DEPENDENCE OF LYUBEZNIK NUMBERS OF CONES OF
PROJECTIVE SCHEMES ON PROJECTIVE EMBEDDINGS

THOMAS REICHELT, MORIHIKO SAITO, AND ULI WALTHER

ABSTRACT. We construct complex projective schemes with Lyubeznik numbers of their
cones depending on the choices of projective embeddings. This answers a question of
G. Lyubeznik in the characteristic 0 case. Note that the situation is quite different in
the positive characteristic case using the Frobenius endomorphism. Reducibility of schemes
is essential in our argument, and the question is still open in the irreducible singular case.

Introduction

Let X be a projective scheme over C with L a very ample line bundle. Let C' be the cone
of X associated with L. Let x4, ..., z, be projective coordinates of Y := Pg_l containing X
so that Opn-1(1)|x = L. Let I be the ideal of R := C[zy, ..., z,| defining the cone C' C Af.
The Lyubeznik numbers A ;(C) are defined by

(1) Ay (C) := dime Ext(C, H} 7 R)  (k,j € N),

see [Lyl, Ly2, NWZ]. Here the H?_j R are the local cohomology groups, and vanish for
j > dim C, see Remark (ii) after (1.1) below. The higher extension groups Ext%(C,*) can
be calculated by the Koszul complex for the multiplications of the x; (i € [1,n]) which gives
a free resolution of C over R. This holds also for the higher torsion groups Torf_k((c, *).
Setting V' := Spec R = A, we then get the isomorphisms
(2) Ext},(C, H 7/ R) = Torf_,(C, H} ' R) = H* "Lig , (Hg 7 Oy).
Here igp : A — B denotes an inclusion of a subset A C B in general, Lij, means the
derived pull-back functor for O-modules endowed with an integrable connection (that is, for
left D-modules), and the ”Hg_j are the algebraic local cohomology functors for the closed
subscheme C' C V. Note that Oy is algebraic so that I'(V, Oy ) = R.

Using the Riemann-Hilbert correspondence, we then get the following (see (1.1) below).

Proposition 1. In the above notation, we have the equalities
A (C) = dimg H*ij o(P°H'DQc) (k. j €N).

(See also [GS].) Here Qgan and its dual DQgan (see [Vel]) are respectively denoted by
Q¢ and DQ¢ to simplify the notation (where C*" is the analytic space associated with C),
and similarly for Qx, DQx. The PH’ are the cohomology functors associated with the
truncations P7¢; constructed in [BBD] (see also [Di, KS]). Note that the usual cohomology
functors H? for bounded complexes of D-modules having regular holonomic cohomology
sheaves correspond to the functors PH/ by the Riemann-Hilbert correspondence.

Set
(3) Fj:=PHDQc, F,:=Fler with C":=C\{0} (jeN).
We have the following (see (1.2) below).
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Proposition 2. There are isomorphisms

0o Fy = HYis (Rlicr o) Fy = HFHC F) if k=2

For k € Z, j € N, set
HEy(X) == H*(X,PH/DQx),
(4) H (X)" = Ker(ey(L) « Hi)(X) — HET2(X)(1)),
)L :

H(j (X)L = Coker(cl(L) : HE;Q(X)(—D — H@)(XD,

where (m) denotes a Tate twist for m € Z, see [Del]. (Note that a subquotient of H("“j)(X)
is identified with Grl,H;_(X) by a spectral sequence, where {G7} is a decreasing filtration
on H; (X)= H*J(X,DQx) induced by Pr<_; on DQx, see [BBD, Ve2].)

By a generalized Thom-Gysin sequence, we have the following (see (1.3-4) below).

Proposition 3. There are short exact sequences

0= Hij_(X)o(1) = H* Y, F)) = H{ZH(X)P =0 (ke Z).

As a corollary of Propositions 1-3, we get the following.

Corollary 1. The Lyubeznik numbers i ; (C') of the cone C' of a projective scheme X depend
on the choice of a very ample line bundle L if the following condition holds:

(5) dim H(kj (X)L + dlmHl’C 11)(X)L depends on L for some k > 2, j > 1.

