Slopes of hypergeometric D-modules

Uli Walther

Joint work in progress with Mathias Schulze

1 GKZ systems

2 Regularity and slopes

3 Graded toric ring

4 Results

GKZ systems [Gel~fand, Graev, Kapranov, Zelevinskiæ]

D = C⟨x_1, . . . , x_n, ∂_1, . . . , ∂_n | [x_i , x_j ] = 0 = [∂_i , ∂_j ], [∂_i , x_j ] = δ_{i,j} ⟩

A = ((a_{i,j} )) = (a_1, . . . , a_n) ∈ Z^{d×n} integer matrix. assume NA pointed, and ZA = Z^d ; set R = C⟨∂⟩ toric ideal: I_A = ⟨∂^{u+} − ∂^{u−} | A · u = 0, u ∈ Z^d ⟩ ⊆ R R/I_A = C[NA] = C[t^{a1} , · · · , t^{an} ] ⊆ C[t^{±1}_1 , . . . , t^{±1}_d ]. Euler vector fields: E_i := ∑ j a_{ij} x_j ∂_j , i = 1, . . . , d.

parameter: β ∈ C^d

Definition (A-hypergeometric system)

M_A(β) := D/H_A(β), H_A(β) := ⟨E − β⟩ + I_A

GKZ systems [Gel~fand, Graev, Kapranov, Zelevinskiæ]

D = C⟨x_1, . . . , x_n, ∂_1, . . . , ∂_n | [x_i , x_j ] = 0 = [∂_i , ∂_j ], [∂_i , x_j ] = δ_{i,j} ⟩

A = ((a_{i,j} )) = (a_1, . . . , a_n) ∈ Z^{d×n} integer matrix. assume NA pointed, and ZA = Z^d ; set R = C⟨∂⟩ toric ideal: I_A = ⟨∂^{u+} − ∂^{u−} | A · u = 0, u ∈ Z^d ⟩ ⊆ R R/I_A = C[NA] = C[t^{a1} , · · · , t^{an} ] ⊆ C[t^{±1}_1 , . . . , t^{±1}_d ]. Euler vector fields: E_i := ∑ j a_{ij} x_j ∂_j , i = 1, . . . , d.

parameter: β ∈ C^d

Definition (A-hypergeometric system)

M_A(β) := D/H_A(β), H_A(β) := ⟨E − β⟩ + I_A

GKZ systems [Gel~fand, Graev, Kapranov, Zelevinskiæ]

D = C⟨x_1, . . . , x_n, ∂_1, . . . , ∂_n | [x_i , x_j ] = 0 = [∂_i , ∂_j ], [∂_i , x_j ] = δ_{i,j} ⟩

A = ((a_{i,j} )) = (a_1, . . . , a_n) ∈ Z^{d×n} integer matrix. assume NA pointed, and ZA = Z^d ; set R = C⟨∂⟩ toric ideal: I_A = ⟨∂^{u+} − ∂^{u−} | A · u = 0, u ∈ Z^d ⟩ ⊆ R R/I_A = C[NA] = C[t^{a1} , · · · , t^{an} ] ⊆ C[t^{±1}_1 , . . . , t^{±1}_d ]. Euler vector fields: E_i := ∑ j a_{ij} x_j ∂_j , i = 1, . . . , d.

parameter: β ∈ C^d

Definition (A-hypergeometric system)

M_A(β) := D/H_A(β), H_A(β) := ⟨E − β⟩ + I_A

GKZ systems [Gel~fand, Graev, Kapranov, Zelevinskiæ]

D = C⟨x_1, . . . , x_n, ∂_1, . . . , ∂_n | [x_i , x_j ] = 0 = [∂_i , ∂_j ], [∂_i , x_j ] = δ_{i,j} ⟩

A = ((a_{i,j} )) = (a_1, . . . , a_n) ∈ Z^{d×n} integer matrix. assume NA pointed, and ZA = Z^d ; set R = C⟨∂⟩ toric ideal: I_A = ⟨∂^{u+} − ∂^{u−} | A · u = 0, u ∈ Z^d ⟩ ⊆ R R/I_A = C[NA] = C[t^{a1} , · · · , t^{an} ] ⊆ C[t^{±1}_1 , . . . , t^{±1}_d ]. Euler vector fields: E_i := ∑ j a_{ij} x_j ∂_j , i = 1, . . . , d.

parameter: β ∈ C^d

Definition (A-hypergeometric system)

M_A(β) := D/H_A(β), H_A(β) := ⟨E − β⟩ + I_A

Regularity in dimension 1

solutions f of

P = p_k (t)∂^k_t + p_{k−1}(t)∂^{k−1}_t + · · · + p_0(t) ∈ C⟨t, ∂_t ⟩ form k-dimensional vector bundle near p_k (t_0) ≠ 0. near p_k (t_0) = 0, P has a singularity: regular or irregular. regular = solutions grow polynomially for t → t_0. e.g. P = t∂_t + 1, f = 1/t.

irregular = not regular.

e.g P = t^3∂_t + 2, f = e^{1/t2} . When is P regular in 0?

