DUALITY AND MONODROMY REDUCIBILITY OF
A-HYPERGEOMETRIC SYSTEMS

ULI WALTHER

ABSTRACT. We study hypergeometric systems H 4 () in the sense of Gelfand,
Kapranov and Zelevinsky under two aspects: the structure of their holonomi-
cally dual system, and reducibility of their rank module.

We prove in the first part that rank-jumping parameters always correspond
to reducible systems. We show further that the property of being reducible is
“invariant modulo the lattice”, and obtain as a special instance a theorem of
Alicia Dickenstein and Timur Sadykov on reducibility of Mellin systems. In
the second part we study a conjecture of Nobuki Takayama which states that
the holonomic dual of H 4 () is of the form H4(3’) for suitable 8. We prove
the conjecture for all matrices A and generic parameter 3, exhibit an example
that shows that in general the conjecture cannot hold, and present a refined
version of the conjecture.

Questions on both duality and reducibility have been quite difficult to
answer with classical methods. This paper may be seen as an example of
the usefulness, and scope of applications, of the homological tools for A-
hypergeometric systems developed in [6].

1. INTRODUCTION

Let A be a d X n-matrix with integer entries and distinct nonzero columns {a;};
we abuse notation and denote by A also the set of its columns. We assume through-
out that ZA = Z%, and that A is pointed: the semigroup NA is to contain no units
besides the origin. We denote by x4 = {z;|a; € A} a set of n indeterminates,
and we let 94 = {0;|a; € A} be the corresponding partial differentiation opera-
tors. Let D4 be the Weyl algebra C(x 4,04), denote by R4 the polynomial subring
C[04], and let O4 stand for Cz; |a; € A].

Gelfand, Kapranov and Zelevinsky discuss in [3] the following D 4-module H4(3).
Let I4 be the kernel of the map R4 — Clt1, ..., tq] sending J; to t* where here
and henceforth we freely use multi-index notation. For 1 < i < d put E; =
Z?Zl a;;x;0; and let B € C9. Then by [3] the A-hypergeometric system (or GKZ-
system) is

Ha(B) =Da/Da-(Ia,{Ei — Bi},).
This module is holonomic by [3], and it has regular singularities if and only if T4
defines a projective variety (i.e., if 14 is homogeneous in the usual sense), [5, 9].

There is a (0, 1)-filtration (the order filtration) on D 4 that leads to an associated

graded ring isomorphic to a ring of polynomials in 2n variables where the image
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of each z; has degree zero, and where the image of each J; has degree one. This
filtration relates to the holonomic rank by the formula (see [8])

rk(H) = dimg(s) (87(0,1)(H)(2)) = dime () (H (z))

for any holonomic module H. It is known by [8] that the holonomic rank of H4(83)
is bounded from below by the simplicial volume of A, the quotient of the Euclidean
volume of the convex hull of A and the origin by the Euclidean volume of the
standard simplex in ZA = Z%. This bound is sharp for all parameters in a Zariski
open set of C?, and the structure of the exceptional, rank-jumping, parameters is
described in [6].

In this paper we study Ha(8) from two aspects of D-module theory: duality
and reducibility.

1.1. Duality. On Dy there is a standard transposition 7: z%9% +— (—0)%z"; it
induces an equivalence between the categories of left and right D 4-modules. The
holonomic dual of a holonomic left D 4-module M is by definition

D(M) = 7(Extp, (M, D))

considered as a complex concentrated in cohomological degree zero. Let O be the
analytic structure sheaf on C" and Dg7 its sheaf of C-linear differential operators.
The holonomic duality functor is carried into Verdier duality by the solution functor
M — R Hompar (Dgn ®@p, M, OF).

N. Takayama conjectured that the holonomic dual of a GKZ-system H4(f3) is
again a GKZ-system. We discuss this conjecture and prove that for any A and for
generic parameters Takayama’s conjecture holds. We give on the other hand a class
of counterexamples to the conjecture. More precisely, we prove:

e If NA is a normal semigroup then the set of parameters 3 for which D(H 4(3))
fails to be a GKZ-system is contained in a finite subspace arrangement of
codimension at least three with rational coefficients.

e For arbitrary A, the set of parameters 8 for which D(H4(f3)) is not a
GKZ-system is contained in a finite hyperplane arrangement with rational
coefficients.

o If dim(S4) = 2 and [ is A-exceptional in the sense that rk(H4(0)) is
larger than usual (see [6] and below for details) then D(H4(53)) is not a
GKZ-system.

1.2. Reducibility. A D 4-module M is said to have irreducible monodromy repre-
sentation if the rank module M (x) := C(x4)®c[5,] M is an irreducible module over
Da(z) := (C(xa) ®c[z4] Da). Gelfand, Kapranov and Zelevinsky proved in [4] that
an A-hypergeometric system H4(3) has irreducible monodromy representation if
the parameter 3 is generic. In this note we prove that if § has the property that
H 4(3) has irreducible monodromy representation then all v € 3+Z¢ have the same
property; hence irreducibility descends to the quotient torus of C modulo ZA. In
particular, all 3 € Z? give reducible systems (unless A is square).
The basic principle of proof for these facts are the contiguity operators

9j: Ha(B) — Ha(B + a;)

used in conjunction with the mechanisms of Euler-Koszul homology from [6]. In
the process of the proof we define an ideal in the ring R4 that varies with the
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parameter $. This ideal contains some important information about H4(8) and is
a useful tool.

We further show with similar methods that if § is a rank-jumping parameter
for A then H,4 () must have reducible monodromy. We show this by producing
a natural morphism from H () whose kernel exhibits a nontrivial submodule of
C(za) ®cfza) Ha(B).

Mellin systems are naturally associated to a polynomial f with generic coeffi-
cients. Their solutions contain the roots of the polynomial when interpreted as
functions in the coefficients. We use our monodromy results to prove that Mellin
systems are always reducible.

The paper is divided in four sections: this introduction, a section on the mech-
anisms of Euler—Koszul homology and related topics, and one each on monodromy
and on duality.

2. TORIC MODULES AND EULER—KOSZUL HOMOLOGY

In this section we recall some notions and results from [6] regarding toric modules,
FEuler—Koszul homology, and generalized A-hypergeometric systems. If the vector
(1,1,...,1) is in the rowspan of A one calls A projective. We stress that projectivity
of A is not assumed in this article.