Here the converse is true in certain cases, see Corollary 1.7 below. This implies the
independence of the Lyubeznik numbers under projective embeddings in the Q-homology
manifold case (generalizing [Swl] in the non-singular case), see Corollary 1.8 below. Using
Corollary 1, we can prove the following.

Theorem 1. There are projective schemes over C such that their irreducible components
are smooth and the Lyubeznik numbers i, ; (C') of their cones C' depend on the choices of
projective embeddings for some k > 2. Here j coincides with the dimension of the lowest
dimensional irreducible component of C', and X can be equidimensional.

This answers a question of G. Lyubeznik [Ly2] in the characteristic 0 case, see [NWZ, Zh]
for the positive characteristic case and [Swl] for the X non-singular case. Theorem 1 may be
rather unexpected, since the situation is entirely different in the positive characteristic case
where the Frobenius endomorphism can be used. In the case of schemes over C, the proof
of Theorem 1 is reduced by Corollary 1 to finding complex projective schemes X satisfying
condition (5). It is rather easy to construct such schemes if the condition & > 2 is omitted
(where k may be negative), see (2.1) below. To satisfy the last condition, we need some more
construction, where the argument is much easier in the non-equidimensional case (see (2.2)
below), and we have to use Hodge theory in the equidimensional case (see (2.3) below). In
these arguments, reducibility of schemes is essential, and the question is still open in the X
irreducible singular case.
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In Section 1 we review generalized Thom-Gysin sequences, study the Lyubeznik numbers
in the X Q-homology manifold case, and prove Propositions 1-3. In Section 2 we prove
Theorem 1 by constructing desired examples.

1. Preliminaries

In this section we review generalized Thom-Gysin sequences, study the Lyubeznik numbers
in the X Q-homology manifold case, and prove Propositions 1-3.

1.1 Proof of Proposition 1. By the Riemann-Hilbert correspondence for algebraic D-
modules using the de Rham functor DR (see for instance [Bo]), the derived pull-back functor
Ligy[—n] (explained before Proposition 1) corresponds to i+, that is,

(1.1.1) DRoLig [—n] =i, o DR,

see also Remark (iii) below (and [Sa2, Remark after Corollary 2.24]). We have moreover

since DR(Oy) = Cy[n]. Here D denotes the dual functor, see [Vel]. Note that the functor
Ligy [—n] corresponds to ijy under the contravariant functor Sol = Do DR, see Remark (i)
below and also [Ka], [KK], [Me], [Sal, Remark 2.4.15 (3)]. (The equivalence of categories
itself is not really needed here.)

The derived local cohomology functor RT¢ corresponds to (ic,v)«i¢y (see [Bo]), and we
have

(1.1.3) ity DQy = Dig Qv = DQc.
So Proposition 1 follows.

Remarks. (i) Let X be a complex manifold (or a smooth complex algebraic variety) of
dimension n. For a bounded complex M* of left Dx-modules having regular holonomic

cohomology sheaves, the de Rham and solution functors can be defined by
. DR(M*) := RHomp, (Ox, M*)[n],
(1.1.4) Sol(M*) := RHomp, (M*, Ox)[n].

(If X is a smooth complex algebraic variety, X and M* on the right-hand side are respectively
replaced by X" and M?*"*.) Taking the composition, we can get a perfect pairing

(115) DR(M.) R SOl(M.) — RHOmDX (OX7 Ox)[2n] = (C)([QTL] = ]DCX,
that is, the corresponding morphism
(1.1.6) DR(M*) — D(Sol(M*)) := RHomc, (Sol(M*),DCx)

is an isomorphism. It is also known that DR commutes with . (This follows, for instance,
from [Sal, Proposition 2.4.12].)

(ii) In the notation of the introduction, we have by [Ha, Theorem 3.8] (see also [BS, Iy])
(1.1.7) H}7R=0 for n—j<codimC.

