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Abstract

This note serves as a basic introduction on the analysis of infinity
harmonic functions, a subject that has received considerable interests
very recently. The author discusses its connection with absolute mini-
mal Lipschitz extension, present several equivalent characterizations of
infinity harmonic functions. He presents the celebrated theorem by R.
Jensen [17] on the uniqueness of infinity harmonic functions, the linear
approximation property of infinity harmonic functions by Crandall and
Evans [9] and the asymptotic behavior near an isolated singularity of
infinity harmonic functions by Savin, Wang, and Yu [25].
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1 Absolute Minimal Lipschitz Extension

For n > 1 and any subset £ C R", we define the space of Lipschitz continuous
functions on E by

Lip(E)ZZ{f:E%R:LipEOC)E sup M<+oo}.

z,yEE x#y |.T - y|

1.1 Minimal Lipschitz Extension or MLE

The problem of minimal Lipschitz extension (MLE) states that for any domain
{2 C R" and a given Lipschitz continuous function g : 9§ — R, find a Lipschitz
continuous extension G : 2 — R such that G|sq = g, and

Lipo(G) = min {Lipo(H) : H € Lip(2), H}aQ =yg}. (1)

The existence of MLEs is well-known. In fact, Mcshane [23] and Whitney [27]
constructed two such extensions:

gt(x) = nf {g(y) + Lipga(9) |z —yl}, = € Q, (2)
g (z) = sup {g(y) — Lipyg(9) |z —yl}, z € Q. (3)

By the definition, we know that any Lipschitz extension G € Lip({2) of g €
Lip(0f?) automatically satisfies

Lipg (&) = Lipao(9)- (4)

For g* and ¢, we can check that
(i) 9+|aQ = g_|6Q =9
(if) Lipg(g™) = Lipg(g~) = Lipgq(9)-
In fact, for any x € 012, it follows from the definition that

g (x) < g(x) + Lipgg(g)|x — 2| = g(x),

and since

9(y) + Lipsa(9)|z — y| > g(x), Vy € 09,
we have
g (x) = yierg%{g(y) + Lipga(9)|z — y|} > g(x).

Hence g = g on 9. Similarly, one can check g~ = g on 9.



To verify (ii), let x1, 29 € Q be any pair of points. By the definition, for any
€ > 0, there exists y; € 02 such that

9" (x1) = g(y1) + Lipga(g)|z1 — 1] — €.
Since
g7 (x2) < g(y1) + Lipga(9)|z2 — 11,
we then obtain

g (x2) — gt (1) Lippa(9) (Jz2 — y1| — |21 — 1n]) + €

<
< Lipgg(g)lze — 21| + €.

Since € is arbitrary, this implies

9" (x2) — 9" (21) < Lipyo(g)|ze — 21]. (5)

By interchanging x; and x5 in (5), we conclude that Lipg(¢%) < Lipgg(g). We
can verify (ii) for g~ similarly. Thus (ii) holds.
It follows from (4) and (i)-(ii) that

Lipo(G) = Lipg(g), whenever G € Lip(Q2) is a MLE of g € Lip(992). (6)

Furthermore, it is easy to check that any MLE G € Lip(Q2) of g € Lip(df?)
satisfies:
g (z) < G(x) < g (z) Vo € Q. (7)
Thus g% (g, respectively) is called the mazimal (minimal, respectively) MLE
of g € Lip(02).
In general, one can construct a domain €2 and g € Lip(0f2) such that

gt # g~. Hence there is no uniqueness of MLE. Here is an example, due to
Jensen [17].

Example 1.1 Let Q = B(0,1) C R?, the unit disk centered at 0. Set g(x,y) =
2zy on 0N). For any a € (0, %), define

. 0 if 22 4 y? < o?
u® =
Ve e’ <a? 4y <L
Then u® is a MLE of g.

Another issue on MLE is that it is unstable under small compact pertur-
bations. More precisely, let G € Lip(€2) be a MLE of g € Lip(9df2), and
¢ € Lip(€2) with compact support, supp(¢) CC Q. It is not true that

Lipsupp(s) (G + t¢) > Lipgupp(e)(G), for small [¢]. (8)

Because of (8), there is no valid first order variation available for MLEs. (8)
motivates the introduction of absolute minimal Lipschitz extensions (AMLE),
a notion first introduced by Aronsson [1, 2, 3, 4] in 1960’s.
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1.2 Absolute Minimal Lipschitz Extension or AMLE
We first recall the definition of AMLE [3].

Definition 1.2 For any domain 2 C R™ and ¢g € Lip(9f2), a MLE G € Lip(f2)
of g is called to be an absolute minimal Lipschitz extension or AMLE of g, if

Lip;(G) < Lipy (H), YU cC Q and H € Lip(U) with H}aU = G\aU, (9)

or equivalently,

Remark 1.3 Recall that u : 2 — R is a locally Lipschitz continuous function
on ), denoted as u € Lip),.(9), if u € Lip(K) for any compact K CC Q. We
can also define AMLE for u € Lipy,.(€2) by the criterion:

Lipy (u) = Lipgy (u), YU CC Q. (11)

Remark 1.4 The existence of AMLE was first obtained by Aronsson [3] by
Perron’s method. See also Juutinen [22].

Two basic questions on AMLEs are their uniqueness and regularity. To
study these questions, we introduce an alternative notion of AMLE as follows.

1.3 AMLE by LP-approximation

For 1 < p < +oo, let W'(Q) denote the Sobolev space that consists of
functions u € LP(Q2), whose distributional derivative Vu = (g—;‘l, e va%) S
LP(). For g € Lip(99), let W, P(Q) be the set that consists of all u € WP(Q)
such that u|sq = ¢ in the sense of trace.

Recall that u, € W ?(Q) is called a p-harmonic function, if it minimizes
the Dirichlet p-energy:

/Q\Vup\p S/Q|Vvlp, Yo € W, P(Q). (12)

It is well-known that any p-harmonic function u, € W,?(Q) satisfies the p-
Laplace equation:

Apuy, = div (V[P *Vu,) = 0, inQ, (13)
u, = g, on OL. (14)

Moreover, by the additivity of LP-integral, we have the following local mini-
mality of p-harmonic functions:

/U|vup|P < /U|Vv|p, YU CcC Q, Yo e WHP(U) with v, = upl,,. (15)
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By the standard energy estimate, there is a subsequence p; T +o00 and u €
Lip(Q) such that u = lim,, e u,, weakly in Ny WH(Q). Tt is not hard to
show that (15) can yield:

IVull ooy < V0]l ooy, YU CC Q, v € Lip(U) with vl (16)

= u|8U'

Definition 1.5 For g € Lip(9%?), u € Lip(Q2) is an AMLE of ¢ if (16) holds.
Remark 1.6 Note that for any open subset U C R", it holds
IVul| @) < Lipgy (u). (17)

Moreover, if U is convex, then |[Vu|| =@y = Lipy(u). For a non-convex U,
the inequality in (17) may be a strict inequality. Hence it is a nontrivial fact
that the notion of AMLE given by Definition 1.2 and 1.5 is equivalent, whose
proof will be given Chapter 2 below.

1.4 Euler-Lagrange equation of AMLE

Here we provide two formal derivations of the Euler-Lagrange equation of
an AMLE, which is assumed to be in C?(Q). This fact was first derived by
Aronsson [3].

Proposition 1.7 Ifu € C?*(Q) is an AMLE, then u solves the Infinity Laplace
Equation:

2
Agu:= Y Oudu Ou_ 4 0 (18)

Proof. Here we outline a proof given by Jensen [17]. For simplicity, assume
0€Q,u(0) =0, and Q D B, the e-ball center at 0, for small ¢ > 0. We want
to verify (18) for u at 0. For small o € R, construct

w(z) = u(z) + %(8 —|z]?), = € B..
Since w = v on 0B, and u is an AMLE, we have
IVul s, < [Vl (s,

Since u,w € C*(B,), by the Taylor expansion we have
1
u(z) = Z wi(0)i + 5 Z i (0)ai; + o|z)?),
i i,

«

w(z) = 5 €+ Z u;(0)z; + % Z(%‘(O) — abdy;)ziz; + o(|zf?),
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where

Ou  _ Pu
N 890,-’ Yo axﬁm]
If 325 uj(0)ui;(0) = 0 for all 4 € {1,--- ,n}, then (18) trivially holds at 0. We

may assume

Zu] Ju;;(0) £ 0 for some i € {1,--- ,n}.

Hence

and

> ui(0)u;(0) (i (0) — i) (ui5(0) — adiy) > 0,
provide « is chosen to be sufficiently small. Observe that

Vul*(z) = [Vul*(0) + Y wi(0)us;(0)a; + ofe),

.3

and
IVw|?(z) = |Vul*(0 +Zuz (u5;(0) — ady;)z; + o(e),

for x € B.. Hence we have

IV} 5,y = IVul?(0) + €[> u;(0)ur(0)us; (0)u(0) + ofe),
4,5,k
and
IVl F o5,y = Vu*(0) + € [ u;(0)ui(0) (15(0)adiy) (uix(0) — adiy) + ofe).
1,7,k

Therefore, we have

Fla) = > uj(0)up(0)(ui;(0) — adiy) (uin(0) — adi)
1,5,k
—¢Zw®w@%@m@
1,5,k
> 0.

This implies

d ik wi(0)uk (0)ui (0)
= = @) = ) (0 (0)

do
This yields (18). O




Remark 1.8 One can also derive the infinity Laplace equation for AMLE by
the LP-approximation scheme. In fact, suppose that w, is a harmonic function
and u, — win Cf (). Then u solves (18) [3, 17].

Proof. For any zo € Q, we will verify that A u(xzg) = 0. Without loss of
generality, assume Vu(zg) # 0. Since u, solves (13), we have

2
Apu, = (p — 2)|vup|p74 <|Z)VU|

Agup + Aooup> =0.

In particular,

Vul|?
| |2 Aouy, + Asouy, = 0.
Sending p to oo, this implies A,ou = 0 in €. O

It is important to point out that the informal derivations given by both
the proposition and remark above can be formally justified by employing the
notion of viscosity solutions, see Aronsson-Crandall-Juutinen [6] and Chapter
2 below.

1.5 Degeneracy of ellipticity of the infinity Laplace equa-
tion

We can write (18) as

AOOU = Z aij(x)ul-j,
0,

where
CLﬁ(l’) = Ujuy, 1< Z,j <n.

It is easy to see that

053 0@ = (€ V0 VE= (6 6)

Therefore, A u(z) is elliptic that is degenerate along the (n — 1)-dimensional
hyperplane that perpendicular to Vu(x), {£ € R" : £ L Vu(z)}.

Remark 1.9 It is this degeneracy of ellipticity that yields great difficulties
to attack both the uniqueness and regularity of the infinity Laplace equation
(18). Although the uniqueness of (18) has been settled by Jensen [17], the
regularity of (18) has remained to be open for n > 3. It was proved by Savin
[24], Evans-Savin [16] that an infinity harmonic function in dimension two is
Ce for some « € (0,1).



1.6 Characteristics of the infinity Laplace equation

Suppose that u € C%(Q2) solves Ayu = 0 in . Then for any bounded subdo-
main U CC Q and = € U, consider the gradient flow:

X'(t) = Vu(X(t)), t>0,
X0)=zeUl.

Since Vu € C'(), the standard theory of ODE implies that there exists a
maximal time interval —oco < T < 0 < T, < oo such that the above ODE has
a unique solution X € C?((T1,T3),U), which can be viewed as the character-
istic curve of (18). In fact, we have

(i) |Vu|(X(2)) = |Vu(z)|, Ty <t <Ts.
(i) w(X(t)) = u(z) + t|Vu(z)]?, Th <t < Ts.
(ili) X(T1), X(Ty) € OU.

