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Abstract

In dimension three, we establish the existence of weak solutions {u, H, E'} to
the Landau-Lifshitz equation (1.1) coupled with the time-dependent Maxwell
equation (1.2)-(1.3) such that w is Holder continuous away from a closed set
33, which has locally finite 3-dimensional parabolic Hausdorff measure. For two
reduced Maxwell equations (1.17) and (1.18), Holder continuity of Vu away
from ¥ is also established.

1 Introduction

For a bounded, smooth domain Q C R®, we consider the Landau-Lifshitz-Maxwell
equation:

21; = fiux (Au+H)—faux (ux (Au+H)) in QxRy, (1.1)
VxH = eoieroE in R® x Ry, (1.2)
VxE = —;(H+ﬁu) in R x R, (1.3)

where u : Q xR, — S? is the magnetization field, H : R® xR, — R3 is the magnetic
field, E : R? x Ry — R? is the electric field, H® = AZ + H is the effective magnetic
field, and (1 is the gynomagnetisic coefficients and G5 > 0 is the Gilbert damping
coeflicient and ¢y > 0 and o > 0 is the conductivity constant and 3 is the magnetic
permeability of free space, and @ is an extension of u such that @ = 0 outside §2.
The system (1.1)-(1.3) was originally proposed by Landau and Lifshitz [23] in 1935
to model the dynamics of magnetization, magnetic field, electric field for the ferro-
magnetic materials.
The coupled Maxwell equation (1.2) and (1.3) can be written as
0B

D
EZ_VXE and %+0E:VxHinR3xR+, (1.4)
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where D and B are the electric and magnetic displacements given by
D=eFE, B=H+pu inR®xR,. (1.5)

Note that when H = E = 0 and § = 0, the system (1.1)-(1.3) reduces to the
Landau-Lifshitz-Gilbert equation for Z : Q x R, — S2:

%f =01 Z X NZ — 2Z X (Z x NZ) (1.6)
It is well-known that the equation (1.6) is the hybrid between the Schérdinger flow
into S? (i.e., %7; = ux Au for 32 = 0) and the heat flow of harmonic map into S? (i.e.,
% = Au+ |Vu|?u for 3; = 0). There have been many works on both the existence
and regularity of weak solutions to equation (1.6) in recent years. Zhou-Guo [30]
proved the existence of global weak solutions of (1.6) under suitable initial-boundary
conditions. The unique smooth solution of (1.6) in dimension one was established
by Zhou-Guo-Tan [31]. F. Alouges and A. Soyeur [1] proved that if 0 < [, and
the initial data ug : R® — S? with Vug € L?(R?), then there exists a global weak
solution of (1.6) in R3. Moreover, if ug € H'(Q) and B2 > 0, then the Neumann
boundary value problem of (1.6) in a bounded domain  C R? may admit infinitely
many weak solutions. For regularity of weak solutions to the equation (1.6), Guo-
Hong [18] established the existence of a global, weak solution with finitely many
singular points in dimension two, and Chen-Ding-Guo [4] proved the uniqueness
of weak solutions whose energies are non-increasing in time at dimension two. In
dimension three, Melcher [26] proved the existence of global weak solutions to the
equation (1.6) for = R? which are smooth away from a closed set of locally
finite 3-dimensional parabolic Hausdorff measure. Later, Wang [29] established the
existence of partially smooth weak solutions to the equation (1.6) in any bounded
domain 2 of dimensions < 4. It is unknown whether the results by [26] and [29]
can be extended to dimensions at least 5. It is also an interesting question to study
regularity of suitable weak solutions to (1.6). Moser [27] proved, in dimensions
n < 4, a partial regularity theorem of weak solutions of the equation (1.6) that are
stationary, a notion analogous to that of heat flow of harmonic maps introduced by
[14], [6], and [8] (see also some related works by Liu [25]). More recently, Ding-Wang
[12] proved that the short time, smooth solution to the equation (1.6) may develop
finite time singularity in dimensions 3 and 4 for suitable initial-boundary data.

Motivated by these studies on the equation (1.6), we are interested in the Landau-
Lifshitz system coupled with time-dependent Maxwell equations (1.1)-(1.3).

There were some previous works on the system (1.1)-(1.3). Guo-Su [20] used the
Galerkin’s method to establish the existence of global, weak solutions with periodic
initial conditions in dimension three. Carbou-Fabrie [3] used the Ginzburg-Landau
approximation scheme to show the existence of global, weak solutions to the system
(1.1)-(1.3) under the Neumann boundary condition in dimension three, and studied
the long time behavior of the weak solution by the method of time average. See also
Joly-Komech-Vacus [22] and Ding-Guo-Lin-Zeng [11] for related results.

The regularity issue of the system (1.1)-(1.3) is a challenging problem. There
are very few results in the literature. Ding-Guo [9] proved a partial regularity



theorem for stationary solutions to the Landau-Lifshitz equation (1.1) coupled with
the quasi-stationary Maxwell equation:

div(H + fa) =0 and V x H =0 in D'(R3). (1.7)

By modifying the techniques by [29], Ding-Guo [10] proved the existence of partially
smooth weak solutions to (1.1) and (1.7) in dimension three.

We remark that there is an essential difference between (1.7) and (1.2)-(1.3):
(1.7) is elliptic and H € Ny>1 LP(R3,R3); while (1.2)-(1.3) is a hyperbolic system
and the regularity for H(-,t) and E(-,t) are no better than that of H(-,0) and
E(-,0). The hyperbolicity of (1.2) and (1.3) imposes serious difficulties to study the
regularity of (1.1).

In this paper, we attempt to establish the existence of partially regular, weak
solutions of the Landau-Lifshitz-Maxwell system (1.1)-(1.3) with respect to the fol-
lowing initial-boundary conditions:

gz = 0 on Q xRy, (1.8)
u(z,0) = wg(x) in Q, (1.9)
H(z,0) = Hp(z)in R, (1.10)
E(x,0) = Fp(z)in R3. (1.11)
We assume throughout the paper
lup| =1 a.e. in Q, Hy € L*(R? R3), Ey € L*(R?,R?). (1.12)

For the convenience, we study an equivalent form of the Landau-Lifshitz-Maxwell
equation (1.1) (see [18, 19]):
ou

a1%: + agu X i (Au—!— |Vu|2u) + (H— (H,u)u) inQxRy. (1.13)

where a1 and a € R is a suitable normalization of B2 and (31 respectively such that
O0<op <1, al+a2=1.

Now we recall the definition of weak solutions to (1.13), (1.2) and (1.3) along
with the initial-boundary conditions (1.8)-(1.11).

Definition 1.1 {u, H, E'} is a weak solution of (1.13), (1.2), (1.3), and (1.8)-(1.11),
if

(1) u € Li’gc (R+,H1(Q,.SQ)) , Ju € Lfoc (Q x RJ’_') ,H and E €Ly (Ry, LA(R?)) .
(ii) w satisfies the equation (1.13) in the distribution sense, i.e., for any ® € C*°(§ x

R, R3) with ®(-,0) = &(-, +00) = 0,

/ (alau—{—oqux 8u> P = / (—Vu-V<I>+]Vu|2u-<I>)
QxR ot ot QxR

+/QXR+ (H — (H,u)u) - @, (1.14)



and u(-,0) = ug in the sense of trace.
(iii) For any ® € C*°(R3 x R4, R3) with ®(-, +00) =0,

®
—/ <€0E'8+H'VX(I)>+O'/ E-®=¢ | Ep(z) P(z,0). (1.15)
R3xR4 ot R3xR R3

(iv) For any ® € C*°(R3 x R, R3) with ®(-, +00) = 0,

00
_/Rsx&(HJrﬁu)'8t+/RaX[R+E'VXq)
:ﬁ/QuO(x)'(I)(x,O)—{—/RS Ho(z) - (x,0). (1.16)

To state our results, we also need some notations. For zy = (z¢,%) € R3 x R
and r > 0, denote

B, (x¢) = {x eR3: |z — x| < 7"0} , and P,(z9) = Byr(z0) x (to — 2, tg).