In our case this follows by taking a minimal dimensional complete intersection containing
C C C" and using the composition of derived local cohomology functors. Note also that, by
the Riemann-Hilbert correspondences and (1.1.2), this vanishing is equivalent to

(1.1.8) PHRIcDQx =0 (that is, PH'Qc=0) for j>dimC,

and the assertion for Q¢ follows easily from the definition of the ¢-structure in [BBD].
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(iii) Let X be a closed submanifold of a complex manifold Y. For a regular holonomic
right Dy-module M, there are natural inclusions (as Oy-modules)

(1.1.9) Extyy, (Ox, M) = H{ M (j €N),

inducing isomorphisms of right Dy-modules

(1.1.10) Exty, (Ox, M) @py Dxy — H{ M (j €N).

Here Dx,y := Ox ®p, Dy, and the ’HfX}M are the algebraic local cohomology sheaves
defined by

(1.1.11) TqM = 11_]595xt(gy(oy/1§,M) (j €N),

with Zx C Oy the ideal sheaf of X C Y, see [KK]. Note that the sources of (1.1.9) and
(1.1.10) are respectively the cohomological pull-back of M as right D-module by the inclusion
ixy : X — Y and its direct image as right D-module by ixy. (Using a spectral sequence,
the proof of (1.1.10) can be reduced to the codimension 1 case.)

Set r := codimy X. The formula corresponding to (1.1.10) for a regular holonomic [eft
D-module M is as follows (see, for instance, the proof of [KK, Corollary 5.4.6]):

(1.1.12) Dy« x @py Tor,(Ox, M) = Hl M (j €N).
1.2 Proof of Proposition 2. The last isomorphism in Proposition 2 holds, since 0 is the

vertex of the cone C'. The first isomorphism follows from the long exact sequence associated
with the distinguished triangle

, . - . » +1

(121) Zé’cﬂ — ZU,C'F:Y' — ZO,CR(ZC/:C)*ZC/,C‘E %,

since H*i§ o F; = 0 for k > 0, see [BBD] (and also [Sa2, Remark after Corollary 2.24]). The
last triangle can be obtained by applying the functor ij . to the triangle

This finishes the proof of Proposition 2.

1.3. Generalized Thom-Gysin sequences (see also [Ko, Swz|). Let 7 : E — X be a
vector bundle of rank r on a complex analytic space X which is assumed connected. Set
E':= E\ X, where X is identified with the zero section of E. There are natural morphisms

ix: X —>F, jw:E —E 1:=xg:FE —X.
For F* € D% X,Q), we have the distinguished triangle

(1.3.1) F* 5 Fr(r)2r] = Rl Fr 5,

inducing a long exact sequence called a generalized Thom-Gysin sequence:

(1.3.2) — HMX, F*) = H*/ (X, F*)(r) - H¥(E', 7" F*) - H*Y(X, F*) — .
Indeed, the triangle (1.3.1) is identified with the distinguished triangle

(1.3.3) i‘tm' F* = Rm,n' F* — Rala' F* J%l,

since 7' F* = 7L F*(r)[2r]. The last triangle is obtained by applying R, to

(1.3.4) (ix)eixm'F* = 7' F = R(jp )jor' 7 5.

The morphism ¢ in (1.3.1) is induced by the Euler class of E via the adjunction isomorphism
for a% and (ax). :

(1.3.5) Hom(Qx, Qx(r)[2r]) = Hom(Q, R['(Qx(r)[2r])) = H* (X, Q)(r).
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Here Hom denotes the group of morphisms in the derived categories, and the Fuler class of
E is the image of 1 by the following morphism which is induced by £ for F* = Qx :

(1.3.6) Q= H(X,Q) — H*(X,Q)(r),
see also [KS, Ex. IIL.7]. Note that the Euler class of £ (denoted by e) induces the morphism
¢ in (1.3.1) by using its tensor product with the identity on F* as follows:
(1.3.7) F* = Qx 0 F 28 Qx(r)[2r] g F* = F(r)[2r].
Indeed, ¢ coincides with the tensor product of £ for F* = Qx (that is, the Euler class of E)
with the identity on F°. This is shown by taking 7, of the commutative diagram
(Fxf') 020) alF o I° 00) T L Fe

(1.3.8) s 1

I'x J* — J*
where I* is a flasque resolution of Qr = 7 'Qx, and J* is a flasque resolution of I* @71 F°.
Remark. The long exact sequence (1.3.2) holds in the category of mixed Q-Hodge structures

if /* underlies a bounded complex of mixed Hodge modules. Indeed, the above construction
can be lifted naturally in the category of mixed Hodge modules, see [Sa2].