Definition 2.1. We ZA-grade R4 and D4 according to x; — a;, d; — —a;. The
i-th degree function we denote by deg,(—) so that

deg(—) = (degy (=), - .., degq(—))

and the degree of 9% € R4 is A-u. The ideal mg = (01, ...,0,) of R4 is maximal
as A is pointed. We shall use “graded” and “homogeneous” to mean “ZA-graded”
and “homogeneous with respect to the ZA-grading”. Both m4 and

Ip=(0"-0"|u,veN" A - u=A v)

are graded, but unless A is projective, 4 will not define a projective variety. The
canonical degree is e4 =) aj, the degree of the generator of the canonical module
of RA.

Let S4 be the toric ring R4/I4; since 14 is homogeneous, it inherits the grading
from Ry. A graded Rs-module M = ®ﬁ€Zd Mg is called a toric module if it
has a finite filtration by graded R s-modules such that each filtration quotient is a
finitely generated S4-module. We say that 3 € Z¢ is a true degree of the graded
R a-module M if 3 is contained in the set of degrees of M:

(6 € tdeg(M)] <= [Mp # 0] .

Moreover, we let the quasi-degrees of M be the points qdeg(M) in the Zariski
closure of tdeg(M) C Z? C C?. For every toric module the quasi-degrees form
a finite subspace arrangement where each participating subspace is a shift of a
complexified face of R>¢A by a lattice element.

The toric modules with ZA-homogeneous maps of degree zero form the category
A-mods which is closed under graded subquotients and extensions.

For all 8 € C% and for any toric R -module M one can define a collection of
d commuting endomorphisms denoted E; — 3;, 1 < i < d, on Dy ®gr, M which
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operate on a homogeneous element m € Dy ®g, M by m +— (E; — 3;) o m, where
(Bi — Bi) om = (E; — (i — deg;(m))m..

There is an Fuler-Koszul functor Ke(8;—) = Ke(E — 3; —) from the category of
graded R 4-modules to the category of complexes of graded D 4-modules; its output
are complexes concentrated between homological degrees 0 and d. It sends M to
the Koszul complex defined by all morphisms F; — ;. The functor restricts to the
category of toric modules on which it returns complexes with holonomic homology.
By [6], =0 is not a quasi-degree of M if and only if Ko(0; M) is exact, while if
dim(M) = d and M is Cohen—Macaulay then Cq(5; M) is a resolution of its 0-th
homology module. A short exact sequence

0— M —M-—M'—0
in A-mods induces a short exact sequence of Euler—Koszul complexes
0 — Ko(B; M') — Ko(B; M) — Ko(8; M") — 0
which in turn produces a long exact sequence of Fuler—Koszul homology
- — Hi(BM") — Hi 1 (B M) — Hia (B3 M) — Hi (B M) — -+

where we have put H;(8; —) = H;(Ke(8;—)). A module of the form Ho(5; M)
is called a generalized GKZ-system; if M = S, then Ho(8; M) is a proper (or
classical ) GKZ-system.

An abstract module M may be toric for many different semigroup rings. In
parsing the expressions Ko (5; M) and H;(3; M), the underlying matrix is implicitly

understood to be A, unless expressly indicated otherwise.
The grading interacts with Euler—-Koszul homology as follows: for all o € ZA,

Hi(B; M(a)) = Hi(B — a; M)(c)

where the left hand side is Euler—Koszul homology of the shifted module M while
the right hand side is the shifted Euler—-Koszul homology of M with shifted param-
eter.

Finally, for all toric modules M there is a duality spectral sequence

(1) Hi(—f — a3 Extly, (M, Ra)) = D(Hyra_in(8; M))",

where MV is the pullback of M along the coordinate change v — —x.

3. REDUCIBILITY OF HYPERGEOMETRIC SYSTEMS

For any C[z]-module H let H(z) denote C(x) ®c[y) H and recall that (—)(x)
is an exact functor. We use similar notation for morphisms, if ¢: M — N
then ¢(x): M(x) — N(z). In this section we investigate when the module
HA(B)(x) has nontrivial submodules; in the absence of such submodules one says
that Ha(8) has irreducible monodromy. If Ha(8)(x) is irreducible and if ¢ €
Homp , (Ha(8),C{z — c}) is any nonzero solution to Ha () at the generic point
¢ € C™, then the D 4-annihilator of ¢(1) annihilates every single solution of H(/5).
It is in this sense that the monodromy is irreducible: analytic continuation of any
solution germ discovers all the others (up to formation of linear combinations).

Example 3.1. Suppose that the simplicial volume of A is greater than one. Then
the system H4(0) has reducible monodromy.
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Namely, both I4 and E — 0 are both contained in the ideal (04) = (01, ..., 0y).
Hence there is a surjection

0— K — Hu(0) — D4 /{04) — 0

with kernel K. As rank is additive in short exact sequences and since rk(H 4(0)) >
1 = rk(D4/(04)), the rank of K must be positive; hence H4(8) has reducible
monodromy.

3.1. Reducibility and rank jumps. In this subsection we show that if a GKZ-
system is rank-jumping then it must have reducible monodromy. We do this by
showing that the natural inclusion of S4 into its normalization S 4 exhibits a non-
trivial submodule of H4(8)(z). To this end recall that S, is the semigroup ring to
the saturation of NA and hence A-toric.

Notation 3.2. If F is a finite set within a lattice A then we write vol (F') for the
simplicial or lattice volume of F' in A, determined by the quotient of the Euclidean
volume (taken in A ®z R) of the convex hull of F' and zero divided by the volume
of the unit simplex in A.

Lemma 3.3. Consider the generalized hypergeometric system Ho(3; S’A). Its rank
is equal to volza(A), independently of (5.

Proof. We use the short exact sequence
0— Sy — Sy —C—0

where C is the ZA-graded cokernel of the natural embedding of S4 into S4. Normal
semigroup rings being Cohen—Macaulay we obtain a natural 4-term exact sequence
of Euler—Koszul homology

(2) 0 — Hi1(B;C) — Ho(B; Sa) - Ho(B;84) — Ho(B;C) — 0.

Since S4 contains an ideal isomorphic to a graded shift of S, dim(C) < dim(S4).
In particular, for generic parameters 5 one has —3 ¢ qdeg(C), the outer terms of
the 4-term sequence are zero, and the map 1 is an isomorphism. This means that
for generic parameters, rk(Ho(3; 54)) = rk(Ho(5; Sa)) = volza(A).

