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ABSTRACT. In this paper, we first establish the regularity theorem for suitable weak solutions to the Ericksen-
Leslie system in R2. Building on such a regularity, we then establish the existence of a global weak solution
to the Ericksen-Leslie system in R? for any initial data in the energy space, under the physical constraint
conditions on the Leslie coefficients ensuring the dissipation of energy of the system, which is smooth away
from at most finitely many times. This extends earlier works by Lin-Lin-Wang [23] on a simplified nematic
liquid crystal flow to the general Ericksen-Leslie system.

1. INTRODUCTION

The hydrodynamic theory of nematic liquid crystals was developed by Ericksen and Leslie during the
period of 1958 through 1968 [5, 6, 8, 17]. It is referred as the Ericksen-Leslie system in the literature. It
reduces to the Ossen-Frank theory in the static case, which has been successfully studied (see, e.g., Hardt-
Lin-Kinderlehrer [9]).

In R3, let u = (uy,uo,u3)” : R® — R3 denote the fluid vector field of the underlying incompressible fluid,
and d = (dy,ds,d3)” : R® — S? denote the orientation order parameter representing the macroscopic average
of nematic liquid crystal molecular directors. Assume that the fluid is homogeneous (e.g., the fluid density
p = 1) and the inertial constant is zero (i.e., p; = 0), the general Ericksen-Leslie system in R? consists of
the following equations (cf. [7, 17, 18, 22]):

du+u-Vu=V-5,
V-u=0, (1.1)
dx (947 (%g) - 55) =0

where 6 = (6;;) is the total stress given by

. ow
Gij = —Pdi; — Tdk ,dk,j + JiLj, (1.2)
with P a scalar function representing the pressure, W being the Ossen-Frank energy density function given
by
1
W = W(d,Vd) = §<k1(v )2 4 kold x (V x d)[2 + ks|d - (V x )2 + (ks + k) [tr(Vd)? — (V - d)2]) (1.3)

for some elasticity constants ki, ko, k3, k4, and ol = o (u,d) = (aiLj(u7d)) representing the Leslie stress
tensor given by

O’iLj (u, d) = 1 Z dkdpAkpdidj + ,LLQN»L‘dj + ,ugdiNj + N4Aij + us Z Aikdkdj + ue Z Ajkdkdi, (14)
k,p k k
for six viscous coefficients u1,- - , ug, called Leslie’s coefficients, and
A2
gi = )\1NZ—+)\2;deji :AI(NZ-JFAT;@AJ-Z-). (1.5)
Throughout this paper, we use

1 (0u; Ou; 1 /0u; Ouy
Aij = 5 . “), 0 Q=< -],
J 2 (8ZEZ + aI]> J 2 (8551 821?])
Date: June 16, 2013.
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w; = d; :Btdﬁ—(uV)dl, N; =w; — E Qijdj,
J

denote the rate of strain tensor, the skew-symmetric part of the strain rate, the material derivative of d and
the rigid rotation part of the director changing rate by fluid vorticity, respectively.

Due to the temperature dependence of the Leslie coefficients, various coefficients have different behavior:
14 does not involve the alignment properties and hence is a smooth function of temperature, while all the
other pls describe couplings between molecule orientation and the flow, and might be affected by the change
of the nematic order parameter d. In this paper, we only consider the isothermal case in which all us are
assumed to be constants. The Leslie coefficients p;’s and Ap, A9 satisfy the following relations:

AL = p2 — pi3, A2 = s — 6, (1.6)

M2+ 3 = e — M5 (1.7)

The relation (1.6) is a necessary condition in order to satisfy the equation of motion identically, while (1.7) is
called Parodi’s relation. Under the assumption of Parodi’s relation, the hydrodynamics of an incompressible

nematic liquid crystal flow involves five independent Leslie’s coefficients. To avoid the complexity arising
from the general Ossen-Frank energy functional, we consider the elastically isotropic case ky = ko = k3 =1

1
and k4 = 0 so that the Ossen-Frank energy reduces to the Dirichlet energy: W(d, Vd) = §|Vd|2. In this
case, we have
ow od 0od
—dpi=(7—,7—)=(VdoOVd)iy, V- |z==
By <8xi’ axj> (Vd© V), (a(w)

As a consequence, the Ericksen-Leslie system (1.1) can be written as
ou+u-Vu+VP=-V - (VdoVd)+V - (ol (u,d)),
V-u=0, (1.8)
O +u- Vd — Qd + 32 Ad = 5 (Ad + |Vd|*d) + 32 (d" Ad) d.

ow ow

Since the general Ericksen-Leslie system is very complicated, earlier attempts of rigorous mathematical
analysis of (1.8) were made for a simplified system that preserve the crucial energy dissipation feature as in

1
(1.8), pioneered by Lin [19] and Lin-Liu [20, 21]. More precisely, by adding the penalty term 4—2(1 — |d|?)?
€

(¢ > 0) in the energy functional W to remove the nonlinearities resulting from the nonlinear constraints
|d| =1, Lin and Liu have studied in [20, 21] the following Ginzburg-Landau approximate system:

ou+u-Vu+ VP =pAu—V - (Vdo Vd),
V-u=0, (1.9)
dhd+u-Vd=Ad+ % (1—|d?)d.

They have established in [20] the existence of global weak solutions in dimensions 2 and 3, and global strong
solutions of (1.9) in dimension 2, the local existence of strong solutions in dimension 3, and the existence
of global strong solutions for large viscosity p > 0 in dimension 3. A partial regularity for suitable weak
solutions of (1.9) in dimension 3, analogous to Caffarelli-Kohn-Nirenberg [2] on the Naiver-Stokes equation,
has been proved in [21]. As already pointed out by [20], it is still a challenging open problem as € tends to
zero, whether solutions (u€,d¢) of (1.9) converge to that of the following simplified Ericksen-Leslie system:

ou+u-Vu+ VP =pAu—V - (Vd o Vd),
Vou=0, (1.10)
Od +u-Vd = Ad + |Vd|?d.

Very recently, there have been some important advances on (1.10). For dimension 2, Lin-Lin-Wang [23]
and Lin-Wang [24] have established the existence of a global unique weak solution of (1.10) in any smooth
bounded domain, under the initial and boundary conditions, which is smooth away from possibly finitely
many times (see also Hong [10], Xu-Zhang [35], Hong-Xin [11], and Lei-Li-Zhang[26] for related results in
R?). Tt is an open problem whether there exists a global weak solution of (1.10) in dimension 3. There have
been some partial results towards this problem. For example, the local existence and uniqueness of strong
solutions of (1.10) has been proved by Ding-Wen [4], the blow-up criterion of local strong solutions of (1.10),
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similar to Beale-Kato-Majda [1] for Naiver-Stokes equations, has been established by Huang-Wang [12], the
global well-posedness of (1.10) for rough initial data (ug, do) with small BMO x BMO™'-norm has been shown
by Wang [32], and the local well-posedness of (1.10) for initial data (ug,do) with small L3, _(R3)-norm of
(ug, Vdp) has been proved by Hineman-Wang [14] (here L3, (R?) denotes the locally uniform L3-space on
R3).

For the general Ericksen-Leslie system (1.8) in R?, there have also been some recent works. For example,
Lin-Liu [22] and Wu-Xu-Liu [34] have considered its Ginzburg-Landau approximation:

u+u-Vu+ VP =-V-(Vdo Vd) + V- (oX(u, d)),
V-u=0, (1.11)

Od+u-Vd—Qd+ 32 Ad = 5L (Ad+ 5 (1 - [d]?)d)

and have established the existence of global weak solutions, and the local existence and uniqueness of strong
solutions of (1.11) under certain conditions on the Leslie coefficients p;’s. In particular, there have been
results developed by [34] concerning the role of Parodi’s condition (1.7) in the well-posedness and stability
of (1.11). Most recently, Wang-Zhang-Zhang [33] have studied the general Ericksen-Leslie system (1.8) and
established the local well-posedness, and the global well-posedness for small initial data under a seemingly
optimal condition on the Leslie coefficients u;’s.

In this paper, we are mainly interested in both the regularity and existence of global weak solutions of
the initial value problem of the general Ericksen-Leslie system (1.8) in R2.

In R?, however, we need to modify several terms inside the system (1.8) in order to make it into a closed
system. Since u is a planar vector field in R?, both Q and A are horizontal 2 x 2-matrices, henceforth we
assume that

0d = (d,0)", Ad:= (Ad,0)", N := (9yd+u-Vd)" — (2d,0), (1.12)
as vectors in R?, while N := (8;d + u - Vd — Qd)” is a vector in R?. Here
d = (d1,dy,0)" for d = (dy,da,d3)" € R?,

and o%(u,d) is a 2 x 2-matrix valued function given by

2 2 2
O'le (u, d) = U1 Z dkdpAkpdidj -+ ILLQNidj + /Lgdei + /L4Aij + us Z Aikdkdj + Ue Z Ajkdkdi (113)
kp=1 k=1 k=1

for 1 <i4,5 <2, and
2
dTAd = ciTAci = Z Aijdidj.
i,j=1

We will consider the initial value problem of (1.8) in R2, i.e.,

(u,d)‘ = (uo,do) in ? (1.14)
=
for any given up € H, and dy € H} (R? S?). Here we denote the relevant function spaces
H = the closure of C§°(R* R?*)N{v | V-v =0} in L*(R? R?),
HY (R2,§?) = {d R2 S| d—epe H’“(RQ,R3)} (k € Ny)
for some constant vector eg € S?, and
J = the closure of C°(R?,R*) N {v | V-v =0} in H'(R? R?).

Definition 1.1. For 0 <T < oo, u € L*([0,T],H) and d € L? ([0,T], H}, (R?,S?)) is called a weak solution
of the Ericksen-Leslie system (1.8) together with the initial condition (1.14) in R?, if

/OT/R;U, w'¢>>ATA2u®u:wv¢+[)TAQUL<u,d>:ww

- _w(o)/W(uo, ¢>+/OT/RQ<Vd®Vd, YV ),
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_/OT/RZM, ¢'<5>+/T/RQ<u~Vd—Qd+)\2Ad, w¢3>
A

- _ 72 T ot
= 0 [0 i+ [ [ [ v wvd 4 pLvaria 6+ R, v

for any ¢ € C°°([0,T)) with (T) =0, ¢ € J, and ¢ € H'(R?,R?).!

and

In this paper, we will establish the regularity of suitable weak solutions of (1.8), and the existence and
uniqueness of global weak solutions to (1.8) and (1.14) in R2. As consequences, these extend the previous
works by Lin-Lin-Wang [23] to the general case.

For zg € R?, tg € (0,+00), 20 = (w0,1t0) and 0 < 7 < /%o, denote

B.(z9) = {z € R? | |z — 0| <1}, Pr(20) = Byr(xo) X [to — 72, to].
When z = (0,0) and o = 0, we simply denote B, = B,.(0), P, = P.(0).
Now we introduce the notion of suitable weak solutions of (1.8).

Definition 1.2. For 0 < T < +o00 and a domain O C R?, a weak solution u € L*(O x [0,T],R?), with
V-u=0,andd € L?H}(O x [0,T],S?) of (1.8) is called a suitable weak solution of (1.8) if, in addition,
€ (LEL2NLIHL) (O x [0,T),R?), d € (L{HL N L7HZ) (O % [0,T],S%), and P € L*(O x [0,T]).

Theorem 1.3. For 0 <T < +00 and a domain O C R?, assume that u € (L{°L2 N LZH})(O x [0,T],R?),
d € L*([0,T], HY(0,S?))N L3([0,T], H*(O,S?)), and P € L*(O x [0,T)) is a suitable weak solution of (1.8).
Assume both (1.6) and (1.7) hold. If, in additions, the Leslie coefficients u;’s satisfy

2

)\2

M <0, p1—2>0, pg>0, ps+ps > -2, (1.15)
)\1 >\1

then (u,d) € C>(0 x (0,T],R? x §?).