To see this, calculate

%lVUF(X(t)) = 2Vu(X(t)), Viu(X (1)) - X'(1))

= 2(Vu(X (1), VZu(X (1)) - Vu(X (1))

= 2A,u(X(t))=0.
Hence |Vu|(X(t)) = constant and (i) follows. To see (ii), note that

d
(X)) = Vu(X(0)) - X'(t) = [Vu(X(0)) = [Vu()[*

By integration, this implies (ii). Since X(¢) € U and u is bounded on U, (ii)
implies that both 77 and T, are finite. Moreover, X(7}), X(T3) € 0U, for
otherwise, neither T} nor 75 is a maximal time interval.

Corollary 1.10 Suppose that u € C*(2) solves (18). Then u is an AMLE on
Q.

Proof. Suppose the conclusion were false. Then there exist a subdomain
Up CC Q and a function vy € Lip(Up) such that vy = u on Uy, but

IVl e we) > co = [[Vvol[ o). (19)



Hence there exists zg € Uy such that |Vu|(xzg) > ¢o. Now let X (¢) : (T1,T3) —
Up be the gradient flow of v with X (0) = zo. Then (i)-(iii) implies
vo(X(T2)) —wo(X(T1)) = w(X(T2)) — u(X(T1))
= |Vul*(20) (T2 — Th)
> |VU|(SL’0>C()(T2 — Tl) (20)

On the other hand, since vo(X(t)) € Lip((71,73)), we have

(X (T) — vo(X(T1)) = /TQ%UO(X(t))dt

_ / V(X () X' (1) di

= Voo(X (1)) - Vu(X (1)) dt

T1

< / Vo] (X (1) Vul (X (1)) dt

T

Ts

— [Vulta) [ TulX(0)at
T

< Co(TQ — T1)|VU|(.T0> (21)

It is clear that (21) contradicts (20). O

Remark 1.11 Strictly speaking, we need to assume vy € C''(Up) in the above
proof. However, we can employ the standard mollification method to easily
extend the argument to cover the case that vy € Lip(Up). We leave it to reader
as an exercise.

1.7 Cone solutions of the infinity Laplace equation

Suppose that u € C1(Q) solves the Eikonal equation:
V| =k in Q (22)

for some k& > 0. Then it is easy to see that 1 solves (18). In fact, we have
V|V4[? =0 in Q. On the other hand, observe that

A = 5V VI V9P

Hence At =0 in €.
The above observation enables us to build many cone type solutions of the
infinity Laplace equation (18): for any zy € R™ and a, b € R, define

C(z) =b+alr — x|, v € R™\ {x0}.
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Then since

|IVC(x)| = |b], V& # xo,

we have that C' € C*(R" \ {o}) solves (18). Through the important work
by Crandall, Evans, Gariepy [10], it becomes evident that such a cone type
solution plays a crucial role in the study of the infinity Laplace equation (18).
We will discuss the detail in subsequent chapters.

1.8 AMLE may not have C*-regularity

In this section, we present the example by Aronsson [5], where he constructed
an AMLE that only has C’l’%—regularity.

Denote by B, C R, the unit ball in R2. Let ¢(z,y) = 23 —y3 : B — R.
It is obvious that ¢ € C°(B\ {(z,y) € R2: z =0o0ry = 0})() € C 3(B).
We claim that v is an AMLE on B. To see this, we first show that 1 solves
(18) on B\ {(z,y) € R*: z=0or y = 0}. In fact, if z # 0 and y # 0, then

4 1 1 4 _%
V@D(%y) = g <$§7 _y§> ) VQw(xvy) = § (x 0_3) .

Hence
3

4 x_% 0 ;p%
Aoow<x7y) = ? <.Z'§, _y§> ( 0 _y_g) (_yé) =0.

Therefore, Corollary 1.10 implies that ¢ is an AMLE on B\ {(z,y) € R? :
x=0ory=0}.

Now we want to verify that if U CC B that contains either (z,0) or (0, yo)
for some g, yo € R, then

VY| Loy < || V|| Loo(y whenever v € Lip(U) with "U|8U = w‘aU' (23)

Suppose that (23) were false. Then there exist (x1,y1) € U and vy € Lip(U)
with v; =% on QU such that

|vw‘(xlayl) > = HVUl”Loo(U).

Now let , , ) )
y= {(x,y) eR?: 23 +y3 :xf—iryf}.

By direct calculations, we see that ~y is the orbit of the gradient flow of ¥ that
passes through (z1,¥), and

42 , 2 2
= VY (z1, 1) = = (xf + 3113) .

¥ 32

V[




Moreover, one can check that either
(i) there is a unique pair of distinct points (w9, y2), (x3,y3) € v N AU so that

U(xs,ys) — (2, 92) = VO (z1,1)(y) > 1), (24)

where [(7y) is the length of the curve v; or
(ii) there is a (z4,0) = v N {x — axis} € U so that we can extend v by
joining the line segment from (z4,0) to (z5,0) = {x — axis} N AU, denoted as
7 =y U[(x4,0), (z5,0)]. In this case, since |Vw\|[(x470)7(x570)} > |V|(z1, 1), we
also have

(ws,0) — P(w2,y2) = cHl(y);

or
(iii) there is a (0,y4) = vy N {y — axis} € U so that we can extend v by
joining the line segment from (0,y4) to (0,y5) = {y — axis} N OU, denoted as
7 =~vU[(0,y4),(0,y5)]. In this case, since |V1/1||[(07y4)’(0’y5)} > |V|(z1,y1), we
also have

$(0,y5) — ¥(wa,y2) > €fl(7);

or
(iv) both (ii) and (iii) happen. In this case, we can extend 7 by adding both
the segments to obtain 7 so that the inequality (24) holds.

On the other hand, we can show that

w(a:?n 93) - w(x% 92) = 'Ul(x?n ?/3) - U1($27 yQ)
< Vo[ Fe @ l(7) = ¢ll(7).

This yields the desired contradiction. O

Remark 1.12 In chapter 2 below, we will introduce the notion of viscosity
solution to (18) and show that v is a weak (or viscosity) solution of the infinity
Laplace equation (18). We will also present the theorem, first due to Jensen
[17], that any AMLE is equivalent to a viscosity solution of the infinity Laplace
equation (18).
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2 Infinity harmonic function

From the previous Chapter, we have that an AMLE may not enjoy regularity
better than CV3. It is also clear that the infinity Laplace equation (18) may
not have classical solutions, due to the high degeneracy of its ellipticity. This
motives us to introduce the notion of weak solutions to (18). Thanks to the
theory of viscosity solutions to second order elliptic equations developed by
Crandall and Lions, Evans,, Jensen, and many others, we can introduce the
notion of viscosity solutions to the infinity Laplace equation. The reader can
consult Crandall-Ishii-Lions [12] for the background material and many refer-
ence therein. But we would like to point out that the notion is based on the
following weak maximum principle.

2.1 Notion of infinity harmonic function

Proposition 2.1 Suppose that u € C?*(Q) satisfies Asou > (<)0 in Q. Then
for any (z0,6) € 2 x CX(Q), if

0=(¢—u)(zg) < (Z)(¢p—u)(x) Vo € Q,

then
Ascg(z0) = ()0

Proof. Assume
0=(¢—u)(zo) < (¢—u)(x)Vre.

Then by the Taylor expansion we have
Vo(xo) = Vu(zg), V2¢(x0) > Vu(zy).
Hence

(Vo (w0), V2p(w0) - Vb (20))
(Vu(zo), V2 (x0) - Vu(zo))
(Vu(wo), V2u(zo) - V(o))
= Ay u(zg) > 0.

A d(o)

v
<

The second part of the conclusion can be proven exactly in the same way. O

Definition 2.2 [12] A function v € C'(2) is called a viscosity subsolution of
the infinity Laplace equation (18) if for any pair (zg, ¢) € Q x C?(),

0= (¢ —u)(zo) < (¢ —u)(z), Vo € (25)

implies

Aooﬁb(%) >0 (26)
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A function u € C(Q) is called a viscosity supersolution of the infinity Laplace
equation (18) if —u is a viscosity subsolution of (18). A function u € C(Q)
is called a viscosity solution of (18) if u is both a viscosity subsolution and a
viscosity supersolution of (18).

Definition 2.3 A function u € C(£2) is called an infinity harmonic function
if u is a viscosity solution of the infinity Laplace equation (18).

It is easy to see from Proposition 2.1 that any C?-solution of (18) is a
viscosity solution of (18). The next proposition shows that the converse may
not be true.

4
3

Proposition 2.4 ¢(z,y) = 23 —ys : R2 — R is an infinity harmonic func-

tion.

Proof. See also [6]. It suffices to show that for any zg,yo € R, if ¢ € C?(R?)
touches py = (0, 0), or (0,yo) from above (below), then

Am¢(po) > <§>0

For simplicity, consider
(i) (20,0) = (1,0). Then we have

Vo(1,0) = V4(1,0) = (,0)

so that
2

4
Asc(1,0) = ¢3(1,0) ¢z (1, 0) = Z564a(1,0).
On the other hand, we have

so that )

Therefore we have 5

4

(i) (0,90) = (0,1). Then we have
1/1(% 1) - (b(l’, 1) S w(ov 1) - ¢(07 1)7

1.e.
4
3

3 < ¢z, 1) — ¢(0,1) = ¢,(0, 1)z + %%(0, Dz® + o(|z]?).

Since

¢2(0,1) = (0,1) =0,

12



this implies

ol

23 < ~¢.(0, 1)2* + o(|z]?).

DN | —

This is clearly impossible for small x.
This verifies that 1 is a viscosity subsolution of (18). Similarly, one can verify
1 is a viscosity supersolution of (18). O

Remark 2.5 It is not hard to verify that for any o, € R" and a,b € R,
C(z) = b+ alx — 9| € Lip(R") is a viscosity subsolution (or supersolution)
but not a supersolution (subsolution) of (18) when a > 0 (or a < 0).

2.2 Cone comparison of infinity harmonic functions

In this section we present a geometric characterization of infinity harmonic
functions, namely the cone comparison principle, which was established by
Crandall, Evans, Gariepy [10].

Definition 2.6 A function u € C'(Q2) enjoys the cone comparison from above
(or below), or u € CCA(2) or CCB(), if for any subdomain U CC 2 and
zo € Q\ U and a,b € R

u(z) < (>)C(z) =b+alx — xo| on U (27)

implies
u(z) < (>)C(z) =b+alr — xo| in U. (28)
A w enjoys the cone comparison, or u € CC(Q), if u € CCA(Q) (N CCB(Q).

Theorem 2.7 Suppose that u € C(Q2) is an infinity harmonic function. Then
ue CC).

Proof. Suppose that v ¢ CCA(Q2). Then there are U CC Q, xy € Q\ U,
a,b € R, and x; € U such that

ay = u(ry) — O(xy) = max{u(z) —C(z): v€U}>0> max (u(z) — C(x)),
(29)
where C(x) = b+ alx — z¢|. For € > 0 small, set

Ci(x) = C(z) — €|z — 21> = b+ alx — 29| — €|x — 21 |*.
Then we have
(u—Cy)(z1) = g = max{(u — Cy)(z) : » €U}.
This implies that C; — a; € C?*(U) touches u from above at x;. Hence

AOOC’1 (,Il) Z 0.
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On the other hand, direct calculations imply

VCi(x) = au,
|71 — ]
V30 (x1) = a ( In (1= 20) @ (21 — :130)) — 2¢el,
|961 —$0| |$1 —1‘0|3
so that
AuCy(m) = T, — Xo 7 ( I, B (a:l—xo)®(a:1—aso)) T, — To
|21 — ] |71 — o] |21 — o]? |21 — 2o
2¢ea’ kS I, - i
|21 —@o|” " Jan — o
= —2d%¢ < 0.