1.4. Proof of Proposition 3. In the notation of (1.3) and the introduction, we have
(1.4.1) n'F*=F'[1] by setting F*:=PH /T'DQy,
where E' = C" and r = 1. So Proposition 3 follows from (1.3.2).

1.5. Q-homology manifold case (see [GS] for the X smooth case). Let X be a projective
scheme such that

(1.5.1) PHIQx =0 (j #d),

where d € Z~o. This condition is satisfied for instance if X*" is purely d-dimensional, and
is a Q-homology manifold or analytic-locally a complete intersection. (The proof of the last
assertion follows, for instance, by using the Riemann-Hilbert correspondence and the local
cohomology sheaves defined as in (1.1.11).)

In the notation of the introduction, the assumption (1.5.1) implies that

(15.2) Supp PH DQe, Supp PHFR(jer) DQer € {0} (k£ —d — 1).
We have the distinguished triangle
(1.5.3) Qq0y — DQ¢ — R(jcr)DQcr =,

which is the dual of the short exact sequence

0 — (jor)hQcr — Q¢ — Qo — 0.
In this section jer ¢ and 7p ¢ are denoted respectively by jor and ¢y to simplify the notation.

We have the Leray-type spectral sequences
(1.5.4) BV = HPi PHIR(jor )« DQor = HP i R(jor )« DQcr,
(1.5.5) 'EPY = HPiLPHIR(jor ) DQer = HP % R(jer ), DQer = 0,

where the last vanishing follows from ij R(jcr ). = 0 (the latter is the dual of i R(jor ) = 0).
These can be constructed by using spectral objects in [Ve2] together with an argument
similar to [Del, Example 1.4.8], or we can use the Riemann-Hilbert correspondence after the
scalar extension by Q — C.
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By (1.1.8), (1.5.2) together with properties of i, 4} in [BBD] (see also [Sa2, Remark after
Corollary 2.24]), we get

(1.5.6) By P ="EP9 =0 unless p=0,¢g>—-d—1 or q=—d—1, p>0.

The generalized Thom-Gysin sequence (1.3.2) together with an isomorphism similar to the
last isomorphism of Proposition 2 implies that

(1.5.7) H7%;R(jc)«DQc =0 unless k € [1,2d + 2].

(This can be shown also by using the link Lo of C' at 0. It is the intersection of C' with a
sphere S?"~! around 0 € C", and is a (2d+1)-dimensional real analytic space, see [DS]. Its
dualizing complex DQy,, (see [Vel]) is isomorphic to the restriction of DQc[—1] to Lc¢.)

The spectral sequence (1.5.4) degenerates at Fy by (1.5.6), and it follows from (1.1.8),
(1.5.2), (1.5.7) that

(1.5.8) PHTR(jcr)«DQc» =0 unless j € [1,d+ 1].

Using (1.5.3) and (1.5.8), we can prove the isomorphisms

(1.5.9) PHFDQo = PHFR(jor ). DQer  (k # —1),
together with the short exact sequence
(1.5.10) 0 — PH'DQc — PH'R(jer)-DQcr — Qo — 0.

Here the vanishing of PH°DQc is rather nontrivial. If we have PH'DQc # 0, then (1.5.8)
and the long exact sequence associated with (1.5.3) imply the surjectivity of the composition

Qoy — DQ¢ — PHDQc.

We then get a splitting of the first morphism, but this is a contradiction. So the vanishing
of PH'DQ follows.

Combined with (1.5.6), the spectral sequence (1.5.5) implies the isomorphisms

PHPI2R(jr).DQc  if p > 2,

1.5.11 HP ' PH R (o), DQr =
( ) 2 (JO) Qc {0 it p—01.

Here the direct image (ig). is omitted on the left-hand side to simplify the notation.
By (1.5.9-11), we get the following (see [GS] for the X smooth case).

