration hypersurface of the n-whirl.

Proposition 4.40 (Schemes for wheels and whirls). Let W < K be
any realization of M € {W,,, W"} where E = S 1 R. Then there are
coordinates 2y, ..., 2 yi, ..., yn on KE such that

wW = det Qn7 MW = In—l(Qn)a

where
Zi yl 0 o« e . P 0 yn
0 v 23 U3 0 e 0
Qn:=1| 1+ . . . - :
0 -+ 0 Yp—3 2,9 Yn—2 O
0 . e O yn72 2;71 ynil
A T R

In particular, Xy, Xw and Ay depend only on n up to isomorphism.

Proof. We may assume that W is the realization from Lemma 2.27.
Denote the coordinates on K¥ = K- by

“— Vv Vv \4 \4
(4.22) 2l ey 2y YLy ooy Yn 1= S) 5oy Sy Ty T

and consider the K-linear automorphism defined by
/

=ty A e, 2=yt Yy, 1=2,...,n
Then Qy is represented by the matrix

_yl Zé _y2 0 DY LIRS O
0 —» % -y 0 - 0
0 -+ 0 —Yus Zhy —Yno O
0 o 0 Y e W
Suitable scaling of vy, ..., y, turns this matrix into @),,. The particular

claim follows with Lemma 3.23. ]
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Corollary 4.41 (Small wheels and whirls). Theorem /.37 holds for
the matroids M = W3 and M = W" for n < 4.

Proof. Let W be any realization of M. By Theorem 4.36, Ay, is re-
duced and it suffices to check irreducibility, replacing K by its algebraic
closure. By Proposition 4.40, we may assume that Ay = V (I;41(Qn))
for k =n — 2.

Consider the morphism of algebraic varieties of matrices

YV i=K"" - {AeK”" | A= A" tkA<k}=Z, B+~ BB

Let y; ; and z; ; be the coordinates on Y and Z respectively. Then Ay,
identifies with V' (213, 204) S Z for n = 4 and with Z itself for n < 3.
Both the preimage Y of Z and for n = 4 the preimage

V(y11y1,3 + Y1,2Y2.3, Y21Y1.4 + Y2.2Y2.4)

of V(z13, 20.4) are irreducible. It thus suffices to show that Y surjects
onto Z, which holds for all £ < n.

Let Ae Zand I < {1,...,n} with |[I| = rkA = k and rows i € [
of A linearly independent. Apply row operations C' to make the rows
i ¢ I of CA zero. Then C AC" is non-zero only in rows and columns
i € I. Modifying C' to include further row operations turns C AC"* into a
diagonal matrix. As KK is algebraically closed, CAC* = D? where D has
exactly k non-zero diagonal entries. Then A = BB! where B := C~!D,
considered as an element of Y by dropping zero columns. O

Lemma 4.42 (Operations on wheels and whirls). Let M € {W,,, W"}.
(a) The bijection

E=SuR—->FE", s—r', r—s5/,

identifies M = M+,

Suppose now that n is not minimal for M to be defined, that is, n > 3
if M =W, andn > 2 if M = W".

(b) The matroid M\s,, is connected of rank tk(M\s,) = 2. Its han-
dle partition consists of non-disconnective handles, the 2-handle
{rn_1,7n} and 1-handles.

(¢) The matroid M/r,, is connected of rank tk(M/r,) = 2. Its handle
partition consists of non-disconnective 1-handles.

(d) We can identify W,\sp/rn = Wp_1 and W™\s,,/r, = W1,

Proof.

(a) The self-duality claim is obvious (see | , Prop. 8.4.4)).

(b) This follows from the description of connectedness in terms of
circuits (see (2.5) and Example 2.26).

(c¢) This follows from the description of connectedness in terms of
circuits (see (2.7) and Example 2.26).



58 G. DENHAM, M. SCHULZE, AND U. WALTHER

(d) The operation M — M\s,,/r,, deletes the triangle {s,,_1, 7,1, Sn}
and maps the triangle {s,,7r,,s1} to {sp_1,7n—1,51} (see (2.5) and
(2.7)). By duality, it acts on triads in the same way (see (a) and
(2.11)). Moreover, R € Cws,/r, is equivalent to R € Cy and hence
M = W, (see (2.5), (2.7) and Example 2.26). The claim then follows
using the characterization of wheels and whirl in terms of triangles and
triads (see Example 2.26). O

Lemma 4.43 (Induction on wheels and whirls). Theorem /.37 for
M = W, and M = W" follows from the cases n = 3 and n < 4
respectively.