Fuchs condition: k − ord_0(p_k ) = max_i (i − ord_0(p_i ))

Regularity in dimension 1

solutions f of

P = p_k (t)∂^k_t + p_{k−1}(t)∂^{k−1}_t + · · · + p_0(t) ∈ C⟨t, ∂_t ⟩ form k-dimensional vector bundle near p_k (t_0) ≠ 0. near p_k (t_0) = 0, P has a singularity: regular or irregular. regular = solutions grow polynomially for t → t_0. e.g. P = t∂_t + 1, f = 1/t.

irregular = not regular.

e.g P = t^3∂_t + 2, f = e^{1/t2} . When is P regular in 0?

Fuchs condition: k − ord_0(p_k ) = max_i (i − ord_0(p_i ))

Regularity in dimension 1

solutions f of

P = p_k (t)∂^k_t + p_{k−1}(t)∂^{k−1}_t + · · · + p_0(t) ∈ C⟨t, ∂_t ⟩ form k-dimensional vector bundle near p_k (t_0) ≠ 0. near p_k (t_0) = 0, P has a singularity: regular or irregular. regular = solutions grow polynomially for t → t_0. e.g. P = t∂_t + 1, f = 1/t.

irregular = not regular.

e.g P = t^3∂_t + 2, f = e^{1/t2} . When is P regular in 0?

Fuchs condition: k − ord_0(p_k ) = max_i (i − ord_0(p_i ))

Regularity in dimension 1

solutions f of

P = p_k (t)∂^k_t + p_{k−1}(t)∂^{k−1}_t + · · · + p_0(t) ∈ C⟨t, ∂_t ⟩ form k-dimensional vector bundle near p_k (t_0) ≠ 0. near p_k (t_0) = 0, P has a singularity: regular or irregular. regular = solutions grow polynomially for t → t_0. e.g. P = t∂_t + 1, f = 1/t.

irregular = not regular.

e.g P = t^3∂_t + 2, f = e^{1/t2} . When is P regular in 0?

Fuchs condition: k − ord_0(p_k ) = max_i (i − ord_0(p_i ))

Regularity in dimension 1

solutions f of

P = p_k (t)∂^k_t + p_{k−1}(t)∂^{k−1}_t + · · · + p_0(t) ∈ C⟨t, ∂_t ⟩ form k-dimensional vector bundle near p_k (t_0) ≠ 0. near p_k (t_0) = 0, P has a singularity: regular or irregular. regular = solutions grow polynomially for t → t_0. e.g. P = t∂_t + 1, f = 1/t.

irregular = not regular.

e.g P = t^3∂_t + 2, f = e^{1/t2} . When is P regular in 0?

Fuchs condition: k − ord_0(p_k ) = max_i (i − ord_0(p_i ))

Regularity in dimension 1

solutions f of

P = p_k (t)∂^k_t + p_{k−1}(t)∂^{k−1}_t + · · · + p_0(t) ∈ C⟨t, ∂_t ⟩ form k-dimensional vector bundle near p_k (t_0) ≠ 0. near p_k (t_0) = 0, P has a singularity: regular or irregular. regular = solutions grow polynomially for t → t_0. e.g. P = t∂_t + 1, f = 1/t.

irregular = not regular.

e.g P = t^3∂_t + 2, f = e^{1/t2} . When is P regular in 0?

Fuchs condition: k − ord_0(p_k ) = max_i (i − ord_0(p_i ))

Fuchs, weights, and slopes in dimension 1

Fuchs in pictures:

PSfrag replacements

F (t^a∂^b_t ) = b V (t^a∂^b_t ) = b − a

Regular ⇔ rightmost=upmost.

intermediate weights: t → −1, ∂_t → 1 + L, ∞ > L > 0. L-symbol: σ^L(P) = ∑ i·(1+L)−1·ord_0(p_i )=max pi (t)∂ i t L_0 =slope: Var(σ^L(P)) changes at L = L_0 > 0.

slopes = refined concept of irregularity: Fuchs ok ⇔ no slope

Fuchs, weights, and slopes in dimension 1

Fuchs in pictures:

PSfrag replacements

F (t^a∂^b_t ) = b V (t^a∂^b_t ) = b − a

Regular ⇔ rightmost=upmost.