We get the desired contradiction. Similarly, we can prove that u € CCB(Q).
This completes the proof. O

Remark 2.8 It follows from the proof of theorem 2.7 that if u € C(Q) is a
viscosity subsolution (or supersolution) of (18), then u € CCA(£2) or CCB(£2).

An immediate consequence of theorem 2.7 is the following monotone slope
property.

Corollary 2.9 Ifu € C(Q2) € CCA(Q), then for any xog € Q and 0 < r <
dist(zo, 0R),

n _ u() — u(xo)
SH(u,z0) = pehax . (30)
= inf{k > 0 |u(z) < u(xy) + klx — x9| Yz € B, (x0)}

15 monotonically nondecreasing with respect to r. Hence

S*(u, o) = liﬂ[)l S*(u, ) (31)

exists for any x € ) and s upper semicontinuous on §2. Furthermore, u is
locally Lipschitz continuous on Q.

Proof. By the definition of S;(u,z¢), we have that
u(z) < ulwo) + S (u, zo)|x — 20| on O(B,(x0) \ {xo}).
Since u € CCA(£2), this implies

u(r) < ulwo) + S (u, z0) Vo € B, (z0).
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Therefore, for any 0 < s < r and z € 0Bs(xy), we have

This yields that S} (u,z) < S (u,z0) and ST (u,xy) is monotonically non-
decreasing with respect to r. The existence and the upper semicontinuity of
ST (u, zo) then follow directly. To see the local Lipschitzity of u, let K CC
be a compact set and x,y € K. We may assume that u(y) > u(x) so that

0 < uly) - ul@) < Sy, 2)ly — al.

Since u € L*(K) and S;(u, ) is monotonically nondecreasing, we see that

S (u,x) is bounded for x € Q and 0 < r < diam(K). Thus u € Lip(K). The

proof is complete. O
Similarly we have

Corollary 2.10 Ifu € CCB(S2), then for any zo € Q and 0 < r < dist(xq, 02),

u(zo) — u(z)

S = mi 32
r (U 2o) = min . (32)
15 monotonically nondecreasing with respect to r. In particular,

S™(u,x0) = liﬂ)l S, (u, xo) (33)

exists and upper semicontinuous for x € ). Furthermore, u € LiplOC(Q).

Proof. Note that u € CCB() is equivalent to —u € CCA(2). Hence the
conclusion follows from Corollary 2.9. O
By combining Corollary 2.9 with 2.10, we have

Theorem 2.11 Suppose that u € CC(S2). Then u € Lip;,.(2), and for any
x € Q, both S}t (u,z) and S, (u,x) are monotonically nondecreasing with re-

spect to 0 < r < dist(x,0%2). Moreover,

St (u,z) = S~ (u,z), Vo € Q. (34)
If Vu exists at x, then

St (u,z) = S~ (u,z) = |Vul|(x).

Proof. In order to prove (34), we introduce the point-wise Lipschitz norm of
w:

15



whose existence is clear, as Lipyg (,)(u) is bounded and monotonically nonde-
creasing with respect to r > 0. Now we claim

In fact, for any » > 0 and [zy, xs] C B,(y). By the Lipschitz continuity of u,
g(t) == u(xq + t(zg — x1))

is Lipschitz continuous in ¢ € [0, 1] and hence is differentiable for a.e. t € (0, 1).
Fix t € (0,1), for small h > 0, by the definition of St we have

g(t+h)—g(t) _ u (g + (t+h)(z —21)) —u(z) + (2 — 21))
h h
< S,J{‘m_m(u,xl + t(xy — 1)) |x2 — 1]

Sending h | 0 we have
9(t) < S)ay (W1 + (22 — 21)) |22 — 31| < ( S[UP ]S+(Ua Z)) |22 — a1
zZ€|r1,22

at any point of differentiability of g. Therefore

z€[x1,x2]

U(m)—u(wl)zg(l)—g(o)z/o g’(t)dt§< sup S*(%Z)) |22 — 21| (37)

Therefore, we obtain

Lippg, ¢ (u) < sup ST (u, 2).
ZEBr(y)

Sending r | 0 and recalling the upper semicontinuity of S (u,-), we have
Tu(y) < S*(u,y).

On the other hand, it is easy to see

S*(u,y) < 7 (u,y) =
(wy) < 87 (wy) = max ———

so that ST (u,y) < T,(y). The gives (36). Since T_,(y) = T,(y), we can show
similarly that

57 (u,y) = Tou(y) = Tuly)-
Thus (34) follows.

At the end of this section, we prove the converse of theorem 2.11. The
proof we give here is from Crandall, Wang, Yu [13].
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Theorem 2.12 (i) If u € CCA(R), then u is a viscosity subsolution of (18).
(i1) If u e CCB(), then u is a viscosity supersolution of (18).
(111) If u € CC(QY), then u is an infinity harmonic function.

Proof. For simplicity, we only prove (i). Assume 7o = 0 € 2, ¢ € C?*(Q)
touches u from above at 0. Note that if V¢(0) = 0, then A,$(0) = 0. Hence
we can assume V¢ (0) # 0. To proceed, we first need
Claim 1: |V¢(0)] < N*(u,0). Assume this claim for the moment, we continue
as follows. For small r > 0, let x,, € 0B, be such that

u(z,) = u(0) + rSF(u,0)(> rS*(u,0)).
Then we have
$(7) = $(0) = u(z,) — u(0) = 75T (u,0) = r[Ve(0)].

Since |%#| = 1, we may assume after taking subsequences that there is ¢ € R"
with |¢| = 1 such that

lim I _
rlo r q
Taking r to 0, we have
. —¢(0
vo(0) - = lim A =20 > g4 0))
This implies
_ V¢(0)
4q
[V (0)]

Since

o(z,) — ¢(0) = / Vo(te,)  x,dt < 7"/0 \Vo(tz,)|dt,

0
there exists ¢, € (0, 1) such that

[Vo(tor,)| = [Ve(0)].

This implies
[Vé(tox:)|* — [Vo(0)?

to?“

> 0.

Sending r to 0, we obtain

< 2(0) - lim -~
0 < VIV(0) - lim —
= VIVe[(0) - ¢

1
= we) ="
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Therefore As$(0) > 0 and (i) holds.
Now we return to the proof of Claim 1. By modifying ¢ to ¢ + €|x|?, we
may assume

0= (6 — u)(0) < (6 —u)(x), Yo £0, (38)
Let u, be the standard e-mollification of u. Then for small r > 0 there exists
r. € B, such that

(¢ — ue)(xe) = min(¢ — uc)(x).

IEE

Since u, — u uniformly on B,, it is easy to see from (38) that

limx, = 0.
el0

Since z, is the minimum point of ¢ — u,, we have
Vé(ze)| = [Vue(z)|.
Sending € to 0, we then have

Vo) = lim Vo(wd| = lim V(x|

< limlim [|[Vul|| g (s,
r 10

- 10 e
= lim sup ST (u,z) = S"(u,0),
rl0 rE B,

here we have used the upper semicontinuity of S* in the last inequality,

V()] < / ne( — ) |Valy)| dy < [Vl =5,

n

and Vu(z) = ST (u,x) for a.e. © € By,. Hence Claim 1 holds. The proof of (i)
is complete. O

2.3 Equivalence between AMLE and CC

In this section, we will establish the equivalence between absolute minimal
Lipschitz extension property and cone comparison principle. We start with an
end point estimate.

Lemma 2.13 Suppose that w € CCA(Q2). Then for any xo € Q and 0 <1 <
dist(xo, 02), if v, € OB, (xo) satisfies

u(zy) = u(zo) + S (u, 30), (39)
then
St (u, ) > SF(u,z0), YR > 0. (40)
In particular,
St (u, z,) > St (u, x). (41)
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Proof. For any 0 € (0,1), we have
u(zo + 0(x, — z0)) < u(xg) + 0rS;F(u,x),
and
u(z,) = u(xo) + 7S (u, o).

Hence
u(z,) — u(xg + 0(z, — x0))

(1—=0)r

> S*(u, ).
This means
Sgy (s xo + (2 — 20)) > S (u, xo).
For any R > 0, choose 6 € (0, 1) such that R > (1 — 6)r. Then we obtain
SE(u, xg + 0(x, — x0)) > S (u, z0).

Sending 6 T 1 yields
SE('U/,SL}-) > Sj(u,xg)

Sending R | 0 and applying the upper semicontinuity of ST, we obtain (41).
OAs an immediate consequence of lemma 2.13, we have

Corollary 2.14 Suppose that v € C(R™) is a viscosity subsolution of (18)
and is bounded from above. Then u is constant.

Proof. Suppose that u were not constant. Then there exists g € R" such that
St (u, xg) > 0. Let 1 € OB1(xo) be such that

u(ry) = u(zo) + S7 (u, zo) > u(wg) + St (u, xp).

Then lemma 2.13 implies
S+<.T1) 2 S+(l’0).

Now let z9 € 9B;(x1) be such that
u(we) = u(rr) + S (u, 21).

Then we have
St (u,my) > St (u,11).

By induction, we obtain a sequence of {z;} C R™ such that for all i > 1
(ii) w(w;) = u(xig) + ST (w, 1) > w(w; 1) + ST (u,z1).

(iil) ST (u, x;) > ST (u, z;-1).

Therefore we have

u(z;) > u(wo) +iS™ (u, o), Vi > 1.

This implies that u is not bounded from above, which is impossible. O
Now we are ready to prove

19



Proposition 2.15 Ifu € C(2) is an AMLE, then uw € CC(f2).

Proof. Suppose that u ¢ CCA(Q2). Then there exist a subdomain W CC €,
xo € Q\ W, and a,b € R such that

u(z) = b+ alr — x| on W, (42)

but
u(x) > b+ alr — x| in W. (43)

Hence by the absolute minimality we have
IVull Loy < IV (b + alz — 2ol Leqw) = lal.
In particular, if [z1,z5] C W, then
u(@1) = u(w2)| < |af|zs — z4.

For simplicity, assume zo = 0 and a > 0. Let & € OW be such that (1+0)& €
W for small 6 > 0. Then

lu((140)z) — u(2)] < adlz|.
Hence
u((1+9)2) <w(@)+ adlz| = b+ al|z| + ad|z| = b+ a|(1 + 9)Z|.
This contradicts (45). Similarly, we can prove u € CCB(f2). O
Proposition 2.16 Ifu € CC(Q), then u is an AMLE.

Proof. Suppose that u were not an AMLE. Then there exist W CC Q and
v € Lip(W) with v = u on OW such that for some 6 > 0

IVull Loy = [[V0]| ooy + 20, (44)
Let zy € W be such that Vu(xg) exists and
S*(u, o) = [Vu(zo)| = [Vl L) + 6. (45)
Let xy € Q, with |27 — x| = dist(zg, OW), be such that
u(x1) = u(zo) + Sélrist(xo,avv)m’ Tp).
Then lemma 2.13 implies

St (u, z1) > St (u, xp).
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Repeating this procedure, we obtain a maximal set of points {xi}{;o C €2 such
that for 1 <i < Jj,

(l) |J]Z — ZEZ'_1| = 51 = diSt(ZEi_l, 8W)

(iii) St (u,x;) > ST (u, x;—1).