Proof. Suppose that n is not minimal for M € {W,,, W"} to be defined.
Let W' be any realization of M/r,,. Then W'\s,, is a realization of

M/r,\s, = M\s,,/r, = M,,_1

by Lemma 4.42.(d). By induction hypothesis and Corollary 4.27, Ay,
is integral with generic point in TF\{s»=} By Lemma 4.42.(c) and
Corollary 4.26, Min Ay < TE\'=} < D(s,,). By Lemma 4.42.(c) and
Theorems 4.25, Ay and Ay, are equidimensional of codimension 3.
By Remark 4.13.(a) and Lemma 4.30, Ay~ is then integral.

Let W be any realization of M and use the coordinates from (4.22).
By Lemma 4.42.(b) and Corollary 4.26, Ay, has at most one generic
point g’ in V(y,_1,y») while all the others lie in T#\{s}, By Corol-
lary 4.18, the Cremona isomorphism identifies the latter with generic
points of Ayt in TE"\Ms2}, Use (2.11) and Lemma 4.42.(a) to iden-
tify

(M\s,)" = MY/sy = M/r,,,  E"\{s} = E\{r.},
and consider (W\s,)* as a realization W’ of M/r,. By the above, Ay
is integral with generic point in TF\»}  Thus, Ay, has a unique
generic point q in TP\M#} To summarize,

(4.23) Min Apyng, = {q, q}, qe TE\{S”}, 9 €V Yn_1,Yn)-

By Lemma 4.42.(b) and Theorems 4.25 and 4.36, Ay and Ay, are
equidimensional of codimension 3 and reduced. It suffices to show that
Ay is irreducible. By way of contradiction, suppose that p # p’ for
some p,p’ € Min Ay,. By Corollary 4.27, Min Ay, < T? < D(s,). By
Lemma 4.30 and (4.23), it follows that

AW = {p7 p/}

By (4.11) in Lemma 4.30, we may assume that /p = q and v/p’ = ¢’
where I := (I + {z,))/{zn)

Consider first the case where M = W,, with n > 4. By Remark 3.22,
we may assume that W is the realization from Lemma 2.27. By
Lemma 4.39, the cyclic group Z,, acts on {p, p’} by “turning the wheel”.
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If it acts identically, then /p’ + (z;) 2 (y;—1,y;) foralli = 1,...,n and
hence

AP+ =2 2 YL Y-
Then height(p’ + (z1,...,2,)) = 2n which implies heightp’ > n >
3 by Lemma 4.1.(b), contradicting Theorem 4.25 (see Lemma 4.8).
Otherwise, the generator 1 € 7, switches the assignment p — q and

p — q and n = 2m must be even. Then /p + {(22;) 2 (Yo;_1, y2:y for
all 7 =1,...,m and hence

\/p +<22,Z4,Z6,...,Zn> = <Z27z47267"'7zn7y17"'7yn>'

This leads to a contradiction as before.

Consider now the case where M = W" with n > 5. Fort=1,...,n,
denote by q; and q; the generic points of Ay, as in (4.23). By the
pigeonhole principle, one of p and p’, say p, is assigned to ¢ for 3 spokes
si. In particular, p is assigned to q; and q; for two non-adjacent spokes
s; and s;. Then

p + <Zi7 Z]> = <Zi7 ZiyYi—1,Yi, Yj—1, yj>
This leads to a contradiction as before. The claim follows. O
Theorem 4.37 proves the “only if” part of the following conjecture.

Conjecture 4.44 (Irreducibility and 3-connectedness). Let M be a
matroid of rank tTkM = 2 on E. Then M is 3-connected if and only
if, for some/any realization W < KF of M, both Ay and Ay are
integral.

5. EXAMPLES

In this section, we illustrate our results with examples of prism, whirl
and uniform matroids.

Ezample 5.1 (Prism matroid). Consider the prism matroid M (see Def-
inition 2.1) with its unique realization W (see Lemma 2.25). Then

by = r129(x3+1y)(T5+26) 2324 (21 +20) (T5+26) + X506 (T1+22) (T3+T4)
by Example 3.17. By Lemma 4.28, Ay, has the unique generic point
(X1 4 9,3 + x4, T5 + Tp)

in T°. By Corollary 4.26, there can be at most 3 more generic points
symmetric to

<9C1, T2, ¢W\{1,2}> = (T1, Ta, T34 T5 + T3T4Ts + T3T5T6 + T4T5T6).

Over K = Iy, their presence is confirmed by a computation in Singular
(see | ]). Tt reveals a total of 7 embedded points in Xy,. There
is (x1,...,26), and 3 symmetric to each of

(xg, x4, 25,26) and (X1, T, T3 + T4, T5 + Tg)-
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Moreover, Yy is not reduced at any generic point. Since the above
associated primes are geometrically prime, the conclusions remain valid
over any field IK with ch K = 2.