Employing the priori estimate given by the proof of Theorem 1.3, we will prove the existence of global
weak solutions of (1.8) and (1.14) that enjoy partial smoothness properties.

Theorem 1.4. For any uo € H and dy € H} (R?,S?), assume the conditions (1.6), (1.7), and (1.15) hold.
Then there is a global weak solution u € L>([0,+00), H)NL?([0, +00),J) and d € L>([0,+00), H} (R?,S?))
of the general Ericksen-Leslie system (1.8) and (1.14) such that the following properties hold:

(i) There exist a nonnegative integer L, depending only on (ug,dp), and 0 < Ty < --- < T, < 400 such that

(u,d) € C=(R? x ((0,+00) \ {T;}2,),R? x §?).
(i) Each singular time T;, 1 <i < L, can be characterized by

lim inf 2 d®)(y,t) > 8w, ¥r > 0. 1.16
1%??352{/3 (Jul* +|Vd|*)(y,t) > 8, Vr > (1.16)

Moreover, there exist ¢, — zb € R?, t{ 1+ T;, i, | 0 and a non-trivial smooth harmonic map w; : R? — S?
with finite energy such that as m — oo,

( de:n) (vai) in C’120(:(}R2 X [—O0,0]),
where
uin(x’t) = rﬁnu(x:n + rfnx,tﬁn + (Tﬁn)Qt), d?m(l‘, t) = d(x:n + Tvinx’tin + (rin)zt)'
(iii) Set To = 0. Then

(dy, V2d) (_] LR < [T, T =) () () LAR? x [Ty, T))).
j=0 e>0

T, <T<4oco

T
1By using (1.8)3, we see that N € L?Hx_l—l—LtlLalC. Hence ol (u,d) € L} (Hy ' HY)+LH(LL- L) and/ / o (u,d) : V¢
0 R2
is well defined. Similarly, [ [ro(—Qd + 32 Ad, ) and S a2 (dT Ad)(d, ) are also defined as pairs between H~' and HJ.
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(iv) There exist t;, T +oo and a smooth harmonic map do, € C(R?,S?) with finite energy such that
u(-tg) — 0 in HY(R?) and d(-,t;) — ds in H'(R?), and there exist a nonnegative integer I, {z;}\_; C R?,
and nonnegative integers {m;}._, such that
!
IVd(-, 1) ]? do — [Vdoo|* da + 87> midy,. (1.17)
i=1

(v) If either the third component of do, (do)s3, is nonnegative 2 , or
/ (Juol? + |Vdo|?) < &,
R2

then (u,d) € C* (R2 x (0, +00), R? x SQ). Moreover, there exist t, T 400 and a smooth harmonic map
doo € C®(R?,S?) with finite energy such that

(u(,tr), d(-,tk)) = (0, dso) in Cfc(R?).

An important first step to prove Theorem 1.3 is to establish the decay lemma 3.1 under the small energy
condition, which is proved by a blow-up argument. Here the local energy inequality (2.14) for suitable weak
solutions to (1.8) plays a very important role, which depends on the conditions (1.6), (1.7), and (1.15) heavily.
In contrast with earlier arguments developed by [23] on the simplified nematic liquid crystal equation (1.10),
where the limiting equation resulting from the blow up process is the linear Stokes equation and the linear
heat equation, the new linear system (3.9) arising from the blow-up process of the general Ericksen-Leslie
system (1.8) is a coupling system. It is an interesting question to establish its smoothness. The proof of
regularity of (3.9) is based on higher order local energy inequalities. The cancelation properties among the
coupling terms play critical roles in the argument of various local or global energy inequalities for both the
linear system (3.9) and the nonlinear system (1.8). The second step is to establish a higher integrability
estimate of suitable weak solutions to (1.8) under the small energy condition, which is done by employing
the techniques of Riesz potential estimates between parabolic Morrey spaces developed by [12] and [14]. The
third step is to establish an arbitrary higher order energy estimate of (1.8) under the small energy condition.
With the regularity theorem 1.3, we show the existence theorem 1.4 by adapting the scheme developed by
[23].

Motivated by the uniqueness theorem proved by [23] and [35] on (1.10), we believe that the weak solution
obtained in Theorem 1.4 is also unique in its own class and plan to address it in a forthcoming article.

The paper is organized as follows. In section two, we derive both local and global energy inequality for
suitable weak solutions of (1.8). In section three, we prove an e-regularity theorem for (1.8) first and then
prove Theorem 1.3. In section four, we prove the existence theorem 1.4.

2. GLOBAL AND LOCAL ENERGY INEQUALITIES OF ERICKSEN-LESLIE’ SYSTEM IN R?

In this section, we will establish both global and local energy inequality for suitable weak solutions of
(1.8) in R? under the conditions (1.6), (1.7), and (1.15). We begin with the global energy inequality.

Lemma 2.1. For 0 < T < +oo, assume the conditions (1.6), (1.7), and (1.15) hold. If u € LL2 N
L?HI(R? x [0,T],R?), d € LOO([O,T],HQO(RQ,S%) N LQ([O,T],HEO(RQSQ)), and P € L*(R? x [0,7T)) is a
suitable weak solution of the Ericksen-Leslie system (1.8). Then for any 0 < t1 < to < T, it holds

2 2 t2 2 2 2 712 2 2
[t vy [ vl A vatae] < [ e wdpe). @)

Proof. Since |d| = 1, we have |Vd|? + (d, Ad) = 0. This, combined with the fact d € L*([0,T], H2 (R?,S?)),
implies that Vd € L*(R? x [0,T]). Since u € L L2 N LZHL(R? x [0, T],R?), it follows from Ladyzhenskaya’s
inequality that u € L*(R? x [0,77).

For n € C§°(R?) or n = 1 in R?, multiplying (1.8); by un?, integrating the resulting equation over R?,
and using V - u = 0, we obtain

di/ lul?n? = 2/ n? [Vd® Vd: Vu—o"(u,d) : Vu
t R2 R2

2We remark that this condition was first brought out explicitly by Lei-Li-Zhang [26] for the simplified Ericksen-Leslie system
(1.10).
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+ /R [(Jul* +2P)u- V(n*) + 2 (Vd © Vd — 0" (u,d)) :u® V(n?)] . (2.2)

Using (1.6), (1.7), the symmetry of A, and the skew-symmetry of 2, we find

[ oty vu

= / ’r] ,Uldkd Akpd d + [LQN d + ,LL3N d + ,Uz4Alj + M5Alkdkd + ,[LGAjkdkd } (A” + Ql])

el

=
)

= [P [mls A dP + AP+ a ) (AN + (2 = ) (2 )

=
N

(5 + po)| A4 - dI? + (5 = ps) (A~ (- )]

= [ P mlA A d? AP + G+ o)A - dP
]RZ

TN (Q-d) = AN - (A-d)+A2(A-cZ)(Q-cZ)] (2.3)
Putting (2.3) into (2.2), we have
/ 2 = QAan[VdQVd:Vuf,ul\A:J®J|2fp4|A|2f(,u5+u6)|A~dA|2
N Q- d) + XN - (A d) _AQ(A-CZ)(Q-&)]
+ /R [(Jul* +2P)u- V(n*) + 2 (Vd © Vd — 0" (u,d)) :u® V(?)] . (2.4)

Since (Ad+|Vd|?d) € L*(R? x [0,T)), it follows from the equation (1.8)3 that (9;d+u-Vd) € L?(R?x [0,T]).
Multiplying (1.8)3 by n?Ad and integrating the resulting equation over R? yields that

d 1
— ZIvd]?n® + / Ad + |Vd|2d)*n?
7 312| [*n |A|| +[Vd|=d|

A2, s D VN
- —/ (8yd, Vd) - V(n?) +/ n? [(u - Vd, Ad) + </\—2Ad —Qd, Ad) + )\Z(dTAd)|Vd|2} . (2.5)
R2 R2 1 1
Using integration by parts and V - u = 0, we see
1
/ n*(u-Vd, Ad) = _/ 7*Vd® Vd: Vu+ / [2|Vd|2u V(n*) =VdoVd:u® V(nQ)] )
R2 R2 R2

Substituting this into (2.5), we obtain
d

1
el - d2 2 / — |Ad d2d2 2

= /n M Ad — Qd, Ad>+)\—(d~TAd)|Vd|2 QVdQVd:Vu]
R2 1

+ / [2|Vd|2u V() =VdoVd:ueV(n?) — (0:d,Vd) - V(UQ)} ) (2.6)
RZ
h

Adding (2.4) together with (2.6), we obtain

d
& [l a2 [ [Wu? |Ad+|w|2d|2]
@t oo - ™

772{,“1\145CZ®J|2+(M5+M6)|A'OZ|2+)\1N'(Q'd)—/\QN'(A'Ci)

(A d)(Q-d) - <¥Ad —Qd,Ad) - iz (" Ad) VP

1

_ _2/
+/RZ [(uf? + 2P)u - V(r?) + 2 (Vd© Vd — " (u,d)) : u @ V()]
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+/ [[Vd|*u-V(n®) —2Vd ® Vd : u® V() — 2(8,d, Vd) - V()] . (2.7)
]RQ

Denote the first term in the right hand side of (2.7) as I. In order to estimate I, we need to use (1.8)3 to
make crucial cancelations among terms of I as follows.

MN-(Q-d) = MNQijd;
- [—AQAikak — Ad; + AQ(CZTAd)(L)} Oy
- [—AQAikak - ACL} Qudy = —Aa(A-d)(Q - d) — (Qd, Ad), (2.8)
while
“ XN - (A-d) = —XoN;iAijd;
~ [ /\2Awd 1(Adi+|Vd|2cZi)+/\Q(JTAd)cii} Ayd,

AQ 20 Ady s 2

= )\—2|A d? - |dTAd|2 1 (Ad, Ad) + (dTAd)\VdP (2.9)
1 1

Since A : d ® d = d” Ad, we have, by substitutlng (2.8) and (2.9) into I, that

A3 s A3
I:—2/]RQ[(ul—/\i>|A:d®d|2+(u5+M6+ >|A d\} (2.10)

Substituting (2.10) into (2.7), we finally obtain

d
dt/ (|u® + |Vd|*)n? +/ [u4|w|2 IA ||Ad+|Vd|2d|2]

A S
= _2/ 772[</14—)\2>|Aid®d2+(,u5+/146+ )|A d|}
R2 1

+ /R [(Jul* +2P)u-V(n*) +2(Vd © Vd — o"(u,d)) : u® V(n?)]

—|—/ [[VdPu-V(n?) —2Vd @ Vd : u® V(n*) — 2(0,d, Vd) - V(n*) + pa(u - Vu, V(n?))] . (2.11)
R2
Here we have used the fact V - u = 0 and the following identity:

2.9 1 u22_1 w-Vu 2
[oaen =5 [ vuie =5 [ (e v ve). (212)

If n = 1, then (2.11) and the condition (1.15) imply

d
& Lup s waty+ [ uivup+ 2iads ivapa?]
. B

A3 s A3
= -2 [ = 2 ) A d@dP + (st s+ 52 ) 1A d|] (2.13)
R2 1
Integrating (2.13) over 0 < t; <ty < T yields (2.1). This completes the proof of lemma 2.1. O

We also need the following local energy inequality in the proofs of our main theorems.

Lemma 2.2. For 0 < T < +oo, assume the conditions (1.6), (1.7), and (1.15) hold. If u € L{*L2 N
LZHL(R? x [0,T),R?), d € L=([0,T], HY (R%,52)) N L2([0, T], H2 (R,52)), and P € L2 x [0,T1) is a
suitable weak solution of the Ericksen-Leslie system (1.8). Then for any 0 < t; <ty < T and n € C§°(R?),
it holds

ta
[Pl 19apy e + [ [ [l Ve + lad+ vapa?]
R2 t1 R2 |)\|

ta
< [P vyt +0 [ [ a9+ ull V£ (947 4 9%+ [PD 1 V)

+(|Vu| + |u||Vd| + |Vd|]* + |V2d|)|Vd||V (n?)]]. (2.14)
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Proof. Tt suffices to estimate the last two terms in the right hand of (2.11). Denote these two terms by IT
and ITI. To do so, first observe that by (1.8)3 it holds that
|0rd| < C(|ul|Vd| + [Vul 4 |V?d| + [Vd|?),
and hence
o (u,d)] < C(1A| + [N) < C(IVul +[ed] + |ul|Vd]) < C(|Vul + [ul|Vd| +[Vd| + |Vd[?).

