GLOBAL WELL-POSEDNESS OF THE LANDAU-LIFSHITZ-GILBERT EQUATION
FOR INITIAL DATA IN MORREY SPACE

JUNYU LIN, BAISHUN LAI, AND CHANGYOU WANG

ABSTRACT. We establish the global well-posedness of the Landau-Lifshitz-Gilbert equation in R™ for any
initial data mo € HL(R™,S?) whose gradient belongs to the Morrey space M?2(R") with small norm
|Vmg ||M2,2(Rn). The method is based on priori estimates of a dissipative Schrédinger equation of Ginzburg-
Landau types obtained from the Landau-Lifshitz-Gilbert equation by the moving frame technique.

1. INTRODUCTION

The Landau-Lifshitz-Gilbert equation, originally introduced by Landau and Lifshitz [14] [8], serves as
the basic evolution equation for the spin fields in the continuum theory of ferromagnetism. Let m : R™ x
(0,+00) — S? denote the spin director field with values in the unit sphere S C R3. The Landau-Lifshitz-
Gilbert equation (LLG) is given by

{atm:—mxAm—)\mx (m x Am) in R™ x (0, +00), a1

m=m, in R"™ x {0},

where A > 0 is a Gilbert damping parameter, x is the cross product in R?, and mg : R” — S? is an initial
data. Note that —m x m x Am = Am + |Vm|?m is the tension field of m : R® — S?. Hence LLG (1.1) is
a hybrid of the heat flow and the Schrédinger flow of harmonic maps to S? and is an evolution equation of
parabolic types. A Liapunov functional of (1.1) is given by the Dirichlet energy

1
E(m) = i/R |Vm|? da.

Since LLG (1.1) is energy critical when n = 2, the global existence of weak solutions with at most finitely
many singularities and the uniqueness among energy non-increasing solutions has been established by [9]
and [10, 11], which is based on arguments similar to Struwe’s approach to the heat flow of harmonic maps
[24]. We would like to point out that the existence of finite time singularity of (1.1) in dimension n = 2 has
not been shown yet.

When n > 3, LLG (1.1) is super-critical with respect to the Dirichlet energy. Although one can show the
global existence of weak solutions, the question of regularity and uniqueness of weak solutions becomes a
delicate issue. In dimensions n = 3,4, partial regularity for suitable weak solutions to (1.1) has been obtained
by Moser [18, 19], while the existence of partially regular weak solutions to (1.1) has been established by
Melcher [15] and Wang [26]. However, since the arguments in [19, 15, 26] are perturbation methods based
on energy monotonicity inequalities and elliptic estimates on generic time slices, they fail to work for n > 5.
It may be worthy to point out that neither the Bochner formula nor Struwe’s parabolic energy monotonicity
formula for the heat flow of harmonic maps (or approximated harmonic maps) [25, 4] seems to be available for
(1.1). We would also like to point out that the existence of finite time singularity of LLG (1.1) in dimensions
n = 3,4 has been shown by [5].

Very recently, Melcher [16] investigated the global well-posedness of LLG (1.1) in dimensions n > 3 for
initial data mg in the scaling invariant homogeneous W™ (R") space with small W' -norm, see also [21]
and [17] for related works. The idea in [16] involves a transformation of LLG (1.1) by the technique of
moving frame to a dissipative Schrédinger equation of complex Ginzburg-Landau type nonlinearities. It is
natural to establish the global well-posedness of (1.1) for initial data mg in larger classes of function spaces.
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Indeed, we are able to prove the global well-posedness of (1.1) for initial data whose gradient is in certain
Morrey spaces with small Marrey norm.
In order to state our main results, we first recall

Definition 1.1. For 1 <p < 400, 0 < ¢ <n, the Morrey space MP1(R") is defined by

MPs®) = {f € LB : [flpay = S0 [ [f@)Pdy<too).  (12)
Me-2(R") T€R™,0<r<+00 By (x)

Observe that MP"™(R™) = LP(R™), and from the point of view of scalings, MP?(R"™) behaves like L™ (R™).
Now we are ready to state our main theorem.

Theorem 1.2. For A > 0 and n > 2, there exist ¢ > 0 and ¢y > 0 depending only on n and A with the
following properties:
(i) (global existence) If mgy : R™ — S? satisfies mg — my, € L2(R") for some my, € S?, with Vmg €
M?2(R"™) satisfying

HVmOHM2,2(Rn) S 60) (13)
then there exists a global solution m : R™ x [0, +00) — S? to LLG (1.1) such that
oo 9, Tl 1)

Moreover, m € C°(R" x (0,+0c0),S?) and satisfies

Vem (1) < e, 1)) Vimo|| oz gy Y > 1, (1.5)

k
sup t2
b Lo (Rn) -

>0
and m(t) — mg in H}_(R",S?) ast — 0F.
(ii) (uniqueness) If, in addition, Vmy € L?*(R™), then the global solution m also satisfies that m €
C([0,400), HL(R™)) with 9;m € L?([0, +o00), L*(R")), and the energy inequality:

A t
E(m(t)) + 7/ / |0ym|? dzdt < E(my), ¥V t > 0. (1.6)
1+ X2 )y Jgn
Moreover, m is unique in its own class.
Before we proceed with the presentation, we would like to make a few remarks concerning Theorem 1.2.