For any subset D C R?, the three dimensional parabolic Hausdorff measure, P3(D),
is defined by

oo
3 _1 ; 3. 00 . X
P°(D) —161%1 (mf{;ri D CUZ P (2i), 0<1; < 5})

We say a subset D C R?* has locally finite 3-dimensional parabolic Hausdorff mea-
sure, if

P3 (DN Pr(0)) < 400, VR > 0.

Our first theorem is

Theorem 1.2 For any ug € H'(,58%), Hy € L*(R3R?) and Ey € L?(R3 R3),
there exists a global weak solution {u, H, E} to the Landau-Lifshitz-Mazwell system
(1.13), (1.2) and (1.3) under the initial-boundary conditions (1.8)-(1.11) such that
there exists a closed subset ¥ C Q x Ry, which has locally finite 3-dimensional
parabolic Hausdorff measure, so that u € C%(Q xR\ %, 8?).

To study the higher order regularity of weak solutions to (1.13) and (1.2)-(1.3),
obtained by theorem 1.2, we restrict to the two special cases:
(i) The constant g = 0 in (1.2), and (1.2) and (1.3) become

VXx(VxH)= —agt(H—i—ﬁu) in R3. (1.17)

(ii) The constant =0 in (1.3), and (1.2) and (1.3) become

OFE 0H . 4
VXH—EOE—&—UE, VXE__E in R”. (1.18)

Our second theorem is



Theorem 1.3 For any ug € H (2, 5?) and Hy € H'(R3,R3) satisfying V - (Hg +
Bug) = 0 in D'(R3), there exists a weak solution {u, H} of the Landau-Lifshitz
system (1.13) coupled with (1.17) under the initial-boundary condition (1.8), (1.9)
and (1.10) such that H € NrsoH'(R? x [0, T],R3) and there exists a closed subset
> C Q xRy, which has locally finite 3-dimensional parabolic Hausdorff measure, so
that Vu € C*(Q x Ry \ ) for some 0 < o < 1, and V?u, 2 € L§ (2 x R, \ ¥).

) ot loc
Our third theorem is

Theorem 1.4 For any ug € H'(Q,S?), and Hy, Ey € H'(R3 R?) satisfying V -
Hy =V - Ey =0 in D'(R?), there exists a weak solution {u, H, E} of the Landau-
Lifshitz system (1.13) coupled with (1.18) under the initial-boundary condition (1.8),
(1.9), (1.10) and (1.11) such that %—i],%—? € L%C(R+,L2(R3))7 and there exists a
closed subset X2 C Q x R, which has locally finite 3-dimensional parabolic Hausdorff
measure, so that Vu € C*(Q x Ry \ ¥) for some 0 < o < 1, and V?u, 2 ¢

» ot
LY (xR \ D).

The ideas to approach these theorems are based on analysis of the Ginzburg-
Landau approximate equation: for € > 0,

€ €
ala—i + agu‘ X 8(;; = Auf + 6%(1 — JufP)u +uf x (HS x u€) in Q x Ry. (1.19)
We would like to remark that by adopting our argument in this paper, similar
to [12], it is not hard to see that the corresponding partial regularity property at
the boundary also holds for the weak solution obtained in theorems 1.2, 1.3, and
1.4. For example, theorem 1.2 can be extended so that there exists a closed subset
5y C 09, with P3(51) < +oo, such that u € C2(Q\ (SUY,), 52).

The paper is written as follows. In §2, we establish a uniform energy estimate of
the equation (1.19). In §3, we sketch the time slice monotonicity. In §4 we establish
a lower bound estimate of solutions to (1.19). In §5, we obtain the decay estimate
of solutions to (1.19) under the smallness condition and prove theorem 1.2. In §6,
we establish a partial C%-regularity of Vu and prove both theorem 1.3 and 1.4.

2 Energy estimate of the equation (1.19)

In this section, we sketch the existence of global weak solutions to (1.19) (1.2), (1.3),
associated with (1.8)-(1.11) by Galerkin’s method and their corresponding energy
estimates. Here we modify the argument by Carbou-Fabrie [3] to handle the equation
(1.19). We would like to point out the difference between (1.19) and the approximate
equation employed by Carbou-Fabrie [3]: we approximate the term H — (H,u)u in
(1.13) by u® x (H® x uf) in (1.19), while Carbou-Fabrie [3] approximated the term
H — (H,u)u in (1.13) by H¢. An advantage of our approximation is that we have
the upper bound |u€| < 1, which plays a crucial role to establish apriori continuity
estimates of u® and hence the existence of partially smooth solutions; while the
one by [3] yields an optimal energy inequality (cf. [3] page 387, (2.12)), which is
important in their study of long time behaviors by the method of time average.
We begin with a general L>°-estimate of weak solutions u* to (1.19).



Lemma 2.1 For ¢ > 0, assume ug € H'(Q,5%), Hy € L*(R3R3) and Ey €
L3(R3,R3). Let {u, H¢, E€} be any weak solution of (1.19), (1.2)-(1.3), and (1.8)-
(1.11). Then |uf|(x,t) <1 for any (x,t) € Q x R;..

Proof. Multiplying (1.19) by u€ and using the fact that u® - u¢ x % 0 and
u€ - uf X (H¢ x uf) =0, we have

(a9 = 8) (WP -1 = =2 (IVaP+ S0P - D). (2)

hence P

(alat — A> (|U€|2 — 1)+ <0 in Q x R+,
where (|u]? — 1) . is the positive part of (Ju¢|?> — 1). The conclusion now follows
from the weak maximum principle of the heat equation (cf. Liberman [24]). O

Now we sketch the existence of weak solutions to (1.19) that enjoy energy esti-
mates by Galerkin’s method. To do it, we first recall some notations (see [3] page
388-395). Let {¢r}, C H?() be eigenfunctions of A, with zero Neumann bound-
ary condition, that form an orthonormal basis in L?(Q2) and an orthogonal basis in
H(Q) and H?(Q). For 1 < N < 400, set Viy = span {¢1,--- ,¢n}. Define

H = {y € I*(R%R?), V x ¢ € L*(R* R%)}.

curl (R

Let {41}, be an orthogonal basis of Hy,(R?) that is orthonormal in L*(R?) and
Wy = span {¢1,- -+ ,%¥n}. Denote by Iy, : L?(Q) — Vi, and Iy, : L?(Q) — Wy
the orthogonal projections. Define the retraction map II : R? — By by letting

(p) = p if|p| <1
Py Ip| > 1.
Ip|

Now we define (uN,HN,EN) eV x Wy x Wy by

=2

N
un(@,t) =Y ve(t)r(x), Hy(,t) th Jor(x), En(z,t) =Y ex(t)y(@),
k=1

which solves

) P |
/(m“N+a2uNx“N> P = /[ Vuy - VO + — (1= [un*uy - 0] (2.3)
Q Q

+ H(uN) X (HN X H(UN)) - P, VO € Vy

Q
/ (eanN +aEN> U = [ Hy-(VxU), VU e Wy (2.4)
RB at R3
/ 9 (Hy + pum)-v = —/ En - (V x 0), YU € Wy, (2.5)
r3 Ot R3



under the initial condition:

un|,_o = My (w0), Hn|,_y = Twy(Ho), En|,_o = Twy (Eo)- (2.6)

Throughout this section, we will use the following fact:

fim [ e (un(0)) :/ L g2 (2.7)
N—co Jo Q 2

Note that (2.3)-(2.6) reduces to a system of first order ODEs for (v, hy, €x)g-

Moreover, since P(uy)(v) = av + aguy x v : R3 — R? is one to one, we can

solve (2.3) for the derivative in time. Hence it is well known that there exists a

local solution (uy,Hy,En) of (2.3)-(2.6). The following uniform estimate shows

that (uyn, Hy, En) is also global in time and converges to a global weak solution of

(1.19), (1.2)-(1.3).