With these estimates, we can show that

] < C/RZ(IUIQ+|P|+\le2+IUL(u,d)I)IUIIV(UQ)I

< C/ (Jul* + 1P| + |Vd|* + [ul|Vd] + [Vul + [VZd))]ul[V (n*)],
R2
and
M < C [ (9Pl + 10V + ul] V) [T ()
< C/R2 (IVaPul + [ul[Vul + (|Vul + [ul[Vd| + [Vd]* + |V2d])|Vd]) [V (n*)]-
Putting these estimates of IT and IIT into (2.11) yields (2.14). This completes the proof. O

3. ¢-REGULARITY OF THE ERICKSEN-LESLIE SYSTEM (1.8) IN R?

In this section, we will establish the regularity of suitable weak solutions of the Ericksen-Leslie system
(1.8) in R?, under a smallness condition. The crucial step is the following decay lemma under the smallness
condition.

Lemma 3.1. Assume that the conditions (1.6), (1.7), and (1.15) hold. There exist ¢¢ > 0 and 6y €
(0,3) such that for 0 < T < +oo and a bounded domain O C R?, if u € L{°L2 N L?HL(O x [0,T],R?),
d € L*>([0,T], H(0,S%) n L3([0,T), H*(O,S?)), and P € L*(O x [0,T)) is a suitable weak solution of
the Ericksen-Leslie system (1.8) in O x [0,T], which satisfies, for some zy = (zo,t0) € O x (0,T] and

0 < ro < min{d(zg,0), o},
(I)(’U,,d, Pa Z(),T') S €0,
then

O(u,d, P, 2z, 0pr) < =®(u,d, P, zo,7). (3.1)

DO =

Here we denote

@(U, da Pa ZO7T)

— (/ |u|4> +</ |Vu2> +</ |Vd|4> +</ |Ad|2> +</ |P|2> .
Pr(z0) Pr(z0) P.(20) P,(z0) P,.(z0)

Proof. First observe that since (1.8) is invariant under translations and dilations, we have that
up(z,t) = ru(zo + ra, to +r2t), d.(x,t) = d(zo +ra, to +r°t), Pr(x,t) = r*P(xo + ra, to + r2t),

is a suitable weak solution of (1.8) in P;(0). Thus it suffices to prove the lemma for zgp = (0,0) and r = 1.

We argue it by contradiction. Suppose that the lemma were false. Then there would exist ¢; | 0 and a
sequence of suitable weak solutions (u;, d;, P;) € (LPL2NLIHL) (P, R?) x (L°HINL?H2)(Py,S?) x L2(Py)
of (1.8) such that

@(ui,di,Pi,(070),1) = €; \LO, (32)
but, for any 6 € (0,1), it holds

1
® (u;,d;, Pi, (0,0),0) > 36 (3.3)
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Now we define a blow-up sequence:

~ i v di—(d; ~ B
uiziv d12¢7 [31277
€; € €
1
where (d;)1 = |PT| ., d; is the average of d; over Pj.
1

It is easy to see that (u;, CZ-, ]51) satisfies
Oyl + € - Vi, + VP, = —V - (Vd; © Vd;) + 'V - (o (ui, dy)),
V-u; =0,
Oudi + il - Vd; — €' Vd; + 32e; M Aldy = (Acl- + ei|v£z1-|2di) +32¢; M (dT Aldy)d.
Moreover, we have

@ ﬂiacfi/iaﬁiv(oa()%l :17

® 'E’La div P’iv (0? O),e > %
It follows from the equation (3.5)3 that

| < C (IfE - Vadillaqry + [Vl 20my + Vil r,) ) < C.

L2(Py)
After taking possible subsequences, we may assume that there exists

(a,d, P) € (L L3 N LPH (P R?)) x (L Hy 0 LPH (P, R?)) x L2(Py)
and a point dy € S? such that
U = in L{Ly(Py) N LiHy (Py),

P, — P in L2L2(Py),
di = d in LAWIA(P) N LEH2(Py),
di —d in HY(Ps),
4
dig)do a.e. P%

It is easy to check that

e[lﬂi:%(Vﬂi—(Vﬂi)T) — Q=< (Vi—(Va)") in L*(Py),

&A= S (Vi + (Vi)") = A== (Vi + (Va)") in L*(Ps),

N —= N =

1
2
& \(dFAdy) —dy' Ady, e 'A'd; — Ady in L*(Py),
6;1Ni = 6;1 (3tdi +u,; - Vd; — Q%L) —~N:= ({9253— ﬁdo in Lz(P%)7
while
e ot (uiydy) o= pa(di @ di : (6 P AN))di @ di + pa(e; "N') @ di + psdi @ (6] 'N*) + pa(e; ' A”)
+us((e71AY) - dy) @ di + pedi © (€, LAY - dy)
— 55 (@, do) == p(do @ dy : A)dy ® do + paN @ do + pzdo @ N + pg A
+pts (A - do) @ do + pedo ® (A do)  in L*(P3).

Since |d;| = 1, an elementary argument from the differential geometry implies that

d(z,t) € Ty,S* ae. (z,t) € Ps.

(3.5)

(3.7)
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Therefore (i, d, P) satisfies (3.8) and the following linear system in Ps:

&+ VP =V-(5"1,d)),

V=0, (3.9)
o~ o~ — ~ AT ~ A

00— Qo + 32 Ado = i ad + 32 (do Ady ) do.

By the lower semicontinuity, we have
) (a,cZ P, (0,0), 1) <1. (3.10)

By the regularity lemma 3.2 below, we know that (u, c?, ﬁ) is smooth in P% and there exists 0 < 0y < %
such that

-~ = 1
o (u,d, P, (0,0)790) <O < 7. (3.11)

In order to reach the desired contradiction, we need to apply the local energy inequality (2.14) for (u;, d;, ]31)
First, observe that the equation (3.5); can be written as

O4tl; + VP — %Aﬂi =g; = [— &V - (ﬂi ® u; + VCAZ;‘ ® VJZ) + 6;1V~ (UL(ui7di) — ,u4Ai) } (3.12)

It follows from (3.6) that g; € L?([—1,0], H '(B;)) and

~ 12 T2 ~ 27
94| L2 (r0n -1 (80) S [Hui”L‘l(Pl) +IVdillzacpy) + IVl L2py + IV diHL?(Pl)]
S @ (U d;, P, (0,0),1) €,
~ 3
Hence by the standard estimate on Stokes’ system (cf. [31]) we have that Ou; € LZ([—(E)Q,O], H_l(B%))
and
Jo r2(1-(hroLa-(By)) 0.0 Sl er.00 -1 (319

It follows from (3.6), (3.7), and (3.13) that we can apply the Aubin-Lions compactness lemma (cf. [31]) to
conclude that, after taking possible subsequences,
U — @, Vd; — Vd in L*(Ps). (3.14)
By Fubini’s theorem, for any 6 € (0, §) there exists 7o € (62,46?) such that
/ (m — P +|Vd; — viﬂz) (2, —70) dx < 09*2/
Bzg P29
Here o(1) denotes the constant such that lim o(1) = 0. Since

11— 400

(17 — @2 + |vd; — VdI?) < Co~20(1).

| (P + 9dP) (@, o) o < c02
Bag
we have

/ (|512-|2 + |vci|2) (x, —70) dz < C [02 + 0~ 20(1)] . (3.15)
Bag

Since (u;,d;, P;) satisfies the local energy inequality (2.14), we see that by rescalings (;, d;, P;) satisfies the
following local energy inequality: for any —79 <t < 0 and any n € C§°(B1),

t
~ ~ ~ 2 ~ ~
[ vapio+ [ [ P [udva? + Ziadi+ alvaral]
R2 —710 JR2 |)\1‘
< [ PR+ 9aR) )

t
i [ [ (@l + 98] + IV + VP + 92+ B V6P
—ro JR2
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(V] + Tl V| + 62 + [V2di) Va9 ()] (3.16)
By the weak and strong convergence properties for (u;, cfiv,-, ]32) listed as above, we have that, as i — +0o0,
t
E; ::/ / |:(€i|ﬂi|2+|Vai‘+6imi||Vdi|+6i|Vdi|2+|V2di|+‘Pi‘)|ﬂi||V(’l72)|
—ro JR2
H(IVE] + €[] Vdi| + €| Vdi|* + IV%)IV@HV(nz)I}
t
SB[ [ [0V 9+ POEIVGA) -+ (V- (ADVATR]
70
Now we choose n € C5°(By) such that

_1
0<n<1, n=1in Bz, n=0outside By &, and |Vn| < Cr, > < CO~'.
Then we have that for 6 € (0, ),

~

E 5 6 /P (V] + [V2d] + | Pl + (7@l + |v2d])|vd]|
260

S [ (192l z2(pag) + IV lz2p) + 1 Plaeiny ) (IVdls ey + Nl s ) |

< [@(ﬂ,i,ﬁ, (0,0),29)]2 < Cp?
so that
|E;| < C(6% + o(1)). (3.18)
Substituting (3.15) and (3.18) into (3.16) yields
sup / ([a:]? + [Vdi*)(t) +/ [M\Vﬂiﬁ + |/\i|AJZ- + ei|v67|2di|2} <C(0*+0%(1). (3.19)
—02<t<0J By Py 1]

Since
/ |A£z;|2g/ \A@+ei|Vﬂ2di|2+ef/ |v£z;\4g/ AG; + 6| VPR + Ce2,
Py Py Py Py

and by the H?-estimate

/|v2£i2|25 AdP o [ VAR < [ 1AdP 0 1 620),
P Py

(4 Py Py
2

we obtain

swp [ (@ (VAR [ (VTR V) <C 6+ e 7o), (3.20)
—192<t<0/B Py

0
2 2

Recall Ladyzhenskaya’s inequality in R? (cf. [15]):
[oAsts [ [ e vy v e B, (3.21)
B, Ba, Ba

Applying (3.21) to @; and Vd,; and integrating over t-variable and using (3.20), we obtain

[ (@svar)y s | s f
P te[—%62,01/B

o
4

|az-|2+|vi-2) / (072 (@[ + Vi) + [Vl + V2]
Py

9
< C(0'+e +60"(1)). (3.22)
To estimate P, let’s take divergence of the equation (3.5); to get
AP = —¢;(V+)? (m ® U + Vd; © Vc@) + e (V2 (05 (uiydi)) in By, (3.23)
Let ¢ € C5°(R?) such that
0<¢<1, ¢=1in By, ¢=0outside By, and Vo] <07t
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Define @, by

Qila.1) = - / VIG(r —y) : %) [l © 1+ Vd, © Vi) — "o  (ui, )] (3. dy,
where G is the fundamental solution of the Laplace equation on R?. Then we have

AQ; = —(V-)? {¢2 (61'(171‘ QUi + Vd; © Vd;) — € Lo (us, dl)> ] in R?.
By Calderon-Zygmund’s L?-theory we have

1@y S [T, + IValLas, )+l o™ @, d)Bas, )]
4 4

sl

)

S |alliiltas,) + 1VdlLs,) + Vi, + e N
4 4

IO

o
1

< lElhas,) + IVdlLs,) + IV, + IV R, (3.24)
Integrating (3.24) over ¢ € [—6%,0], and using (3.20) and (3.22), we obtain
0 ~ ~
/ / Qi £ / (1l + IVl + [V + [V2di[2) < € (6" + ¢t +07%0(1)) . (3.25)
—02 Jr2 Py

4
Set Ei = E - @i in Py. Then we have
AR;(t) = 0'in By, Vt € [-67,0],

so that by the standard estimate of harmonic functions and (3.25) we have

/ IRi|* < 92/ IRi|* < 092/ (1P +1Q:%) < 0[92 + (0" + €l +67%0(1)) } (3.26)
o "3 4
Putting (3.25) together with (3.26) yields
/P 1P < 0[92 + (0% + €t + 07%0(1)) } (3.27)
92
Combining all these estimates (3.20), (3.22), and (3.27), we obtain
P (m,@,é, (0,0),02) < C[e +e+ 0*10(1)} < i (3.28)

provided that we first choose sufficiently small # and then choose sufficiently large i. This gives the desired
contradiction. The proof is complete. O

The following lemma plays an important role in the blow-up process, which may have its own interest.