Applying the same procedure to —u, we obtain another maximal sequence of
points {xj}?:_J2 such that for —J, < j < —1,

(l) |IZ'+1 — .TZ| = 52‘+1 = dlSt(l’Z, 8W)

(i) u(@ir1) — u(@;) = 651155, (u, ).

(iii) S~ (u, wit1) > S~ (u, ;).

By combining these two sequences of points and using the monotonicity of
S*, 57, we obtain a sequence of points {xi};];_b C Q such that for —J; <1 <
Jp—1,

(i) [vir1 — x| = diy1-

(11) U(.Z'H_l) - u(xl) Z 5i+15+(u, ZL’()).

Here we have used the fact that ST (u,x) = S~ (u, ) and the monotonicity:

St (u, ;) = S~ (u, ;) > St (u,m0) = S~ (u, zp), Vi.

Note that if J; (or Jo) is finite, then z;, € OW (or x5 € OW). Otherwise,
Jy = J1 = +00, we must have

Tooo = lim z; € OW, 2410 = lim z; € OW.

J——00 J—+o0

This follows from (i). Now we have

—+o0
(o) — () 2 ¥ 20) Y [y = . (16)
j=—00
On the other hand, we have
—+oc0o
0@ = (7o) < [V0llimgy S fogin — . (47)
j=—00

Since u = v on OW, we have u(Tio0) — U(T-0) = V(T100) — V(T ). Hence
(46) contradicts (47). O

As a byproduct of the above argument, we can easily observe the following
maximum principle for ST (u,x). The reader can see Bhattacharaya [7] for a
different proof.

Corollary 2.17 Suppose u € C(Q) is an AMLE. Then for any subdomain
W cC Q, we have

max{S*(u,x) : v € W} = max{S"(u,z) : v € OW}. (48)
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2.4 Convexity property of infinity harmonic functions

In this section, we give another characterization of infinity harmonic functions
in term of the convexity of maxpp,(») v as a function of r. First, we have a
weak version

Proposition 2.18 Suppose that uw € C(Q) is an infinity harmonic function.
For x € Q and 0 < r < dist(x,09), denote p(r) = maxsp, ) u and n(r) =
mingg, ) u. Then p(r) (or n(r)) is a viscosity subsolution (or supersolution)

of
p(r)%p"(r) = 0. (49)

Proof. For 0 < ry < dist(z,d9), suppose that ¢ € C*(0, dist(x, dQ) touches p
at r = 1o from above. Let x,, € 0B,,(z) be such that

u(ry) = p(ro)-

Then it is easy to see that ¢(|z|) € C?(0,dist(z,09) touches u from above at
r = x,,. Hence

A (62 |, >
Direct calculations imply
T TR T I, ®cx
Vi(el) = ol 5 9ol = o) 5+ el (1 - ST
|z |=]? [z |zl
Hence we have, at © = z,,
0 < Ax(o(z])
I,:z2®r zzQr:xQ
= (el (ll) + ot (PEEE - ZO2EOT)
= ¢/(|2])*¢"(|2])-
This proves that p(r) is a viscosity subsolution of (49). The conclusion of 7(r)
can be proven similarly. O

Now we present a stronger version of the convexity of p.

Theorem 2.19 A function v € C(2) is an infinity harmonic function if and
only if for any x € €,

(i) g% (r) = maxyeop, () u(y) is convex for 0 < r < dist(z,08).

(i) g~ (r) = mingepp, @) u(y) is concave for 0 < r < dist(x, 0).
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Proof. ”="": For simplicity, we only verify (i) since (ii) can be proven similarly.
Without loss of generality, assume z = 0 € Q. For 0 < r; < ry < dist(0, 092),
define a cone function:

2| —

9 — |
+p+(7“1) 2 | ‘,7‘1§|5E|§7’2.
o —T o —T

C(x) = p*(r2)
Then it is easy to see that
ulw) < C(z) on O(B,, \ By
Since u € CCA(Q), it follows
u(z) < C(z) in B, \ B,,.
Hence for any 6 € (0,1) and |z| = 6r1 + (1 — 0)ry, we have

pt(Ori+ (1 —=0)ry) = max{u(x): |z] =0r + (1 —0)ry}
< COr1+(1—0)ry)
= (1=0)p"(ra) +0p"(r1).

This implies the convexity of p™(r).

7<": Suppose that (i) holds. Then forz =0 € Qand 0 < r < R <
dist(0, 02), we have

pt(Or+(1—=0)R)<0p(r)+(1—0)p"(R), VO <6 <1,
Sending r | 0, since p(r) — u(0), we obtain
o (1= 0)0R) < 6u(0) + (1 — 0)p* (R), V6 € (0,1)

This clearly implies that

u(z) < u(0) + max

Vx € Bp.
- yG@BR |w|’ v E R

u(y) — u(0)
R
Thus u € CCA(Q2) and Ayu > 0 in the viscosity sense. O

2.5 Two alternative notions of AMLE are equivalent

In this section, we show that the two alternative notions of AMLE given by
definition 1.2.1 and definition 1.3.1 are equivalent. More precisely, we have

Theorem 2.20 Suppose u € Lip;,.(S2). Then the following are equivalent:
(i) Lipy(u) = Lipyy (u) for any U CC SD.
(i) [|Vul| oy < ||Vl ey YU CC Q and v € Lip(U) with U‘aU

:“‘aU'
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Proof. See also [6]. It suffices to show that (i) is equivalent to that u € CC(£2),

which was proved to be equivalent to (ii) through previous discussions.
Suppose that u satisfies (i). We want to show that v € CCA(Q2). Assume

that it were false. Then there are V- CC 2, xy € 2\ V, and a,b € R such that

uw(x) = b+ alr — x| on IV, (50)

but
u(z) > b+ alr — x| inV. (51)

For simplicity, assume zo = 0 and a > 0. By (i), we have

Lipy (1) = Lipyy (b -+ alz — zo]) = a.
Therefore, if & € OW is such that (1 + )z € W for small § > 0, then we have
u((1490)2) < u(2)+Lipy (u)d|z] < w(Z)+ad|z| = b+a|z|+ad|z| = b+a|(1+0)z].

This contradicts (51). Applying the same argument to —u yields u € CCB(£2).
Suppose now that u € CC(Q2). We want to show that (i) holds. For any
V cCc Qand z € V, we claim that

Lipy (z1)(w) = Lipgy (u). (52)

This amounts to verify that for any fixed y € 9V,

u(y) — Lipgy |y — 2| < u(z) < u(y) + Lipgy |y — 2| (53)

holds for z € V. Since (53) holds for any z € 9V, y ¢ V, and v € CC(Q2), we
conclude that (53) holds for all z € V. Therefore (52) holds. For any =,y € V,
applying (52) twice, we obtain

Lipy( (o) (1) = LiDgan (o) (1) = Lipgy (u).

Therefore, we have |u(x) — u(y)| < Lipgy (u) and (i) holds. O

2.6 Harnack inequality of infinity harmonic functions

A fundamental property for solutions to 2nd order uniformly elliptic equa-
tions are the Harnack inequality. Although the infinity Laplace equation is
degenerate elliptic, its solutions enjoy the Harnack inequality as well.

Theorem 2.21 Suppose u € CCA(QQ) and w is nonpositive in ). Then for
any ball Br C 2 such that Byg C €2, we have

1
S < —inf u. 54
5 = 3 B (54)
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Proof. See also [6]. For any z,y € Bg, we have d(y) = dist(y, 92) > 3R. Since
Ba(y) € 2 and u € CCA(Q2), we have

u(z) <wu(y) + max u(z) — uly)

r —vy|. 55
I AT [z —yl (55)

Since u < 0, (55) yields

u(w) = uly) < —u(y) (lz (;)m) |

Since |z — y| < 2R and |z § 2, we obtain

1
< = .
u(z) < zuly)
This clearly implies (54). O

For u € CCA(S?) that changes sign, we have the following

Corollary 2.22 Suppose u € CCA(RY). Then for any ball Bgr C Q such that
Byr C ), we have

u(z) — u(y)] < (sup u— sup u) Y v yeBr  (56)
Bir Br R

Proof. Observe that if u € CCA(R), then v := u — supp,,u € CCA(Q).
Applying (55) with u replaced by v, we have

|z —

u(@) — uly) < —( —supu)

Bsr

< 1nf (u — sup u)
Bsr

< ( ) |z — Y|
< —sup|u—supu
Br Byr R
= (supu — sup u) [z — y’ (57)
Bsr Br R
where we have used (54) in the second of last step. By interchanging x with
y, we obtain (56). O

Remark 2.23 It is clear that (56) also implies that if v € CCA(R"™) is
bounded from above, then u is constant.
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3 Linear approximation of infinity harmonic
functions

In this chapter, we will establish some preliminary regularity property for
infinity harmonic function, namely the so-called linear approximation property
due to Crandall, Evans [9].

3.1 D. Preiss’ example

In this section, we provide an example, due to D. Preiss, that a function of
linear approximation may not be differentiable.

Example 3.1 The linear approximation property in theorem (3.2) itself im-
plies neither differentiability nor the infinity harmonicity. Here is an example

u(z) = xzsin(log |log |z||), 0#z € (—1,1),
u(0) = 0.

Then for any ¢ € [—1, 1], there exists r; | 0 such that

u(rih)

N — th

locally uniformly in R.

Proof. First, it is easy to check that u is not differentiable at 0. Second, since
the infinity Laplace equation in 1-dimension is:

(u/())*u"(t) =0,

one can check that v is not an infinity harmonic function. It is also easy to
check that w is Lipschitz near 0 and 7,,(0) = 1. Furthermore, one sees that

u(r;h)

T

= hsin(log |logr; +log |h||), h € R.

Furthermore, by choosing properly the sequence r; | 0 as ¢ — oo, one can
readily achieve
sup {

as 1 — oo for every compact K C R. O

%

—th‘: hGK}—>O
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3.2 Crandall-Evans’ theorem

The main theorem of this section is the following

Theorem 3.2 Suppose that u € C(QQ) is an infinity harmonic function. Then
for any xq € Q and r; | 0, there exists a vector e € R"™ that may depend on
both xo and r;’s, with |e| = ST (u,xzg), such that after passing to subsequences,
for any 0 < R < 400 it holds

u(zo + riz) — u(xg)
T

lim

ri—0

=0 (58)
CY(Br)

—€e-x

Remark 3.3 It is easy to see that theorem 3.2 implies that any cone function
C(z) = b+ alx — x| for o € R", b € R, and 0 # a € R, is not an infinity
harmonic function.

Proof. Note that for any r > 0,
Czo +rz) — C(x0)

r

ZCL‘CL’|,

so that there exists no e € R" such that

lim C(xo + 1) — C(x0) e
r|0 r

locally uniformly on R". O
The proof of theorem 3.2 relies on several lemmas. We start with the
tightness lemma.

Lemma 3.4 Suppose that u : R™ — R satisfies:

(i) Lipgn(u) = 1.
(i1) There is an e € R™ with |e| = 1 such that
u(te) =t, Vt € R.
Then u(z) = e-x for all z € R™.

Proof. Assume e = (0/,1) € R". Then we have that u(0,---,0,t) = ¢ for all
t € R. For any x = (21, ,2,_1,%,) € R", we then have

lo(z1, -+ 2p 1, 20) —0(0,--- 0, )2 <2 a2 |+ (z, — 1)

This implies

v —2tv+ 2 <l --ead |+l = 2tx, + 17
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For ¢t > 0, this gives
v?—2ut x| - 2tx,
< .
t - t

Sending ¢ T 400 yields
'U(l’l, Tt >$n—17xn) Z o
On the other hand, for ¢ < 0, we have

v —2ut _ x| - 2tz,
> )
t - t

this implies v(z1, -+, Tp_1,2,) < z, after taking ¢t to —oo. This completes
the proof. O
We also need the following lemma on differentiability.