Lemma 2.2 For ¢ > 0, assume ug € H'(Q,5%) and Hy € L*(R3 R3) and Ey €
L*(R3,R3). Then there exists a global weak solution {u¢, H¢, E¢} to (1.19), (1.2)-
(1.3), with (1.8)-(1.11), such that for any 0 < T < +oo, it holds

T 5 T ous 2
a/ / | E<| +a1/ /“ + &(T) < efT&, (2.8)
o Jrs o Jal Ot

et = [ ewon+ [ (FiEor+ o). (2.9

where

edu(0) = (GIVu P + 30~ @R )

C =C(B,a1) > 0 depends only on B and oy, and

Eo=| =|V —|E —|H .
o= [ 51vul+ [ (Gl + 5l

Proof. We first establish the estimate (2.8) for Galerkin’s approximate solutions
{un,Hn, En}. Then we employ this estimate to extract a subsequence that con-
verges to a global weak solution (u¢, H¢, E€) to (1.19), (1.2), and (1.3).

Testing (2.3) with ® = 8“1\’ and integrating over €) gives

8UN d 8uN
/Q ] — |2 dt/Qee(uN) = /H(uN) (HNXH(UN))'W

P
/IHNH uN, (2.10)

where we use the fact that |[II(uy)| <1 and |H(uy) X (Hy x (un))| < |[Hp|.
Testing (2.4) with ¥ = Ey and integrating over R? gives

IN

d
VXHN~EN:/ 6O‘E'N|2—i-/ O”ENIQ. (211)
R3 dt R3 2 R3



Testing (2.5) with ¥ = Hy and integrating over R? gives

d 0
_ VXEN-HN:/ |HN|2—|—5/HN UN' (212)
R3 dt

Adding together (2.11) and (2.12), and using the identity

/B(VXHN-EN—VXEN'HN)_O,
R

d €0 2 1 2 / 2
—|FE —|H E
dt/Rg<2| NP+ SN o [ |

we obtain

—5/HN Oun

8 / |HN|18”N @)

IN

Adding (2.10) and (2.13) together gives

0 1
o [ ran 15004 G| [ e+ [ Cimn? + Sl
Q R3
0
<(+8) [ 1 %Y

<a1/8uN (1+73)?

- Qaq

HNE, (2.14)

where we have used the Cauchy-Schwarz inequality in the last step. Applying the
Gronwall’s inequality to (2.14) and integrating from ¢t = 0 to t = T gives

/ [ |EN\2+a1/ JAE—
+ UQ ec(un) +/R3(€2°EN|2 + 2|HN|2)} (T)
< e¢T [/Q ee(un) +/R3<620‘EN‘2 + ;’HNP)] (0)

< eCT [0(1) —i—/ﬂee(uo) + /R?)(€20|E0|2 + ;!Ho|2)]
= e“T(& +o(1)). (2.15)

Here we have used (2.7) and o(1) denotes the quantity such that limy_,o 0(1) = 0.
It follows from the bound (2.15) that there exists a subsequence of (uy, Hy, En),
still denoted as itself, such that for any 0 < T < +o0,

oun N ous
ot ot

En — E€ weak™® in L>®([0,T], L*(R3)), Hy — H€ weak® in L*°([0,T], L*(R?)).

uy — u weak® in L°°([0, T], H(Q)), in L?(Q x [0,7));

Furthermore, by Aubin’s lemma, we have

uy — u strongly in L*(Q x [0, 7).



Since [H(uy)| < |un| and [, [V(II(un))* < [o |[Vun|?, we also have
H(uy) — H(u€) strongly in LY(Q x [0, 7).

It is readily seen that (2.15) yields that (uf, H¢, E) satisfies (2.8) and the initial
condition (1.8)-(1.11). It is also not hard to see that (H¢, E€) are weak solutions to
the equations (1.2) and (1.3). Similar to [3] page 392, we can check that

gu? + auf X out _ Au + l(1 — JufP)uf + I(uf) x (HS x (u)) (2.16)
ot ot €2 ' '
Multiplying (2.16) by u¢ and observing that II(u€) x (H¢ x II(u)) - u¢ = 0, we have
that u¢ satisfies (2.1). Hence lemma 2.1 implies that |u| < 1. Thus II(u) = u¢ and
(2.16) yields (1.19). The proof is complete. O

aq

In order to establish a partial C“-regularity of Vu for weak solutions u to (1.13)
coupled with the Maxwell equations (1.17) or (1.18), we need uniform estimates of
H¢, E€in Hlloc(R3 x Ry). More precisely, we have

Lemma 2.3 For any up € H'(Q,5%) and Hy € H'(R3 R3) satisfying V - (Hy +
Bg) = 0 in D'(R3). Then there exists a global weak solution {u¢, H} to (1.19) and
(1.17), under the initial-boundary conditions (1.8)-(1.10) such that for any 0 < T <

+00,
L )
| [ ec(u) + (uﬂ2 |VH€|2> (T)
{/ L |
/ IV Ho|? + eCT (/ |Vug|? + /3]H0|2>, (2.17)

for some C = C(B3,a1) > 0.

Proof. For N > 1, let (un, Hy) € Vy x Wy be given by (2.2) such that uy solves
(2.3) and Hy solves

ﬁue

a1

/ (VXHN)-(VX\I/):— / gt(HN—{—ﬂuN) v, YU e Wy (2.18)
R3 R3

subject to the initial condition (uyn, Hy)|t=0 = (Ilyy (uo), Iy, (Ho)).-
Testing (2.18) with ¥ = Hy and integrating over R? gives

d o
|HN|2 / |V><HN\2_—6U/HN uN<ﬂa/ |Hy|

auN
= . (2.19)

Combining (2.19) with (2.10) and applying Cauchy-Schwarz inequality yields

0 d
/ |“N|2 (/ee<uN>+/ ”|HN|2>+/ IV x Hy|?
Q dt Q R3 2 R3

< Clon,B) /R |l (2.20)



This, combined with the Gronwall’s inequality, yields that for any 0 < T < 400,

on [ 152 [C [ wcane ([ eton+ [ Giane) @
< T (0(1)+/Q]Vu0|2+/R3g\H0]2> (2.21)

for some C' = C(f3,a1) > 0, here we have used (2.7).
Now test (2.18) with ¥ = M and integrate over R3, we have

d 1 0H OHNy O
— VXHN|2+0/ | Nyz_—ﬁ / N “N. (2.22)
dt R3 2 R3
Thus by the Cauchy-Schwarz inequality, this implies
d/ \VXH|2+0—/ aHN2<16B2a/ duy | (2.23)
dt Jps N r3 | Ot - rs | Ot .
Integrating for 0 < ¢ < T and applying (2.21), this implies
8H
/ |V x HN| )+ U/ / =N
R3
2 2 auN
< |VH0| +1683°c
< / VHo[? + ¢“T(o(1) +/ \vu0|2 +/ Hol?). (2.24)
R3 Q R3

Adding (2.21) and (2.24) together, we obtain

o [0 [0S 1
([ ectumy+ [ [N 419 < P ()
< [ v et (o<1>+ [ v+ [ 3;|H0|2> (2.25)

It follows from (2.25) that we may assume, after taking subsequences, that for any
0<T < +o0,

uy — u€ weak* in L([0, T], HY(Q)), %‘ZV - 8@2 n L3(Q x [0,T]);
HNAHiag?VAG;{ V x Hy — V x H¢ in L*(R3 x [0,T7]).

As in Lemma 2.2, we can show that (u®, H¢) are weak solutions to the equations
(1.19) and (1.17), and the initial condition (1.8)-(1.10). By the lower semicontinuity,
we also have that (2.25) holds with (uy, Hy) replaced by (u€, H¢). In order to obtain

10



the bound of L?-norm for VH, we need to use the condition V - (Hy + Sug) = 0 in
D'(R3). Note that

/ (VxH) (VXxV)=— / 0 (H® + fuf) - U,Y¥ € HY(R?).
R3 R3 at
By choosing ¥ = V4 for ¢ € C$°(R3) and observing V x (V) = 0 in R3, we have
0
HE + fue —0
[ 5 (e ) 90

so that for a.e. t > 0,

V'(H€+ﬂw)¢=/RSV-(Ho+ﬂw)w=0-

R3
Thus
V- (H +Buf) =0 in D'(R?) for a.e. t > 0.