intermediate weights: t → −1, ∂_t → 1 + L, ∞ > L > 0. L-symbol: σ^L(P) = ∑ i·(1+L)−1·ord_0(p_i )=max pi (t)∂ i t L_0 =slope: Var(σ^L(P)) changes at L = L_0 > 0.

slopes = refined concept of irregularity: Fuchs ok ⇔ no slope

Fuchs, weights, and slopes in dimension 1

Fuchs in pictures:

PSfrag replacements

F (t^a∂^b_t ) = b V (t^a∂^b_t ) = b − a

Regular ⇔ rightmost=upmost.

intermediate weights: t → −1, ∂_t → 1 + L, ∞ > L > 0. L-symbol: σ^L(P) = ∑ i·(1+L)−1·ord_0(p_i )=max pi (t)∂ i t L_0 =slope: Var(σ^L(P)) changes at L = L_0 > 0.

slopes = refined concept of irregularity: Fuchs ok ⇔ no slope

Fuchs, weights, and slopes in dimension 1

Fuchs in pictures:

PSfrag replacements

F (t^a∂^b_t ) = b V (t^a∂^b_t ) = b − a

Regular ⇔ rightmost=upmost.

intermediate weights: t → −1, ∂_t → 1 + L, ∞ > L > 0. L-symbol: σ^L(P) = ∑ i·(1+L)−1·ord_0(p_i )=max pi (t)∂ i t L_0 =slope: Var(σ^L(P)) changes at L = L_0 > 0.

slopes = refined concept of irregularity: Fuchs ok ⇔ no slope

Fuchs, weights, and slopes in dimension 1

Fuchs in pictures:

PSfrag replacements

F (t^a∂^b_t ) = b V (t^a∂^b_t ) = b − a

Regular ⇔ rightmost=upmost.

intermediate weights: t → −1, ∂_t → 1 + L, ∞ > L > 0. L-symbol: σ^L(P) = ∑ i·(1+L)−1·ord_0(p_i )=max pi (t)∂ i t L_0 =slope: Var(σ^L(P)) changes at L = L_0 > 0.

slopes = refined concept of irregularity: Fuchs ok ⇔ no slope

Filtrations and slopes on D along Var(x_1, . . . , x_k)

weights L = (L_x , L_∂ ) ∈ Q^{2n} give filtration on D if L_x + L_∂ ≥ 0: x^u ∂^v ∈ L_k ⇔ (u, v) · (L_x , L_∂ ) ≤ k order filtration: F = ((0, . . . , 0), (1, . . . , 1)). V-filtration along x_1 = · · · = x_k = 0:

V = ((−1, . . . , −1 k , 0, · · · , 0), (1, . . . , 1 k , 0, . . . , 0)).

L-filtration: L = LF + V , ∞ > L > 0,

L = ((−1, . . . , −1 k , 0, · · · , 0), (1 + L, . . . , 1 + L k , L, . . . , L)).

Note: L_x + L_∂ > 0 ⇒ gr^L(D) = C[x, ∂] is a polynomial ring.

Filtrations and slopes on D along Var(x_1, . . . , x_k)

weights L = (L_x , L_∂ ) ∈ Q^{2n} give filtration on D if L_x + L_∂ ≥ 0: x^u ∂^v ∈ L_k ⇔ (u, v) · (L_x , L_∂ ) ≤ k order filtration: F = ((0, . . . , 0), (1, . . . , 1)). V-filtration along x_1 = · · · = x_k = 0:

V = ((−1, . . . , −1 k , 0, · · · , 0), (1, . . . , 1 k , 0, . . . , 0)).

L-filtration: L = LF + V , ∞ > L > 0,

L = ((−1, . . . , −1 k , 0, · · · , 0), (1 + L, . . . , 1 + L k , L, . . . , L)).

Note: L_x + L_∂ > 0 ⇒ gr^L(D) = C[x, ∂] is a polynomial ring.

Filtrations and slopes on D along Var(x_1, . . . , x_k)

weights L = (L_x , L_∂ ) ∈ Q^{2n} give filtration on D if L_x + L_∂ ≥ 0: x^u ∂^v ∈ L_k ⇔ (u, v) · (L_x , L_∂ ) ≤ k order filtration: F = ((0, . . . , 0), (1, . . . , 1)). V-filtration along x_1 = · · · = x_k = 0:

V = ((−1, . . . , −1 k , 0, · · · , 0), (1, . . . , 1 k , 0, . . . , 0)).

L-filtration: L = LF + V , ∞ > L > 0,

L = ((−1, . . . , −1 k , 0, · · · , 0), (1 + L, . . . , 1 + L k , L, . . . , L)).