Lemma 3.2. Assume (1.6), (1.7), and (1.15) hold. For any point dy € S?, if u € (L°L2 N L7H}) (P%,RQ),
de (L°H N L3H?) (P%,TdOSQ), and P € L2(P%) solves the linear system (3.9) and satisfies the condition
(3.10), then (u,d, P) € C°°(Py) and satisfies the following estimate:

o~ ~ 1
o (a d, P, (0,0)79) <CO, Vo€ (,3). (3.29)

Proof. To simplify the notations, we write (u,d, P) for (u, (i ﬁ) in the proof below. The argument is based
on the higher order local energy inequality argument.
Taking a% of the linear system (3.9) yields

Optiy, + VP, =V - (6L (u,dp))s,

Vg, =0, (3.30)
O, — Qo + 22 Ay do = L Ady, + 22 (JOTAMJO) do.
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For any n € C§°(By), multiplying the equation (3.30); by u,,n* and the equation (3.30)3 by Ad,,n* and

integrating the resulting equations over B, we obtain®

% . \Vu|?n? = (3.31)
,2[/3 P[Au-V(n?) + Vu: V3(n?)] +/B (GL(u,do))wi :umi®V(n2)+/B i (EL(u,do))wi :Vuzi],

d 2
— V23d)*n? + — AVd|*n?
ﬁéﬂ el

= 2 [ 9dy, -V, -V(n?) — 2/ (<ind0 - %Azido,mimg + (ig(dgAmcio)do,Adw)) 7.
1 1

B1 By
— o Ody - Vd,, - VP) -2 / (o — 22 Ay do, Ay ) ) 72, (3.32)
B B A1

where we have used in the last step the fact d € T,;,S? in order to deduce that (dy, Ad,,) = 0 a.e. in Bj.
Similar to the calculations in the proof of lemma 2.1, we have

/ 7> (?7'L(u,d0))xi : Vg,
By

/ n? [MI(JO ®dy : Azi)do ®do + Mzﬁm @ do + pado ® Nzi + p14 A,
B

115(As, - do) @ do + piodo @ (Au, - do)] + (s, + Q)

- / 772 [Ml(ngAziJO)2 + ,u4|Azi|2 - /\QNL: : (sz ! dO) + )‘1Nf67: : (Qfm : dO)
B

(15 + t6)| As, - dof? + Aa(As, - do) (R, - o). (3.33)
By the equation (3.30)3, we have
)\lﬁwi . (Qam . dAO) = _AQ(Awi : CZO)(QM : JO) - <Qw¢a?07 ACZ11>,
and
. N T R
_)‘QNM : (AL . dO) = 7|Awl . do‘ - 7(d0 Awldo) + 7<A1Ld0’Ad$1>
A1 A1 A1

Substituting these identities into (3.33), we obtain

/ n? (7" (u, do))zi : Vg,
By

A2 . h) . PO
- / 772 |:(‘LL1 - l)(dgAxldO)z + M4|Am1 2 + <72Ar1d0 - Qmid0> Adac1>
Bi A1 A1
A3 512
+(ps + e + )\71)|Awi - dp } (3.34)

Putting (3.34) into (3.31) and adding the resulting (3.31) with (3.32), we have, by (1.15),

d 2
/(VW+w%ﬂﬁ+/(mwm%-wwﬁ%
dt /g, By | A1

_ 2 RN ORERY A3 512
= =2/ n|(m Ndo Az, do)” + (p5 + w6 + )| Az, - do
B A1 A1
—2/ P [Au-V(n?) + Vu:V*(n?)] - 2/ (EL(u, do))z, Sy, ®@ V(n?)
Bl Bl ¢

3Strictly speaking, we first need to take finite quotient D}L of the system (3.9) and then multiply the first equation and the
third equation of the resulting equations by D;"lu(:r, tn? = w andD;'L (Ad)n? respectively for h > 0 and i = 1,2,
with e; = (1,0) and e2 = (0,1). Then the desired estimate follows from the estimates on the finite quotients by sending h to
Zero.
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+/ (“4V2u-V(n2):Vu—28tdxi-dei~V(772) 2 9(Vd) e V(Vd) : V (2))
By

A1l

< —2/B P [Au-V(n?) + Vu: V*(n?)] - Q/B (GL(u,do))wi g, @ V(n?) +

/ {M4V2u -V (n?) : Vu —20;d,, - Vd,, - V(n?) +
By

= R;+ R+ Rs.

Now we estimate each term of the right hand side of (3.35) as follows.

and

| R3]

| R

| Ra|

<

~

<

IN

| A

< /B |PI(IV2ul*n| V| + [Vul (V0] + [Vn]*))

Ha
6 Jg,

IN

1

,Lg; / |V2u|*n

V22?1 C / (P2 + [VulP)(|Vaf? + [V2]),

/ (IV2u] + [V3d]) [Vl |V

VRdPn? 4 C / Vul? [V,
2|>\1| B, B,

/B V20| Vuln| V| + (|92 + [V3d])[V2d|n| V|

Ha
6

/ |V 2u|*n?

2\)\1|

Putting these estimates into (3.35), we obtain

/ (|Vul]* + |V?d)?) n?

By Fubini’s theorem, there exists t, €

Integrating (3.36) over ¢ € [t.,0] yields that
/ (IVul* +|V3d]?)
B,

<c/ [<|P|2+|Vu|2>(\w|2+\v2n|>+|v2d|2|vm2]+0 | (va +1v2ap)
P1 Pl

sup

1
—1<i<0

d
dt

<C

By

B

V3P + C / (IVal? + [V2d]2)|Vn[2.
B1 By

Ha 2,2 4 3 712
—|V-u Vd)
/Bl<2' i

(1P + [V uf2) (V2 + [920)) + [V2a2 V2],
[—1,0] such that

[ (9ul s 92ap) e <8 [ (Val? + 1v2a?)

1

/ / (‘V2U|2 + |v3d|2) ,'72
i/ B

For the pressure P, taking divergence of the equation (3.30); yields that for any —1 < ¢ <0,
APy, = (V)? (6" (u, o)), in Bs.

Similar to the pressure estimates obtained in the proof of lemma 3.1, we have

/ VPP < / 1 s o), > + PP < / (IV2uf? + |V3d? + | P2) .
P1 Ps Ps3

Let n € C3(B1) be a cut-off function of Bs, ie

16

8

|Vn| + |V?n| < 16. Then, by combining (3.37) with (3.39), we obtain

sup
—(§)%<t<0

1
4

/ (|Vul® + |V2d|?) (t)+/ (IV2u* +|V3d]* + |V P|?)
B Py

1

(VP (V) + AV (V) )P

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

1751inB%,nEOOutsideB%,0§n§l,and
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<C |P|? + |Vul® + |V2d|?|. (3.40)

P§|:
4

It turns out that the above energy method can be extended to any high order. Here we only give a sketch
k
of the proof. In fact, if we denote V* = a‘la as the k-th order derivative for any multiple index « = (o, @)

(k = |a| = a1 + a2 > 2), and take V® of the system (3.9), then we obtain

8 (Vou) + V(VOP) = V - (V(E (u, dp))).
V- (Vou) =0, (3.41)
(Ved) — (VQ)dg + 32 (V*A)dy = L A(Vd) + 2 (dg(vaA)do) do.

Multiplying (3.41); by (V*u)n? and (3.41)3 by A(V®d)n? and integrating the resulting equations over By,
and repeating the above calculations and cancelations, we would obtain

% . (|vku|2+ |Vk+1d|2) T]2JF/B1 </;4vk+1u|2 + |)\11|vk+2d|2> 0’
<C [ [AVSPR 4 VHR)(Tal + 920 + [9F R ] (3.42)
1
For P, since
A(VYP) = (V-)* (V* (6" (u,dp))) in B, (3.43)
we have
/P |V’“P\2§/P (IVFIPP + |VEH ) + |VF+24)?) (3.44)
3

1
4 8

Following the same lines of proof as above, we can choose suitable time slice ¢, € (—,0) such that

4
-/B (|Vku|2 + ‘Vk+1d|2) 772(75*) < SA (|Vku|2 + ‘Vk+1d|2) 772.

By choosing suitable test functions similar to the above ones, we can reach that for any k& > 2, it holds

sup / (IVEul? + [V*H1dP?) (t)+/ (IVFH uf? + | VF 24 + VR P)?)
B

—(3)2<t<0 P
(4) SIS % %

< C/ IVF1 P2 4 [VEuf? 4 |9+ P2). (3.45)
P3

It is clear that with suitable adjusting of the radius, we see that (3.45) and (3.40) implies that

sup / (|vku|2+|vk+1d|2) (t)—i—/ (\Vk+1u|2+|Vk+2d|2+|VkP|2)
B

—(5H)2<t<0 P
(7)2<t< 1 1

< c/ [1PP + [Vuf? + [v2a?] (3.46)
P3

holds for all &£ > 1.
Now we can apply the regularity theory for both the linear Stokes equations (c.f. [31]) and the linear
heat equation (cf. [15]) to conclude that (u,d) € C°°(Py). Furthermore, apply the elliptic estimate for the

pressure equation (3.38), we see that P € C*>°(Py) (first we have VEP € CO(P%), then note that 9. P also
satisfies a similar elliptic equation, so that V¥9lP € C° (P1)). Therefore (u,d, P)e C™ (P%) and the desired
estimate (3.29) holds. The proof of lemma 3.2 is complete. O

In order to show the smoothness of solutions to (1.8) under the condition (3.1), we need to iterate the
decay inequality (3.1) and establish higher integrability of (u,Vd) by applying the techniques of Morrey
space estimates for Riesz potentials, similar to that by Hineman-Wang [14].
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Lemma 3.3. Assume that the conditions (1.6), (1.7), and (1.15) hold. For any 0 < T < +oo and a
bounded domain O C R?, there exists ¢g > 0 such that (u, P,d) € L L2NL?HX(0 x [0,T]) x L*(O x [0, T]) x
L?H?(0O x [0,T),S?) is a suitable weak solution of (1.8), and satisfies, for zy = (xo,to) € O x (0,T) and
P, (z0) C O x (0,T),

<I>(u,d, P, 2077“0) < €0, (347)
then (u,Vd) € L{ (Pr(20)) for any 1 < g < +00. Moreover, it holds
(e, VA | Ly z0)) < Clg:70)¢0- (3.48)

Proof. Set 71 = 7. Then it is easy to see that (3.47) also holds for (u, P,d) with zo, 7o replaced by 21,71

for any z1 € Pra(20). Applying lemma 3.1 for (u, P,d) on P, (21), we conclude that there exists 6y € (0, o)
such that for any 0 < r < rq, it holds that

‘I)(U,d,P,ZheO’I")S @(u,d,P,zl,r)

N | =

Tterating this inequality k-times, k > 1, yields
P (u, d, P, z, 0151") <27k (u,d, P, z1,7) .
It is well known that this implies that there exists @ € (0,1) such that for any 0 < 7 < r < rq, it holds
O (u,d, P, z1,7) < (;)acp (u,d, P, 21,7) (3.49)

holds for any z1 € Pra(20) and 0 <7 < 7.
Now we proceed with the Riesz potential estimates of (u, Vd) between Morrey spaces as follows. First,
let’s recall the notion of Morrey spaces on R? x R, equipped with the parabolic metric §:

5((m,t),(y,s)) = max{|:r—y|, M}, Y (2,t), (y,s) € R?* xR.

