Solutions to Review Problems for Midterm IT (MA 266, Fall 2016)
The second midterm exam will be taken place at
8:00-9:00 pm, Wednesday, November 9, 2016
Sections to be covered

The sections to be covered in this example contain
1. Chapter 3.3: Complex roots
2. Chapter 3.4: Repeated real roots
3. Chapter 3.5: Method of undetermined coefficients
4. Chapter 3.6: Variation of parameters
5. Chapter 3.7: Mechanical vibrations
6. Chapter 3.8: Forced vibrations

7. Chapter 4.1-Chapter 4.3: Higher order constant coefficient ODEs (Methods of characteristics

and undetermined coefficients)
8. Chapter 6.1: Laplace transform

9. Chapter 6.2: Initial value problem by Laplace transform



Some Review Problems

1. Solve the initial value problem
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Y +2y +2y=0, y(-) =2, (
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: The char. eqn. 72 + 2r 4+ 2 = 0 has two complex roots 7 = —1 £ 4. Hence the general
solution is

y(t) = e (c1 cost + cosint).
Direct calculation implies
Y (t) = e [(ca — ¢1) cost — (c1 + o) sint].

The initial condition gives
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T (e ) =2; e [(c2—c1) — (1 + c2)] = —2.

Hence ¢; = o = /27, and y(t) = v/2eT *(cost + sint). O
2. Consider the initial value problem

y" + 2ay + (a® + 1)y =0, y(0) = 1, ¥/(0) = 0.

(a) Find the solution y(t) of this problem, and
(b) for a =1 find the smallest T such that |y(¢)| < 0.1 for ¢t > T.
: The char. eqn. r? + 2ar + (a® + 1) = 0 has two complex roots 7 = —a £ i. A general

solution is given by
y(t) = e %(cy cost + cosint).

So that
Y (t) = e ™[(—acy + c2) cost — (acy — c1) sint].

The initial condition gives

cp=1,—ac; +c3 = 0.

Thus ¢; = 1, ¢ = a, and y(t) = e~ (cost + asint).
If a = 1, then y(t) = e "V2cos(t — T). |y(t)| < 0.1 if e7"v/2 < 0.1. Hence T = In(10v/2). O

3. Solve the initial value problem
99" + 6y’ + 82y =0, y(0) = —1, 3/(0) = 2.
: The char. eqn. 972 4 67 + 82 = 0 has two roots r = %ﬂ. Hence
y(t) = e t/3(c1 cos 3t + o sin 3t).
Applying the initial condition, we obtain ¢; = —1, 2 = 5/9 so that

y(t) = e /3(— cos 3t + 5/9sin 3t).



4. Consider the initial value problem
9y" + 12y +4y = 0, y(0) = a, ¥'(0) = —1.

(a) Solve the initial value problem, and

(b) find the critical value of a that separates solutions that become negative from those that are
always positive.

: The char. eqn. 972 + 12r 4+ 4 = 0 has two equal roots r = —2/3 so that

y(t) = (1 + Cgt)e_z/St.

The initial condition implies

c1 = a, 02:§a—1.

Hence y(t) = [(a+ (3a — 1)tle=2/3t. The critical value of a = 3/2. O

5. Use the variation of parameters to find the second solution of
(x—1)y" -2y +y=0, z>1; yi1(z) = €.
Set yo(x) = u(z)e® so that
vh(z) = (W +u)e®, v (x) = (v’ + 2u' + u)e”.
Plugging them into the equation gives

(x — Du" + (z — 2)u’ = 0.

Hence u/(z) = (x — 1)e™* and u(x) = —ze*. Hence y(z) = —x. O

6. Solve the initial value problem by the method of undetermined coefficients
Y + 2y + 5y =4e tcos2t, y(0) =1, 3/(0) =0.
The homogeneous equation has general solutions given by
ye(t) = e7(cq cos 2t + coin 2t).
Try the particular solution as
yp(t) = te "(Acos2t + Bsin2t).

Plugging it into the equation, we obtain: A =0 and B = 1. Thus general solution of the inhomo-
geneous equation is:
y(t) = e *leg cos 2t + (co + t) sin 2t].

Now applying the initial condition, we have ¢; = 1 and co = 1/2. Thus

y(t) = e tcos 2t + (1/2 + t) sin 2t].



7. Find the correct form of a particular solution of
Y’ + 4y = t*sin 2t + (6t 4 7) cos 2t.
The homogeneous equation has general solutions given by
Ye(t) = ¢1 cos 2t + co sin 2¢.
The correct form of a particular solution is given by

yp(t) = (At® 4+ Bt* + Ct) cos 2t + (Dt® + Et* + Ft) sin 2t.