A Singular computation over @ shows that Xy, has exactly the
above associated points for any field K with chIK =0 or ch K » 0. We
expect that this holds in fact for ch IK # 2.

To verify at least the presence of these associated points in Xy, for
chIK # 2, we claim that

<$1,$2,¢W\{1,2}> = Jw: 2((z3 + $4)$§ — (23 + $4)$§),
(w3, 24, 05, w6) = Jw 1 2(21 + 2) w475,
(1, To, T3 + T4, T5 + Ty = Jy: 209(3 + T4)TE,
@1, m6) = Jw: 2(x1 + 22)(23 + 24) 5.
The colon ideals on the right hand side can be read off from a suit-
able Grobner basis (see | , Lems. 1.8.3, 1.8.10 and 1.8.12]). Using
Singular we compute such a Grobner basis over Z which confirms our
claim. There are no odd prime numbers dividing its leading coeffi-

cients. It is therefore a Grobner basis over any field K with ch K # 2
and the argument remains valid. o

Example 5.2 (Whirl matroid). Consider the whirl matroid M := W3
(see Example 2.26). It is realized by 6 points in P? with the collineari-
ties shown in Figure 4. Since M contracts to the uniform matroid Us 4,

FIGURE 4. Points in P? defining the whirl matroid W3,
83

T3 )
S1 T S2

M is not regular (see [ , Thm. 6.6.6]). The configuration polyno-
mial reflects this fact. Using the realization W of M from Lemma 2.27
with t = —1, {s1, s2, s3} = {1,2,3} and {ry,re,r3} = {4,5,6}, we find
Yw = T129T3 + T1X3T4 + ToX3T4 + T1T2T5 + T123T5 + T124T5
+ ToX4T5 + T3TaTs5 + T1T2T6 + ToT3Te + T1X4Te + To2TaTe
+ X3T4T6 + T1X52¢ + ToTsLg + T3T5Te + 4T4T526.
Replacing in ¢y the coefficient 4 of x4x5x6 by a 1 yields the matroid
polynomial ¢y (see Remark 3.6).
By Theorem 4.25, the configuration hypersurface Xy, defined by
Y has 3-codimensional non-smooth locus ¥4, Using Singular (see

[ |) we compute a Grobner basis over Z of the ideal of partial
derivatives of ¢y. The only prime numbers dividing leading coefficients
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are 2, 3 and 5. For chIK # 2,3,5, it is therefore a Grobner basis
over IK. From its leading exponents we calculate that the non-smooth
locus of the hypersurface defined by 1y has codimension 4 (see | ,

Cor. 5.3.14]). By further Singular computations, this codimension is
4 for ch K = 2,5, and 3 for ch K = 3. o

Ezample 5.3 (Uniform rank-3 matroid). Suppose that ch K # 2,3.
Then the configuration W = (w', w? w?) < K?* defined by

1

2

| 10012 3
00126 12

realizes the uniform matroid Usg (see Example 2.20). The entries of
Quw = (4i,j)i; satisfy the linear dependence relation (see Remark 3.21)

Q12+ 13 = q2,3.

By Lemma 3.23, ¢y thus depends on fewer than 6 variables. More
precisely, a Singular computation shows that >y has Betti numbers
(1,5,10,10,5,1), is not reduced and hence not Cohen—Macaulay.

Now, take W’ to be a generic realization of Usg. Then the entries
of Qw with indices (7,j) where i < j are linearly independent (see
[ , Prop. 6.4]), and Xy~ is reduced Cohen—Macaulay with Betti
numbers (1,6, 8,3). So basic geometric properties of the configuration
hypersurface Xy, are not determined by the matroid M, but depend
on the realization W. o

Ezample 5.4 (Uniform rank-2 matroid). Suppose that ch K # 2 and
consider the uniform matroid Uy, for n > 3 (see Examples 2.2 and
3.7.(c)). A realization W of Uy, is spanned by two vectors w!, w? € K"
for which (see Example 2.20)

w! wh)?
cwagn =det | 0 h ] #0
Wi.j} <w§ w? )
for 1 <i < j <n. Then
Yw= ), Cwgig) T T,
1<i<j<n

and the ideal Jy is generated by n linear forms. These forms may be
written as the rows of the Hessian matrix

Hy := Hyy, = (ew,gig))ig,
where by convention ¢y ;3 = 0. Since uniform matroids are connected,
Theorem 4.25 implies that Hy, has rank exactly 3.

For n > 4, this amounts to a classical-looking linear algebra fact:
suppose that A = (a7;);; € K™ is a matrix with squared entries.
Then its 4 x 4 minors are zero provided that the numbers a; ; satisfy
the Pliicker relations defining the Grassmannian Grs,. An elementary
direct proof was shown to us by Darij Grinberg (see | D). o
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