Note: L_x + L_∂ > 0 ⇒ gr^L(D) = C[x, ∂] is a polynomial ring.

Filtrations and slopes on D along Var(x_1, . . . , x_k)

weights L = (L_x , L_∂ ) ∈ Q^{2n} give filtration on D if L_x + L_∂ ≥ 0: x^u ∂^v ∈ L_k ⇔ (u, v) · (L_x , L_∂ ) ≤ k order filtration: F = ((0, . . . , 0), (1, . . . , 1)). V-filtration along x_1 = · · · = x_k = 0:

V = ((−1, . . . , −1 k , 0, · · · , 0), (1, . . . , 1 k , 0, . . . , 0)).

L-filtration: L = LF + V , ∞ > L > 0,

L = ((−1, . . . , −1 k , 0, · · · , 0), (1 + L, . . . , 1 + L k , L, . . . , L)).

Note: L_x + L_∂ > 0 ⇒ gr^L(D) = C[x, ∂] is a polynomial ring.

Filtrations and slopes on D along Var(x_1, . . . , x_k)

weights L = (L_x , L_∂ ) ∈ Q^{2n} give filtration on D if L_x + L_∂ ≥ 0: x^u ∂^v ∈ L_k ⇔ (u, v) · (L_x , L_∂ ) ≤ k order filtration: F = ((0, . . . , 0), (1, . . . , 1)). V-filtration along x_1 = · · · = x_k = 0:

V = ((−1, . . . , −1 k , 0, · · · , 0), (1, . . . , 1 k , 0, . . . , 0)).

L-filtration: L = LF + V , ∞ > L > 0,

L = ((−1, . . . , −1 k , 0, · · · , 0), (1 + L, . . . , 1 + L k , L, . . . , L)).

Note: L_x + L_∂ > 0 ⇒ gr^L(D) = C[x, ∂] is a polynomial ring.

Filtrations and slopes on D along Var(x_1, . . . , x_k)

weights L = (L_x , L_∂ ) ∈ Q^{2n} give filtration on D if L_x + L_∂ ≥ 0: x^u ∂^v ∈ L_k ⇔ (u, v) · (L_x , L_∂ ) ≤ k order filtration: F = ((0, . . . , 0), (1, . . . , 1)). V-filtration along x_1 = · · · = x_k = 0:

V = ((−1, . . . , −1 k , 0, · · · , 0), (1, . . . , 1 k , 0, . . . , 0)).

L-filtration: L = LF + V , ∞ > L > 0,

L = ((−1, . . . , −1 k , 0, · · · , 0), (1 + L, . . . , 1 + L k , L, . . . , L)).

Note: L_x + L_∂ > 0 ⇒ gr^L(D) = C[x, ∂] is a polynomial ring.

Filtrations and slopes on D along Var(x_1, . . . , x_k) (II)

Y. Laurent:

Fix Y = Var(x_{i1} , . . . , x_{ik} ); L = LF + V_Y . M module over D, then: L, gr^L(M) ambiguous. better: characteristic variety, cV^L(M) = support of gr^L(M)). characteristic cycle of gr^L(M) in T^∗C^n.

Definition (slopes of M)

L_0 is a slope of M along Y ⇔ cV^L(M) changes at L = L_0

Goal:

combinatorial description of slopes for M_A(β) In the process, understand geometry of gr^L(H_A(β)).

Filtrations and slopes on D along Var(x_1, . . . , x_k) (II)

Y. Laurent:

Fix Y = Var(x_{i1} , . . . , x_{ik} ); L = LF + V_Y . M module over D, then: L, gr^L(M) ambiguous. better: characteristic variety, cV^L(M) = support of gr^L(M)). characteristic cycle of gr^L(M) in T^∗C^n.

Definition (slopes of M)

L_0 is a slope of M along Y ⇔ cV^L(M) changes at L = L_0

Goal:

combinatorial description of slopes for M_A(β) In the process, understand geometry of gr^L(H_A(β)).

Filtrations and slopes on D along Var(x_1, . . . , x_k) (II)

Y. Laurent:

Fix Y = Var(x_{i1} , . . . , x_{ik} ); L = LF + V_Y . M module over D, then: L, gr^L(M) ambiguous. better: characteristic variety, cV^L(M) = support of gr^L(M)). characteristic cycle of gr^L(M) in T^∗C^n.

Definition (slopes of M)

L_0 is a slope of M along Y ⇔ cV^L(M) changes at L = L_0

Goal:

combinatorial description of slopes for M_A(β) In the process, understand geometry of gr^L(H_A(β)).