As S4 is a Cohen—Macaulay ring, Corollary 9.2 in [6] implies that S4 has no
exceptional parameters. Hence all 5 give the same value for rk(H4(53)), and as
generic ones give rank volz4(A), all parameters must. O

Now let 3 be rank-jumping for A, rk(HA(8)) > volza(A). With C = S4/S4,
there is an exact sequence of type (2). By our lemma and the rank-jumping as-
sumption, ker(¢)(x) # 0. We shall show that im(¢)(z) # 0 and thus prove

Theorem 3.4. If 8 is rank-jumping for A then Ha(8) has reducible monodromy;
that is, Ha(B)(x) has a nontrivial composition chain.

The proof of this theorem will occupy the remainder of this subsection.

Proof. Suppose the theorem is false and let (A, 3) be a counterexample with mini-
mal number of columns. Then rk(H 4(3)) > volza(A4) and H(8)(z) is irreducible.
In the light of the fact that ker(i)(x) # 0, this gives an equality H;(8;C)(x) =
Ho(8;54)(z) in the sequence (2).

Since dim(C) < d, C has a composition chain whose factors are isomorphic
to toric rings associated to proper faces of A. In particular, the S4-module C
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is annihilated by some monomial 0% € R4. That implies that the submodule of
H1(B;C)(z) = Ho(B; Sa)(z) generated by 0% is the zero module.

Definition 3.5. For a fixed matrix A and a parameter 3 we set ag to be the subset
of R4 given by
[P S ag] = [P € Ra|P =0in Hy(S; SA)({E)]
& [Pe€RA|3f €04, fP=0in Ha(B)]
& [P€RA|3f €04, fPeDa-(In,{E; — Bi}iy)]
and note that ag 2 I4 for all 5.

We now study general properties of ag.

Lemma 3.6. If P € ag and Q € D4 then QP =0 in Ha(8)(x). In particular, the
set ag is an ideal of Ra.

Proof. Obviously, ag is a C-vector space. Let € D4 and pick P € ag with
fP € Da(Ia,{FE; — 3;}7_,). We shall prove that fod@+1QP = 0 in H(5;S4),
which in particular implies the lemma.

The claim is clearly true if the order of @) is zero since then f and ) commute.
Assume that @ is of order k£ > 0 and the claim has been proved for operators @ up
to order k — 1. We have

feP=1[1,QP+QfP=1f,QP

in Ho(B; Sa). Now the operator [f, Q] has order smaller than k. It follows then by
induction on the order of () that

0= f"HfQIP = QP
in Ho(B; Sa). In particular, if Q € R4 then QP € ag. O

If P € ag then we can write it as a finite sum P = EanA P, where P, is
homogeneous of degree @ = (ay...,aq4). Then since P and E; — 3; are zero in
H4(B)(x) we get that

Ha(B)(x) 0= (E; — ;)P — P(E; — ;) = [Ei;, P] = > a;Pa.
a€ZA

In particular, ) ., , @i Py € ag. Repeated iteration implies that if P € ag, then
Y acza a*P, € ag. The non-vanishing of the appropriate Vandermonde determi-
nant assures that for all integers a the subsum ;4 |i=a P, is in ag. Repeating
this argument for all ¢ it follows that P, € ag. In particular, ag is a ZA-graded
ideal containing /4.

Since in S4 = Ra/I4 homogeneous elements of the same degree are constant
multiples of each other, ag is an ideal of R4 generated by /4 and monomials.

Proposition 3.7. Suppose Ha(03)(x) is an irreducible module. Then there exists
a monomial 0% with A-w = o such that ag_, is a prime ideal containing ag.

Proof. Let ey, € Z™ be the unit vector in direction k. We shall argue by contradic-
tion. Since 14 is prime, we may assume that ag strictly contains I4 and that there
is a product 0 - 9¥~¢ = 0¥ € ag such that neither Jy nor 9¥~°* is in ag. There
is a toric exact sequence

0 — Salar) 2 Sa — Sa/(0)) — 0.
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We study the associated long exact sequence of Euler—-Koszul homology:

C s H1 (8 54/ (0k)) — Ha(B — ar) —2 Ha(B8) — Ho(B; Sa/ () — 0.

The image of () is generated by the coset of 9 in H4(8)(z). Therefore, since Oy
is not in ag, ¥(x) is not the zero map and since furthermore H 4 (3)(z) is irreducible,
(z) is onto. This in turn implies that Ho(5;.Sa/(0k)) has zero rank. By Proposi-
tion 5.3 in [6], Hi(8;Sa/{(0k)) = 0 for all <. Hence ¢ and ¢(z) are isomorphisms.
Since v is right multiplication by 0), any monomial 0" is in ag_q, if and only if
0¥ - Ok is in ag. In other words, ag_q, is the ideal quotient

3) Ap-a;, = ap: (k) 2ap

and by construction we have 0Y7¢ € ag_q, \ ag.

As @ is an isomorphism, Ha(8 — ay) is irreducible. Iterating this procedure
with 3 — aj replacing 3 we get an increasing sequence of ideals in R4. Since R4
is Noetherian we arrive eventually at a parameter § — o € § — NA such that for
every V7% - 0y = 0V € ag_q either Oy € ag_o or V"% € ag_,. It follows that
the ideal ag_, is prime. O

Remark 3.8. Closer inspection of the proof shows that the following hold whenever
H 4(p) is irreducible:

(1) if ag is prime then the map 0%: Ha(8— A-u) — H4(0) is an isomorphism
for all w € N™ with 0% & ag;

(2) for a suitable u, the ideal ag_, = ag : (0*) is an associated prime of ag.

Problem 3.9. Describe for fixed § the function Z¢ 5 u — a3—Aw, and more
generally the function C? > 3+ ag.

Example 3.10. Let A = (1) and # € N. One easily checks that ag = (81’8+1>. While
O1: Ho(0) — Ha(l) — Ha(2) — -+ and 01: ---Ha(—3) — Hu(—2) —
Ha(-1) are all isomorphisms, 0y : Ha(—1)(x) — Ha(0)(z) is not since ag = (01).

‘We now introduce notation for each subset F' of A.