O
8. Use the variation of parameters to find the general solution of
2.1 / _ .2 . _ .2 _ .2
%y’ = 3zy +4y =2x“Ilnz, x> 0; y1(z) =27, yo(x) =z Inx.
Yp(r) = uy (x)2? + uz(x)2? Inx, where
2u) + 2? Inauh = 0; 2zu) + 2(1 + 2Inz)uhy = Inz.
Hence (In 2)?
Inx Inx
r_ 2t
Uy = T y Ug T
Thus 5 )
Inz Inz
o e e
L 9 3
(x) = ga(ina)’
O

9. A spring is stretched 10 cm by a force of 3 N. A mass of 2kg is hung from the spring and is also
attached to a viscous damper that exerts a force of 3 N when the velocity of the mass is bm/s. If
the mass is pulled down 5cm below its equilibrium position and given an initial downward velocity

of 10cm/s, determine its position u at any time t.

m = 2kg, v = 3/5N.s/m = 3/49 kg.s/m, and k = 3N/0.1m = 30/9.8 kg. The equation

1S:

2u” +3/49u’ 4 30/9.8u = 0;
along with the initial condition:
u(0) = 0.02m; «'(0) = 0.1m/s.

The rest is left over for you guys to check. O

10. Find the general solutions of



y@ — 5y 44y =0.
The first equation has general solution by

y(t) =ez'(cr COS(\ft) +c sin(?t)) + e_gt(c;g cos(?t) + oy sin(\ft)).

The second equation has

y(t) = cret + coe™t + cze?t + cpe .

11. Find the general solution of
y@® 46y + 179" + 22y + 14y = 0.
The char. eqn. is
rt +6r® +17r% 4 22r + 14 = 0.
This equation can be factored as
(2 +2r +2)(r2 +4r +7) =0,

which has roots

ro=—1+i, r3=—2++3i,

so that the general solution is given by

ye(t) = cre ' cost 4 coe sint + cse™ 2t cos(\/gt) + cqe” 2 sin(\/gt).

12. Solve the initial value problem of

1 3
y/// - 3@/” + 22// . et’ y(O) =1, y/(O) = _Z’ y”(()) _ _5.

The general solution to the homogeneous equation is:
ye(t) = c1 + cae’ + c3e’t.
A particular solution to the inhomogeneous equation is given by
yp(t) = At? + Bt + Cte'.
Plugging it into the equation, we can solve
A=1/4, B=3/4, C = —1.
Hence a general solution is given by

y(t) = c1 + coel + 03€2t + (1/4752 + 3/4t) — tet.



Calculating
Y = coel + 2cze® 4 (1/2t +3/4) — (1 +t)e;

Y = coel +4dcze® +1/2 — (24 t)el.
Applying the initial condition, we get
c1+e2+ez=1,

co+2c3=0
co 4 4c3 = 0.

Hence ¢; = 1, ¢ = ¢3 = 0. The unique solution is then given by

y(t) =14 3/4t 4+ 1/4t> — te'.

13. Find a suitable form of particular solution of
yW 429" 4 2y" = 3e! + 2te™t + e tsint.

The general solution of the homogeneous equation is:

ye(t) = c1 + cot + c3e P cost + cqe ' sint.
Hence the correct form for a particular solution is given by
yp(t) = Ae' + (Bt + C)e ™" +te " (D cost + Esint).

14. Use the definition to find the Laplace transform of the following functions:
(a) f(t) =t t>0.
(b)
t, 0<t<l1
ft) =

1, 1<t<+.

(1)

L) (s) = /000 e 2 dt = /000 t2d(est/—s)
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15. Use Laplace transform to solve the initial value problem:
Y +wy = cos2t, w? #4, y(0) =1, y'(0) =0.

Solution: We have

2 2 s
Y(s) = = 4.
(s* +w?)Y (s) s2+4+$
Hence
Y (s) s n s 1 [ S s |+ s
s) = = — .
(s2+4)(s2+w?)  s24+w? w?—-4's2+4 24w 24+ w?
Hence
y(t) = m(cos 2t — coswt) + coswt.
YO =4y 6y 4y 1y =05 y(0) =0, ¢/(0) = 1, y"(0) =0, ¥ (0) = 1.
Solution:
Y — 52 =1 —4(s3Y — 8) +6(s*Y — 1) —4sY +Y = 0.
Hence
2 4s+7 2 —4s+7 1 1 4
Y(5) = ot _ AT 9 + .
st — 483 + 652 —4s+1 (s —1)% (s —1)2 (s—1)3  (s—1)*
Hence

2
y(t) = e't — e't? + 433! = 't — e't? + gettg.