Filtrations and slopes on D along Var(x_1, . . . , x_k) (II)

Y. Laurent:

Fix Y = Var(x_{i1} , . . . , x_{ik} ); L = LF + V_Y . M module over D, then: L, gr^L(M) ambiguous. better: characteristic variety, cV^L(M) = support of gr^L(M)). characteristic cycle of gr^L(M) in T^∗C^n.

Definition (slopes of M)

L_0 is a slope of M along Y ⇔ cV^L(M) changes at L = L_0

Goal:

combinatorial description of slopes for M_A(β) In the process, understand geometry of gr^L(H_A(β)).

Filtrations and slopes on D along Var(x_1, . . . , x_k) (II)

Y. Laurent:

Fix Y = Var(x_{i1} , . . . , x_{ik} ); L = LF + V_Y . M module over D, then: L, gr^L(M) ambiguous. better: characteristic variety, cV^L(M) = support of gr^L(M)). characteristic cycle of gr^L(M) in T^∗C^n.

Definition (slopes of M)

L_0 is a slope of M along Y ⇔ cV^L(M) changes at L = L_0

Goal:

combinatorial description of slopes for M_A(β) In the process, understand geometry of gr^L(H_A(β)).

(A, L)-umbrella

L = (v_1, . . . , v_n) arbitrary weight on S_A = C[∂]/I_A = C[NA] find min. primes of gr^L(C[NA]) = C[∂]/ gr^L(I_A) and multiplicities

a^L_i := a_i /v_i , Δ^L_A := conv{0, a^L_1, . . . , a^L_n}. (A, L)-umbrella Φ^L_A: set of faces τ ∌ 0 of Δ^L_A.

A = ( 1 0 2 0 1 2 ) , L_t = ( 1 1 t ) .

PSfrag replacements

I_A = ⟨∂^2_1 ∂^2 − ∂_3⟩ = gr^{L4} (I_A) gr^{Lt} (I_A) = ⟨∂^2_1 ∂^2 ⟩ if 0 < t < 4, gr^{Lt} (I_A) = ⟨∂_3⟩ if t > 4.

(A, L)-umbrella

L = (v_1, . . . , v_n) arbitrary weight on S_A = C[∂]/I_A = C[NA] find min. primes of gr^L(C[NA]) = C[∂]/ gr^L(I_A) and multiplicities

a^L_i := a_i /v_i , Δ^L_A := conv{0, a^L_1, . . . , a^L_n}. (A, L)-umbrella Φ^L_A: set of faces τ ∌ 0 of Δ^L_A.

A = ( 1 0 2 0 1 2 ) , L_t = ( 1 1 t ) .

PSfrag replacements

I_A = ⟨∂^2_1 ∂^2 − ∂_3⟩ = gr^{L4} (I_A) gr^{Lt} (I_A) = ⟨∂^2_1 ∂^2 ⟩ if 0 < t < 4, gr^{Lt} (I_A) = ⟨∂_3⟩ if t > 4.

(A, L)-umbrella

L = (v_1, . . . , v_n) arbitrary weight on S_A = C[∂]/I_A = C[NA] find min. primes of gr^L(C[NA]) = C[∂]/ gr^L(I_A) and multiplicities

a^L_i := a_i /v_i , Δ^L_A := conv{0, a^L_1, . . . , a^L_n}. (A, L)-umbrella Φ^L_A: set of faces τ ∌ 0 of Δ^L_A.

A = ( 1 0 2 0 1 2 ) , L_t = ( 1 1 t ) .

PSfrag replacements

I_A = ⟨∂^2_1 ∂^2 − ∂_3⟩ = gr^{L4} (I_A) gr^{Lt} (I_A) = ⟨∂^2_1 ∂^2 ⟩ if 0 < t < 4, gr^{Lt} (I_A) = ⟨∂_3⟩ if t > 4.

Generalization of Adolphson’s computation

assume a^L_j and a^L_k not in common facet τ ∈ Φ^L_A. st ( (1 − λ)a^L_j + λa^L_k ) = s ∑ i ε_i a^L_i , t > 1 = ∑ i ε_i . ∂ st(1−λ) Lj j ∂ stλ Lk k weight st − ∏ i ∂ sεi Li

weight s

∈ I_A.

∂ s(1−t) Lj j ∂ st Lk k ∈ gr^L(I_A) ⊆ P prime ⇒ ∂_k ∈ P or ∂_j ∈ P.

Theorem: minimal primes of gr^L(C[NA]) and multiplicities:

[Z^d : Zτ] × I^τ_A := I_τ + ⟨∂_i | i /∈ τ⟩, τ ∈ Φ^L_A facet

Generalization of Adolphson’s computation

assume a^L_j and a^L_k not in common facet τ ∈ Φ^L_A. st ( (1 − λ)a^L_j + λa^L_k ) = s ∑ i ε_i a^L_i , t > 1 = ∑ i ε_i . ∂ st(1−λ) Lj j ∂ stλ Lk k weight st − ∏ i ∂ sεi Li

weight s

∈ I_A.