Definition 3.11. Let F be a subset of A. We write 0p = {0k |ar € F}, set
Rp = C[OF], put zF = {zx | ar € F}, let Op = Clzp], and denote by D the ring
of C-linear differential operators on Op. The lattice of F is the group ZF, and we
let Er stand for the truncated Euler operators {ZakeF ai,kxkﬁk}gzl.

If F is the set of all columns @ € A such that L(a) = 0 for some linear functional
L: 7% — 7 with L(A) > 0 then we say that F is a prime face and define the ideals
Ir = ker(Rp — C|NF]) C Rp, and I = (Ox |ax & F) + Ra - Ir C R4. Note the
natural isomorphism R, /I g >~ Rp/Ir. The collection of all ideals T E (where F
runs through all prime faces of A) is identical with the collection of all ZA-graded
prime ideals of R4 that contain 14, which is in turn identified with the faces of the
cone R A.

Definition 3.12. We say that A is a pyramid over the prime face F'if |AN F| = 1.
In such a case, tk(F') = rk(A) — 1. We call A a t-fold iterated pyramid if there is a
prime face F' of A such that |A \ F| =t and rk(A) = rk(F) + ¢. This is equivalent
to the existence of a sequence of prime faces A = F; O ... D Fy = F such that F;;
is a pyramid over F; for all i. Note that if A = {a1} U F is a pyramid then there
is a change of coordinates in Z? that sends a; to the first unit vector in Z¢ and F
to a matrix whose top row is zero.
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We now return to our hypothetical irreducible rank-jumping module H4(3)(x)
of minimal column number. By Proposition 3.7,

HA(B)(x) = Ho(B; Sa)(z) = Ho(B — o; 5a)(2)
where ag_ is prime and the isomorphism is given by right multiplication of Ho(8—
a;S54) by 0% with A-u = a.
Since ag_, is a prime ZA-graded ideal in R4 then ag_, = I} for some prime
face F' where F' is obtained from A by erasing the columns whose variables are
linear generators of ag_,. In consequence,

Ha(B—a)(x) = Da(x)/(Ia, E—f+a)
D(z)/I5,E—-B+a) since I = ag_,
Dp(zp)/{Irp,Er — B+ a) @c Dar(xar)/{0aF)
Hp(ﬁ — Oz)((EF) ®(C (C(iCA\F).
We note that the second factor is irreducible of rank one and consider now the
hypergeometric system associated to F' and 8 — a.
By the dimension dim(F) of a subset of Z? we mean the rank of the smallest

subgroup of Z? that contains F. Equivalently, this is the dimension of the semigroup
ring generated by NF. We also denote by conv(F') the convex hull of F' in R?.

1%

Lemma 3.13. Let F be a subset of A. Then volzp(F) < volza(A). Moreover, if F
is a prime face of A such that equality holds in this estimate then A is an iterated
pyramid over F.

Proof. Let Fy = F, let Lo be the lattice spanned by F' and let V) be the simplicial
volume of Fy. Let aj,,...,a;, be the columns of A~ F.

For each triple (F;, L;,V;) already constructed, put Fi11 = F; U {a;,}, and let
L;+1 and V11 be lattice and simplicial volume of F;;; respectively.

If dim(F;) < dim(Fjyq) then Liyy =2 Z - aj,,, ® L;. Hence V; = Vi 1. On the
other hand, if dim(F;) = dim(F;4+1) then either L; = L;y1, or L;41 contains L;
as a finite index subgroup. In the former case the simplicial volumes V; and V4
are computed with reference to the same lattice, and since F; 11 contains F; we see
that V; < V;11. In the second case even [L;yq : L;] - Vi < V44 follows. Hence
Vo < Vi <--- <V, and the first part of the lemma follows.

If now F'is a prime face with volzp(F') = volza(A) then Vy = V; and the equality
must hold throughout. We claim that this proves the lemma. For, assume that there
is ¢ > 0 such that F;1; is not a pyramid over F;, and pick the smallest value 4 of that
nature. Since Fjy; is not a pyramid over F; we must have dim(F;) = dim(F;41).
As V; = Vi1 we have L; = L1 and aj,, € L; N conv(F; U {0}). However, since
F; is an iterated pyramid over F' then the only points in the intersection of L; with
the convex hull of F; and the origin are contained in Lo U {a;,,...,a; }. Since F'
is a prime face of A, a;,,, cannot lie in Ly, and the lemma follows. O

Thus, returning to Hr (8 — «) in the theorem,

tk(Hp(B8 —a)) = dimge,)(Hr(B —a)(zr))
dime(z ) (C(z4) @clap) HF (B — @)

= dimg(z,)(Ha(B)(za))

— k(HA(B)) > volza(A) > volpe(F).
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In order to use the minimality condition of our supposed counterexample we need
to modify (F,3 — a) to a case of full rank. Let (A’, ') be constructed as follows.
First apply a generic element g of GL(d,Z) to the matrix (A,3 — «). The effect
is that now the rk(F') top rows A’ of g(F) are linearly independent, and the other
rk(A) — rk(F) rows of g(F') are Z-linear combinations of the rows of A’. The latter
implies that the simplicial volumes of A" and of F' are identical (although, of course,
their convex hulls live in spaces of different dimension). Put 8’ to be the top rk(F')
rows of g(8 — a). Then the rows of (F, 8 — «) are in the rowspan of (A’, 3’) and so
Hy (f') = Hp (B — o).

Above we have seen that rk(Ha/(8")) = rk(Hp(8—a)) > volzr(F) = volza: (A").
Hence H 4/ (/') is rank-jumping with fewer columns than A. It follows that (A’, 5’)
is not a counterexample to the theorem and hence H4/(f')(zr) has a nontrivial
submodule. Any associated nontrivial sequence

0— M — Ha(f')(xp) — N — 0,

when tensored over C with C(zar), gives a nontrivial submodule for H4(8 —
a)(x) 2 Ha(B)(x), a contradiction. This concludes the proof of Theorem 3.4. O

3.2. Reducibility for varying (. In this subsection we consider to what extent
the property of H4(8)(x) being irreducible is preserved under variation of the
parameter.

Corollary 3.14 (to the proof of Theorem 3.4). If Ha(8)(x) is irreducible then
there is a face F of A (this may be the trivial face F = A) and uw € N"™ with
A-u =« € NA such that

(1) A is an iterated pyramid over F,
(2) 0%: Ha(B — a)(x) — Ha(B)(x) is an isomorphism,
(8) ag Cag_q = Ig and {P € Rp|P =0 in Ha(6 — a)(z)} = Ifr.