Lemma 3.5 Suppose u: By — R has Lipg (u) = 1, and there exists e € 0B,
such that
u(te) —u(0) =tV-1<t<1.

Then w is differentiable at te for any —1 <t <1 and Vu(te) = e.

Proof. Fix ty € (—1,1). For \; | 0, consider the blow-up sequence

v ()

t i) — u(t
= U/( 0¢ + )\x) U( 06) 5 T e Bl—\t0| .
i Aq

Then we have
(i) LIPB%&‘ (vi) =1,
(ii) vi(te) = t, Wt € ((Ftole, (ot
Therefore, after passinglto subéequences, we may assume that there exists
w € Lip(R"™) such that v; — w locally uniformly on R™. Moreover, by the
lower semicontinuity of the Lipschitz norm, we have
(iii) Lipgn(w) < 1.
(iv) w(te) =t for all t € R.
It is easy to see that (iv) and (iii) imply Lipg.(w) = 1. Hence, by lemma 3.4,
we conclude that
w(r) =e-x.

Hence for any x € R"™ we have

Jim u(toe + )\lj’) — u(toe) -

Since e is independent of \;, we have

i u(toe + Ax) — u(toe) e
A—0 A
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Hence u is differentiable at tge and Vu(toe) = e. O
Now we start to prove theorem 3.2.

Proof of Theorem 3.2. Without loss of generality, assume x5 = 0 and
u(0) = 0. Note that if S*(u,0) = 0, then w is differentiable at 0 and Vu(0) =0
so that the conclusion holds. Hence we can assume S*(u,0) > 0. For any
A | 0, define
Ai
vi(z) = @, r € B,
Then it is easy to check that v;(0) = 0 and Lipg _, (v;) = Lip(u, B;). Hence v;
A

is uniformly bounded on Bpg for any R > 0. We can assume that, after passing
to subsequences, there exists v € Lip(R"), with v(0) = 0, such that for any
R>0

(i) v; — v uniformly on Bpg.

(ii) Vv; — Vo weak* in L>°(Bpg). By the compactness of viscosity solutions
(see [12], we have that v is an infinity harmonic function on R". By the lower
semicontinuity, we have

IVollpepny < I ([V0i]| ooy = im0 ([Vul[pe s, g

— lim sup{S*(u,2) : @ € Byr} = 5 (u,0).

where we have used the upper semicontinuity of ST in the last step. Sending
R — oo, we have

On the other hand, note that for any » > 0 and x € R",
St(v,r) = max —U(y) —v(@)
y€dB, (z) r

—u(\;
lm  max @) —ulhv)
i—00 y€dB),r(Ni) Air

= lim S} (u, \;z)

1—00

< S7(w,0),

where we have used in the last step the following upper semicontinuity of
St (u,-): for any z; € R™ with z; — zy and R; — 0, it holds

lim Sgi(u,zi) < St (u, 2).

1— 00

Therefore, for v we have
(iii) [|Vv||eemny = ST (v,0)(= S (u,0)).
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(iv) SE(v,z) < ST (v,0) for any € R™ and any R > 0.
(v) SE(v,0) = S*(v,0) for any R > 0.
Now we claim that
v(x)=e-x, Ve € R" (60)

for some e € R™ with |e] = ST (u,0).
Note by the end point estimate, there exists e € dB; such that

v(e) = Sf (v,0) = S*(v,0). (61)
This and (iii) imply that
v(te) = tST(v,0), VO <t < 1. (62)
(For, otherwise, there exists to € (0,1) such that
v(toe) < toS*(v,0).

Since
v(e) —v(toe) < (1 —to) [Vl poo(mny = (1 —t0)S™(v,0),

we then have
v(e) = v(e) —v(tpe) + v(toe) < toST(v,0) + (1 — t9)ST(v,0) = ST (v,0).

This contradicts (61)).
Now we define

Ty = max{t >0 | v(se) = sS"(v,0) VO < s < t}.

We now claim

For, otherwise, 1 < Ty; < 400. Set x1 = Tyse. Then the upper semicontinuity
of ST implies
S*(v,z1) = ST (v,0).

Let xo € OB;(x1) be such that
v(xa) = v(z1) + ST (v, 21) > v(@1) + ST (v, 21) = v(x1) + ST (v,0).
On the other hand, since S; (v, z;) < S*(v,0), we have
v(za) < wv(xy) + ST (v,0).

Therefore we have
v(z9) = v(zy) + SW,0).
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By the end point estimate, we have
St (v, m3) > ST (v, z1).

Hence we have

St (v, z9) = ST(v,0).
Now we have
v(z2) = Ty ST (v,0) + ST (v,0) = (T + 1)ST(v,0).

Since
v(r2) < |wal S (v,0) < 22| ST (v,0),

we obtain
Ty +1 = |a| + o — 21| < sl

This forces
xg = (Tay + 1)e.

Hence
v((Tar + 1)e) = (Tay +1)ST(v,0).

This contradicts the definition of T); and hence the claim holds. This implies
v(te) = tST(v,0),Vt > 0. (63)

Similarly, by applying the above argument to —v, we conclude that there
exists f € 0B; such that

v(tf) =tS(v,0) =tST(v,0), Vt <O0. (64)
Combining (63) with (64), we obtain
v(e) —v(=f) =257(v,0) < Vo]l e @nle + fI < 5T (v, 0)le + £,

this implies
2<le+ f].

Hence e = f. Finally, we have that
v(te) =tST(v,0), Vt € R. (65)
Since Lipga(v) = ST(v,0), we can apply lemma 3.4 to conclude that
v(z) = (St (v,0)e) - z.

This implies (60). The proof is complete. O

To end this section, we present a corollary on differentiability at the max-
imum point of S*(u,-). This observation is from Depauw-Wang [14].
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Corollary 3.6 Suppose that u € C(Q2) is an infinity harmonic function, and
xo € Q is a local mazimum point of S*(u,x). Then u is differentiable at xo.

Proof. Let ry > 0 be such that

S*(u, g) = max {S*(u, r): x € B, (wo)} : (66)
For 0 <7 <1y, let 1 € 0B,,(x¢) be such that
u(wr) = u(zo) + 157 (u, 20) > u(wo) +r1.5™ (u, o).
On the other hand, it follows from both the end point estimate and (66) that
St (u, x9) < S*(u, 1) < S*(u, ).

Hence we have
u(zy) = u(zo) + r1.8% (u, 29).

As in the proof of theorem 3.2 that
u(zg + 0(x1 — x0)) = u(xo) + Or1S* (u, z0), VO € [0, 1]. (67)

By theorem 3.2, we know that there exists e € R" with |e| = ST (u, xg) such
that for some r; | 0,

lim ulo + rix) = ulzo) —e-x =0.

i—0 T; CO(BQ)
Hence by (67) we have

St (u, ) =e- 1T
1
This implies
e= S*(u,O)x1 Ly
™

In other word, e is uniquely determined by x; and S™(u, ), and is independent
of r; | 0. This means that u is differentiable at x;. O
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4 Asymptotic behavior near isolated singular-
ity

In this chapter, we will outline the theorem by Savin, Wang, Yu [25] on the
asymptotic behavior of an infinity harmonic function near its isolated singular
point.

Recall that for 1 < p < oo, if a function u € WH(Q) N C(Q) satisfies
the p-Laplace equation A,u = 0 in Q \ {x¢}, then we call zy as an isolated
singular point of u. Furthermore, x is called a removable singularity if u can be
extended to be a solution of the p-Laplace equation on 2. Otherwise, we call
xg a non-removable isolated singularity. 1t is a classical theorem by J. Serrin
[26] that for 1 < p < n a nonnegative p-harmonic function is comparable to
the fundamental solution to the p-Laplace equation near its non-removable
isolated singular points.

4.1 Preliminary analysis on asymptotic behaviors
The main theorem of this chapter is

Theorem 4.1 Suppose that n > 2 and u € C(Q\ {x0}) is a non-negative
infinity harmonic function in Q\ {zo}. Then, u € Lip;,.(2) and the following
holds:

either (i) xo is a removable singularity,

or (ii) there exists a fixed constant ¢ # 0 such that

u(z) = u(zg) + c|lr — xo| + o |z — x0)), (68)

i.e.
)~ uw) — e -zl
s |z — x|

In particular, in case (ii), u has either a local maximum or a local minimum
at xo and

’C| — Tu<$0) = }‘lir(l) HVUHLOO(Br(xo)) :

Remark 4.2 (i) Theorem 4.1 indicates that up to first order, an infinity har-
monic function in dimensions n > 2 behaves exactly like C(z) = u(xg) + c|z —
Zo| near any non-removable isolated singularity .

(ii)) When n = 1, theorem 4.1 fails. In fact, for any a,b € R with a # b,

ar, x>0,
u(r) =
br, x<0
is an infinity harmonic function with 0 being a non-removable isolated singu-

larity.
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A preliminary analysis of an infinity harmonic function near its non-removable,

isolated singularity gives

Lemma 4.3 For n > 1, suppose that u € C(By) and is a viscosity solution
of Asou = 0 in B1(0) \ {0}. Then u is either a viscosity supersolution or a
wiscosity subsolution of Au = 0 in By. Moreover, if u is not a viscosity
supersolution of Au = 0 in By, then there exist € > 0 and 0 # p € R" such
that

w(x) <u(0) +p-x+elz], e BJ0). (69)

If u is not a wviscosity subsolution of Au = 0 in By, then there exist € > 0
and 0 # p € R" such that

u(z) > u(0) +p-x — €lx|, = € BA0). (70)

Proof. Without loss of generality, we assume that u(0) = 0. Suppose that u is
not a viscosity supersolution. Then there exists ¢ € C?(B;(0)) such that

(¢ —u)(z) < (¢ —u)(0) =0 for x € B1(0) \ {0}, (71)
but
As®(0) > 0. (72)

Let p = V¢(0). Then p # 0. We claim that (69) holds for this choice of p. For
otherwise, then for any m € N there exists z,, € B1(0) such that

1
m) < m —|tm|- 73
u(@m) < O(Tm) + || (73)
It is clear that z,, # 0. Denote
Tm
Ol = O S

Let y,, € B1(0) be such that

Then we have that v, # 0 and lim,,, . ¥y, = 0. Hence,

Since .
VQSm:VQb—F |m ’a V2¢mzv2¢7
sending m — oo implies
Aud(0) < 0.
This is a contradiction. Hence (69) holds. Similarly, we can show that if u is
not a viscosity subsolution Ay u = 0 at 0, then (70) holds. O

A careful examination of the above proof yields
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Corollary 4.4 Suppose that u € C(By) is a viscosity solution of Aou =0 in
By \ {0}. If u is differentiable at 0. Then 0 is removable.

Proof. Suppose that u is not a viscosity supersolution, then there are ¢ > 0
and 0 # p € R” such that

u(x) > u(0) +p -z + €|zl

this implies clearly that u is not differentiable at 0. Similarly, if u is not a
viscosity subsolution, then (70) implies u is not differentiable at 0. Both are
impossible by the assumption. O

4.2 Liouville property of infinity harmonic functions on
R™\ {0}.

The next lemma is the key in the proof of theorem 4.1. It is a Liouville type
result.