For any open set U C R?*1 1 < p < 400, and 0 < X < 4, define the Morrey Space MP*(U) by

MPNU) = {v € Lo (U) t wllippry = sup 7‘)‘*4/ [v]P < oo}. (3.50)
2€U,r>0 P.(2)nU
It follows from (3.49) that for some « € (0, 1),
u, Vd € MA1-a) (P%(zo)) . (Vu, V2d, P) € M24—2 (P%o (zo)) : (3.51)
Write the equation (1.8)3 as
dyd oy |Ad f, with f:= <u.Vd+QcZ " 22 Ad + m|Vd|2d+ iZ (d" Ad) ) (3.52)

By (3.51), we see that
Fe a1 (i ().
As in [24] and [13], let n € C§°(R**1) be a cut-off function of Pro(20): 0 <7 <1, n=11in Pr (), and

10m| + V2| < Cry?. Set w = n?d. Then we have
1
ow— —Aw=F, F:=n? o — —A —d, -
o= [0 = F o+ Q0 = = da ) =

where d o is the average of d over Pra (20). Tt is easy to check that F' € M?2(2~2)(R?+1) and satisfies the
estimate

= Vn?-Vd, (3.53)

HFHM2v2(2—f¥>(R2+1) < C | (u, d, P7 Zo,T()) + ||f||M2.2(27a)(p%(20)) < CE(). (354)

Let T'(z,t) denote the fundamental solution of the heat operator (9; — ﬁA) on R2. Then by the Duhamel
formula for (3.53) and the estimate (see also [13] lemma 3.1):

- (. t) # (0,0),

VEIE0) 2 S . 0.0)
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we have

t o olF s Flys)l ,
Vule.) < [ [ VM@ -nt=ollF@o) <0 [ et on(r)@n,  65)

where Zj is the Riesz potential of order 3 on R* (3 € [0,4]), defined by

_ ‘g(y75)| P 3
Zs(g) = o 50@1), (4, 5) YV g e LP(R”). (3.56)
2(2—o)

Applying the Riesz potential estimates (see [13] Theorem 3.1), we conclude that Vw € M i-a 2(27%)(R3)
and

HVwH Ceo. (3.57)

—a < ||F
2(2 )72(270)(]1@3) ~ H HM?,,z(’zfa)(Ra) -

Choosing o 1 1 and using lima41 = 22 a) = 400, we can conclude that for any 1 < ¢ < oo, Vw € LI(P,,(20))
and

ZO)) S C(q,To)Eo. (358)

Since (d — w) solves

O(d —w) — ! o Ad —w) =0in Pro (),

A1
it follows from the standard estimate on the heat equation that for any 1 < ¢ < 400, Vd € L4(Pr (20)) and

a4
Now we proceed with the estimation of u. Let v : R? x [0, +00) — R? solve the Stokes equation:
Opv — %Av +VQ=-V- - (VdoVd+u®u)] + V- [ (c"(u,d) — paAd)]  in R? x (0,00),

V-v=0 in R? x (0,00), (3.60)
v(-,0) =0 in R?.

o) < C(g,70)e0- (3.59)

4

By using the Oseen kernel (see Leray [16]), an estimate for v, similar to (3.55), can be given by
|X(y? S)| 2
v(z,t) <C/ < CL(IX|)(x, 1), (z,t) € R* x (0, 400), 3.61
) [ sl < O X @), (01) € B x (0,400) (3.61)
(

where X = —n?(Vd ® Vd 4+ u ® u) + n?(c*(u,d) — psA). As above, we can check that X € M?2(2~)(R3)
and

2 2
HXHMQ,Z’(Q—OL)(RS) <C |:|||u| + |Vd|HM4’4’°‘(P321(ZO)) + |||V’LL| +IV d|||M2'4_2a(P%0(Zo)) < Ceo.
2(2—«) 2(2—()() 3
Hence, by [13] Theorem 3.1, we have that v € M 1== (R?), and
v M2(12 :) 22— O’)(RS) < HXHJVIZZ(Z*O‘)(RQ’) ~ CEo. (362)
By sending « 1 1, (3.62) implies that for any 1 < ¢ < 400, v € LY (P,,(20)) and
<
Hv’ La(Pr, < C(q,ro)e€o- (3.63)

Since (u — v) satisfies the linear homogeneous Stokes equation in Pro (zo):

Ay (u—v) — é‘A(u—u) +V(P-Q)=0, V-(u—v)=0 in Pr(z).
It is well-known that (u —v) € L*(Pm(z0)). Therefore we conclude that for any 1 < ¢ < +o0, u €
L1(Py (20)). and

H ‘ L1(Prg (20))

The estimate (3.48) follows from (3.59) and (3.64). This completes the proof. O

< C(g,m0)e0 (3.64)
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Now we utilize the integrability estimate (3.48) of (u, Vd) to prove the smoothness of (u, d).* The argument
is based on local inequalities of higher order energy of (u, Vd).

Lemma 3.4. Assume that the conditions (1.6), (1.7), and (1.15) hold. For any 0 < T < 400 and a bounded
domain O C R?, there exists eg > 0 such that (u, P,d) € L L2NLIHL(O % [0,T]) x L>(O x [0,T]) x (L*HLN
L?H?(0 x [0,T),S?) is a suitable weak solution of (1.8) , and satisfies, for zo = (zo,t9) € O x (0,T) and
Pry(20) C O x (0,T),

@ (u,d, P, z9,70) < €0, (3.65)

then (Vlu, V'*1d) € (LL2NLIHY) (Pyyatn . (20)) for any 1 >0, and the following estimate holds
FES MG D

sup (IV'u|? +|VHHa|?)
to— ((1+2*(l4+1))ro)2 <t<to B1+2f2(l+1) To(zo)
_|_/ (|vl+1u|2 + |Vl+2d|2 + |VZP|2)
P ,—a+y  (20)
g
< C(l)eop. (3.66)

Proof. For simplicity, assume zo = (0,0) and 7o = 2. We will prove (3.66) by an induction on [ > 0.

(i) 1 = 0: (3.66) follows from the local energy inequality (2.14), similar to that given by lemma 3.1.

(ii) I > 1: Suppose that (3.66) holds for I < k — 1. We want to show (3.66) also holds for I = k. From the
hypothesis of induction, we have that for all 0 <[ <k — 1,

sup / (|Viul? + |[VHLd)?)
B

,(1+2—(l+1))2§tgo

142—(1+1)
+/ (V5 ul? + V2412 + |[VEP?) < C(D)eo. (3.67)
P1+2*(l+1)
Hence by the Ladyzhenskaya inequality (3.21) we have
/ (IV'u|* + VY < C(l)eo, YO <1<k — 1. (3.68)
P1+2*(l+1)

By lemma 3.3, we also have

||u||L‘1(P%) + IVl La(py) < C(q)en, V1 < g < +o0. (3.69)

3
Take k-th order spatial derivative V¥ of the equation (1.8)1, we have®
O (VFu) + VPV - (u@ u) + VEVP = —VkV . (Vd © Vd) + V¥V - (6% (u, d)). (3.70)
Let n € C§°(B2) such that
0<n<1, n=1in By osn), 7 =0outside By o «, |Vn|+|V3n| < 28

Multiplying (3.70) by VFun? and integrating over By, we obtain®

d 1
— —|VFul*n® = VE(u®u) : V(VEun?) + VEP VR -V (n?)
dt 32 2 B2 BZ
+ | VKVdo V) : V(VEun?) — [ V¥ (u,d)) : V(VFun?)
32 B2
= L+ 1+ I3+ 14 (371)
We estimate Iy, I, I3 as follows. Applying Holder’s inequality and the following interpolation inequality:
[t s [ ey ([ waees [ ewae). v e ) (372)
Bs B> B By

4n fact, we only need to use (u, Vd) € L& in the proof for the cases k = 1, 2.

5St;rictly speaking we need to take the finite quotient Dzvk’1 of (1.8)1 and then taking limit as h tends to zero.

6St;rict;ly speaking, we need to multiply the equation by Dzvk’lunz.



THE ERICKSEN-LESLIE SYSTEM IN R2 19

we have
k—1 . '
1S [ (a9 ]+ 3Vl ud) (9 a9l )
Ba

j=1

IN

k—1
<5+C |Vku|2n2>/ |Vk+1u|2n2+02/ |Vju|4
B, Bs j=0 7 sptn

+c</ |Vku\2+/ |Vku|2/ |Vku|2772> (3.73)
sptn sptn B,

where § > 0 is a small constant to be chosen later. For I and I3, we have

1| S /B\V'HPI(\V'“+1UIT)\V?7I+|V’“UI|V2(772)|)
2

< & VP4 (|V*1P|? 4 |VFul?). (3.74)

B sptn

k—1
TV /(|Vd|\Vk+1d|+Z|Vj+1d|\Vk+1*jd|)(|vk+lu|772+|Vku\|v(772)|)
B2

Jj=1

IN

k
(5+C |vk+1d|2n2>/ (V¥ + V24 2n? + C (IVul> + > |vid*)
Bz BZ

sptn j=1

e (/ (V*ul? + [VEHd[2) + / |vk+1d|2/ |vk+1d|2n2> . (3.75)
sptn sptn B
For 14, we need to proceed as follows. Set
ob(u,d) = (d@d: VFA)d @ d+ poVEN @ d + pi3d @ VEN + iy VEA + 15 (VFA - d) @ d + ped @ (VA - d),
and
wi (u,d) := V*(o" (u,d)) — ok (u,d).
Then we have

— [ V" (w,d): V(VFup?) = - / o (u,d) : (V¥ u)n? — / af; (u,d) : VF'u® V(n?)
B B> B
—/ wE(u,d) - (VEun? + Vi @ V(5?))
B>
= J1+ o+ Js. (376)
To estimate .Jy, Jy, Js, we take V¥ of the equation (1.8)3 to get”
A 5 1 A s
VEN + 22V5(Ad) = — (AVFd + VF(|Vd|2d)) + S2V* ((dTAd)d) . (3.77)
A1 [A1] A1

Since |d| = 1, we have that |Vd|? = —(Ad, d). Denote by # the multi-linear map with constant coefficients.
It is well known (see [1] ) that for any { > 0,

IV (d#d) 2 < lldllze V' dl| 2 S IV'd] L2,
and
IV (d#td#d) | 2 S lldll L |V (d#d) | 2 + [ld#d < | V'd]| 12 < [[V'd]| .
Therefore by (3.67) and (3.68) we have that for any 0 <1 <k —1,
V(d#td), V(d#dstd) € (L?H; NL2H N L4) (P1 +2_u+1>).
and

< C(leg. 3.78
LANLEHLNLIH T (P, a4n) (Deo ( )

|1V (@#a)| + |V (a#ana)]

7St;rict;ly speaking, we need to take Dflkal of the equation.
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The estimate (3.78) also holds for d#d#d#d. Applying the equation (3.77) we have

| J2] 5/ (IV** | 4+ [VEN]) [V uln| V|
B2

k
S [ (94l 19F ] 3 [V 9l 9
Ba

j=1
k—1
+[ 3 191 2a) 9 (@) | IV uln| v
=0
k—1
+[Z |kal(d#d#d)||vl+lu\] IV*uln| V| := Ja1 + Jaz + Jas.
=0

Direct calculations imply

I < [aw <|v‘“u|2+|v’“+1d2>n2} [ 095+ (952

B, B,

+ C (|Vku|2+|Vk+1d|2)/ (V¥ ul? + Va1 +CZ/ (IVd|* + |Viul?),
Bs

sptn sptn

k—2

Jas / [V dlIva + VIV + 3 (97 (d#d)|] IV uln] V)