Proof. Suppose H4(8)(z) is irreducible and ag # I4. In Proposition 3.7 we have
proved that there is @ € NA such that H4(8) = Ha(8 — «), the isomorphism is
given by right multiplication on Ha(8 — «) by 0% with A-u = a, and ag_, = I§
is the prime ideal attached to the prime face F.

Let ' = A~ F. Our hypotheses imply that

Ha(B—a)(x) = Da/Da(la, E -+ a)(z)
= Da/Da(I§, E - B+ a)()
= DF/DF(IF,EF—ﬁ'FOé)(:EF) ®(C(C(£EF)

As at the end of the proof of Theorem 3.4, left multiply (A, — «) by a generic
element of GL(d,Z). Then the top dim(F) rows (4’,0') of (¢F, gl — ga) give a
GKZ-system H 4/ (') that is isomorphic to Hp (8 — «) and where A" has full rank.
In particular, Ha/ (6')(zr) @c C(zg) = Ha(B) and tk(Ha/ (6')) = rk(Ha(8)). Now
H4(B)(x), and hence Ha/(8')(xzF), is irreducible and therefore (A, 8) and (A’, ')
are not rank jumps by Theorem 3.4. So volzp(F) = volza (A") = rk(Ha/ (8')) =
rk(H 4(8)) = volza(A).

By Lemma 3.13, A is thus an iterated pyramid over F'. Finally, by construction
ag_q =I5 and I N Rp = IF. O

We now state the main theorem in this subsection.
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Theorem 3.15. If Ha(8)(x) is irreducible then H(v)(x) is irreducible for all
v € B+ Z°.

Proof. Let F be the smallest prime face of A such that A is an iterated pyramid
over F'. Let t = dim(A) — dim(F'). Suppose that the columns of F' are the final
columns of A. By means of an element g € GL(Z?) we can transform (A, ) into a
id, F" B
0o F B
matrix. Since A is an iterated pyramid over F', gA is an iterated pyramid over gF.
In particular, F”’ is in the rowspan of I and so g can be chosen in such a way that
F" = 0. With this particular g we consider Hya(g0). Since Ha () = Hya(gf) it is
sufficient to prove the theorem under the assumption that ¢ = 1 and A is already
ide 0
0 F

There is an isomorphism H4(3) = Dy/D; - ({:0; — Bi}i_;) ®c Hp(Br) where
Dy is the Weyl algebra in 1, ..., z;, and where 8p are the last dim(F') rows of [.
The module D;/D; - ({z;0; — B:}i_;)(zF) is always irreducible, so all reducibility
issues of H4(() are determined by those of Hp(0F). According to our assumption,
Hp(Br)(xzp) is irreducible, and we wish to show that Hp(yr)(zr) is irreducible for
all v € 4+ ZF'. This reduces the proof of the theorem to the case that A is not a
pyramid at all.

matrix with block decomposition where id; is the ¢ x ¢ identity

in the block form <

We now assume that A is not a pyramid and that H(8)(z) is irreducible. Let
v € B+ Z%; we shall show that H4(v)(x) is irreducible as well. Suppose 7' = v+«
is a third parameter such that o € NA and Ha(y')(x) is irreducible. By Corol-
lary 3.14, A is a pyramid unless a,» = I4. We conclude from Remark 3.8.(1) that
all maps Ha(v)(z) = Ha(y' — a)(x) — Ha(y')(x) given by right multiplication
by 0% with @ = A - w are isomorphisms. Thus in this case Ha(v)(z) = Ha(vy')(x)
is, in particular, irreducible.

It is hence sufficient to show that H4(v")(x) is irreducible for some v € v+ NA.
Consider the intersection of 3 + NA and v + NA. Since NA generates Z% as a
group, this intersection will contain a subset of the form +” + NA. Since the set of
exceptional parameters is a Zariski closed subset of positive codimension in C%, we
can choose 7' € (y+NA) N (8 + NA) such that 4 is not a rank jump. Let u be an
element of N” such that 5+ A-u =+ and put A-u = a. We show that Ha(y")(x)
is irreducible.

Consider the short exact sequence

0 — Sala) L5 S4 — Sa4/(0%) — 0
and the following part of the long exact Euler—Koszul sequence with parameter :
(4)
Hi(7's Sa/(0%)) — Ho(y' — a3 Sa) —5 Ho(+'5 Sa) — Ho(7'; Sa/(0%)) — 0.
Since Ha(y' — a)(x) = Ha(B)(x) is irreducible, the map v(x) is either zero or
injective.
We now prove that 1(x) cannot be zero. For, assume otherwise. Then H4(3)(x)

is a quotient of Hy(y';54/(0"))(z). Consider the Euler-Koszul complex on the
module S4/(0%) and let k1,...,kq be the canonical generators for the module

K1(:54/{0%) = @, Da @y Saf(0%). As 0w = 0, for all k and for all



DUALITY AND MONODROMY REDUCIBILITY OF A-HYPERGEOMETRIC SYSTEMS 11

P =2%9" € D4 one has 9% Pky, = [0%, Plky. Of course, the x-degree of [0, P] is
less than that of V. By iteration one sees that the coset of Pky is 0%-torsion. It
follows that Hi(v'; Sa/(0%))(x), and hence its image in H4(8)(z), is 0*-torsion.
If +(x) is zero, the coset of 1 in H4(3) is annihilated by the product fo** of a
nonzero polynomial f = f(z1,...,2,) and a high power of 9%. Since H4(3)(x)
is irreducible and A is not a pyramid, the coset of 9% generates Ha(f)(z) for all
k € N. Since fo** is zero in H4(3), the support of H4(3) is then contained in the
variety of f. In that case, its rank must be zero since rank is measured in a generic
point, hence not in a point of Var(f). But rk(H4(8)) > volza(A) > volz ({0}) = 1.
This contradiction shows that 1(x) is nonzero and hence injective.

Since ¥(x) is injective, the rank of H4(f) is a lower bound for the rank of
Ha(y'). However, Ha(v') is not rank-jumping and so tk(Ha(8)) = tk(Ha(v)).
By the sequence (4) the rank of Ho(y';S4/{0%)) is zero which by Proposition 5.3
of [6] means that H;(y';.54/(0%)) = 0 for all <. The long exact sequence (4) gives
now that Ha(8)(x) = Ha(y")(x) is irreducible. This concludes the proof. O

Remark 3.16. It would be interesting to know how irreducibility is encoded in
M. Saito’s invariants E,(() discussed in [7].

