Solution to the final review problems
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2. The circle can ba parametrized as: x = cost, y =sint, 0 <t < 27. Hence
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Direct calculation also implies
curl(G) = 0.
7. For the first vector field F', we have

curl(F) = ((=sinz)y — (zcos(zy))., (ycos(zy))z + (sinz)z, (xcos(zy))z — (ycos(zy))y)
= (0,0, (cos(zy) — zysin(zy)) — (cos(zy) — zysin(zy))) = 0.

Hence it is conservative. To find f such that F' = V f, we need to solve

fz =ycos(zy), fy =wxcos(xy), f. = —sinz.
Hence
f(z,y,2) = cosz + g(z,y),

and
gz = ycos(xy), gy = xcos(xy).
Solving g we have
g9(z,y) = sin(zy) + c.
Putting all together implies f(x,y, z) = sin(xy) + cosz + c.

For the second vector field F', we have

curl(F) = ((1)y — (2 +292)z, (229): — ()e, (27 + 292)2 — (229),)
(2y — 2y,0 — 0,2x — 2z)) = 0.

Hence it is also conservative. To find f such that F' = V f, we need to solve

fo =2y, fy=2"+2yz, f.=9y>



hence
flz,y,2) = 2%y + g(y, 2)

where ¢ satisfies

2

gy +x = 22 + 2y2,

so that g, = 2yz and hence g(y, 2) = y?z + h(z) and f(z,y,2) = 2%y + y*2z + h(2).
Note that
f=y? + 1 (2) =y

Hence h(z) = c. Putting together we obtain

flz,y,2) =2’y +y*z +c
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9. First we need to calculate the area element in the parametric form: G(u,v) = (u?, uv, %U>

Gy = (2u,v,0), G, = (0,u,v),
and

n(u,v) = Gy x Gy = (v?, —2uv, 2u?).
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10. First we calculate the normal vector in the graphic form: z(z,y) = 4 — 22 — 32,

l’l(l”y) = <_ZCE5 —Zy, 1> = <2[E, Zya 1>

Hence
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11. First we want to find the equation of the surface (plane) P that passes through (1,0, 0), (0, 1,0),
and (0,0, 1). It turns out that the equation is:

P:z2z=1-z—9y, 0<z2,y, z+y < 1.
Hence the normal vector pointed upward is
n=(1,1,1).

Before applying Stokes’ theorem, we need to compute the curl of F":

curl(F) = <FZ2 — Fg’, Fj;’ — le, Fy1 — Fg?)
= ((y+2D):— (242, (2 + 2% — (@ +17):, (@+y2)y — (y+27)a)
= (2z,2z,2y)

By Stokes’ theorem we have
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12. By Stokes’ theorem, we have
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where C = {(x,y, 2): 22+ P =9, 2z = O} is the unit circle in the z-plane that is oriented
counterclockwise.
Recall that
F(z,y,0) = (2ycos0,e”sin 0, ze¥) = (2y, 0, ze?),

and

ds = (dz,dy,0).



Hence
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This implies

Parametrize C' by

Thus

curl(F) = —18m.