This, combined with the inequality:
[wmrpze [ (vxaPe v <o@l[ V3 mE s [ v
R3 R3 R3 Q
and (2.25) with (un, Hy) = (uf, H¢), yields (2.17). Hence the proof is complete. O

For the equations (1.19) and (1.18), we have

Lemma 2.4 For any ug € H'(Q,S?), Hy € H(R3,R3) and Ey € H'(R3,R3) with
V-Ey =V Hy=0 inD(R3), there exists a global weak solution {u¢, H¢, B}
to (1.19) and (1.18) under the initial-boundary conditions (1.8), (1.9, (1.10) and
(1.11) such that for any 0 < T < 400, the following holds:

/T/ du

/[|H€|2+1E6|2+| Lo |2+|VH612+VE€2}<>
R3

+ &(T)

< C(eo,0,T) [/ Vol + /3(|H0|2 + |Eo® + [VHo|* + |VE0]2)] . (2.26)
Q R

Proof. For N > 1, let (un, Hy, En) € Vy x Wy x Wy be given by (2.2) and solve
(2.3), (2.4), (2.5), and (2.6). Since # = 0 in this case, testing (2.4) with ¥ = Ey
and (2.5) with ¥ = Hy and adding the resulting identities together gives

d
p ([Hn|* + e En|?) + 2(7/ |Ex? = 0. (2.27)
R3 R3

Differentiating both equations (2.4) and (2.5) with respect to ¢ and testing the
resulting equations with ¥ being aEN and 8HN respectively, we have

/ OEy o OHy OHy  0Ey
ws \ Ot ot ot ot

B / 8EN_( 62EN+ 8EN)+8HN.82HN
- at oz T ot ot o

11



Since

/ <aEN oy OHy  OHy 8EN> o,
R3

ot ot ot ot
we obtain J O O OF
N |2 N2 N2
< P IEN2 _ . 2.2
G TR 1T ) 20 [ 125 (2.28)
Combining (2.27) with (2.28), we get
d 8EN OHp
a H Enl? 2
i [ [ atey - 200 1250
OF
= —2a/ (IEn? + | =X ). (2.29)
R3 ot
Since
OH OF
7875]\[ ,_o = =V x (wy (Eo)), GOEL:O =V x (Ilwy (Ho)) — oIl (Ep),

integrating (2.29) for 0 < ¢ < T yields

oOF OH oOF
/[|HN|2+eo<|EN|2+| )| N] +2o// (Exf? + 22N
R3

< [ (o) P+ ol (Bo) P+ 9 (I (o))
R
+eo ' |V x (T (Ho)) — oTlywy (Eo)[?]
SC(eo,a)/ [ Hol? + |Eol? + |V Ho[? + [V Eol?] (2.30)
R3

For up, by testing (2.3) with ® = ag—tN as in (2.10) of Lemma 2.2, we have

/|‘3’“N|2 jt/ c(un) <c/ |Hy |2 (2.31)

This, with the help of (2.30), implies that for any 0 < T < 400,

al/ /auN /ee(uN(T)) < CT/Rg [|Hol? + | Eo|? + |V Ho|* + |V Eo|?]
+/ |Vl + o(1). (2.32)
Q

Here we have used (2.7) in the last step.
It follows from (2.30), (2.4), and (2.5) with 5 = 0 that

LIV Hy? 419 x By )
¢ [ 175 + P + 125 AT

c / [Hol? + |Eof? + |V Hol? + [V Eof?]. (2.33)
RS

IN
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It follows from (2.30), (2.32), and (2.33) that we may assume, after taking subse-
quences, that for any 0 < T < 400,

un — u€ weak*® in L ([0, T], H()), 88? - aali in L2(Q x [0,T]);

e Oy oI
Hy =5 =5 ot
OEn  OEF
ot ot
As in the previous lemmas, it is standard to check that (u€, H¢, E€) solves (1.19),
(1.18), and the initial-boundary conditions (1.8), (1.9, (1.10) and (1.11). Moreover,
by the lower semicontinuity, we have that for 0 < T' < 400,

!

, Vx Hy =V x H in L*(R? x [0,T));

Ex — EF, V x Ey —V x E in L*(R3 x [0,T)).

+ &(T)

OH* OFE*
- {\Hf|2+|EE|2+| P+ 12 IV X H 41V x B
R3
< Cleg,0,T) (/ \vu012+/ []H0]2+]E0]2+]VH0]2+VE0\2]>. (2.34)
Q R3

As in the previous lemma, we can check that V- Hy = V- Ey = 0 is preserved under
the equation (1.18), i.e

V-H(t)=V-E(t)=0 ae. t>0. (2.35)

Finally, it is not hard to see that (2.34) and (2.35) yield (2.26). Hence the proof is
complete. O

Remark 2.5 It follows from lemma 2.3 and lemma 2.4 that for any 0 < T < +o0,
HE¢ is uniformly bounded in L*°([0,T], H*(R3)). Hence by the Sobolev embedding
inequality that H€ is uniformly bounded in L>([0, 7], L5(R?)). This property plays
an important role in the proof of C'*-regularity of Vu claimed in both theorems 1.3
and 1.4.

We end this section with a local energy inequality.

Lemma 2.6 There exists C > 0 such that for any € > 0, ug € H'(Q,5?), Hy €
L?(R3,R3) and Ey € L*(R3,R3), let {u, H¢, E¢} be the global weak solution of
(1.19), (1.2)-(1.3), with (1.8), (1.9)-(1.11) obtained in Lemma 2.2. Then for any
xg € Q, tg >0, and 0 < r < min{dist(xg, 0Q), @},

2

rl/ Ou +r71 max / ee(u)

Pr (z0) ot t€lto— 22 to] Y B (z0)

< Cr—3/ (uf) + Cr / |He|? (2.36)
Py (z0) P (z0)

13



Proof. Write (u, H) for (uf, H¢). For xg € Q and 0 < r < min{dist(zo,99Q), /to},
by Fubini’s theorem there is o € (4, £) such that

eclu —a?r? r2 ec(u). .
[, ety <s [ e (237)

Pr(z0)

Let ¢(x) € C5°(By(x0)) be such that 0 < ¢ <1, ¢ =1 on Br(xo). Multiplying
(1.19) by QSQ% and integrating over B, (xg), we get
d

2
al/ d)Q-l—/ ee(u)¢2
By (x0) dt JB, (z0)
ou

ou
= —2/ d)Vd)Vu-—/ ®*u x (H x u) - —
By (z0) ot By (zo) ot

« ou
5 579" + Clan) / (IVoP|Vul* + ¢*|H]P) . (238)
By (zo) B (zo

Ou
ot

<

Integrating (2.38) from to — o?r2 to t € [tg — %,to] and applying (2.37), we can
obtain (2.36). O

3 Energy monotonicity on time slices

An energy monotonicity analogous to that of Struwe [28] (see also [7] and [5]) is
unknown for Landau-Lifshitz type equations. In order to derive an prior estimate
for {u€, ¢, H} under the small energy condition, we need an energy monotonicity
of u® on time slices, which can be derived by the Pohozaev type argument as in [29].

Lemma 3.1 Fore > 0, let {u, H*} be a weak solution to the equation (1.19). Then
for a.e. t >0, any xg € Q, and 0 < r < R < min{1, dist(z,0Q)}, there holds
UL Bra) < 2ROEE Baten) + Cott [ (1G5 + 1) (3)
Br(zo

and

_ 1 _ ue 2 2 _
/ iz — o) 1(6‘2‘> < 2R7'E. (uf, Br(xo))
Br
aUE 2 €12
+CoR |17+ [H (3.2)
Br(zo) ot

for some Cy = Cy(a1) > 0, where

1 (1 —|uc?)?
E.(uf, A) = “IVu2+—12 ) ACRS
(u7 ) /14<2‘ u‘ 262 b =

Proof. The proof is a modification of [29] (see also [26] and [9]. We sketch it here.
First observe that for a.e. ¢t > 0, Au € L?(Q2) and hence V?u € L?(Q). For p € R3,
define R(p) : R? — R3 by

R(p)(v) = a1v — agp x v, Yv € R,

14



Assume zp = 0 € Q. Write (u, H) = (v, H°) and B, = B,(0). Multiplying (1.19)
by = - Vu and integrating over B, yields

/‘<R( )(gj)mx (ux H), - V)