Lemma 4.5 Suppose that u : R™ — R satisfies:
(i) [Vl Loy < 1.
(i) uw(0) = 0 and for some € > 0, u(x) < (1 —€)|z| for all z € R™.
(111) u is a viscosity subsolution of (18) in R™\ {0}.
(iv) There exists e € R™, with |e| =1, such that
u(—te) = —t for all t > 0. (74)

Then
u(z) = —|z|. (75)

Proof. Note that (i) and (iv) imply that Lipgn.(u) = 1. For simplicity, assume
e=(0',1). For € > 0, denote

Sc.={v:R"—=R: (i) — (iv) are all satisfied} .

Define

w(x) =supv(z), z € R™
UGSE

Then it is not hard to see that w € S.. Moreover, for any A > 0, since

wy(z) = @ €S,
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we conclude that
wy(z) <w(x), Vo € R™.

Since A > 0, this implies that wy(x) = w(z) in R™ for any A > 0. Hence w
is positively homogeneous of degree one. It follows from (v) and the proof of
lemma 3.4 that

’UJ(.TI, Tt 7xn) S Ty v(xl) e 7In) S Rn
We now claim

max w(z’,0) < 0. (76)

a'€dBy !
For, otherwise, there is 2, € dB}~' such that w(x),0) = 0. By (i), this implies
w(zg, —t) = —t, ¥t > 0.

Hence
ST (w, (25,0)) = S~ (w, (24,0)) = 1 = || Vw|| L= (8, (2/,0))-

There exists yo € 0B ((x(,0)) such that
w(yo) = w(xp,0) + Sy (2, 0) = 1,

since

S (w,0) = 1.

We claim that yo = (x(,1). For, otherwise,

w(yo) — wlzh, 1) = 1+1

< yo — (25— 1)
< ’yO - ($6,0)| + |(l’/0,0) - (3:67 _1)‘
= 1+1.

Therefore we have
w(xg,t) =t, V—o0o <t < 1.

Continuing the same argument at (xp, 1) yields that
w(zg, t) =t, Vt € R.

This contradicts (ii).
For § > 0, we now define

Is={z=(2,2,) e R" |1, <0 orz, <J|2|}.
Then w < 0 in I's. We also define

Cs={z=(d,2,) € R" |2, <0 and 2 > §*|2'|*}.
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Observe that for any x € Cs, Bjy(x) C I's. Since w € CC(R™ \ {0}), we have

St (w,r) < max wly) = w(z) < _w(x).
yeoB (@) x| ||
The 1-homogeneity of w implies
z - Vw(r) = w(z).
Hence we obtain
Vu() = 2
and
V) = -1
Taking derivatives gives
w(z) Vw w =z
VIV ==V L) = "] el

Therefore
\Vw| =1, and w(z) = —|z| in Cs.

Since S" ! = {x € R": |z| = 1} is connected for n > 2, the continuity argu-
ment then implies
w(x) = —|z|, Vo € R".

Since
~Ja] < u(a) < w(z), z € R™,

we conclude that u(zr) = —|z| in R™. O
With this lemma at hand, we can proceed with the proof of theorem 4.1.

Proof of Theorem 4.1. Assume Q = By, zy = 0, and u(0) = 0. We may
assume that u is not a viscosity subsolution. Hence by lemma 4.3, we have
that there are 0 # p € R™ and ¢ > 0 such that

u(z) <p-z—e€lz|, Vo € B.. (77)
There exists a neighborhood V' of 0 such that
u>p-xr—06 in'V,
and

u=p-xr—0>0 onV.
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Set
t=sup{t>0][0,—tp] C V}.
Then
¢ = IVullme,

u(0) — u(=tp)

tlp|
tp-p+0

2 7

On the other hand, since u is an AMLE on R™\ {0}, we have

K - wp{ﬁﬁiigﬁi:nyeaWW{mxw¢y}
> |Vl = ¢ > |pl. (79)
Note that

Therefore, we have

K = sup [u(z) = _u(_x) (80)
xedV |(L’| |$’
for some z € V. Hence
uw(z) = —K|z|.
Since K > |p|, we can show that [0,Z] C V and hence K < ¢. Thus K = ¢ and
u(tz) = —Ktlz|, V0 <t < 1. (81)
Now we define for A — 0 the rescalled functions
u(Az) .
= ATV

Then we can check that
(1) Lipy-1y (ua) = 1.
(2)uy is a viscosity subsolution of (18) on A~V
(3)ur(0) =0 and

up(z) < (1 —¢€)|x|, Vx € By-1..
(4) up(tz) = =t VO < t < AL,
Hence, by taking subsequences, we can assume that there exists w : R* — R
that satisfies all the conditions (i)-(iv) (with e = % in (iv)) of lemma 4.5 such
that uy — w locally uniformly in R™. Hence lemma 4.5 implies w(z) = Z; - .
The proof is complete. O

By extending the argument of the proof of lemma 4.5, we can prove a more
general Liouville type theorem.
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Theorem 4.6 If u: R"™ — R satisfies the following:
(i) Dl ey = 1.
(i) for some M € R and € > 0, u(x) = M + (1 — €)|z| for all z € R™.
(111) w is an infinity harmonic function in R™\ {0}. Then
u(z) = u(0) — |z|. (82)
Proof. (ii) implies that for R > 0 sufficiently large, we have
w(z) < u(0) + (1 — %)R, Vz € 0Bp.
Hence by the cone comparison property, we have
u(z) < u(0) + (1 — g)m, Vz € Bp.
Sending R — oo, we have
u(z) < u(0) + (1 — §)|g;|, vz € R™. (83)

We first claim that
T,(0) = 1. (84)

For, otherwise, there exists 0 < § < € such that
IVullLe(s) <1 =96
It follows from (i) that there exists zp € R™ such that

St (u,z0) >1— g

Then xy & Bs. Let x; € 8Bg(:co) be such that

) )
u(r1) = u(zo) + 55;(% x9) > u(xg) + §S+(u, To).

Then since 5
St(u,m1) > St (u,m9) > 1 — 3
we conclude that z; ¢ Bg. Repeating this procedure, we obtain {x,,} C

R™\ By such that for all m > 1,

(i) [&m = Tma| = 5.
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(i) w(zm) — w(@mo1) > (1 — %)|xm — Tpp1]-
Hence we have

)
u(m) 2 w(wo) + (1= 5l — zol, ¥m > 1 (85)
It is easy to see from this inequality that

lim |z,,| = +oc.
m—0o0

Now we see that (85) contradicts (83). Hence (84) holds.
Assume that u is a viscosity subsolution of (18) on R". Then (84) implies

S*(u,0) = 1.

Hence by the same argument as in the proof of lemma 4.5 that there exists
e € 0By such that
u(te) =t, Vt > 0.

This contradiction with (83). Hence u must be a viscosity supersolution of
(18) on R™. Then we have
S7(u,0) =1,

and there exists a e € 0B; such that
u(—te) = —t, Vt > 0.

Now we see that all these conditions (i)-(iv) of lemma 4.5 hold. Hence
lemma 4.5 implies that u(z) = u(0) — |z| in R". The proof is complete. O
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5 Uniqueness of infinity harmonic functions

The uniqueness for viscosity solutions to the infinity Laplace equation under
the Dirichlet boundary condition remained to be a major open problem after
Aronsson [1, 2, 3, 4] introduced it in 1960’s. It was until 1993 that Jensen [17]
finally established it. New proofs were found by Barles, Busca [8] in 2001, and
by Crandall, Gunnarsson, Wang [11] in 2006. The reader can consult [6] for
an account of [8]. The ideas by [11] was manifested by Jensen-Wang-Yu [20]
in the content of uniqueness for Aronsson’s equation, which will be presented
in Part II below. The presentation of this Chapter follows the original proof
by [17] closely.

There are several important ideas in [17]. The first is the sup (inf)-
convolution, which can be used to approach viscosity subsolutions (superso-
lutions) to the infinity Laplace equation by semiconvex(seminconcave) ones.
The second is the construction of viscosity subsolutions (supersoltuions) of
the infinity Laplace equation with gradients away from zero. The third is the
deformation of viscosity subsolutions (supersolutions) to strict subsolutions
(supersolutions). The last is the well-known maximum principle for semicon-
vex functions by Jensen [18].

5.1 Sup/Inf-convolution of elliptic equations

Denote by S"*" the set of symmetric n x n matrices of real numbers. We first
recall the definition of 2nd order (degenerate) elliptic operators.

Definition 5.1 Given a continuous function £ : ™" x R" x  — R. We
call F'is (degenerate) elliptic if for any (p,z) € R™ x €,

F(M,p,x) > F(N,p,x) whenever M, N € S"*" satisfies M > N.  (86)
It is easy to check that the infinity Laplace operator:
Ase(M,p) = {p, Mp), (M,p) € S x R"
is (degenerate) elliptic.
Definition 5.2 Let u € C(Q2) and € > 0. Then, for any = € (2,
ita) =sup (atn) - L2 7
and

ue(x) = inf (u(y) + M) (88)

yeN 2¢

are called the sup-convolution and inf-convolution of u respectively.
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Definition 5.3 For v € C'(2) and K € R, we say that u is semiconvex with
constant K if u(z) + &|z|?, z € Q, is convex. Similarly, u is semiconcave
with constant K if u(z) — £|z|?, z € Q, is concave. Note that a semiconvex
(semiconcave) function with constant K = 0 is convex (concave).

The first observation on sup/inf-convolution is

Proposition 5.4 For u € C(Q2) and € > 0, the sup-convolution u is semi-

convex with constant % and the inf-convolution u. is semiconcave with constant
1

P

Proof. For any fixed y € €1, note that

=yl

v uly) —

is semiconvex with constant % Moreover, since the supremum of semiconvex
functions with the same constant % is again semiconvex with constant %, we
conclude that u¢ is semiconvex with constant % Similarly, we can show that
U, 1s semiconcave with constant % O

Remark 5.5 By the Alexandrov’s theorem on convex functions (Evans-Gariepy
[15]), we have that for any u € C'(2), the sup-convolution u¢ and inf-convolution
u, are locally Lipschitz continuous and twice differentiable almost everywhere
in €). Moreover,

Vit > -KI,, Vu, < KI, (89)

almost everywhere in (2.

For § > 0, denote
Qs = {x € Q: dist(z,00) > d}.

Now we prove the following fact on sup-convolution and inf-convolution, due
to Jensen-Lions-Songanidis [19].

Proposition 5.6 If u € C(Q), then

supg [y

Lipa(u) (Lipa(u) < ™1

(90)
and for any 6 > 0,

hf{} u () (ue(z)) = u(z) uniformly for x € Q. (91)

Suppose that F' € C(S™" x R") is elliptic and u is a viscosity solution to
F(V*u,Vu) =0 in Q. (92)

Then u¢ € C(Q) is also a viscosity subsolution of (92). Similarly, if u is a
viscosity supersolution of (92), then u. € C(Q) is also a viscosity supersolution

of (92).
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Proof. For simplicity, we only consider the sup-convolution u¢. For any y € €2
fixed, since
|z —yf?
u —_——_—
() 5e
is Lipschitz in  with Lipschitz constant at most

SUD.q ||
. )
we can easily see that the Lipschitz constant of u¢ is no more than the same
constant. This gives (90).
It is also obvious that u¢ is monotonically nondecreasing in € > 0. By
definition, we have

v — = _

€ _ |‘T - y|2
u(x) = jlelg {u(y) — 2—6} > u(zx) — e = u(z), Yo € Q.