Remark 3.17. Let z = z(cp,...,cn+1) be the algebraic multi-valued function
defined by the equation

(5) coz™ 4+ c12™ 4+ 2™ +epy1 =0

where m > mq > -+ > my, > 0. Consider also the A-hypergeometric system H 4(f3)

where 8 = (0, —1) and
A:< | | 1>.
m my --- mg 0

We assume that Z? = ZA; this is equivalent with
ged(m,my,...,my) = 1.

The solution space of H4((3) is spanned by the leaves of the function z from
above as long as m; = m — 1, see [10]. For example,

—c1 £/ — 4epes

200

P12 =

are solutions to H4(8) in the case coz? + c1z + ¢o = 0. In the case m; < m — 1,
the roots are (still solutions of H4 () but) linearly dependent and H 4 () has extra
logarithmic solutions, compare [1] for the general 2 x n case.

Note that m = rk(Ha(08)) exceeds 1 apart from the degenerate case m = 1
when (5) is a linear equation. By Example 3.1 the monodromy of H 4(0) is reducible,
and thus by Theorem 3.15 the monodromy of Ha(f) is reducible as well. This
generalizes the fact that for arbitrary m, if m; = m — 1, the sum of the roots
—c1/¢p is monodromy invariant and nonzero.

There is a second system of PDE’s naturally associated to Equation (5). Intro-
ducing y = (—¢o/cni1)"/™2 the defining equation becomes

y"r iy Lt zy™ = 1.
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The function y = y(x1,...,x,) satisfies the associated Mellin system of n partial
differential equations in n variables (cf. [2]):

m;—1 n m_’7‘71 n
11 <mk +1+4) mt0t> 11 (mk —1+) m;0t> ey =(—1)"mmO" ey
k=0 t=1 k=0 t=1
where j =1,...,n, 0; = 2;0;, and m; = m —m;.

In [2], A. Dickenstein and T. Sadykov show with ingenious methods that every
Mellin system has reducible monodromy. Our methods can be used to demon-
strate this irreducibility whenever they apply—that is, whenever the columns of A
generate Z2.

Namely, removing the two built-in homogeneities from the solutions f of H4(5)
by setting

g(xlv s 7xn) = f(]-vxla v 7xn7_1)
is a C-linear injection resulting in (a not necessarily complete set of) solutions g for
the Mellin system ([2, Theorem 3.3]). Since homogenization preserves monodromy
invariance, reducibility of H4 () implies reducibility of the Mellin system.

4. DUALITY FOR HYPERGEOMETRIC SYSTEMS

In this section we investigate holonomic duality of GKZ-systems. We show that
in the Gorenstein case holonomic duality is a functor that preserves the set of GKZ-
systems. More generally, holonomic duals of GKZ-systems are GKZ-systems for all
A and generic 3, but for special A, 8 this may be false.

We begin with the simplest possible case, that of a Gorenstein toric variety.

Recall that e4 = E?:l a; is the canonical degree of R4.

Proposition 4.1. Suppose that A is such that S4 is Gorenstein. If ca is such
that Ext?z;d(SA, Ra) = Sa(—ca) then D(HA(B)) 2 Ha(—B — €4+ ca) 18 a proper
GKZ-system for all (3.

Proof. We consider the duality spectral sequence (1). Since A is Cohen—Macaulay,
it collapses and we obtain duality

D(HA (ﬁ))\/ = HO(_ﬁ — €A, EXt’}L%;d(SAv RA))
Since Exty “(Sa, Ra) = Sa(—ca), D(HA(B))" = Ha(—B —ca + ca). O

It is clear that any time the duality spectral sequence is used, we obtain an
identification of the dual of a GKZ-system with another GKZ-system only up to
the coordinate transformation x — —z. In the projective case, this transformation
can be omitted since it induces an isomorphism.

Example 4.2. If S4 is Gorenstein, then its a-invariant a(Sa4) is by definition
the degree of the socle of HZ (Sa). The shift £4 — c4 in Proposition 4.1 co-
incides with the a-invariant. Namely, Ext?{_Ad(SA,RA) = Sa(—cya) implies that
Ext%;d(SA,RA(sA)) = Sa(ea —ca) and Ra(e4) is the canonical module of R4.
By graded local duality, HZ  (S4) has its socle in degree e4 — ca = a(Sa).
Consider the curve defined by A = (a1,...,a,) with 0 < a; < a;41 for all
1. Assume that ged(aq,...,a,) = 1 and that S4 is Gorenstein. In this case,

the number ¢4 in Proposition 4.1 is the largest integer in N \ NA. For example,
A= (2,5) and A’ = (3,4) have n = 2, d = 1 and ¢ = (7), but the c-values differ
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(3 versus 5). Both S4 and S4s are graded complete intersections of degrees 2 x 5
and 3 x 4 respectively. Hence the duality shifts are 3 = -7+ 10 and 5 = —7 4 12
respectively as claimed.

A natural approach to showing that D(H4(3)) is a hypergeometric system is
to exploit the spectral sequence (1) as follows. Suppose one has a toric map
¢: Sa(—c) — Ext’}%;d(SA,RA) =: X,,_q with cokernel C. If one picks a pa-
rameter with 8 + €4 outside qdeg(C), then Ko(—f8 — €4;C) is exact. Hence
Ho(—0 —ea; Xn—aq) 2 Ha(—08 — €4+ ¢). If, in addition, —3 — €4 is not a quasi-
degree of Extﬁ%A (Sa, Ra) for any i > n — d, the spectral sequence collapses and we
obtain D(Ha(3)) = (Ha(—8 — €4+ ¢))Y is a proper hypergeometric system up to
the coordinate transformation  — —z. From this point of view, Ha(—8 — €4 + ¢)
is a natural candidate to equal D(H4(f)), if the latter is a proper GKZ-system at
all.

However, even if S4 is a Cohen—Macaulay ring, and hence the spectral sequence
collapses for all 8, there is no natural choice for ¢ unless S, is Gorenstein. To
illustrate this point we consider the following example that contains most of the
core ideas for the proof of Proposition 4.6.