= / (Au + —2(1 — |ul*)u, x-Vu)
By

_ 2 o (1—u?)? / 1o o, 3(1—[uf’)?
_ T/aBT [| 2 yw e [ T

— | 2)\2
7"/83 [I = IVuIQ— (14‘62’)] + Ec(u, B). (3.3)

v

Hence we have

o () o [ R G rux ocm. 2 V) G

W _ u? 2 u

Since |u] < 1, we have |u x (ux H)| < |H| and |R(u)(%)‘ <
of the right hand side of (3.4) can be estimated by

B ou
—p 1/83T<R(u)(8t)+u><(u><ﬂ), x - Vu)

1—1/ u / 2
> ——r —|7=r +|H 3.5
A aB(\ S |HR). (35)

The second term of the left hand side of (3.4) can be estimated by

8t . The second term

_ ou
. 1/Brurz( )((%)—I—ux(uxH), - Vu)

1
<GB +r [ (5P IHP), (36)
By
Putting (3.5) and (3.6) into (3. 4) and integrating from r to R gives

2R™'E.(u, Bg) +R/ |2+|H| )
1 1 2 2 / 1 2, (1—|U|2)2
~r'E.(u,B —|*+|H —
2 51 Be(u, By) — /T(Iatl +[H[7) + s, Tl | | 12

I o 0GR, (37)

Since
P OGRS R [ O )
and R
ou 9 / ou 9
s — "+ H]") LR — "+ |H|"),
[ MG ARILCEY Y MG Sat
(3.7) clearly implies both (3.1) and (3.2). Hence the lemma is proved. O
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4 On the lower bound of |uf|

In this section, we will establish a lower bound estimate of |u¢| on generic time slices,
under the smallness condition of r—3 I} P, ec(uf). First we define good time slices.

Definition 4.1 For any € € (0, %), xo € Q, tg > 0, 0 < r < min{dist(xp, IN), o},
and A > 0, we define the set of good time slices by

ou® A? ou®
G ={telty—r2t :/ 2§/ 2 4.1
0, { [to 0) BT(xO)| 5 | 2 PT(ZO)| T | (4.1)

and the set of bad time slices

BA == [to - 7“2, to) \ GA (42)

z0,7 z0,7"
By Fubini’s theorem, we have )
B < 15 (4.3)
Similar to [29] and [26], we have

Lemma 4.2 For any € > 0, let {uf, H} be the weak solution of (1.19) obtained in
Lemma 2.2. Denote ||H|| Lo 123 x[0,to)) = Co- Then for any A > 0, there exist no >
0 and ro > 0 depending on A and Cy such that for any zo = (xg,tg) € Q2 x (0, +00),
and 0 < r < min{dist(zo, 0Q), V/to, 70} if

7“3/ ee(uf) < 7](2), (4.4)
P (z0)

then

[u| (z,t) > 5, Vo € Br(z) andte€ G ». (4.5)

’2

N

Proof. Tt is a modification of [26] and [29]. We prove a C'-estimate of u(-, s) for

s € GQO . (see also [26] page 577, Lemma 5). Define v¢(z,t) = u(wg + ex, s + €t) :
2

By x [—4,4] — R3. Then w(z) = v¢(x, 0) satisfies

ov®
Ot

Aw® = R(w®) < (O)) — (1 — [wP)w® — we x (He x we), (4.6)

where He(z) = e2H(ex, s). By the standard W22 estimate, we have

ow* ~
2 €2 2 N2
9% By < (14150 By + 1 o)

ouf .
< C 1+€/ (’§’2+‘H ’2)(3)]
L BQe(xO)
_ 2 u o
< Cl|14+CH+r |—*(s)
I By (zy) Ot
< C(1+C5+Ae), (4.7)
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where we have used both (4.1) and lemma 2.6 in the last step. Therefore, by the
Sobolev embedding theorem, w* & C%(Bl). Moreover, by rescaling and (4.7), we

have )
< C(A,no,Co)e™ 2, Vs e GA (4.8)

6o

(z0))

Suppose that (4.5) were false. Then there exists 21 = (z1,t1) € Bz (zo) % Gé\o » such
’2
that |u¢(z1)| < 1. Hence for sufficiently small 6y > 0, if y € nge(:vl), then

1
[uf(y, 1) < Juf(@rsta) + [u ()] 3 |y — 2]

1 3
< s+ C(A, o, Co)b < 1

2
so that oo
1— |uf t
/ |l‘ o :L'1|_1( ”U, ’2) ($, 1) > 0. (49)
Beze(zl) €
On the other hand, (4.4) gives
sup (r)_3/ ec(u) < 8np. (4.10)
Z‘EB% (zo) P% (z,t0)
This, combined with lemma 2.6, implies
Ty-1 € 2 2
sup sup (=) / ec(u®) < C(ng + Chr). (4.11)
tE[to—%, to) IGBE(IO) Bzrg(x)

» and lemma 2.6, we have

By the definition of G/ZX
0,

Ouc ous
sup sup r/ | 5 2(t) <  sup 7"/ ‘ ot (t)
teGA , w€Bx(20) JBr () teGl . JBy(x0)
E 1 4 200 2 2

2

A2 € 2 €12
S C 3 6e(u )+A ’l“”H HLooL2
'S T(ZO) t x
< CAN*(n3 + Cdr). (4.12)

With (4.11), (4.12), and the monotonicity inequality (3.2), we obtain

1 — |uc 2\2
[ e (413)
Bege(ml) 60
—1 € ous o €2
< C|r ec(u)(t1) +r (I 17+ [H ) ()
Bz (1) Bz (a1)
< C(A*n§ + Ciro). (4.14)

This contradicts (4.9) provide ro > 0 and 79 > 0 are chosen sufficiently small. Hence
the proof is complete. O
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5 Energy decay estimates and proof of theorem 1.2

In this section , we first establish the decay estimate of the normalized energy
r=3 Po(2) ec(uf), provided that it is sufficiently small. Then we give a proof of
theorem 1.2. The techniques employed in the proof are suitable modifications of
that by Hélein [21] and Evans [13] in the context of harmonic maps. We begin with

Lemma 5.1 For any given L > 0 and 6 > 0, there exist C(5) > 0, n(d) > 0, and
€1(0) > 0, such that if {uc, H} is the weak solution of (1.19) obtained by Lemma
2.2 and for zo = (xo,tg) € 2 x RT, 0 < r < min{dist(zg, ), /10, E?L(f)}, and
0 < e <n(d)r, there holds

Hwa%@%»gLrﬁﬂw)QWﬂéﬁw, (5.1)
{20

then we have

r _3/ € —3/ € €12
2 ec(u’) < o|r ec(u) + 7 ||H||7 ;
(5) o o) (u) [ . (u) + [ H N oo 2, 0))]

8 e

d Pr(z0)

2
; (5:2)

€

=+ u — U;T(ZO)

€
where u

T

(z0) = m fP’r(ZO) u¢, r >0, is the average of u¢ over P,(zg).

Proof. We follow [29] page 1631, proposition 5.1 with suitable modifications, and
outline the key steps here. For simplicity, write (u, H) = (u, H°) and assume
20 = (z0,t0) = (0,1) € @ x Ry. For r > 0, let u,(z,t) = u(rz,1 + r’t) and
H,(z,t) = r*H(rz,1+1r?t) for (z,t) € Pi. Then it follows from (1.19) that (u,, H,)
satisfies:

ou,
ot

1— |u|? .
):Aur+(€WUT+urx(erur) in Py,

R(ur)(

where é = r~!e. Moreover,
[ ) =r [ tw) <o),
P P-(0,1)

||Hr||%§OL§(P1) = THHH%tOOL%(pT(QJ)) < L?r < 5%(5)7

and

€1(9)
L2

. From this scaling argument, we may further assume that » = 1 and

1 H || oo 2 (py(0,1)) < €1(). (5.3)

asr <

Observe that

/ ee(u) :/ /ee(u)+/ / ee(u)
P%(OJ) (1-($)2,H)NGA B (1-($)2,H)nBA B

1 1
01,3 7% (on,3 " 7§

= IT+1I (5.4)
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By (4.3) and lemma 2.6, we can estimate

11 < ’B{Bl)l sup / ee(u)
)3
tEBE\o,l),%m[l_(éP’l] B%
1
< /et P (5.5)
P;(0,1)

To estimate I, observe that (5.3) and lemma 4.1 imply that

1 A
|u|(z,t) > 3 Vx € Bi and t € G(O,l),%‘ (5.6)
This, combined with the fact |u| < 1in Q x R, implies
IVaul|? < 4|u?|Vul? = 4|Vu x u]? + |V]u?)? < 4(|Vu x u> + |V]u|]?).