Proposition 1.6. Under the assumption (1.5.1), we have

(1.6.1) Mej(C) =0 wunless j=d+1, ke2,d+1] or k=0, je][l,d],

and moreover the following relations among the Lyubeznik numbers hold:

(1.6.2) Med+1(C) = Modr2—k(C) + kg (k€ [2,d+1)),

where O g1 =1 if k=d+ 1, and 0 otherwise.
This implies the following.

Corollary 1.7. Under the assumption (1.5.1), the converse of Corollary 1 holds.
We then get the following generalization of [Swl] in the X non-singular case.

Corollary 1.8. The Lyubeznik numbers A, ;(C') of the cone C of a complex projective scheme
X are independent of the choice of a projective embedding of X, if the associated analytic
space X* is a Q-homology manifold.
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Proof. By the definition of Q-homology manifold, we have Hfm}(@x =Qif j = 2dim X,
and 0 otherwise (Va € X*"). By induction on strata, we see that the composition of the
following two canonical morphisms is an isomorphism (see [GM, BBD]):

(1.8.1) Qx|[dim X] = ICxQ — DQx(— dim X)[— dim X],

where the last morphism is the dual of the first. This implies that PH/(Qx[dim X]) = 0
(7 # 0), and the above two morphisms are both isomorphisms by [GM] or using the simplicity
of the intersection complex ICx@Q. Moreover the hard Lefschetz theorem holds for the
intersection cohomology of the complex projective variety X, see [BBD] (and [Sal]). The
dimensions of the kernel and cokernel of the action of ¢1(L) on the (intersection) cohomology
are then read off from the Betti numbers of X by using the primitive decomposition. So the
assertion follows from Corollary 1.7. This finishes the proof of Corollary 1.8.

Remark. The independence of the Lyubeznik numbers of cones also holds if X has only
isolated singularities and (1.5.1) is satisfied.

2. Construction of examples
In this section we prove Theorem 1 by constructing desired examples.

2.1. Projective schemes with condition (5) satisfied for some k € Z. Let Y be a
smooth complex projective variety of dimension d; > 2 having very ample divisors D, D’
such that their Chern classes ¢;(D), ¢;(D’) are linearly independent. (The last condition
can be satisfied in case the Picard number of Y is at least 2, for instance, if Y is a one-point
blow-up of P? or P! x P.) Consider the line bundle L corresponding to D. We have the
section Y; of L corresponding to D. Here we may assume D smooth (hence reduced). Then
Y] intersects the zero section Yy of L transversally along D. Set Xy := Yy UY;. We have

(2.1.1) PHUQx, = Qx,[di], PH "DQx, = DQx,[-d],

where DQx, is denoted by DQy, as in the introduction. Using the dual of the short exact
sequence

(2.1.2) 0— Qx, = Qy, ®Qy, - Qp =0,

where the latter is identified with a distinguished triangle, we get the isomorphisms

(213) Grl¥ H2724 (X, DQx, (~d1)) = Coker(H(D)(~1) <> HX(Y) & HX(Y)),
- H™2 (X, DQy, (—dy)) = HO(Y) & HO(Y).

Here i, denotes the Gysin morphism for the inclusion ¢ : D — Y. Since X, is finite over
Y, and a finite morphism is ample in the sense of Grothendieck with relatively ample line
bundle trivial, the ample divisors D, D’ on Y give ample line bundles on X via the pull-back
by the morphism X; — Y, see [Gr, Propositions 4.4.10 and Corollary 6.1.11].

By (2.1.3) (together with (2.1.1)), we get a difference in the dimension of the images of
(2.1.4) ci(D), ci(D') : H (X1, PH “DQx, ) (—1) — H* (X, PH "DQx,).
So condition (5) is satisfied for
(2.1.5) j—l=d;, k=2-d.
by assuming further H'(Y') = 0.
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2.2. Non-equidimensional projective schemes with condition (5) satisfied. Let Z
be the blow-up of P%*2 along a point P € P%+2 where dy > 2. This is identified with a
P!'-bundle over P%*! and we have the projection