1 11 1
01 2 3

I = (0105 — 02,0204 — B2, 010, — D205)

is the ideal of the projective rational cubic, which is arithmetically Cohen—Macaulay.
As e4 = (4,6) and by the spectral sequence (1), up to a coordinate transforma-
tion D(H4(F)) is the quotient of Dy ®g, ExtQRA(SA,RA) by the images of the
endomorphisms

Ei+p01+4:me— (.131(91 + 2202 + 303 + X404 + 1 + 4 — degl(m))m

Example 4.3. Let A = ( ) and 8 € C?; then

and
Ey+ P2+ 6:m— (1‘282 + 22303 + 371404 + B2+ 6 — degg(m))m
By explicit computation one sees with X5 = Ext%“ (Sa,R4) that

X5 = R /((04, —03), (03, =), (D2, — 1)) .

Let m1, mga be the cosets of (1,0) and (0, 1), so that deg(m1) = (3, 5) and deg(msz) =
(3,4). Put M' = X5/S4-mq = Sa(—3,—4)/(03,02,01). Then 3+ c4 & qdeg(M’)
implies that M/im(E+f+4e4) & Ha(—F—ca+deg(mq)) is a classical GKZ-system
generated by m;.

On the other hand, put M" := X5/S54-mg = Sa(—3,—5)/(04, 05, 02). In similar
fashion, 8 +ea & qdeg(M") = Var(32 — 5) implies that M/im(E; + 1 + 4, E2 +
B2+ 6) = Hy((—F — ca + deg(msz))) is a classical GKZ-system as well.

The exceptional lines qdeg(M') —e 4 and qdeg(M”) —e 4 are depicted in Figure 1
below.

The two embeddings S4 — X5 above cover every case except when 338 —2+1 =
0 = B2+ 1. In that case, f1 = —2/3 and B2 = —1. We reverse the approach
and identify X, with the S-ideal generated by 0, and 0s, shifted by €4 so that
deg(02) = (3,4) and deg(ds3) = (3,5). Then

Sa(—ea)/Xa = (Ra/(0104,02,03))(—€a).
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Bo+1=0

rrrrr - 36— B2 +1=0

B2

FIGURE 1. An arrangement of special duality parameters.

The quasi-degrees of this quotient are the union of the lines §; — 382 = 2 and
B2 = 6. Since (—2/3,—1) + (4,6) is not on either line, the dual of H4((—2/3,-1))
is isomorphic to Ha(—08 +ea —e4) = Ha(—0).

The example shows that even if Ext?{qd(s A4, R4) is not cyclic (as it is in the
Gorenstein case), the dual of H4(8) may often be identified with a hypergeometric
system. There is an obvious difficulty in picking the right morphism between S 4 and
the Ext-module, and the question lingers what to do with A-exceptional parameters
(which have to be avoided irrespective of the chosen morphism).

We consider first the case where S, is normal, generalizing the above example.
Let {H1 > 0,...,H. > 0} be the defining hyperplanes of R>¢A C R4,

Proposition 4.4. Suppose Sg4 is normal. Then the set of all v for which D(H (7))
is not a proper GKZ-system is contained in a finite subspace arrangement of codi-
mension at least three. All participating subspaces are shifts of (complezified) faces
of R>0A by lattice elements.

Proof. The idea is to use several embeddings of S4(c) — Ext%_Ad(SA, R)A), study
the quasi-degrees of the cokernel, and intersect these as an estimate for the param-
eters that might fail the proposition.

If A is normal then it is Cohen—Macaulay and hence the duality spectral sequence
collapses: D(Ha (7)) =& Ho(—7 — €4; Ext?jz_Ad(SA, R4)) up to a coordinate change.
Moreover, the canonical module X,,_4 = Ext%;d(SA, R,) is the interior ideal Ny
of S4, shifted by 4. We therefore want to show that for all choices 5 away from
a codimension three arrangement the module Ho(8; N4) is a proper GKZ-system.

Consider the natural inclusion N4 — S, and the quotient ). This is a toric
sequence and hence there is a long exact sequence

- — H1(3;Q) — Ho(B; Na) — Ho(B;54) — Ho(3; Q) — 0.

The quasi-degrees of  are those elements of C? that sit on a complexified defining
hyperplane of R>¢A. Hence if —f3 is not on any complexified defining hyperplane
of R>oA, then Ho(8; Na) and Ha(B) = Ho(B; Sa) are isomorphic.

Let now —( # 0 sit on one such hyperplane. Then there is a smallest nonzero
prime face F' of A such that —( is a quasi-degree of NF' but not of any smaller face.
Note that there is an infinite face N of conv(deg(N4)) such that some shift NF4zp
of F, zr € 74, is inside Ny while dim(Np/(NF + zr)) < dim(Ng) = dim(F). Let
fr be a point in tdeg(N4) sitting on NF + zp. Let o be an element of NA in the
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relative interior of NF'. Then fr—Ipdr+NA will contain tdeg(N4) for large [p € N.
We hence have an injection Ny < Sa(lpdr — fr) and we let QF be the cokernel.
Now if t = t1,...,tq are the torus variables then #'797 . S, (Ipdp — fr) € Ns. Hence
all components of qdeg(Qr) are lattice shifts of CF’ where F’ does not contain F'.

This, and saturatedness of NA, implies that the quasi-degrees of Qg are con-
tained in a finite union of hyperplanes of the form H; = r;,r where Hj is
a defining hyperplane of Ry A transverse to F', where r;,r € Q, and where
Hi(fr —lpop) < rjpr < min{r € H;(Na)}. Note that this construction de-
pends not on 3 but only on the minimal face F' containing — (3, so there are finitely
many 7; k. r altogether.

On the other hand, for arbitrary (8, consider the embedding Sa(—fr) — Na.
The true degrees, and hence the quasi-degrees, of the cokernel are contained in a
union of hyperplanes of the form H; = s; r where H;(fr) > s;,r > min{s €
H;(Na)} and H; is transversal to F.