Therefore for t € Gé\b,l),%’

1— 2)2
/ ec(u) < 2/ |Vu x ul® +/ <2\VIUI2 + (“;’)>

= III+1V. (5.7)

By the definition of G and lemma 2.6, we have

0,1),5
CA? (/ ee(u) +/ ]H|2>
P1(0,1) Pi(0,1)

ou 5
ec(u +/ -
| et 1
2
< CAN (/ ec(u) + HHH%gOLg(Pl(o,l))> - (56.8)
P1(0,1)

1
2
Hence, for t € G» |, there holds
(071)7§

Qual CA2/ ec(u)
ot P1(0,1)

+01\2||15[||%;>°L_?£(P1 o) (59

sup / ec(u) + / |
xEB% B% (z) B (z)

1
4
It follows from (5.9) and lemma 3.1 that

1
sup s_l/ Vu|>: 2€B1, 0<s< - < CA2/ ee(u) (5.10)
Ba() 1 4 PL(0,1)

+ON | H[Tox 12 (py(0,1))-
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To estimate I, let ¢ € C’(‘)’O(B%) be such that 0 < ¢ <1, ¢ =1 1in B%, and

|V¢| < 128. Then we have, by integration by parts,

/ |Vu x ul? < / *|Vu x ul?
By R3

= ¢*(Vu x u) - (Vu x u)
R3
-/ G2(Vu x 1) - (V(u — 1 (t)) x u)
= /]RS (¢*(Vu x u) x Vu) - (u - c%(t)>
—/R3 V- (@ x ) - ((u—es (1) x )

= ¢2[(Vuxu)XVU—)\]-(u—ci(t))

R3
A [ =)
R3 1
_/[ V- (@2(Vuxw) - ((u— e (1)) x )
R3

= IILH + 111, + 11135,

where
_ Jgs 0 (Vu x u) x Vu 1

T () = |BT‘/ u(t) for r > 0.

It follows from lemma 2.6 that

A

IA] < c/ Vul? < C
By

ec(u)+ ||H 2,
/Pl(O,l) (u) + [l H 7 Lg(Pl(o,n)]

so that by Holder inequality and Poincaré inequality, we have

1L < |\ Hu — (t)‘

Lz(Bi)

< C / o) + H|2 o
P1(0,1) (u) +| HLt L2(P1(0,1)) | HLQ(B

)

1
4

< C / ec(u) + ||H||?
o (w) + [ H |7 oo 22 (P, (0,1)

njw

To estimate 113, we first note that (1.19) is equivalent to

V- (Vuxu)= [R(u)(?Z)—i—ux(uxH) X U.

20

(5.11)

(5.12)

(5.13)

(5.14)



Hence, by using (5.14), (5.10), and lemma 2.6, we have

IN

Ve@vaxul < [ [IVoPIVuP+ ¢V (Vux ]
R3 R3

0
C |Vu|2—|—0/ [|u|2+|H|2]

CA?

IN

IN

ee(u) + ||H 2 . .
/ P CRLI Lg<p1(o,1>)]

Therefore, by Holder inequality we have that for any 6 > 0,

|[I113] < ||V‘(¢2VUX“)HL2(R3) ‘u_ci@‘L?(Bl)
4
<0 / ee(u) + [ H]3
< 1 hoon® L L2(P1(0,1))
A2
O ey 619
4

To estimate I11;, we utilize the duality between Hardy and BMO spaces (see
also [29], [21], and [13]). First, by the definition of BMO norm, Poincaré inequality,
and (5.10), we have

2 1
— < -1 2: —
{u Ci(t)}BMO(B , = sup{s /BS($)|VUI xGBi, 0<s< 1 }

CA?

W=

IN

ec(u) + || H|? . 5.16
/Pl(m) () + |2, Lg(p1<o,1))] (5.16)

Therefore it follows from (5.15), (5.16), and [29] proposition 5.6, proposition 5.7 and
proposition 5.8 that
)|

) [u 4 (t)} BMO(5,)

15| = ¢2((Vu><u)><Vu—/\)-(u—c

N

R3
C H(;S2((Vu xu) X Vu — )\)HHl(R3

IN

IN

2
C||6*(Vu x u) x VUH?—H(B%,B%) [u B Ci(t)}BMO(B )

1
4

IN

Clu—es(t)] IVullZags,) + IV - (Vu x 0)l[72(5,)

BMpr[ ] ;]

3
2

P1(0,1)

IN
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Putting all the estimates (5.3), (5.13), (5.15) and (5.17) together, we get

/B Vu xul? < <C’A361(5) + j)
1
8

+C— |lu—c1(t)|* (5.18)
(5 B1 4
1

ec(u) + ||H 2.
/Pl(o,1) (u) + 1H 70 2Py (0,1))

Now we estimate IV as follows. It follows from (5.6) that we can write u = pw, with
p=lul>1%andw= ﬁ Then p satisfies

1— 2
Ap — p|Vw|? + w = R(u)(a—u) -w, in Bi. (5.19)
€ ot 1

Multiplying (5.19) by ¢*(1 — p) for ¢ € C5°(B

/B¢2 [\Vp\z (16 )20(1+p)]

:/Bl(l—p)Vp~V¢2 Jﬂl_ PR () w

1

) and integrating over Bi , we get

NI

+ [ ¢*p(1—p)|Vw]
By

7
=IVi+1IVo+ IVs. (5.20)

Since |Vp| < |Vul, we have from lemma 2.6 that

1— 2\2
[ o=t <e| [ wap) ([ SRS
leI B B €

1

N|=

[V

IN

F

IN

CA2€ </ ee(u) + HH”Lt‘X’L%(Pl(O,l))) . (521)
P1(0,1)

For I'V5, we have

N[

du (1 — |ul?)?
Ivs/l—/ﬂge/ 2 /
Vel < || @l B|\ e
4 4
2
< cm( /P o ec(w) + | H 2« P+(01))> (5.22)

Since |w| = 1 and p > 1, we have |Vw|? < 14|Vu x u|?. Hence we have

|TV3| < C/ |V x ul?. (5.23)
B,

22



Therefore, for t € G?O,l),%’ we get

MW§cMe/' ee(t) + I1H 20 L2000 +q/|me2 (5.24)
Pi(0,1) leI

Putting the estimates for 111 and IV together, we obtain for any ¢ € G?O 1L
I’ 72

/B c(u) < [CA2(6+A61(5))+Z]

ec(u) + ||H 2.
/131(0,1) (u) + [1H |75 Lg(Pl(o,n)]

1
8
+C— lu — e (t)]°. (5.25)

5 Jp,

Integrating (5.25) over ¢ € Gé‘b .1 and adding (5.5), we obtain
b 72

1_3 ec(u
%>QLMM)4>

3

< [CAQ(e + A€y (0)) + Z + /H

ec(u)+ ||H 2.
/Pl(m) (w) + 1H [ Zee 2Py (0,1))

CA?

— lu — c1(t))?. (5.26)
0 Jp(01)

Lemma 5.1 is proved if we choose, for any fixed small § > 0, sufficiently large
5

A= % > 0, sufficiently small € = % and €;(0) = 552%. Here we have also used in

the last step the fact that

[ weaP<2 ju-unol
Py(0,1) P1(0,1)

Next we need

Lemma 5.2 There exists a constant Cy > 0 such that for any L > 0, 6 € (0, %)

there are €(6) > 0 and €1(8) > 0 such that if (u¢, H®) is the weak solution of (1.19)
2

by Lemma 2.2 and for zo = (z0,t0) € xRy, 0 < r < min{dist(zo, 0N), /to 61(6)},

y 2
and € < €(0)r, there holds

|mﬂm@m%»§ut/ ec(u) < E(0),
Pr(zo)

then

@7 )
(6r)° Por(20)

€ y €
where uf, () is the average of ut over Py, (20).