IN

IN

C/ |vku| / |Vk+1u\2772+0 \Vku|2/ |V’“u\2n2
sptn By

k
+C [|Vd|8 +|VRAR 4 VR ) |Vid|4},
sptn i=1
and
k—1

/ [\Vku||Vd| T\ l(d#d#d)HVluﬂIV’“uInIVnI

=1

(VFuP o+ [P [ (95?4 92
By Ba

Jo3

IN

A

v oo (VAP + VR £ V) +CZ/ (V9ul* + [V d))

sptn sptn
+ C (|vku|2 + |vk+1d|2)/ (|vku‘2 + |Vk+1d‘2)772
sptn Bs

By the definition of wi(u,d) and the equation (1.8)3, we have

k—1
|wi (u, d)| <Z|vlu\ (\VEHI (dged)| + |[VET T (dgpdtd)]) + Y [VIN||VEd]
=1 =0

k
S VNIV ()| + (VR l(d#d#d)|>+|Vd\|v’““d|+2|v df?
=1 =2
k—1
+ 3 [V (Ad)| + V! (V2dstddd)| + V! (Atdddsed) | V5 dl
=0
S (V5| + (V) (1Vd| + [V (d#d)| + |V (d#dH#d)))

k
D (VI P + [ VEP + [V (d#d)]? + |V (d#d#d) ). (3.79)
=1
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Hence we can estimate

|5 S /B\w;f(uyd)l(lvk“um%rIV’“HIWIWD

IN

{MC/ (|Vku|2+|Vk+1d|2)n2}/ (|vk+1u|2+|vk+2d|2)n2+c/ (|VFul? + |VFH1d)?)
Bz B2

sptn

+CZ/ (VI ult + |V 4 |V (d#d)|* + |V (d#d#d)|*)

sptn
vo [ (VR + |Vk+1d|2)/ (IVFul? + [V )2, (3.80)
sptn B

The most difficult term to handle is .Jj, since the integrands involve terms consisting of the highest order
factors V¥*1y and V**2d. Here we need to apply (1.8) to cancel some of those terms and employ the

condition (1.15) to argue that other terms are non-positive. For this, we proceed as follows (similar to
lemma 3.2).

Ji o= —/ [ul(dead VFAYd @ d+ 3o VPN @ d + psd © VEN
B>

FpaVRA + s (VEAD) @ d + pgd © (V’CAJ)} : [v%ﬁ + vmnﬂ

7/ pa|d"VEAdPr? + pa VEAPD? + (us + pe) | VF AP
B>
+MVEN - (VEQd)n? — XoVEN - (VFAd)n? + Mo (VF Ad)(VFQd)n?. (3.81)
Applying the equation (3.77), we obtain
MVEN - (VFQd) 4+ Ao (VF Ad)(VFQd) = —(VFQd, AVFd) — (VF(|Vd|d), VFQd)

+A2<vk((czTAcZ)J), vm@ - >\2<V’“(Ad) — vk Ad, vkﬂd>, (3.82)
and
A A ~ ~ 2 2 ~
WVEN(VFAD) = E<Avkd, VkAd> 2201k Agp2 4 227k Ad)?
A1 A1 A
A2<v’€(Ad) vk Ad, VkAcZ> >\2<Vk(|Vd| d), vad>
>\1
A2 . - .
)\j<(dTV’“A) —v’f((d”TAd)d),vad>. (3.83)
Putting (3.82) and (3.83) into (3.81) yields
Ji
PR ) ) ) )
= [l = NV [ TAP s+ i+ )|V’“Ad|2 +(2VFAd - V0, AT )P
Bo 1
k T AN k 27 k 7 kA kO )‘2 k k
- / [<A2V ((dT Ad)d) — V*(|Vd[2d) — X (v (Ad) -V Ad) v Qd> <v (IVd[2d), v Ad>
By
2 -~ A
L 2 <vk(Ad) vk Ad, vad> 25 <(dTvad)d VF((dT Ad)d), vad>] (3.84)
)\1 )\1
Multiplying the equation (3.77) by AV¥*dn? and integrating over B, we have®
d k+1 712 2 k 2 2 / A2 k k
A A Qd, A
= |v d*n |A1I Bz| Vkd|?y B2<A1v d— v*Qd, Vd>

+/ <Vk(u-Vd) + (V*Qd — VF(Qd)) + " (V’“(Ad) VFAd) + Ailvk(|Vd|2d),Avkd>n2
Bs

8St;rict;ly speaking, we need to multiply the equation by AD;LVk*Ian.
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- atvkd-vvkd-vnt% / (VH(d" Ad)d), AV d )y (3.85)
1JB,y

B;
Adding (3.71) and (3.85), using (1.15), we obtain

d
g RO ST I CA
B2

+/ <Vk(u -Vd) + (VFQd — VF(Qd)) + %(Vk(Ad) — V¥ Ad), Avkd>n2
Ba

N |vk+2d|2>n <hLh+L+I3+Jy+Js

- atvkd-vvkd~vn2+/ <A VH(VdPd) - 32 22 Gk (4T Ad)d ),Avkd>n2

Bs B2
- / [<A2vk((d”TAd)cz) — VF(Vd|2d) — A (v’f(AcZ) - V’“AJ) ,vmd> + %<V’“(|Vd|2d), v’fAcZ>
Bs 1

i <vad VF(Ad), vad> . <vk((d7Ad) d) — (dTV* Ad)d, VkACZﬂ?]Q
= h4Il+I3+Jy+ J3+ K + Ko+ K3 + K. (3.86)

The terms K1, Ko, K3, K4 can be estimated as follows.
k—1
| K1 §/ [1Va][VFul + [ul [V + Y (Vi + [V )] [V 2]y
B

=1

(|V’“+1u|2+\Vk+2d| 77 +CZ/ |Vlu|2+|Vl+1d|2)

sptn

<[+ (|Vku\2+|Vk+1d\2)n2]/

Bz B2
o (VP4 |Vk+1d|2)/ (IV*uf? + [VEHd2)p, (3.87)
sptn Ba
For K», by the equation (3.77) and the fact |Vd|? = —(d, Ad) we have
0:V¥d| < [VE(u- Vd) + |VF(Qd)| + [VF(Ad)| + [VF2d| + |V*((d" Ad)d)| + [V*((d, Ad)d)|,
so that
K| < / [[VE2d] 4 [V*H ] + [V (Ju] + |Vd]) + [VEul(|Vd] + |V (d#d#d)])
B

~

k
D (VI P + VP + [V (ddEd)|? + [V (dedtd)*) ] [V )| V|
=2

< [6+C ; (|vku|2+|vk+ld|2)n2]-/3 (|vk+1u|2+|vk+2d|2)n2

+ Z/ (V7 u* + | Vi) + |V (d#d)[* + |V (d#d#d) | (3.88)

sptn
+ C (|vku|2 + |Vk+1d|2) +C (|vku|2 + |vk+1d|2)/ (|vku|2 + |Vk+1d|2)172
sptn sptn B,
For K4, we first estimate the terms inside the integrand. Since
(VF(dT Ad)d, V*Qd) = 0,
it follows
(VF((dT Ad)d), V*Qd)| = (V¥ ((dT Ad)d) — V*(dT Ad)d, V*Qd)|
k—2
S (IVFul|Vd] + ) [Vl [V (dtdgd)]) [Vl
1=0
k—1
S [VFul[Vd] + Y (V' ul? + [V (d#d#d) )] [V ).

=1
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We also have

(VF(IVd|*d), VQd)| = [(V*(|Vd[*d) — V¥(|Vd|*)d, VFQd)|
k—2

S VRV + Y V|V V) [ VE |
=0

k
S [IVFaVd? + Y (VP + [V (d#d) ][V,
=2
k—1
(V*(Ad) — V*Ad, V*Qd)| < [[VFul|Vd| + D (V! uf® + [V ] [VE
=1

k
(VE(IVd|*d), VFAd)| < [|VFH1d]|Vd] + [V VAP + Y (IV'd]? + [V (d#d)[*)][VE ),
=2

and
R ) R k—1
(VFAd — VF(Ad), VFAd)| < [IVFu|[Vd] + Y (V! uf* + V)] [VE ),
=1

|(V*((dT Ad)d) — (d7V* Ad)d, V*Ad)|
k—1
< [IVFul|V(d#td#td)| + (V' uf? + |V (dgtd#d)[) ][V .

=1

Putting all these estimates together, we would have
Kal S / [(IVEul + [VEFLd)) [ Vd] + [V d|[Vd]* + |V ul [V (dgeditd) ][V uly?
B2

k—1
+ / [ (94l + [VHH2 4 (V9 ()P + [V (et )] [V
2 =1

<0 [ (9M TR /B (IVF*1af? + [VF42d))p?

+C Z/ (|Viul* + |Vt + [V (d#d) [* + VI (d#d#d) |

sptn
+C [ ([VFu]* + |vk+1d\2)/ (IVFu* + |[VF*a)?)n? + C IVd|®. (3.89)
sptn B, sptn
To estimate K3, we first estimate both terms inside the integrand.

k
(VF(IVdPd), AVEd)| < [[VF||IVd]* + [VFTd||Vd] + > (V'] + [V (d#d)*)] V2]
=2

Since |d| = 1, it follows (d, Ad) = —|Vd|? and
k—1
(d, AV*d) = —V*(|Vd]?) = > (AVZd, VFd).
=0

Therefore we have
‘(V’“(((JTAdA)dL Avkd>’
k—1 k—1
- ‘(CZTV’CACZ)@ AVFd) + (D VIAVEI (dgtd))d, AVEd) + (D VI(dT Ad)VFI)d, AV’“d)’
=0

Jj=0
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= ‘ — (d"V* Ad) [V*(|Vd|?) +kzl AVId, VFid)] + <]§vjAv’f*f(d#d))d, AV*a)
k—1 o "
(Y V(" Ad)V*7d, AV d)|
j=0
S (VM| |Vd| + (VR VAP) V] + VR [V (d#d)| + [V (dgtdgtd)]) [ VE2d|
+(i V1d|*) [Vl + [kf(wlul? + [V ) + [V (d#d#d) )] [V H2d].
=2 =1

Substituting these two estimates into K3, we would obtain
| K|
S / [[V*H1d||[Vd] + [VEd||[Vd[* + [VRul (1Y (d#td)| + |V (d#td#d)])] (V] + [VHF2d))n?
B>

~

k—1
+/ [D (V' + VP + [V () 2 + [V (dtditd) )] (V5 ] + [V942d) )
Ba =1

<[5+ / (IVFuf? + V1)) / (IVF+Luf? 1 [VF2d2)2
BQ BZ

k—1

+0/ [1Vd[* + |Vd* + Y (1V'ul* + [V + [V (dtd)|* + |V (dgtdtd) )]
spir] =1
+C’/ (|v’<u|2+|vk+1d|2)/ (IVEul? + |V a)?)n2. (3.90)
sptn B>
Finally, by substituting all these estimates on I;’s, J;’s, K;’s, and L;’s into (3.86) we obtain
d
(|vk: |2+|vk+1d| )77 Jr/ M4‘vk+1u|2 ‘Vk+2d|2
dt Bs |)‘ |
<[5 [ (vFup 9] [ (9 R
Bz B2
+C (|vku|2 + |Vk+1d|2)/ (|vku‘2 + |Vk+1d‘2)772
sptn Bs
k—1
+C [ul® + [Vd]® + Y (IV'ul* + [V + [V (dgtd)|* + [V (dpded)| )]
sptn 1=0
k
+C D (V' + [V aP?) + VPP (3.91)
sptn =1

By Fubini’s theorem, we can choose t, € [~4,—2] such that
[ (9¥up 4 95 aR e <8 [ (95 4 (94 aRR < e
Bz P2
For a large constant C; > 8 to be chosen later, define T, € [t,,0] by

T, = sup {/ (9*u> + V5 2P (s) < Creo, Wt <s <1 ).
B2

. <t<0

Claim 1. If ¢y > 0 is sufficiently small, then T, = 0.
First, by continuity we know that T, > t.. Suppose that T, < 0. Then we have