For simplicity, let y € €2 be such that

u(w) < u(a) = ufy) ~ 24

so that
|z — y[Q < 2e(u(y) —u(z)) < 2esup |ul
Q

and hence

u(x)

_ ( |z — W)
= sup u(y) — 5 )
{yEQ:]y—x\gy/stupﬁhd} €

Therefore, if § > 0 is such that § > \/2esupg |ul, then for any x € s there is
z. € () such that
|z — 37|2

2¢ = u(z)

u(x) = u(ze) —
so that

|xe_‘73|2

2¢

IA

u(@e) — u(z)
< supflu(z +y) —u(@)|: |yl < 268%13 |ul, z € Qs}

— 0

as € | 0 by the uniform continuity of u on . Thus u¢ — u uniformly on €.
Now for 6 > 0, let 7y € Q5 and ¢ € Q x C*(2) be such that

0= (u = ¢)(x0) = (u° = 9)(x) V& € €, (93)
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and let yo € €2 be such that
_ |70 — yol?

2¢ (94)

u(zo) = u(yo)

Then we have
_ B
2¢

Cly—af

— ol0) 2 uly) - L

0 = u(yo) — ¢(x), Yo,y € Q. (95)

For y € (s, choosing x = y + 2o — yp € € yields
u(yo) — d(x0) = uly) — d(xo — yo +y)- (96)

This means that 3(y) = d(zo — yo + ) + (u(yo) — 6(z0)) € C*(Qs) is a upper
test function of u at yo. Hence

F(VQQB(?/OL ng(yo)) > 0.

Since
F(V4(yo), V(o)) = F(V>(0), Vo(x0)),

we conclude that u¢ is a viscosity subsolution of (92). O

5.2 Viscosity subsolutions with non-zero gradients

In this section, we establish two auxillary equations for the infinity Laplace
equation (18), whose solutions are subsolutions and supersolutions of the infin-
ity Laplace equation with gradients bounded away from zero. The construction
is based on the LP-approximation scheme.

Theorem 5.7 For g € Lip(2) and € > 0, there ezists

(i) a viscosity solution u. € Lip(Q) of

max {€ — |Vu|, —Ayu} = 0 in (97)
u = g on S (98)

(11) a viscosity solution v. € Lip(§2) of

min {|Vu| — e, —Ayu} = 0 inQ (99)
u = g on 0. (100)

(iii) there exists a continuous, nondecreasing [ : [0,+00) — [0,400), with
B(0) =0, such that
[[tte = Ve[| Loe () = B(e). (101)
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Proof. Since (i) can be done by the same way as (ii), we only outline the proof
of (ii) and (iii) as follows. For 1 < p < 400, let u, € W,?(Q) be the unique
minimizer of

1
F,(v) = /Q (Z—)|Vv|p - ep_lv> , v EW,P(Q).

Direct calculations imply that w, solves
— Apu, =€ in Q (102)

in the sense of distributions. By the minimality of u,, one has

[vwl < [1varse [ -
Q Q Q

This, combined with the Poincaré inequality, implies

IVl ey < CLipg(g)

for some C' > 0 independent of p > 1. Hence by the Sobolev’s embedding
theorem, we may assume that there exists a u. € Lip(§2) with u|sq = ¢ such
that after taking possible subsequences,

up — ue in C(Q)) <ﬂ WWQ)) : (103)

q>1

Now we claim that for p > n, u, is a viscosity solution of (102).

For simplicity we only indicate u, is a subsolution of (102) (see also Juutinen-
Linqvist-Manfredi [21]). For, otherwise, there exists (zg, ¢) €  x C%(2) such
that

0= (u—a)(zg) > (u—¢)(x) Vo € Q\ {z0},

and
— Apd(mo) — 71 =200 > 0. (104)

Hence, for o > 0 sufficiently small,
—Ayp— €1 > ap in Bs, (). (105)

_ %o
9

Since there exists a neighborhood xy € V' C By, () such that for ¢g = ¢
u> ¢y inV, u=¢y ondV,
we have

/ ([Vu, [P~ 2Vu,, Vu, — Vy) = ! / (up — o).
.

\%4
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On the other hand, since u, — ¢¢ > 0 in V, multiplying (104) by u, — ¢¢ and
integrating over V', we have

/ Vo2V, Vi, — Vo) > ) / (w, — do).
1% 1%

Subtracting these two equations gives

/ (V"2 — Vo2V, V1, — 60)) < 0.
Vv

This is clearly impossible. Thus the claim holds.
Now we want to show wu. is a viscosity solution of (99). For simplicity, we
only show u, is a viscosity subsolution. Let (zg,¢) € Q x C*(2) be such that

0= (u—@)(z0) > (u—@)(x), Yo e Q\ {z}. (106)
We need to show
min {|Ve(zo)| — €, —Accd(20) } < 0. (107)
If |[V¢(x0)| < ¢, then (107) holds. Hence we assume that for small § > 0,
[Vo(xo)| > (1 +20)e,

Note that there exists z, — o such that (u, — ¢) achieves its maximum at x,,.
For p sufficiently large, we can assume

[Vo(p)] = (14 d)e.

Moreover, we have

—A,p(z,) < 71
Dividng both side by (p — 2)|V¢(z,)[P~*, we obtain

~Betln) < (pﬁ—g2> (|v¢ixp>|>p_4

Sending p — oo, this implies

Thus u, is a viscosity subsolution of (99).
Now we want to establish (101). Note that v, is obtained as the limit of
minimizers v, to the functional

Gp(v) = /Q (%|VU!” + ep_lv) , veW,P(Q).
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It is easy to see that v, satisfies
— Ay, = =71 in Q. (108)
We have

L0Vl 290, ~ 190290, 9, ~u) = @ [ (-
Q Q

< Ep_1||up — UpHLl(Q).

Hence, by Poincaré inequality and Holder inequality, we obtain
1
IV (up = vp)l[Lr @) < C(Q)7[Qe.

In particular, we conclude that there exists a continuous and nondecreasing
B :1]0,400) — [0,400) with £(0) = 0 such that

lup = vpll 1) < Ble).

Sending p to oo, we obtain that ||uc — ve||z1) < B(€). This, combined with
the boundedness of Lipg(u.) and Lipg(v.), implies (101). The proof is now
complete. O

5.3 Deformation of subsolutions to strict subsolutions

In this section, we indicate how to deform a viscosity subsolution /supersolution
to the infinity Laplace equation (18) with gradient bounded away from zero to
a strict subsolution/supersolution of (18). More precisely, we have

Theorem 5.8 For ¢ > 0, suppose that u € C(Q) is a viscosity subsolution
of the equation (97). Then for any A\ > 0, there exist p = p(e,\) > 0 and

uy € C(), with ||ux — ul|L=@) < A, such that uy is a viscosity subsolution of
max {e — |Vu|, —Au} = —pu. (109)

Proof. Let A > 0 be so small that 2Al|ul[o@ < 1. Define wy by letting
u = Gy(wy), where

A
Gi(t) =t — 5152, teR,
or equivalently

wy = Hy(u) ::%(1—@).

It is clear that wy — u uniformly in Q as A | 0. Now we want to show that
for sufficiently small A > 0, u) = w, satisfies (109) for some p = p(e, A) > 0.
For simplicity, denote w = wy. To see it, let (g, @) € Q x C?(Q) be such that

0= (w—¢)(xo) = (w—¢)(x), Vo €.
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Note that H) is strictly monotone function, we see that ¢, = Gy(¢) € C*(Q)
touches u at zo from above. Hence we have

max {€ — |[Vo,|, —Axon} ‘x:xo <0. (110)
Note that
G\(t) =1—= X, GY(t) = =\

Direct calculations imply that at xg,
¢ < |Vou| = GA(9)[Vl, (111)

and
0 < Astr = G4(0)*Ascd + GX(0)GA(0)*| Vol . (112)

Hence we have, at x,

)

C\(0)

@) o
cyor

A 3

= T 2@ )

At > V!

where we have used the fact that Ag(xzg) < i. It follows from (111) that at x

Vol 2 e

so that .
e—|Vo| < —5¢€ (114)

It follows from (113) and (114) that u is a viscosity subsolution of (109), with

,u—mm{Ze, (2) Ae }
The proof is complete. O

We have the following theorem, whose proof is similar to theorem 5.8.
Theorem 5.9 For € > 0, suppose that u € C(Q) is a viscosity supsolution
of the equation (99). Then for any A > 0, there exist p = u(e, ) > 0 and
uy € C(Q), with ||uy — ulze@) < A, such that uy is a viscosity supersolution
of

min {|Vu| — e, —Agu} = p. (115)
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5.4 Jensen’s maximum principle

In this section, we will present one of the most important tools in the study of
viscosity solutions to elliptic equations, namely, Jensen’s maximum principle
for seminconvex functions. First, we present Alexandrov’s theorem for convex
functions.

Definition 5.10 A function f: R™ — R is called convex if
flte+ (1 =t)y) <tf(z)+ (1 —1)f(y)
forall 0 <t <1, 2,y € R"

Theorem 5.11 Let f : R" — R be convex. Then f is locally Lipschitz on
R", and there is a constant C' depending only on n such that

swp [f| < [ |7y, (116)
By (@) By(z)
and
I9 iy < Cr 0 [ il (117)
Br(x

for any ball B,(x) C R".

Proof. See also Evans-Gariepy [15]. Let’s first assume that f € C*(R"). Fix
x € R™. Then for any y € R" and t € (0, 1),

fle+tly — =) < flx) +t(f(y) — f(2)).

Hence
flx+ty—x) - f(2)
t

< f(y) = f().
Sending t to 0 gives

fly) = f(x) + Vf(x) (y — =), Yo,y € R". (118)

Fix 2 € Bz(x), applying (118) to x = z and y € B:(x) and integrating it with
respect to y € Bz (z) yields

1
< — Cr .
f( ) < |B§ (x)| /Bg(x) f(y) dy < /Br(cc) |f| dy (119)

Next choose a smooth cutoff function n € C§°(R"), which satisfies

0<n<1, |Vn <Cr ', n=1on Bz(x), n =0 outside B,(x).
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Since (118) implies
f(2) = fy) + V) - (2 =y).

Multiplying this inequality by 7(y) and integrating with respect to y over
B,.(x), we obtain

f(Z)/T(x)n(y) dy > /Br(x)f(y)n(y) dy+/ ny)VEy) - (z—y)dy

By (x)

_ /B T =V () = )] dy

> —C/ |fldy.
By (x)

This inequality implies
sz o [ iflay (120)
B, (z

It is clear that (119) and (120) imply (116).
To show (117), observe first that for any 2 € Bz (), the set

1
5. ={ye BN\ B VI -2 2 GI9FCIly - 2}
has
|S.| > Cr"”
for some positive C' depending only on n. Use (119) to get

) 2 1)+ IV Yy € ..

Integrating over S, gives

vrEns ot [ i) - sl
By (x
This inequality and (120) implies (117).
If f is assumed to be convex only, then we define f¢ = n. x f, where ¢ > 0
and 7, is a standard mollifier. It is clear that f€ is smooth. We now claim that
f€is convex. In fact, for any z,y € R™ and 0 < X\ < 1, we have

f Qe+ =Ay) = - fz = (A + (1= Ny))ne(z) dz

S A f(Z - 55)776(2) dz + (1 - )‘) f(Z - ?/)776(2) dz
Rn R"

= Af(x) + (1= f (),
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where we have used both the convexity of f and nonnegativity of ..
For f€, by the estimates (116) and (117) we have

sup (|| + |V f) < Cr / .

By (x)

Sending € to zero, we obtain in the limit the same estimates for f. This com-
pletes the proof of the theorem. O

It is well-known that for any convex function f € C?(R"), the Hessian
matrix of f is positive semi-definite:

2
of > 0.
8xi8xj -

The next theorem indicates that a weaker version of the above fact holds.