2
u — u;er(zo) < Cyf* max {T_B/P () ec(uf), T‘|H6’%?°L§(Pr(z0))}
20
(5.27)
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Proof. Write (u, H) for (uf, H¢). Assume that zp = (0,1), r = 1, and

[ H || Loz (pi(0,1)) < €1(0)-

Now we argue by contradiction. Suppose that lemma 5.2 were false. Then there are
0o € (0, ), ex | 0, and a sequence of weak solutions (u*, H*) of (1.19) corresponding
to € = ¢ such that

/ e, (W) =8, 10, ”HkH%gom(Pl(m)) < 0, (5.28)
Pi(0,1)
but
0_5/ uPf — ok 2 > k62 max / ee, (uF), | HF|]? .
0 Peo(O,l)’ Py 01) ° Py(0,1) L M i 22
(5.29)

k_ .,k
Define v* = *:1@). Then by lemma 2.6 {v*} is uniformly bounded in H'(P1(0, 1))
2
and (v)p 01y = 0. Assume that v* — v weakly in H(P1(0,1),R?), strongly in
’ 2
L?(P:(0,1),R?), and u* — p for some p € S2. It is not hard to show that v € T,,5?
2
and hence we have R(p)(%) — Av € T,,5%. Observe that
ot

R (5

) — Avk — 5,;1(1/“ x (H* x u®))| x uF =0,
and (5.29) implies
Hk
16, (P x (H* x u*))] x u”| < |5| — 0in L2(Py(0,1)) as k — oo.
k

By sending & to oo, v solves

(re)G - av) xp =
Therefore 9
R(p)(a%’) —Av=0 in P, (0,1). (5.30)

The standard parabolic theory (cf. [24]) implies
6° [P <o [ v
Py (0,1) P

which contradicts (5.29). The proof is complete. O

Combining lemma 5.1 and lemma 5.2, we can prove

Lemma 5.3 For any v € (0,1), there are § € (0,%), C1 >0, kg > 0, e2 > 0 such
that if (uf, H¢) is the weak solution of (1.19) obtained by Lemma 2.2 and, for any
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20 = (wo,t0) € QX R4, L >0, 0 < r < min{dist(zg, IN), /1o, z—%}, and 0 < € < kor,
satisfies

[ H | o L2y (20)) < L T_S/P( )ee(ue) < e, (5.31)
r\20

then

(97“)3/ ec(u) < Cy 9277“3/ ee(u) + Orl|H oo 12y () | - (5:32)
Py (20) Pr(z0)

Proof. The ideas here are similar to [29] and [26]. To simplify the notations, write
(u, H) for (uf, H°). As in the proof of lemma 5.1 and 5.2, we may assume that
z0=(0,1), r =1, and

[H | Lser2(Pi(0,1)) < €2- (5.33)

1
Let § = 873, 0 = 0(y) < <2032(6)>2_27, here Cp > 0 and C(0) > 0 are given

by lemma 5.2 and lemma 5.1 respectively, and k > 1 be such that 8¥¢ = 1. For
0<p<l,set

Blup) = [ edu FUH.p) = AN H 300,00
PP(Ovl)
For 0 <i <k — 1, if E(u,8%10) < €}(6) and E(u,1) < €(87710), then lemma 5.1
and lemma 5.2 would imply
E(u,89) < dmax{E(u,8"0), F(H,8"0)}

_'_Co((;'w) max {F(u,1), F(H,1)} (5.34)

Now we choose

€9 = 20050(6)Inin{61(89), e ,61(8k9),61(5)} .

Since
F(H,p) < pF(H,1) < F(H,1) < €,

(5.34) implies that
E(u,80) < min {ef(ge), . ,ef(gke),gf(a)} , V0 < i<k

Hence by iteration, (5.34) implies

E(u,0) < 6’€E(a,1)+< (895)’) F(H,1)

k
=1
2

e
Q
>,
S~—
N
| D

> max {E(u, 1), F(H,1)}

< *E(u,1)+ (18260) OF(H,1)
CoC(6)

+1—645

2
(?) max {E(u, 1), F(H,1)}. (5.35)
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According to the definition, we have 6% = 6% and 20%796) < 62~ Therefore (5.35)
implies

E(u,0) < max {C160*7E(u, 1), C10F (H,1)} .
This clearly implies (5.32). The proof is complete. O

The following proposition plays a crucial role in the proof of theorem 1.2

Proposition 5.4 For any givenug € H'(Q, S?), Hy € L*(R3,R?), Ey € L?(R3,R?),
e>0and0<T < +oo, let {u, H", E°} € HY(Q x [0, T],R3) x L3(R3 x [0, T], R3) x
L2(R3 x [0, T],R3) be the weak solution of (1.19), (1.2)-(1.3), and (1.8)-(1.11) ob-
tained by Lemma 2.2. Then there exist universal constants kg > 0, e > 0, Cy > 0,
such that for any zo = (zo,t0) € @ x Ry, 0 < r < min{dist(zo, 9Q), /1o, g—%}, if

E(u, zp,1) = r3/ ec(u) < €2, (5.36)
Pr(z0)

P € €112
< 02; max {g(u ,20,7), || H ”L;’OL%(PT(ZO))}
(5.37)

Proof. By (2.8) of lemma 2.2, we have that H¢ € L>([0, T], L?(R3)) and

IH | 2o 2 Rox 0,1y < €7 [/Q [Vuol* + /R?)(60|Eo|2 + H0|2)] = (s, (5.38)
This implies that for any 0 < p < r and z € Pz (z0)

PIH [ Lee2(Py(2)) < TIIH Lo r2 3o,y < 702 < €.
Choose €3 < €9, where €3 is given by lemma 5.3. Then the condition (5.31) of lemma

5.3 is satisfied for Pr (z) with z € Pt (z0). Hence we can repeatedly apply lemma
5.3 with v = % to obtain that for 0 < p < 7, € < kop,

E(u,z,p) < Clg max {E(UE, ZO’T)’THH&H%?OL%(PT(Z()))} . (5.39)
This, combined with lemma 2.6, implies (5.37). The proof is complete. O
Proof of Theorem 1.2:

For e > 0, let {u, H¢, E} be the weak solution of (1.19), (1.2)-(1.3), with (1.8)-
(1.11) obtained by Lemma 2.2. It follows from (2.8) that we may assume that u¢ — u
weakly in Hlloc(Q x Ry, R3), (H¢, E€) — (H, E) weakly in Lfoc(]R3 x R, ,R3). By
the same argument as [3], we know that {u, H, E'} is a weak solution of the Landau-
Lifshitz-Maxwell system (1.13), (1.2) and (1.3) under the initial-boundary conditions

(1.8)-(1.11).
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Now we want to show a partial regularity of u as follows. Let e3 be given by
proposition 5.4, and define the concentrate set of {u‘} by

Y= ﬂ {z €QxRT: limiglfr_?’/ ec(u) > eg} . (5.40)
- Pr(2)

r>0

Then a standard covering argument (see [7]) shows that P3(X N K) < oo for any
compact subset of  x RT. Since u is a weak limit in HllOC(Q x Ry, R3) of u. as
e | 0, we have that for any zp € Q x R4 \ X, the lower semicontinuity, (5.40), and
proposition 5.4 imply that there exists rg > 0 such that for any z € P%(zo) and

0<p<y,
p_3/ |Vul|? + p? au'z < 038 (5.41)
Py(2) ot - T

for some universal constant C5 > 0. This implies that v € C %(Q x Ry \ 3,5?%),
by the parabolic version of Morrey’s Lemma (cf. [6]). This completes the proof of
theorem 1.2. O

6 (C“-regularity of Vu, proof of theorems 1.3 and 1.4

This section is devoted to the discussion of partial C'®-regularity of Vu, when
{u, H,E} is a weak solution of (1.13), (1.2), and (1.3) obtained as in theorem 1.2
in two special cases that (i) either ¢g = 0 in (1.2) or (ii) § = 0 in (1.3). For
the case (i), we assume that the initial data (ug, Ho) € H'(Q,S?) x HY(R3 R?)
and Hy satisfies V - (Hy + Bug) = 0. For the case (ii), we assume that the ini-
tial data (ug, Ho, Eg) € H'(2,5%) x HY(R3 R3) x H'(R3 R3) and Hy, Ey satisfy
V-Hy=V-Ey=0.

