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Zieta functions

V' = variety over F,, N,,(V) = cardinality of

27,1) =exp (3 N ) € Q)

m=1
Theorem 1 (Dwork, Grothendieck). Z(V,t) is a

rational function:

11;(1 — ait)
A Ty

, oy, B; algebraic integers

i. e, Npp(V) =2, 87" = > o
Theorem 2 (Deligne).

|, |6;] € {¢"? | k=0,1,...,2dim V}

One also has ||, = |B;]¢ = 1 for all primes £ # p.
What can one say about ||, and |G,],?




p-Adic estimates

gt) =1+ art+ast’ + - + ant" =
(1= aqt) - (1 — aut) € Qylt]

How are the sets {ord, a;}} ; and {ord, a;}?_,
related? The Newton polygon of g(t) is the convex
hull of the set

(2, 0rdp a;) o U (0, +00) .

Theorem 3. Let {\;}7_; be the slopes of the
nonvertical sides of the Newton polygon of g(t)

and let m; be the length of the projection on the
z-axis of the side of slope A;. Then exactly m; of
the a; have p-ordinal equal to ;.

Note: When working over F,, replace ord, with
ord, (ord, ¢ =1).







Smooth complete intersections

V C P™ smooth complete intersection defined by
fl — xfr :Oa fz e]Fq[an"')xn]
homogeneous of degree d;. Then

P(t)(wl)n—r—l
(1—=8t)(1—gqt)...(1 —qnTt)’

Z(V,t) =

— Hz(l — a,t) a polynomial (|| = q(”—?")/Z
Vi by Deligne)
Question: What is the Newton polygon of P(t)?




B. Mazur’s Theorem

Let X C IP¢ be a smooth complete intersection of
multidegree (ds,...,d,). Then

Hpr(X,C) = € H*(X).
j+h=i

h; := dim¢ H??~"77(X) (depends only on the

prim

multidegree) The Hodge polygon is the Newton

polygon of [T727 (1 — ¢7t)".

Theorem 4 (Dwork, Ann. 1964, Mazur, Ann.
1973). The Newton polygon of P(t) lies on or
above the Hodge polygon.

Ogus and Berthelot (1978) generalized this to
arbitrary smooth proper varieties.

[lusie (1990) proved that this lower bound is
attained for generic smooth complete

intersections.




What is an exponential sum?

Data:

e ', = the field with g = p® elements,
P prime

e U:F, — Q(¢)~, an additive character
(V@)= ™", ceF,)

e |V = algebraic variety over I,
e f = regular function on V

Associated exponential sum

S1=5WV,f,U) = (f(z)) € Q(¢)




Associated L-function:

S = Z W o Trp,mr,(f(z)) € Q((p)

CL’EV(]qu>

LV wi0) = exp (3 8a" ) € Q]

Theorem 5 (Dwork, Grothendieck). L(t) is a

rational function:

| . Hz<1 - ait)
MO =108

o, B algebraic integers,

i e, Sm=),B"—> ;o
Theorem 6 (Deligne).

o], 1851 € {¢** | k=0,1,...,2dim V}

One also has |a;|¢ = |8;]¢ = 1 for all primes £ # p.
What can one say about |a;|, and |G;],7




Katz’s Theorem

V' C P™ smooth projective variety

F = fo/(f{* - f2) rational function on P", i. e.,
fi homogeneous polynomials with

deg fo = >;_; a; deg f;. Assume:

(1) For every nonempty I C {1,...,7}

(a) VN (e 1fi = 0}) is smooth of codim. |I|

(b) V. {fo =0} N (N;e;1fi = 0}) is smooth of
codimension |I| 4 1

(2) (az,p) =1fori=1,...,r.

Let U:V-“{fl"'fr‘—:()}.

Theorem 7 (Astérisque, no. 79, chap. 5).

(D™ s 4 polynomial of degree

L(U, F, ¥;t)
Ix(U — {fo =0})| and all its reciprocal roots o

satisfy |o| = ¢(dimV)/2,




p-Adic estimates

Question: Find a lower bound for the Newton
polygon of L(U, I, V; DT

For V=P" fi=x0,...,fr=2r—1 (r<n+1),
the answer has been worked out by
Adolphson-Sperber (Annals, 1989)

For n =1, V = P!, the answer has been worked
out by Hui June Zhu (IMRN, 2004).




The new result

V=" F=fo/(fi-f;). For IC{1,...,r},
X = smooth complete intersection in P¢ of
multidegree (deg f;)icr

Y7 := smooth complete intersection in P¢ of
multidegree (deg f;):cr U (deg fo)

hs(X7) := dimg H;;?I;!II-S(XI)

he(Y7) := dime HE™ 17175y

prim

Qr(t) == (1+t+- + )y Y g ()t
Rr(t) := (t+12 + -+ Yy SO =y (v )es

S

>, Q)+ > Ri()

0AIC{1,...,r} 0AIC{1,...,r}
Write P(t) = > . _ hst®.
Theorem 8 (A.-Sperber). The Newton polygon
of L(U, F, ¥: t)=V""" lies on or above the Newton
polygon of [Ti_y(1 — g°t)"=
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Proof: Dwork theory gives a finite-dimensional
p-adic Banach space W and an endomorphism o
such that

L(U, F,¥; ) D" = det(I — at | W).

We estimate p-adically the entries in the matrix
representing « relative to a basis of W and use
the above formula to get a lower bound for the
Newton polygon of L(£)"D""". We then use
formulas for Hodge numbers of complete
intersections to identify our lower bound with the
one stated in the theorem.

Problems: 1. Extend the result to the case of
arbitrary aq,..., Q.

2. Find an intrinsic explanation for the
appearance of Hodge numbers in the answer.
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Example

V =P F = fo/f1, where fy = 0 and f; = 0 are
smooth cubic curves in P? intersecting
transversally. I = {1}:

Qr(t) = (1+t)(1+1t) =142+t

R(t) = (t)(8) = 8t
P(t) =1+ 10t + t*,
Newton polygon of L(t)~! is above Newton
polygon of (1 —t)(1 — qt)1°(1 — ¢*t).
Analogue in characteristic 07

Consider the de Rham-type complex

(Q&/C,d%— dFA). Then Hi(ﬂgj/(c) =0 fori#mn
and dimH“(ﬂ{]/C) = |x(U — {fo = 0})|. Does
there exist a filtration F'® on €17, Ic such that for

s=0,...,m

dimg F*/F*TH(H™(Q)¢)) = hs?
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