∂ s(1−t) Lj j ∂ st Lk k ∈ gr^L(I_A) ⊆ P prime ⇒ ∂_k ∈ P or ∂_j ∈ P.

Theorem: minimal primes of gr^L(C[NA]) and multiplicities:

[Z^d : Zτ] × I^τ_A := I_τ + ⟨∂_i | i /∈ τ⟩, τ ∈ Φ^L_A facet

Generalization of Adolphson’s computation

assume a^L_j and a^L_k not in common facet τ ∈ Φ^L_A. st ( (1 − λ)a^L_j + λa^L_k ) = s ∑ i ε_i a^L_i , t > 1 = ∑ i ε_i . ∂ st(1−λ) Lj j ∂ stλ Lk k weight st − ∏ i ∂ sεi Li

weight s

∈ I_A.

∂ s(1−t) Lj j ∂ st Lk k ∈ gr^L(I_A) ⊆ P prime ⇒ ∂_k ∈ P or ∂_j ∈ P.

Theorem: minimal primes of gr^L(C[NA]) and multiplicities:

[Z^d : Zτ] × I^τ_A := I_τ + ⟨∂_i | i /∈ τ⟩, τ ∈ Φ^L_A facet

Generalization of Adolphson’s computation

assume a^L_j and a^L_k not in common facet τ ∈ Φ^L_A. st ( (1 − λ)a^L_j + λa^L_k ) = s ∑ i ε_i a^L_i , t > 1 = ∑ i ε_i . ∂ st(1−λ) Lj j ∂ stλ Lk k weight st − ∏ i ∂ sεi Li

weight s

∈ I_A.

∂ s(1−t) Lj j ∂ st Lk k ∈ gr^L(I_A) ⊆ P prime ⇒ ∂_k ∈ P or ∂_j ∈ P.

Theorem: minimal primes of gr^L(C[NA]) and multiplicities:

[Z^d : Zτ] × I^τ_A := I_τ + ⟨∂_i | i /∈ τ⟩, τ ∈ Φ^L_A facet

Generalization of Adolphson’s computation

assume a^L_j and a^L_k not in common facet τ ∈ Φ^L_A. st ( (1 − λ)a^L_j + λa^L_k ) = s ∑ i ε_i a^L_i , t > 1 = ∑ i ε_i . ∂ st(1−λ) Lj j ∂ stλ Lk k weight st − ∏ i ∂ sεi Li

weight s

∈ I_A.

∂ s(1−t) Lj j ∂ st Lk k ∈ gr^L(I_A) ⊆ P prime ⇒ ∂_k ∈ P or ∂_j ∈ P.

Theorem: minimal primes of gr^L(C[NA]) and multiplicities:

[Z^d : Zτ] × I^τ_A := I_τ + ⟨∂_i | i /∈ τ⟩, τ ∈ Φ^L_A facet

Generalization of Adolphson’s computation

assume a^L_j and a^L_k not in common facet τ ∈ Φ^L_A. st ( (1 − λ)a^L_j + λa^L_k ) = s ∑ i ε_i a^L_i , t > 1 = ∑ i ε_i . ∂ st(1−λ) Lj j ∂ stλ Lk k weight st − ∏ i ∂ sεi Li

weight s

∈ I_A.

∂ s(1−t) Lj j ∂ st Lk k ∈ gr^L(I_A) ⊆ P prime ⇒ ∂_k ∈ P or ∂_j ∈ P.

Theorem: minimal primes of gr^L(C[NA]) and multiplicities:

[Z^d : Zτ] × I^τ_A := I_τ + ⟨∂_i | i /∈ τ⟩, τ ∈ Φ^L_A facet

Torus action, conormal condition (E is L-homogeneous)

T = (C^∗)^d acts on Var(I^L_A ), orbits indexed by Φ^L_A. I^τ_A ↔ Orb_τ and τ ⊆ τ^′ ⇒ Orb_τ ⊆ Orb^′_τ . E_i = ∑ j a_{ij} x_j ∂_j is the pushforward of t_i ∂_i on T to the orbits.

E spans tangent spaces to orbits ⇝ conormal condition. C_τ := closure of conormal of Orb_τ . Ex: A = (1), I_A = 0, E = x∂_x .

Suppose L_x = 1 − L_∂ , so E homogeneous.