/ (IVFul + [VFdR)(s) < Creo ¥t < 5 < T / (VFul? + [V LR (L) = Creo. (3.92)

BQ B2
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By choosing sufficiently small ¢y > 0 and ¢ > 0, we may assume

1 2
[5+c (IVFul? + [V ) (t ()] <0+ CCreo < 5 min {“4’IAI}’ Vi, <t<T,.
1

B2
Set

t
:/ / IV ul? + |[V*1d|?)(s) ds, Vi, <t < T..
t« Jsptn

Then by integrating (3.91) over t € [t., T.] and applying Gronwall’s inequality, we have

T
/ (|vku|2Jr |vk+1d| / / <u4|vk+1u|2 |vk+2d2>
BZ Bz ‘ |

< O [ (TP 4 TRy +cz/ (9'uf? + [V 1P 49 PP)
B> 1+2 (1+1)
+ C/ [[ul® + |Vd|*] +CZ/ [[Viul* + |Vt + |V (dd) [* + VI (d#tdEd) | )]
1+2 (1+1)
< 6060(860+C€0), (3.93)

where we have used both (3.67), (3.68), and (3.69) in the last step.
It is easy to see that we can choose C; > (C +8)e®“ so that e““(8¢y 4+ Ceg) < Ciep. Hence (3.93) implies

/OWW+W“W%ﬂm<Qm
B>

which contradicts the definition of T,. Thus the claim holds true.
Since V¥ P satisfies

AVFP = —(V)? [VF(u®u+Vdo Vd — 0% (u,d))], (3.94)
the elliptic theory and (3.93) (with 7% = 0) then yield
/ VPP £ swp [ (9*ul? + |74+ 1dP)
Py (ht2) —(1427 )2 <t<0 B, L, (k1)
+ (1P + |VF ) 4 |VFF24)?) < Ce. (3.95)
P1+2*(k+1)
This yields that the conclusion holds for [ = k. Thus the proof is complete. O

Completion of Proof of Theorem 1.3: It is readily seen that by the Sobolev embedding theorem, lemma
3.4 implies that (VFu, VF¥*1d) € L>(Psr (20)) for any k > 1. This, combined with the theory of linear
4

Stokes’ equation and heat equation, would imply the smoothness of (u,d) in P%o (z0). O

4. EXISTENCE OF GLOBAL WEAK SOLUTIONS OF ERICKSEN-LESLIE’S SYSTEM (1.8)

In this section, by utilizing both the local energy inequality (2.14) for suitable weak solutions of (1.8) and
the regularity Theorem 1.3 for suitable weak solutions to (1.8), we will establish the existence of global weak
solutions to (1.8) and (1.14) that enjoy the regularity described as in Theorem 1.4. The argument is similar
to [23] Section 5.

First, we recall the following version of Ladyzhenskaya’s inequality (see [30] lemma 3.1 for the proof).

Lemma 4.1. There exists Co > 0 such that for any T > 0, if u € LL2 N L2HL(R? x [0,T]), then for
0 < R < 400, it holds

1
[ooomtsal swo [ ey [ vaeg [l @)
R2 x [0,T] (z,6)eR2x[0,7] J Br(x) R2 % [0,T] R2 % [0,T]

Similar to [23] lemma 5.2, we can estimate the life span of smooth solutions to (1.8) in term of Sobolev
profiles of smooth initial data.
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Lemma 4.2. Assume (1.6), (1.7), and (1.15) hold. There exist ¢, > 0 and 61 > 0 depending on (uq,dp)
such that if (ug,dg) € C°°(R?,R? x S?) Nkso (H*(R?,R?) x HFFY(R?,S?)) satisfies

sup / (luol® + [Vdo[?) < (4.2)
z€R2 BQRO( )

for some Ry > 0. Then there exist Ty > 01R% and a unique solution (u,d) € C®(R? x [0,Ty], R? x S?) of
(1.8) and (1.14) in R?, satisfying

sup / (Jul2 + |Vd2)(t) < 262. (4.3)
(2:6)€R2 % [0,To] J By (2)

Proof. By the theorem of Wang-Zhang-Zhang [33] on the local existence of smooth solutions, there exist
To > 0 and a unique smooth solution (u,d) € C*°(R? x [0, Tp],R? x S?) to (1.8) and (1.14). Let 0 < tq < T
be the maximal time such that

sup / (lul® + [Vd*)(t) < 26}, 0 <t <to. (4.4)
z€R? J BR (z)
Hence we have
sup / (|u® + |Vd|?)(to) = 2€3. (4.5)
c€R? J B, (x)

Without loss of generality, we assume to < RZ. Set

B(O) = [ (WP +1VaP)0, Eo= [ (ol + V),

Then by lemma 2.1 we have that for any 0 < t < tg,
E(t)+/ <,u4Vu|2 |Ad + |Vd|*d| > < F. (4.6)
R2 x[0,¢] [\

By lemma 4.1, we have that for all 0 <t < ¢,

1
[oowat <l sw [ ware)| [ jsare g [ jvap
R2 x[0,1] (z,5)€R? x[0,t] J B, (x) R2 x [0,¢] R§ Jr2xj0,)

tE,
< Gk [ 1adP+ ] (47)
R2x[0,¢] 0
where
1 . 2 2 _
eh(= s [ P, 0= sw [ VP, e ZsRO
(z,s)ER?x[0,t] BRO(x) (z,s)ER?2%[0,t] BRO( z)
By (4.4), we have Eg, (1) < 2¢2, V 0 <t < tj so that
toE
/ \Vd|* < coef[/ |Ad)? 4 2 20]. (4.8)
R2 x[0,t0] R2x[0,t0] RO

Hence we obtain

A
/ |Ad]? = / (|Aad+ |Vd)*d)? +|Vd|*!) < | 1‘EOJF/ |Vd)*
R2X[O,t0] ]RQX[O,to] R2X[O,t0]

Cot A
006%/ |Ad|® + ( - 261 + |1|> Ey.
R2 [0, 0] Rj 2

1
Choosing 0 < e% < ——, we would have
2C

Coe?t
/ |V2d|? :/ |Ad]? < </\1| + j;; 0) Ey < C1FEy. (4.9)
R2x[0,t0] R2x[0,t0] 0

IN
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This, combined with (4.8), also yields
/ |Vd|* < CyelE. (4.10)
R2%[0,t0]

We can also estimate

1
Lot < b [ uPag [ P
R2x[0,t0] R2x[0,¢0] 0 JR2x[0,t0]
Eo  toF
< Cofh (o) [ =2+ 22) < Cié2Ey. (4.11)
0 L4 RO

Now we need to estimate g, (). Before we do it, we need to recall the following global L2-estimate of P:

tg t()
/ |PI* < / / (lul* + |Vd|* + 0" (u, )] / / (lul* +[Vd|* + [Vul* + [V?d]*).  (4.12)
0o Jr2
For any = € R?, let n € C§°(Bag, (7)) be a cut-off function of Bg,(z):
0<n<1, n=1on Bg,(x), n= 0 outside Bag,(z), |Vn| < 4R;".
Then, by applying lemma 2.2 with this  and the estimates (4.6), (4.10), (4.9), (4.11), and (4.12), we have

to
sup / ([uf? + V) + o / / (IVul? + [Ad + [Vd2d]2) — Exp, (0)
Bpr, (z 0 Br

0<t<to

< / [|u|3 o+ [ul|Vul + |2V d] + 6l V2] + [l P + [VlV2d) + [l VA + (V]| Ful ] |V7P]
R2 % [0,t0]

2 2
S LARAX[0t0]) {|||VU| V2] + Pl 2 g o 4oy + 1l + ‘Vd|||L4(R2><[0,to])}
to 3 1
< C|—= EZ2. 4.13
Thus, by taking supremum over z € R? we obtain
26 = sw [ (v
z€R?, 0<t<tg J Bgr, ()
t % 1 t % 1
< &r,(0)+C (‘;) Eg <é&+C (02) E¢. (4.14)
RZ RZ
This implies
€2 €2
to = C2E RO = 91R0, with 91 CgEO
Set Ty = to. Then we have that Ty > 61 R3 and (4.3) holds. This completes the proof. |

Before proving Theorem 1.4, we need the following density property of Sobolev maps (see [28] for the
proof).

Lemma 4.3. Forn = 2 and any given map f € H} (R*,S?), there exist { f,} € C®(R?,S%) N>, H., (R?,S?)
such that -

1' — 12y = U.
| fe = flla g2y =0
Proof of Theorem 1.4:
Since ug € H, there exists uf € C5°(R%, R?), with V - uf = 0, such that
lim Hulg - uOHL?,(]R2) =0.
Since dy € H, (R?,S?), lemma 4.3 implies that there exist {dj} C C>(R?,S%) (5, H{, (R?,S?) such that

kh%H;o HdO - dOHHl(RQ) = 0.
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By the absolute continuity of / (Juo|® + |Vdo|?), there exists Ry > 0 such that

2
€
sup [ (JuoP + [VoP) <
z€R? J Bag, ()

(4.15)

where €; > 0 is given by lemma 4.2. By the strong convergence of (uf, Vdk) to (ug, Vdp) in L?(R?), we have
that

sup / (b2 4 |VdEP) < €2, Wk >> 1. (4.16)
z€R? J Bag, ()
For simplicity, we assume (4.16) holds for all £ > 1. By lemma 4.2, there exist 8y = (€1, Ep) € (0,1) and
T¥ > 0o R3 such that there exist solutions (u*,d*) C C>(R? x [0,7¢],R? x S?) to (1.8) and (1.14) with the
initial condition:
(u¥, d*)|,_y = (ug,dg), (4.17)

that satisfies

sup [ (P Va0 < 2 vz 1 (4.18)

(z,t)ER2x[0,T¥] J Br, (z)
By lemma 2.1, we have that for all k£ > 1,
2

swp [ PV + [ VP VR
0<t<TF JR? R2x[0,T¢F] | A1
S/ (|lug|* + |Vdg[*) < CEy. (4.19)
RZ
Combining (4.18) and (4.19) with lemma 4.2, we conclude that
[ (k19 < OdE, (4:20)
R2x[0,T]
[ 0P+ [V + PP < CE, (4.21)
R2 x[0,T}¥]
and
Ty
sup / / (Vub 2 + V252 4+ |PFP) < Ce. (4.22)
$€R2 0 BRO (:E)
Furthermore, (1.8) implies that for any ¢ € J,
Ok, ¢y =— | Vu*- Ve +/ (u* @ u* + Vd* © V¥ — ol (uF,d")) : Vo,
R? R2

where (-,-) denotes the pair between H~!(R?) and H'(R?), we conclude that d,u® € L2([0,T¥], H(R?))
and

Hat“kHLz([o,qu,H—l(W)) < Cko. (4.23)
It follows from (4.20) and (4.22) that
@ (u¥,d", P*, (2,1),Ry) < Ce}, Yz e R*, R <t < Ty.

Hence, by Theorem 1.3, we conclude that for any § > 0,

| (u*, d* < C (e, Bo,d), V> 1. (4.24)
After passing to a subsequence, we may assume that there exist Ty > 0o R3, u € L L2NL7HL(R?*x [0, Tp], R?),
de LH! nLIHZ (R?* x [0,Tp],S?), and P € L*(R? x [0, Ty]) such that

u" = win L7HL(R? x [0,Tp),R?), d* — d in L7HZ (R* x [0, Tp],S?), P¥ — P in L*(R? x [0, Tp)).
It follows from (4.21) and (4.23) that we can apply Aubin-Lions’ lemma to conclude that
ub — u, Vd* — Vd in L (R* x [0,Tp)).

loc

) Hct(R2 x[8,T
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By (4.24), we may assume that for any 0 < § < Tp,0 < R < oo and | > 1,

. E gk _
khj{}o [(u*, d") = (u, d)Hcl(BRx[s,To]) =0.
It is clear that u € C*°(R? x (0,Tp],R?) N (LPL2 N LZHL)(R? x [0,Tp],R?), d € C*°(R? x (0,Tp],S?) N
(LzH! N L{HZ ) (R? x [0,Tp],S?) solves (1.8) in R? x (0,Tp]. It follows from (4.23) and (4.21) that we can
assume
(u, Vd)(t) = (ug, Vdp) in L*(R?), as t | 0.
In particular, by the lower semicontinuity we have that

E(0) < liminf E(t).
(0) < lim inf E(t)

On the other hand, (4.19) implies
E(0) > limsup E(t).
£0
This implies that (u, Vd)(t) — (ug, Vdp) in L?*(R?) and hence (u, d) satisfies the initial condition (1.14).
Let Ty € [Ty, +00) be the first finite singular time of (u,d), i.e.,

(u,d) € C®(R? x (0,T}),R?* x S?) but (u,d) ¢ C(R? x (0,T;],R?* x §?).
Then we must have

lim sup max/ (Jul* + |Vd|*)(t) > €5, VR > 0. (4.25)
T, TER? Br(z)

Now we look for an extension of this weak solution beyond T;. To do it, we define the new initial data at

t="T1.