There are two steps to prove the C*-regularity of Vu in Q xR\ X, where X is the
concentration set defined by (5.40). The first step is to utilize H € L°LS(R? x [0, T)
for any 0 < T' < +o0 to show that u € C7(2 x Ry \ ¥, 5?) for any v € (0,1). The
second step is to employ the parabolic hole filling technique similar to Giaquinta-
Hildebrandt [16] and Giaquinta-Struwe [17] to show that for z € Q x Ry \ X,

p0 [V (Ve < Cp

p(z)

for some a € (0,1).
It can be summarized into the following lemma.

Lemma 6.1 For any up € H'(Q,5?%), Hy € HY (R R3), and 0 < T < +oo, let
(u, H) € HY(Q x [0,T7],5%) x LL2(R3 x [0,T],R3) be a weak solution to (1.13)
coupled with (1.17) under the initial-boundary condition (1.8), (1.9) and (1.10) ob-
tained as the weak limit of (u¢, H®) given by Lemma 2.3. Let ¥ C Q xR be defined
by (5.40). Then for any zp € Q x Ry \ X, there exists ro > 0 such that

Vu € C¥(Pyy(20)) for some a € (0,1).
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Proof. By (2.17) of lemma 2.3, we have that

Sup <||H5||L§°L5(R3x[o,T]) + ||VH6”L§°L§(R3><[O,T])>

< T (IVu0l22(0y + 1 Hol2as) + 1V Hol 22z, ) - (6.1)
By the Sobolev embedding theorem, (6.1) implies that H¢ € L LS(R3 x [0, T]) and

Sup IH | oo s mxo,17) < C3 = C (T llwoll g oy 1 Holl i (s)) - (6.2)

Since zp € Q2 x R4\ 3, it follows from (5.40) that there exists 0 < rop < (% such that

E(us, z0,m0) = 7“0_3/ ee(u) < e%, (6.3)
P,

0(20)

and
F(HE, 29,70) = To”HeH%S”LE(PTO(zo)) < és. (6.4)

Hence we can apply lemma 5.3 to conclude that for any 6 € (0, %), v € (0,1),
z € P%o(zg) and 0 < r < 72, there is C4 > 0 such that

E(us, 2,0r) < C40E(uS, 2, ) + C40F (HE, 2, 7). (6.5)
By Holder inequality we have
F(H, z,r) <12 H | oo 12 (py(z)) < Car®, YO <7 <.
Therefore (6.5) yields that for z € P%o (20) and 0 <7 <
E(u, 2,0r) < Cs (07E(us, 2,7) + 0r°) . (6.6)

Iterating (6.6) for k-times, we would have

k—1
E(u,z,0%r) < (Cs62) E(us, 2,7) (Z (C5027)F=1=7( 93)>
1=0

3
S (05027) {S(U z T) CW’] (67)
In particular, we have
Sl 2, 5) < () (5(u€,z, %0) + 06r3) V2 € Pro(2),0<s< 2. (6.8)
T0 2 2

Applying lemma 2.6 and taking € | 0, (6.8) implies that for z € P%o(z()) and 0 <

s <,
0
8_3/ <|Vu|2 ) e
Py(z)

ot

) < (— )27 (63 + C’gro) (6.9)

To
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Hence the parabolic version of Morrey’s lemma, implies that u € CV(P%O (20), 5?)

for any 0 < v < 1, and

.
0sCp, (zo)u < C <r> (e% + C@TS’) , 0<r< %0. (6.10)

To

Next we want to use the parabolic hole filling argument to show that Vu €
CO‘(P%O (20)) for some a € (0,1).
First we observe that the linear map R(u)¢ = a1€ + aou x € : R? — R3 can be
represented by
o1 —QUu3z QU2
R(u) = | aous aq —Qouy
—Qouz Ul O

It is easy to check that R(u) has an inverse M (u), which is given by

T 1 O‘z + a%u% OZ§U112LQ — (;1(;2113 a%ulu;z, + a1 ous
M(u)" = o QpUIU + (U3 oy + asug QoUU3 — (1] U
1 2 2

QaULU3 — Q1 QU2 a%ung + ajaouq a% + a%ug

It is easy to see that M (u) is an uniformly elliptic matrix. Now we can rewrite the
equation of u as
0
ai; — V- (M(u)Vu) = M(u) (|VulPu+ (H — (H,u)u)) — V(M (u)) - Vu. (6.11)
For any z1 € Pro(20) and 0 <7 < %, consider an axillary equation for v : P.(21) —
R3: ’
ov

i V- (M(u(z1))Vv) =01in P.(z1), v=u on 9P, (1), (6.12)

where 0, P, (21) denotes the parabolic boundary of P,(z1). It follows from the max-
imum principle, (6.10), and (6.9) that

0sCp, (z)v < Crr7, /

|Vo|? < / |Vul?> < Cprdt® (6.13)
Pr(z1) Pr(z1)

Multiplying (6.11) and (6.12) by w = u — v and integrating over P.(z;), we obtain
[ )V, V)
Pr(z1)

< Gy / (vl + | H)Jw] + Cs / M () — M(u(=2))|[Va Vol
Pr(zl Pr(zl)

=I+1I (6.14)

By the ellipticity of M (u(z1)), we have

2
/PT(ZI)<M(u(zl))Vw,Vw) > al/ |[Vw|*.

P.(z1)
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By Hélder inequality, (6.10) and (6.13), we have

r
1< Co( )™+ 1),

and
II < a1 |Vu]2+010(oscpr(zl)u)2/ |Vwl|?
2 Jp(z) Pr(z1)
< & IVul? + Cro(—)*+47. (6.15)
2 Pr(z1) T0

Putting these estimates into (6.14), we obtain
/ |Vw|? < Cpr3T37. (6.16)
Pr(z1)

Since v solves (6.12), the standard parabolic theory implies that that for any 0 <
p < r it holds

2 N7 )
/Pp(21) ‘VU - (VU>Pp(z1)’ < Cr2 (;) /}DT(Zl) |Vv - (vv)Pr(m)’ . (6.17)

Combining (6.16) with (6.17), we obtain that

2 2
[ Gunef < [ e Foge P [ v
Py(21) Pp(z1) Pr(z1)

7
< () / Va2 + Cor®™. (6.18)
r Pr(zl)

We now choose some v € (%, 1) whence 3 + 3y > 5. Applying the algebraic lemma
2.1 in Giaquinta [15] Chapter III, we conclude that

1+~ G437 ]Vu|2

05/ |Vu — (VU)P,,(Zl)\2 < Cy3p™ 72
P, PT(ZI)

p(zl)

(6.19)

holds for any z; € P%o(zo) and 0 <p<r <73
A well known characterization of Holder continuous functions due to Campanato
3v—2
[2] yields that Vu € Oz (P%o (20)). This completes the proof of lemma 6.1. O

Completion of proof of theorem 1.3:

It follows immediately from lemma 6.1 that Vu € C*(Q2 x Ry \ X) for some

a € (0,1). It remains to show that V?u, % € LfOC(Q x Ry \ ). To see this, observe
that
ou

Frie V- (Mw)Vu)| = ‘M(u)|Vu|2u —V(M(u))-Vu+ M(u) (H— (H, u)u)’

IN

Cra([Vul® + |H|) € L°(Pr),
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for any Pp CC Q x R\ ¥. Since M (u) is Holder continuous and uniformly elliptic,

it follows from the W;z? L_estimate for the linear parabolic equation (see [24]) that we

can conclude that V2u, %7; € LS(Pgr). This implies the second conclusion of theorem
2

1.3. O

Proof of theorem 1.4:

By applying lemma 2.4, we can conclude that H¢ is bounded in L° LS (R? x [0, T7)
for any 0 < T < 400, uniformly in e. Hence we can apply the same argument
of lemma 6.1 to conclude that Vu € C%(Q x Ry \ X) for some a € (0,1), and

V2u, %7; € LfOC(Q x R4\ X). We leave the details to interested readers. O
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