p: 7 — Pzt
where the target is identified with the set of lines of P%*2 passing through P. The projection
p has the zero-section given by the exceptional divisor of the blow-up. It has another section
which is disjoint with the zero-section, and is given by the inverse image of a hyperplane
of P%2+2 not containing the center of the blow-up P. Let Z; be the disjoint union of these

two sections. Let Z; be the inverse image of the intersection of two different hyperplanes of
P42+ by p. We have
dlle :dg, dlmZQZdQ—f-]_
Set N
Xo:=21UZy CZ, Zy:=271\ Zs,

with jzr : Z] < Z; the natural inclusion. We have the short exact sequence

(2.2.1) 0= (Jz)Qz = Qx, = Qz, — 0,

where the direct images by closed embeddings are omitted to simplify the notation. Taking
the dual, we get the distinguished triangle

(2.2.2) DQz — DQx, = Rjz).DQz 5.
Note that Z; N Z5 is a divisor on Z7, and Jz; Z| < Z is an affine open embedding so that
(2.2.3) PHIR(jz):DQz =0 (j # da).

Since 7y, Z5 are smooth, we then get
’ R(jz)DQz [—ds] if j=ds,
(224) pH_JD@XQ — DQZQ[—dQ - 1] lf j == d2 + 1 5
0 otherwise.
This implies that
Q(dg) if k= —ds,
(2.2.5) H*(X5,PH 2DQyx,) = H**(Z{,DQz) = Q if k=dy—1,
0 otherwise.
Indeed, DQz = Qg (ds)[2ds], and Z; = C* \ {0}, since Z\ Zy = C%*2\ {0} and Z] is
obtained by taking the intersection of Z \ Zy with two different hyperplanes successively.
Set
X3:X1XX2, d:d1+d2+1(:dlmX),
where X, d; are as in (2.1). Then
| DQx, [~di] X R(jz).DQgz [~do] if j=d—1,
(2.2.6) PHTDQx = { DQx,[—di| X DQy,[—ds — 1] if j=4d,
0 otherwise.

Here we use the Segre embedding so that a very ample line bundle is given by the tensor
product of the pull-backs of very ample line bundles by the first and second projections from
X. Condition (5) then holds by (2.1.4) and (2.2.4-6) for

(2.2.7) jol=d—1, k=@2—d)+(ds—1)=ds—dj +1.
Herek}Qifd2>d1.



DEPENDENCE OF LYUBEZNIK NUMBERS 9

Remark. A similar argument holds if we replace Z; with the inverse image of a higher
codimensional linear subspace of P%*1,

2.3. Equidimensional projective schemes with condition (5) satisfied. For an
integer dy > 2, set

B :=P? x P%22,
Let p' : Z' — B be the pull-back of the very ample line bundle on P92~2 corresponding to
Opay—2(1). We have the associated P'-bundle

p:4— B.

This is a compactification of Z’ such that Z\ Z’ is the section at infinity of p. Let Zy be the
union of the zero-section and the section at infinity of p so that

Zy 2 PPx PR PP x PR C 7.
Take any smooth curve £ C P? of degree dg > 3. The genus gp of E is given by
gr = (dp —1)(dp — 2)/2.
(Note that the vector bundle E in (1.3) is not used in this section.) Set
Zy:=p HExP??) Cc Z
Here dim Z; = dim Z5 = d,. Put
Xo:=2Z1UZy C Z, Zy:=271\ 2o,

with jzr : Z] < Z; the natural inclusion. As in (2.2.2), we have the distinguished triangle

(2.3.1) DQz, — DQx, — R(jz).DQz = .

Then

(2.3.2) PH2DQyx, = DQx,[—dy].

and we have the long exact sequence of mixed Q-Hodge structures (see [De2], [Sa2]):
(2.3.3) — H(Zy) — Hp(Xy) = HIM(Z)) — Hy_1(Zy) —,

where HEM denotes the Borel-Moore homology.
By the Thom-Gysin sequence (1.3.2) for F* = DQp, with By := E x P%2~2 we have the

long exact sequence of mixed Q-Hodge structures (see Remark after (1.3)):
(2.3.4) Hi(Bo) = Hi—s(Bo)(1) = HZM(Z}) = Hp_1(By) = Hy—s(Bo)(1),
where ¢ is the first Chern class of the line bundle p' : 7' — B.