We conclude that for 8 # 0 the module Ho(8; Q) is zero unless

e (is on H; = 0 for some defining hypersurface of NA, and
e for the minimal face F' with —3 € qgdeg(F') and some H; transverse to
F with Hj(ﬁ) S HJ(ZA) we have Hj(fp — lF(SF) < Hj(ﬂ) < min{r €
Hj (NA)}v and
e for the minimal face F' with —(3 € qdeg(F') and some H; transverse to F’
with H;(8) € H;(ZA) we have H;(fr) > H;(3) > min{s € H;(Na)}.
Vanishing of Ho(3; Q) implies isomorphy of Ho(3;S54) and Ho(B; Na). Hence, if
B # 0 then Ho(8; Na) is a proper GKZ-system unless [ violates all three condi-
tions listed above. The set of violating parameters of each separate condition is a
hyperplane arrangement. Note that if § violates two of the above conditions then
the hyperplanes witnessing the violation are not parallel. Since the participating
hyperplanes of all three arrangements form the (shifted) facets of a polyhedral cone,
any three of them intersect in expected codimension.

Note finally that the case 8 = 0 is covered by the paragraph directly before
the list of conditions above, since the quasi-degrees of any proper quotient of N4
cannot contain 0.

It follows that the set of parameters for which D(H4(3)) is not a proper GKZ-
system is contained in an arrangement of codimension three, and the origin is not
part of this set. O

Corollary 4.5. If dim(S4) < 2 and Sy4 is normal then the holonomic duals of all
H4(B) are proper GKZ-systems. O

Normal semigroups are Cohen—Macaulay by Hochster’s theorem. We now show
by example that absence of Cohen—Macaulayness may bring with it the failure of
Takayama’s conjecture.

é 1 ;, 411) and M = D(H 4(B)) with 3 = (1,2).

Then M is not a classical GKZ-system: M # Hp((3') for any B and [3'.

Proposition 4.6. Let A =

Proof. The only candidate for B is A itself, or a matrix that is obtained from A
by an action of GL(Z,2). We may hence assume that B = A. Denote by X; the
module Ext}h (Sa,Ra). So X5 is the canonical module of the normalization of Sy4.
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It is well-known that A is not Cohen—Macaulay, and that X3 = C, generated in
degree (5, 10).

By [11], Ha(p) is of rank five and § is the only exceptional parameter. By
duality, M is of rank five as well, so only H(f3) is a candidate for equaling M
among all A-hypergeometric systems.

Since €4 = (4, 8) is the canonical degree of R4, and (5,10) is the unique degree
of X3, E+ [ +e4=FE+(5,10) is a pair of zero morphisms on D4 ®g, Xs5. Thus,
Hi(—=B —ea; X3) 2 N'(Oa ® O4). In the spectral sequence (1) there are hence
four nonzero terms in the E5Y-picture: Ho(—3 —ea; X2), and H;(—0 —ea; X3) for
0 < i < 2. The sequence converges to M = MY = D(H(0)". Since there are only
two nonzero columns in (1), the spectral sequence collapses on the Ej3’*-page and
there is a “long” exact sequence

0 —>H2(—ﬂ—€A;X3) —>H0(—6—EA;X2) — M —>H1(—6—€A;X3) — 0.

The display shows that M — O 4 ® 04 — 0 is exact and hence Homp , (M, O4)
is at least a two-dimensional vector space. However, by Proposition 3.4.11 in [§],
04 contains at most one polynomial solution to any H4(8'). This contradiction
shows that M is not a GKZ-system proper. (]

Remark 4.7. Let A be a 2 x n matrix of rank two with ZA = Z2. If NA is not
Cohen—Macaulay, then X, 1 = Ext?z;l(S 4, Ra) is a finite-dimensional nonzero
vector space. The exceptional set of A is the finite set tdeg(X,—1) — €4, see [1].
The module X,,_9 = EXt%;Q(S A, R4) is Cohen—Macaulay, so has no higher Euler—
Koszul homology.

For each such exceptional § the duality spectral sequence has the form as in the
proposition. Namely, there are two nonzero columns, the (n—2)-nd and the (n—1)-
st. The (n—1)-st contains three modules, 04, 0%, O4, and the (n—2)-nd contains
one module. The spectral sequence gives an epimorphism from D(H(8)) onto
0?%. In particular, A-exceptional degrees give duals that are not A-hypergeometric
systems.

It would be interesting to know what can be rescued if A is not normal but
Cohen—Macaulay. However, no matter how bad A is, generic parameters satisfy
Takayama’s conjecture:

Theorem 4.8. For all A € Z4™ there is a Zariski open set U C C? of parameters
such that D(HA(B)) is a proper GKZ-system for all 8 € U.

Proof. We note that Ha(8) = Ho(8; S4) is for generic 3 isomorphic to Ho(3;S4)
since S’A/SA is an Ra-module of dimension at most d — 1. Since SA is a Cohen—
Macaulay S4-module, the dual of Hy(S; 5',4) equals Ho(—f — e4, Ext%;d(S'A, Rj))
up to a coordinate transformation.

Let A D A be a matrix composed of columns that generate the saturation of
the semigroup NA: NA = R>0ANZA. Let R; O Ra be the polynomial ring
C[d;] surjecting onto Sa = S;. Then Ext;é;d(S'A,RA)) and Ext’}z;d(gA,RA) are
isomorphic as R4-modules. To see this, note first that the restriction from R ;-
modules to R4-modules preserves the degree. Then local duality over R4 shows
that Ext%_Ad(SA,RA)* = H{,ﬂA(S’A) over Rs. Here (—)* denotes the vector space
dual on the graded pieces, followed by the shift by e 4. Since the radical of m 4S54
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is my, HL (Sa) = ng (Sa) as graded Rs-modules. By local duality over Ry,
H{flg (S4) is isomorphic to (Extfé;d(S'A, RA)) shifted by e4 — e 4. Thus,
EXtTé;d(S’A, RA) = EXt%}d(gA, RA)(EA — EA).

SoD(Ha(B)) = Ho(—B—¢4, Extg;d(SA, R ;)) for generic 3 where Extg;d(SA, Rj)
is viewed as an RA—modulp. ~
Since A is normal, Ext?z;d(S 4, R ;) agrees up to shift with the interior ideal N ;

of S4. Now N 1, shifted appropriately, injects into S4 with a cokernel of dimension
at most d — 1. Hence for generic 8, D(Ha(8)) = Ha(—8 — v;S4)) for suitable
7. =

Based on our results and computer experiments we close with

Conjecture 4.9. The set of parameters § for which the dual of H4(8) is no
classical GKZ-system is the A-exceptional arrangement £4 = U?;()l adeg(H: (S4)).
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