Theorem components of variety of ⟨E ⟩ + gr^L(I_A): C_τ , τ ∈ Φ^L_A cV^L(M_A(β)) is some union of C_τ , τ ∈ Φ^L_A.

Torus action, conormal condition (E is L-homogeneous)

T = (C^∗)^d acts on Var(I^L_A ), orbits indexed by Φ^L_A. I^τ_A ↔ Orb_τ and τ ⊆ τ^′ ⇒ Orb_τ ⊆ Orb^′_τ . E_i = ∑ j a_{ij} x_j ∂_j is the pushforward of t_i ∂_i on T to the orbits.

E spans tangent spaces to orbits ⇝ conormal condition. C_τ := closure of conormal of Orb_τ . Ex: A = (1), I_A = 0, E = x∂_x .

Suppose L_x = 1 − L_∂ , so E homogeneous.

Theorem components of variety of ⟨E ⟩ + gr^L(I_A): C_τ , τ ∈ Φ^L_A cV^L(M_A(β)) is some union of C_τ , τ ∈ Φ^L_A.

Torus action, conormal condition (E is L-homogeneous)

T = (C^∗)^d acts on Var(I^L_A ), orbits indexed by Φ^L_A. I^τ_A ↔ Orb_τ and τ ⊆ τ^′ ⇒ Orb_τ ⊆ Orb^′_τ . E_i = ∑ j a_{ij} x_j ∂_j is the pushforward of t_i ∂_i on T to the orbits.

E spans tangent spaces to orbits ⇝ conormal condition. C_τ := closure of conormal of Orb_τ . Ex: A = (1), I_A = 0, E = x∂_x .

Suppose L_x = 1 − L_∂ , so E homogeneous.

Theorem components of variety of ⟨E ⟩ + gr^L(I_A): C_τ , τ ∈ Φ^L_A cV^L(M_A(β)) is some union of C_τ , τ ∈ Φ^L_A.

Torus action, conormal condition (E is L-homogeneous)

T = (C^∗)^d acts on Var(I^L_A ), orbits indexed by Φ^L_A. I^τ_A ↔ Orb_τ and τ ⊆ τ^′ ⇒ Orb_τ ⊆ Orb^′_τ . E_i = ∑ j a_{ij} x_j ∂_j is the pushforward of t_i ∂_i on T to the orbits.

E spans tangent spaces to orbits ⇝ conormal condition. C_τ := closure of conormal of Orb_τ . Ex: A = (1), I_A = 0, E = x∂_x .

Suppose L_x = 1 − L_∂ , so E homogeneous.

Theorem components of variety of ⟨E ⟩ + gr^L(I_A): C_τ , τ ∈ Φ^L_A cV^L(M_A(β)) is some union of C_τ , τ ∈ Φ^L_A.

Torus action, conormal condition (E is L-homogeneous)

T = (C^∗)^d acts on Var(I^L_A ), orbits indexed by Φ^L_A. I^τ_A ↔ Orb_τ and τ ⊆ τ^′ ⇒ Orb_τ ⊆ Orb^′_τ . E_i = ∑ j a_{ij} x_j ∂_j is the pushforward of t_i ∂_i on T to the orbits.

E spans tangent spaces to orbits ⇝ conormal condition. C_τ := closure of conormal of Orb_τ . Ex: A = (1), I_A = 0, E = x∂_x .

Suppose L_x = 1 − L_∂ , so E homogeneous.

Theorem components of variety of ⟨E ⟩ + gr^L(I_A): C_τ , τ ∈ Φ^L_A cV^L(M_A(β)) is some union of C_τ , τ ∈ Φ^L_A.

Torus action, conormal condition (E is L-homogeneous)

T = (C^∗)^d acts on Var(I^L_A ), orbits indexed by Φ^L_A. I^τ_A ↔ Orb_τ and τ ⊆ τ^′ ⇒ Orb_τ ⊆ Orb^′_τ . E_i = ∑ j a_{ij} x_j ∂_j is the pushforward of t_i ∂_i on T to the orbits.

E spans tangent spaces to orbits ⇝ conormal condition. C_τ := closure of conormal of Orb_τ . Ex: A = (1), I_A = 0, E = x∂_x .

Suppose L_x = 1 − L_∂ , so E homogeneous.

Theorem components of variety of ⟨E ⟩ + gr^L(I_A): C_τ , τ ∈ Φ^L_A cV^L(M_A(β)) is some union of C_τ , τ ∈ Φ^L_A.

Torus action, conormal condition (E is L-homogeneous)

T = (C^∗)^d acts on Var(I^L_A ), orbits indexed by Φ^L_A. I^τ_A ↔ Orb_τ and τ ⊆ τ^′ ⇒ Orb_τ ⊆ Orb^′_τ . E_i = ∑ j a_{ij} x_j ∂_j is the pushforward of t_i ∂_i on T to the orbits.