Claim 2. (u,d) € C°([0,Ty], L*(R?)).

This follows easily from (4.23) and (4.21). By Claim 2, we can define

(u(Th), d(T1)) = lim (u(t), d(t)) in L*(R?).

By lemma 2.1 we have that Vd € L°°([0,T1], L?>(R?)) so that Vd(t) — Vd(T3) in L?(R?). In particular,
U(Tl) € H and d(Tl) S H;O(RQ,S2).

Use (u(T1),d(T1)) as an initial data to obtain a continuation of (u,d) beyond T as a weak solution of (1.8)
and (1.14), we will show that this procedure will cease in finite steps and afterwards we will have constructed
a global weak solution. In fact, at any such singular time there is at least a loss of energy amount of €5. By
(4.25), there exist t; T T7 and xo € R? such that

limsup/ (ul2 + [Vd2)(t;) > € for all R > 0,
t;1T1  J Br(zo)

This implies

2 2 . 2 2 . . . 2 2
+|Vd|*)(T1) =1 + |Vd|*)(11) < lim1 f/ + |Vd|7) (¢
[ G+ 1942)(73) = 1 oo (?  9APYT) < Ui limnt | (ol + VP 8

<lim |lim inf 24+ |VdP*)(t;) — i / 24 |Vd*)(t;)| < Eg — €.
<lim [limin /Rz('“' VaP)(E) ~limsup | (Juf + [VdP)(E)] < Bo -

E
Hence the number of finite singular times must be bounded by L = 20] If 0 < Ty, < 400 is the largest

€
finite singular time, then we can use (u(Tp),d(Tr)) as the initial data 1to construct a weak solution (u,d)
to (1.8) and (1.14) in R? x [Ty, +00). Thus (i) of Theorem 1.4 is established. It is also clear that (iii) of
Theorem 1.4 holds for the solution constructed.

Now, we perform a blow-up analysis at each finite singular time. It follows from (4.25) that there exist
0<ty<Th, ty tT1, rm 0 such that

T /B()(u|2+|Vd2)(t). (4.26)

TER2, Lo <t<ty,
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By lemma 4.2, there exist #y, depending only on €; and Ey, and z,, € R? such that

1 2
/ (ul? + V)t — O0r2) > = sup / (Jul + [Vd2)(tm — B0r2,) > L. (4.27)
Bor,, (xm) 2 yer2 /B, (2) 4

By lemma 4.2 and (4.26), we have
/ (ul* + [Vd]*) < Ce2. (4.28)
R2X[to,tm]

Define the blow-up sequence (tm,, dm, Pn) : R? x [25t= 0] - R? x S? x R by

U (T, 1) = T (T, + P @y by + 7“,2nt)7 A (x,t) = d(T + T, by, + 7“,2nt)7 P, = TfnP(xm + T, b + rfnt).

Then (wy,, dy,, Pp) solves (1.8) in R? x [%,O]. Moreover,

2
/ (lum[? + [Vdm[*) (=60) > a
B2 (0) 2
to — tm
/ (lum|? +|Vdn|?) (1) < €, Vo e R?, 2" <t <0,
Bi(x) Tm

/ (\um|4 + |Vdm\4) < Cé?,
R2 x [0 o]

m

and
to — tm
0 ,0].

/ (IVum|? + |V2dp|* + | Pn|?) < C€l, ¥V 2 = (z,t) € R? x |
Py(z)

m
It is easy to see t‘);% — —o0. Hence, by Theorem 1.3, we can assume that there exists a smooth solution
(Uoos doo) = R? X (—00,0] — R? x S? to (1.8) such that for any [ > 1,

(Ui, din) = (Uoo, doo) In C’IIOC(R2 X [—00,0]).

Claim 8. us = 0.
In fact, since u € L*(R? x [0,T1]), we have

tm
/ [uoo|* = lim [t |* = lim / lu[* = 0.
Pr m=0 Jpg M0 Brrm (@m) J tm—R212,

Claim 4. ds € C*(R?,S?) is a nontrivial harmonic map with finite energy.
Since (Ad + |Vd|*d) € L*(R? x [0,T1]), we have, for any compact K C R?

0 0
/ /|Adoo+\Vdoo|2doo|2 < liminf/ / |Ad,y, + |Vdp|*dn|?
K m - Qo

7200 290
tm

= lim /|Ad+|Vd|2d|2:().
R2

M St —20072,

By the equation (1.8)3 and u., = 0, this implies 9;do, = 0 on R? x[—26,0]. Hence doo (t) = doo € C°(R?,S?)
is a harmonic map. Since

2
€
[ 1Vl =t [ + [V )00 = 5,
B» m JB, 4
ds is a non-constant map. By the lower semicontinuity, we have that for any ball Bg C R?,

/ Vdoo|? < liminf/ |Vdn|?(—6p) = lim inf |Vd*(tm — 0or2,) < Ey,
Br m Br m

B'r"LR (an)

and hence do, has finite energy. It is well-known ([29] [30]) that dw can be lifted to be a non-constant
harmonic map from S? to S2. In particular, dos has a non zero degree and

/ IVdoo|? > 8rldeg(du)| > 8.
R2
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It follows from the above argument that for any r > 0,
limsupmax/ (Jul + [Vd2)(t) > / (oo |? + |Vdoo|?) > 8.
T, TER? B, (x) R2
To show (iv). By lemma 2.1, there exists ¢; T 400 such that for (ug,dg) = (u(ty),d(tx)),

/(|uk\2+|de\2)§Eo, lim / (Vurl? + |Ady + [V 2di[?) = 0.
R2 k— o0 R2

It is easy to see that uy — 0 in H'(R?), and {d;} C H! (R*S?) is a bounded sequence of approximate
harmonic maps, with tension fields 7(dy) = Ady + |Vdg|?ds. converging to zero in L?(R?). By the energy
identity result by Qing [27] and Lin-Wang [25], we can conclude that there exist a harmonic map do, €
C*° N H} (R%S?), and finitely many points {z;}/_;, {m;}\_; C N, such that
!
Vi [? de — [Vdoo|? dz + Y 87m;d,,
i=1
as convergence of Radon measures. This yields (iv).
To show (v) under the condition [g. (Jug|® +|Vdy|*) < 8, we divide the argument into two cases:
(a) There exist no finite time singularities.

For, otherwise, (ii) implies that we can blow up near the first singular time 7} to obtain a nontrivial harmonic
map w € C°(R?%,S?) and

st< [ Ve <lim [ (P + Va0 < [ (luol + [VdoP) < 5.
R2 Ty JR2 R2

This, combined with lemma 2.1, yields

T
/ / (IVul? + |Ad + [Vdd]2) = 0
0 R2

so that u = 9;d = 0 in R? x [0, T1] and hence d(t) = dy € C> N H} (R?,S?), 0 < ¢t < T, is a harmonic map.
This contradicts the fact that T} is a singular time.
(b) ¢(t) = sup (|u] +|Vd|)(z,7) remains bounded as t 1 +oc.

2

zeR2,7<t
For, otherwise, there exist 5 1 +00 and zy € R? such that A\, = ¢(tx) = (|u| + |Vd|)(zk, tx) — +00. Define
(uk,dk) :R? x [—tk)\i,()] —R2xS? by

u (2, ) = A\ ' u(@e+ Ay e, A%, di(2,t) = d(@p+A  w, te b AL 2E), Pr(a,t) = A\ 2 Pai+)y o, b+, %),
Then (ug, dx, Py) solves (1.8) on R? x [—#,A%,0], and
1= (Jug| + [Vdi[)(0,0) > (lug| + [Vdp|)(w, 1), V(z,t) € R? x [~txAF, 0].

As in the proof of (ii), we can conclude that (uy,d;) — (0,ds) in CZ(R?), where dow € C°(R?,S?) is a
nontrivial harmonic map with finite energy. As in (a), this implies that

/ / (|Vu|*> + |Ad 4 |Vd|*d|?) = 0
0 R2

so that u = 9;d = 0 in R? x [0, +00) and hence d(t) = dy € C*°(R?,S?), 0 < t < +00, is a harmonic map.
This implies that ¢(¢) is constant for 0 < t < 400 and we get a desired contradiction.
Since ¢(t) is a bounded function of ¢ € (0, +00), the higher order regularity Theorem 1.3 implies that

[V u(t)]|coey + V() |comey < C(1), VI>1, ViE>1.

Thus we can choose t; 1 oo such that
/ (Jul? + [Vul?) (t) < Eo, / (IVul® + |Ad + [VdPdP) () — 0,
R2 R2

and
[u(tk)llo22) + (k) o2 (r2) < C-
Thus we may assume that there exist a harmonic map doo € C>* N H 610 (R?,S?) such that

(u(tr),d(tr)) = (0,ds) in CF . (R?S?).



32 J. HUANG, F. LIN, AND C. WANG

This proves (v) under the first condition.

To show (v) under the condition (do)s > 0. We argue as follows. First, we can approximate (ug,dy) by
smooth initial data (uf,df) such that the third component of df is non-negative, i.e., (df); > 0. Then we
can check that the short time smooth solutions (u*,d*) of (1.8), with the initial data (uf,d5) at t = 0, on
R? x [0, T}], have bounded gradients:

]\vm + |de|H < O(k) < +oo.
CO(R2x[0,T%])

Since (d*)3 satisfies the equation

A2

1 A2
M

™ ()7 Ad*) (@),

(0 — LA)(dk)g +u-V(d)s = (

vd¥|? +
| A1 V]

and the coefficient in front of (d¥)s, (ﬁ|de|2 + %((Jk)TAde’“) is bounded. Hence we can apply the

maximum principle (see [15]) to conclude that (d¥); > 0 in R? x [0,7}]. Sending k to infinity, we conclude
that the global weak solution (u,d) to (1.8) and (1.14), obtained in the part (i), satisfies ds > 0. If (u, d) has
any finite time singularity, then by performing the blow-up argument we would obtain a nontrivial harmonic
map w from S? to S? such that w3 > 0, which is impossible. Hence (u,d) has no finite time singularity. If
(u,d) has singularity at the time infinity, then we would also obtain a nontrivial harmonic map from S? to
the upper hemisphere, which is also impossible. Therefore, (u,d) has bounded C2-norm in R? x (§, +oc0) for
any 0 > 0. This proves (v) under the second condition. The proof of Theorem 1.4 is now complete. O

Added Note. The third author presented the main results of this article in the workshop “Nonlinear
analysis of continuum theories: statics and dynamics” at the University of Oxford, April 8-12, 2013. During
the finalization of this paper, Wendong Wang sent the third author his preprint “GLOBAL EXISTENCE
OF WEAK SOLUTION FOR THE 2-D ERICKSEN-LESLIE SYSTEM?”, in which they also claimed an
existence result, similar to part (i) of our Theorem 1.4, by a different argument. However, since they drawn
the conclusion by a global energy inequality of second order before the first time of energy concentration,
their proof is incomplete.
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