Theorem 5.12 Let f : R® — R be convex. Then there exist signed Radon
measures u = 7t such that

/ f ¢ d:v—/ pdu, 1<i,j<n (121)
R 89318% N n ol =hl=T

for all € C3(R™). Furthermore, pu' are nonnegative for 1 < i < n.

Proof. See also [?]. For € > 0, let n. be a standard mollifier. Write f¢ =, * f.
Then f€ is smooth and convex, hence

V2 fe> 0.
For any unit vector £ = (&,---,&,) and a nonnegative ¢ € CZ(R"), we then
have 56 anE
f68 a élfj (b 5@5_} dx > O
Sending € to 0, we obtain
0?¢
L >
@)= | St z0

Hence there exists a signed Radon measure ué such that

L(¢)= | odut

Rn

for all ¢ € C3(R™).
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Let e;,1 < i < n, be the standard base of R™. Define p® = p¢, 1 <i < n.
For i # j, let £ = % In this case, it is easy to see that

z”: 88%5 1 {6% o 0% N a?ﬂ '

o 2,07; T2 0x? Ox;0x;  Ox}
Thus 5o
dr = du
/Rn f@xzax] . R ¢ a
where ] ]
T S
M M 2# 2M
for i # j. O

Remark 5.13 If f : R — R is convex, then
of .. 9f

Y e By (R,
Proof. Let V.CC R™ and ¢ € CZ(V,R"), |¢| < 1. Then for 1 <i < n,

n 2 14
gdivie) = - [ 1y

rn 0Ty — Ox;0xy,
i=1 YR"

Z,u““(V) < +o0.
i=1

dx

IN

This completes the proof. O
By Lebesgue’s decomposition theorem, we may write
p = pge + g

where - -

pac << L", pg L L"
Hence there exist fi; € Ly (R") such that

Mgc = fij'cna 1 S Z?] S n.

Denote

0 f

a_ o — Jigs 1<Za .<n7
Gxié?:vj fj - 7=
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and write

_*f _of
0x10x1 0x10xn
D*f = : S I
02 f 82
a$n81‘1 axn8$n
,u“ Iuln
[D*f]=| : L
Iunl Iunn
Hac 1A
[D*flac = | . | =D*fLL,
T Hag
and
ps' pg"
[D*fls = :
pg! pg"

Then we have that D*f € L (R",R™"), and

[D*f] = [D?flac + [D*fls.
Now we present Alexandrov’s theorem on convex functions.

Theorem 5.14 Let f : R" — R be convex. Then [ has second order deriva-
tive for a.e. x € R™.

Proof. First note that for a.e. x € R", the following three conditions hold:
(1) Vf(x) exists and

o1
i [ [94) - V@) dy=0.
r—017r Br(:D)

(2)

(3)
= 0.

Fix such a x, we may assume z = 0. For € > 0, let f¢ =n.* f. For r > 0 and
y € B,, Taylor’s theorem implies

Fw) = f%@-%vf%m-y+:é(1—8MT-D?F@y%yds
= )+ VSO g+ 5y D)y

+Aﬂ—ﬁf3w7%w—D7@kyw
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Let ¢ € C2(B,) be such that |¢| < 1, multiply the equation above by ¢ and
integrate over B,

[ o) (700 - 1) = Ty - 7 D)) dy

o(y)y” - [D2f<(sy) — D*(0)] - ydy) s

Br

60T - [P ) - DPFO)] 2z ) d.

§ Brs
Note
g:(s) = 6(2)2T - D2fe(2) - 2 dz
Brs S
. 92 z
= )Y e (6G)z:z) a:
- > $(=)2i2; dp
ij=17/Brs 8
= | 6T D) 2de+ Y [ 6(2)mz dud
BTS ": Br

Now we estimate

|g5(8)| < T_Q |D2f€(z)|dz

Sn+2 — sn

BT'S

r? )
= o ne(z —y) d[D"f]| dz

57 JBs |JRn
< / (/ dz> d|| D2

shen Brs+e BrsmBe(y)

min{(rs)", "

< oMM e 5,0
< < Cmm{(m) € }(rs+e)” <c

shen

where we have used the conditions (2) and (3) in the last step. Hence by
Lebesgue’s Dominated Convergence Theorem we have

[ 00 1060 = 100 = V1) y = o D10) -
< o [ [ 1024 - poazas v o [P B)

sr)
= o(r?) (122)

54



as r — (. Take the supremum over all ¢ to get

r" | |h(y)|dy = o(r®) asr — 0 (123)
By

for

h(y) = £(y) ~ 0) = VF(0) -y — 57 - D2F(0) .

Since f is convex, it is easy to see that h is semiconvex with constant K =
|D%f(0)]. Thus we have

sup |Vh| < Cr_(”+1)/ |h(y)| dy + C'r. (124)
By

Br
p)

Now we claim that

sup |h| = o(r?) asr — 0. (125)
B
2

First, by the weak L!'-estimate, (123) implies that

£ ({z € B, : |h(2)] = er}) < o(r™) < iﬁ”(Bw

for any n € (O,%) satisfying 77% < % Thus for any y € B, there exists

z € B,,(y) such that
|h(2)] < er?.

Consequently,

h(y) = h(2)| + [h(2)]
er® 4+ nrsup |VA|
By

IN

er? 4+ COnr? < 2er?,

provided we choose 7 such that C'n = . We have now completed the proof of
the theorem. O

Theorem 5.15 Suppose that u € C(2) is a semiconvex function with constant
K and 0 € Q is a local mazimum point of u. Then for any € > 0 there exist
p € R™ with |p| < € and z. € B, such that x. is a local maximum point of
u(z) + (p, ), and u is twice differentiable at ..

Before we prove theorem 5.15, we want to study briefly the subdifferential
for convex functions.

Definition 5.16 Let f: R — R be convex. For z € R", define the subdif-
ferential of f at z by

of(z)={peR": f(z)+p-(xr—2) < f(z) Vxr € R"}.
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Remark 5.17 Since f is convex, it is well-known that 0f(z) # 0 for any
z € R™. It is also easy to see that 0f(z) is a convex, compact subset of R™ for
any z € R". Tt is also true that f is differentiable at z if 0f(z) is a singleton.

Proof. To see that f is differentiable at z if Jf(z) is a singleton, we need
the partial continuity property of subdifferentials for convex functions. Let
p=0f(z). Then

lim sup {|l¢—p|: g€ df(x)} =0. (126)

710 2eB.(z)

In fact, let z; — z and ¢; € Of(x;). Since f is locally Lipschitz, we have
that {¢;} is a bounded sequence in R"”. We may assume that ¢; — ¢ for some
q € R". Note that

fx) + ¢ - (v —x;) < f(z), Vo e R™.
Sending i to oo, this inequality implies in the limit that
f(z)+q-(x—2) < f(z), Vo € R™.

This means that ¢ € 0f(z) and hence ¢ = p, since df(z) is a singleton.
Now (126) implies that for any € > 0 there is a small » > 0 such that for
any = € B,(z) we have

lg—p| <e€ Vgedf(x),

and
f)+p-(x—2) < flx) < f(2) +q- (x—2), Vg€ If()
Hence
fR) +p-(x—2) < fl@) < f(z)+p-(x—2)+elz— 2]

This implies that f is differentiable at z and V f(z) = df(2). O
Now we define the set of points with small derivatives for a semiconvex
function.

Definition 5.18 Let f € C(92) N Lip(Q) and for ¢ > 0, define
Ss(f)={reQ|3peBsst. f(2) < flz)+p- (2 —x)Vz€Q}.

Lemma 5.19 Assume w € C(2) N Lip(Q) is a semiconvex function with con-
stant K > 0. If w has an interior maximum, then there are constants cy > 0
and oy > 0 such that

L7(S5(w)) > cod™, V6 < b (127)
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Proof. For ¢ > 0, let n. be a standard mollifier and w. = 7. * w be the e-
mollification of w. Then w€ is smooth and semiconvex with the same constant
K > 0. Define S§ analogously for w.. We claim that for any ¢; | 0 that

Lr ({lim sup Sgl} \55) =0. (128)

In fact, for a.e. x € limsup,_, . S5', we have
we, (x) = w(x), Vw,, () — Vw(x).
We may assume that x € S§* for all 7. Then we have
we, (2) < we, () + Ve, (x) - (2 —x) Vz € Q; |V, ()| < 4.
Passing to the limit, we obtain
w(z) < w(z) 4+ Vw(z) - (z — z) Vz € Q; |Vw(z)| < 6.

Thus = € S5 and the claim follows.

In order to prove this lemma, it suffices to prove (127) for S§ with ¢
independent of €. Since w has an interior maximum, it follows that w. has an
interior maximum. Therefore that there are ¢y > 0 and &g > 0 such that

Vw(S§) = Bs if 6 <y and € < €. (129)

Note that for any x € S§, there exists p € R™ with |p| < § such that w.(z)—p-z
attains its maximum at x and hence Vw.(z) = p and V?w,(r) is negative
semidefinite. Since w(z) — p - z is seminconvex with constant K > 0, this
implies

—K < \(Vw)(x) <0, V1 <i<n,
where \;(A) is the i-th eigenvalue of A € §™*™. This implies

|det(V2we(z))| = [T \i(VPwe)| (z) < K", Va € S;. (130)

On the other hand, by the change of variables we have

K"C" (S5) = /S |det(Vwe(z))|
= L(Vw(S9) > L7(By). (131)
Combining (130) and (131), we obtain
L(S5) > K"L"(Bs) > cpd™, Vo < §y and € < €.

This completes the proof of this lemma. O
We also need the following lemma.
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Lemma 5.20 Assume u € C(Q2) is semiconvexr with constant K > 0 and
x € Q is a mazimum point of w. Then u is differentiable at x and Vu(x) = 0.

Proof. Since u is semiconvex in €, it follows that there is p € R™ such that,

u(z) —u(x) >p- (2 —2) + 0|z — z)?), Vz € Q.
On the other hand, since z is a maximum point of u, we have

u(z) —u(x) <0, Vz € (L
Therefore we have
p-(z—x)+0(z - a>) <,
this implies that p = 0 so that
u(z) + O(|z — 2*) < u(z) < u(z), ¥z € Q.

This implies u is differentiable at x and Vu(z) = 0. O

Proof of theorem 5.15. By lemma 5.19, we conclude that for any ¢ > 0
there is cg > 0 such that
L(Se(w)) > coe™.

Since w is semiconvex, we then have that for a.e. z € S.(w), V2w(z) exists.
On the other hand, by the definition of S.(w) we have that for any = € S.(w)
there exists p € B, such that z is a maximum point of w(z) —p-z, z € Q.
Hence lemma 5.20 implies that V(w(z) —p-2)|,—. = 0 and hence Vw(z) exists
and |Vw|(z) < e. Combining these two facts together, we can easily see that
for a.e. x € Sc(w), |Vw|(x) < € and

V3 (w(x) —p-z) = Viw(z) <0.
This completes the proof. O

5.5 Uniqueness of infinity harmonic functions

The main result of this section is the following uniqueness theorem of infinity
harmonic functions, due to Jensen [17].

Theorem 5.21 For any g € Lip (092), there exists a unique viscosity solution
u € Lip () to

—Asu = 0 inQ (132)
u = g on . (133)

The uniqueness theorem 5.21 follows from the following comparison principle.
We leave it to the reader as an exercise.

Theorem 5.22 Suppose that u € C(£2) is a viscosity subsolution of (132),

and v € C(Q) is a viscosity supersolution of (132). Then
max (u(z) —v(z)) = max (u(zr) — v(zx)). (134)
Q 2€dQ

S
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