E spans tangent spaces to orbits ⇝ conormal condition. C_τ := closure of conormal of Orb_τ . Ex: A = (1), I_A = 0, E = x∂_x .

Suppose L_x = 1 − L_∂ , so E homogeneous.

Theorem components of variety of ⟨E ⟩ + gr^L(I_A): C_τ , τ ∈ Φ^L_A cV^L(M_A(β)) is some union of C_τ , τ ∈ Φ^L_A.

Torus action, conormal condition (E is L-homogeneous)

T = (C^∗)^d acts on Var(I^L_A ), orbits indexed by Φ^L_A. I^τ_A ↔ Orb_τ and τ ⊆ τ^′ ⇒ Orb_τ ⊆ Orb^′_τ . E_i = ∑ j a_{ij} x_j ∂_j is the pushforward of t_i ∂_i on T to the orbits.

E spans tangent spaces to orbits ⇝ conormal condition. C_τ := closure of conormal of Orb_τ . Ex: A = (1), I_A = 0, E = x∂_x .

Suppose L_x = 1 − L_∂ , so E homogeneous.

Theorem components of variety of ⟨E ⟩ + gr^L(I_A): C_τ , τ ∈ Φ^L_A cV^L(M_A(β)) is some union of C_τ , τ ∈ Φ^L_A.

Theorems (using GF’s, EK H, SS’s, IT)

Theorem (≥ is = for generic β)

μ^L_{Cτ} (M_A(β)) ≥ χ_{Cτ} (E , gr^L(C[NA])) = ∑ τ ⊆τ^′

[Z^d : Zτ^′][(Zτ^′ ∩ Qτ) : Zτ](vol P_{τ,τ} ′ − vol Q_{τ,τ} ′ )

μ^L_{Cτ} (M_A(β)) = [Z^d : Zτ] if τ ∈ Φ^L_A facet.

Corollary

cV^L(M_A(β)) is the union of C_τ , τ ∈ Φ^L_A.

L is a slope of M_A(β) at 0 ⇔ Φ^{L′}_A changes at L^′ = L.

Theorems (using GF’s, EK H, SS’s, IT)

Theorem (≥ is = for generic β)

μ^L_{Cτ} (M_A(β)) ≥ χ_{Cτ} (E , gr^L(C[NA])) = ∑ τ ⊆τ^′

[Z^d : Zτ^′][(Zτ^′ ∩ Qτ) : Zτ](vol P_{τ,τ} ′ − vol Q_{τ,τ} ′ )

μ^L_{Cτ} (M_A(β)) = [Z^d : Zτ] if τ ∈ Φ^L_A facet.

Corollary

cV^L(M_A(β)) is the union of C_τ , τ ∈ Φ^L_A.

L is a slope of M_A(β) at 0 ⇔ Φ^{L′}_A changes at L^′ = L.

More corollaries

Corollary converse to Hotta’s theorem: homogeneous ⇐ regular Sturmfels’ conjecture: ta_j ∈ boundary of Δ^L_A ⇒ (1 − t)/t slope along Var(x_j ).

More corollaries

Corollary converse to Hotta’s theorem: homogeneous ⇐ regular Sturmfels’ conjecture: ta_j ∈ boundary of Δ^L_A ⇒ (1 − t)/t slope along Var(x_j ).

More corollaries

Corollary converse to Hotta’s theorem: homogeneous ⇐ regular Sturmfels’ conjecture: ta_j ∈ boundary of Δ^L_A ⇒ (1 − t)/t slope along Var(x_j ).

PSfrag replacements

Past and Future

Preceding results GGKZ Adolphson: candidate components for cV^F (M_A(β)) Assi–Castro–Granger: HP slopes are finite, rational, computable.

Smith: dim(cV^L(M)) = n, equidimensional. Castro–Takayama, Hartillo: GKZ slopes in (co–)dim. 1 Miller–Matusevich–Walther: Euler–Koszul homology

Work in progress upper semicontinuity of μ^L_{Cτ} (M_A(β)) in β projective GKZ systems and slopes at infinity.

Past and Future

Preceding results GGKZ Adolphson: candidate components for cV^F (M_A(β)) Assi–Castro–Granger: HP slopes are finite, rational, computable.

Smith: dim(cV^L(M)) = n, equidimensional. Castro–Takayama, Hartillo: GKZ slopes in (co–)dim. 1 Miller–Matusevich–Walther: Euler–Koszul homology

Work in progress upper semicontinuity of μ^L_{Cτ} (M_A(β)) in β projective GKZ systems and slopes at infinity.