Using (2.3.3-4), we can show the isomorphisms of W-graded mixed Hodge structures of
odd weights

(2.3.5) Grila Hi(Xo) = Grih  HPM(Z)) = < Hy(E) if k=2,
0 otherwise,

where
CrlVa Hy(Xy) = B . Grl¥ Hp(X5), etc.

Indeed, the first isomorphism of (2.3.5) follows from (2.3.3). For the second, we have

Hy(E)(j) if k=2j+1, j€[0,dy—2],

GrMy Hi(By) =
Foaa Hx(Bo) {O otherwise,
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and (2.3.4) implies the isomorphisms
Groga Hogy 1 (21) = Grogq Hai,—3(Bo)(1) = Hy(E)(d2 — 1),
Grogq Hy™(Z1) = Groga Hi(Bo) = Hy(E),
where the other Gr'¥, HPM(Z!) vanish. So (2.3.5) follows.

Set
XI:X1XX2, d:= d1+d2<: dlmX),
where X7, d; are as in (2.1). Then

DQx, [—di] K DQx,[—ds] if j=4d,
0 otherwise.

PHDQx = {

To simplify the argument, we assume the following;:
dy = 2.
By the last assumption in (2.1), we have
Hy(Xy) = H3(X;) =0.
The following morphisms are surjective (using an extension of (2.1.3)):
c1(D),c1 (D) : Hy(X7) = Ho(X1).
So there is only a difference in the rank for

(2.3.6) c1(D), e (D) : Hy(X:) — Ha(X3).

We have very ample line bundles L, L' on X defined by
L:=priL(D) ® pryLy, L' :=priL(D’) @ prjLs.

Here pr; denotes the ith projection from X; x Xy, L(D) is the very ample line bundle on
X, corresponding to D (similarly for L(D’) with D replaced by D’), and Ly is a very ample
line bundle on Xs.

We now show that condition (5) holds if j = jo, k = ko with
(2.3.7) Jo=d+1, ko=02—-d)+(d2—2)=dy—dy (=dy—2),
where kg > 2 if dy > d; +2 (= 4). The number dy — 2 appears here, since we have in (2.3.5)
Hy(Xs) = H (X5, DQy,) = H® (X5, PH =DQx,).

We will show that the even weight part can be neglected effectively in condition (5) if g > 0.
In the notation of (4), set

G Hfd)(X)L = Picoz GrZVH(’“d)(X)L (ke7),

even

and similarly for GroddH( d)( ) GV O H d)( )L, Gr%dHfd)(X ). Here W is the weight
filtration of the canonical mixed Hodge structure on
HEy(X) = HH(X,PH™DQx) = Ha_y(X).
Put i .
paa (X, L) = phaa(X) 1 + plaq (X) with
praa(X) 1 := dim Grg[(/idH(kd) (X)L, Mlgc;dl(X)L = dim GroddH(k)l(X)L7
and similarly for u* (X, L), p*  (X)p, pf-L(X)E. For L, L', ko as above, we then get

(238) 5(1)93(1 : ’luodd X7 L) - Mléodd(X’ L,){ 5k0 = }Movcn X7 L) - lulccgon<X’ L/) ’

even
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if gz > 0. Indeed, 6™, is strictly positive by (2.1.4), (2.3.5), and is proportional to gz by
Lemma below via the inclusion (using the Kiinneth formula):

(2.3.9) H> (X, PH UDQy,) ® H272( Xy, PH 2DQy,) — H™(X,PHDQy),
when the curve F is changed. On the other hand, 6*_ in (2.3.8) is independent of gp. So

condition (5) holds if gg > 0, see also Remarks (i-iii) below for more precise arguments.

This finishes the proof of Theorem 1.

Lemma. In the above notation, 5§3d in (2.3.8) is proportional to gg, and 6k, remains
invariant under the change of the plane curve E C P2.

Proof. The odd weight part of H.(X;) is
Gl Hy(X1) = Hy(D),

and the actions of ¢;(D), c;(D’) on it vanish. We get an even weight part of H.(X) via the
Kiinneth formula by taking the tensor product of this odd weight part with the odd weight
part of H.(X3) which is isomorphic by (2.3.5) to

(2.3.10) H\(E)® H\(E)(dy — 1).

The action of ¢1(Lz) on the latter odd weight part vanishes. Hence the actions of ¢1(L), ¢;(L')
vanish on the above tensor product, which is called the odd-odd weight part. (Here we
consider the actions on the graded pieces of the weight filtration . Note that any morphism
of mixed Hodge structures is strictly compatible with the weight filtration, and the kernel
and cokernel commute with the passage to the graded quotients of the weight filtration, see
[Del].) So the contribution of this odd-odd weight part vanishes by taking the difference
between pf. (X, L) and pfo_ (X, L'). This shows the invariance of 6*_ under the change of

even even even

the curve E, since the even-even weight part is clearly independent of E.

As for 5(’)“3(1 in (2.3.8), we see that the contribution of the tensor product of the even weight
part of H,(X;) with (2.3.10), that is, the even-odd weight part, is proportional to gz (where
the action of ¢;(Ls) vanish on (2.3.10)). Note that only H;(E) in (2.3.10) contributes here,
and there is no contribution of H;(E)(dy—1) for a reason of degree (since kg = dy — d; in
(2.3.7)), see also (2.3.5-6). So it remains to consider the odd-even weight part. We see that
the odd weight part of H,(X;) does not contribute to 6%, in (2.3.8) by taking the tensor
product with the even weight part of H.(X3), since there is a difference of actions only on
the even weight part of H.(X7) as is explained above, see also (2.3.6). This finishes the proof
of Lemma.

Remarks. (i) Some part of the above Lemma can be avoided if we assume, for instance,
Y =P' xP', D={x129 =132}, sothat H'(D)=0.
Here z;,y; are the projective coordinates of the jth factor of P' x P! (j = 1,2).
(ii) Setting dy := dy — 4 > 0, we have
(6 — |k| + 0, if |k|—05=2 or 4,
dim H*(Zy,PH"%DQy,) = { 6 if |k| <69, k— 09 €27,
0 otherwise,
29 if k= —0,—3 or §r+2,
dim H*(Z},PH"*DQz) =} 1 if k=—0,—3+1 or d9+2+1,
0 otherwise.

Moreover the following morphisms appearing essentially in (2.3.3) are injective:
HY(Z1,PH2DQg) — H*(Z5,PH *DQyz,)  (k=dy—2%1).
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(Note that dy—2 £ 1 = d,+2 4+ 1.) This can be proved by using a long exact sequence like
(2.3.3) with Z5, X, respectively replaced by Z; \ 7, Z;, together with a morphism from this
sequence to (2.3.3). (Here we also study a similar sequence for the P'-bundle over P%2))
We then get

H% (X, PH™"DQy,) = 0.

So the contribution to 6%, in (2.3.8) via the following inclusion vanishes:

HM(X,PH DQyx,) ® H27 (X5, PH ®2DQy,) — H* 1(X,PHDQy),

where pfo-1(X)F — pFo—1( X)L is involved.

We have also the vanishing of the contribution to 6%, via the inclusion (2.3.9), where

even

pko (X)) — pke (X)) is involved. This follows from Remark (iii) below together with the
hard Lefschetz property of the action of ¢1(Ly) on H*(Z;) and the commutativity of the
morphisms in (2.3.3) with the action of ¢;(Ls). (The argument is rather delicate in the case
dy = 4, where we need also the primitive decomposition together with (2.3.6).)

For (2.3.8) it is then sufficient to assume dg > 3 so that gg > 1, since dim H*(F) = 2¢gg.

(iii) Let A., B. be graded vector spaces having the actions ¢ : A; — A; 1, ¢’ : B; — B
(1 € Z), and satisfying the following conditions for some integers p, ¢ :

A;=0Mié¢l[pp+2]), "(B;)=Bi1 Vi€lgq+2]).
Set ¢ :=c ®id+id® " on C, := A, ® B.. Then ¢(Cpigt2) = Cpigrs-
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