Remark 1.3. For LLG (1.1), we have the following comments.

(i) Since Holder’s inequality implies that L™(R™) C M?%2(R"), Theorem 1.2 improves the main result
of Melcher [16] and Seo [21].

(ii) Without the smallness condition (1.3), the short time smooth solution of (1.1) can develop singularity
at finite time for n > 3. In fact, the initial data my in the example of finite time singularity
constructed by Ding-Wang [5] has small Dirichlet energy F(mg) and finite || Vmg|| p2.2.

(iii) Motivated by the well-posedness result on the heat flow of harmonic maps by [27], it seems reasonable
to conjecture that LLG (1.1) is globally well-posed for any initial data mg : R” — S? having small
BMO norm [mg]gno(re)-

We briefly discuss some of the ideas in the proof. The first crucial step is to utilize a canonical choice of
coordinates on the tangent bundle T'S?, called moving frames, to convert (1.1) into a covariant version of
LLG, which is a (nonlocal) semilinear complex valued Schrodinger equation with cubic nonlinearity. Then,
by choosing a Coulomb gauge frame, one can get the desired control of nonlocal terms. Finally, using
estimates of the dissipative Schrédinger semigroup S = S(t), generated by (A —¢)A, between Morrey spaces,
one can get the desired priori bounds for the short time approximate solutions to (1.1) under the smallness
assumption (1.3). It seems that the estimates of S(t) between Morrey spaces may have its own interests,
with potential applications to other types of equations.

The paper is written as follows. In section 2, we will establish some basic estimates of S(t) between
Morrey spaces. In section 3, we review the derivation of covariant complex Ginzburg-Landau type equation.
In section 4, we derive all the needed nonlinear estimates of S(t) between Morrey spaces. In section 5, we
will prove Theorem 1.2.
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2. LINEAR ESTIMATES FOR SCHRODINGER SEMIGROUP IN MORREY SPACES

Throughout this paper, let S(t) denote the semigroup generated by the dissipative Schrédinger operator
(A —14)A. In this section, we will establish some basic estimates of S(t)f = S¢ * f in Morrey spaces when
f e MPIR™).

Recall that the Fourier transform of the associated kernel S; of S(t) is given by

Sy(€) = VP ¢ e R7

so that the kernel S; can be written as

Si(x) = t-%s%

), © € R™,

where
S(y) :/ NI i gy € BT
is a radial Schwartz function in R”, i.e., S(y) = S(|y|) for y € R™.
For f € LL (R™), the Hardy-Littlewood maximal function of f is defined by (see, e.g. [22])
1
w20 1Br (@] /5, (a)

We will use A < B to denote A < C'B for some universal positive constant C'. Now we have

Mu (f) (@) := [f(y)ldy, = € R™.

Lemma 2.1. For1<p < +oco and 0 < q<n, if f € MPY(R"), then S(t)f € MP"*+1):9(R™), and

H fHMP(nJrl) q R") SJ tim ||fHMP(I(Rn) (21)

Proof. Tt follows from the definition of S(t)f that for any z € R™,
r—y

(5ON@ = SN = [ EED ) ay

(/BWE@)JF/W\B&(@>t_gs($\;fy)f(y)dy
= I(z)+II(x).

For I(x), we have
|1(2)] < 6"(\/56)_n/ 1f()] dy < €' Mur(f) (). (2.2)
B ()

To estimate I1(x), we proceed as follows.

o0
I(x)| < Zt—%/ -
k=1 B(t1)vie @)\ By, 7. () \/E

< t— 2 {i(ke)”’%S*(ke)] [suprﬁin/B » |f(y)] dy},
k=1 i

1S £ (y) dy

r>0

where
8" (he) i= max {[S@)|+ y € Busnye \ Bre }-

Since S is a Schwartz function, one sees that
- n—4<4 % 1 * n—4 1
> (k)" TrS (ke) S = [ t"TE[S(H)]dt S -
1 € 0 €

This implies

[II(x)| St %e

where we have used in the last step the inequality:

40,

1HfHMPa<1(]R")’ (2.3)

<[]
MY (R Mpa(Rr)
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Putting (2.2) and (2.3) together yields

|(SON@)] £ EMin(F)@) + 5|y ppagaer
Choose € > 0 such that ,
"MuL(f)(2) =t 2 | f|| ooy
or,
% My (f)(x)
Then we have

[S@F@)| £ =5 | 7] 3oy (Min (@) ™ 2 € R

Since Myy, : MP9(R™) — MP9(R") is a bounded linear operator (see [1] and [12]), we have that S(t)f €
MP+D9(R™) | and

Hs(t)fHMp(nH),q(R”) S t e D) HfHJT\Lﬁ"(R" |f”z7\?;71<1 R™)
< WD HfHMpyq(Rn),
This completes the proof of Lemma 2.1. O

Lemma 2.2. For 1 <p< +oco and 0 < q <n, if f € MP9(R"), then S(t)f € MP1(R™) and

HS fH]wP a(R") HfHMp’q(R"). (24)
Proof. This follows from the Young inequality for convolution operators. In fact,
(SN2 = [ Silz=y)fy)dy= | Siy)f(z—y)dy,
Rn Rn
we have
Si(y)| d < Pd
SO, iy = L 11 U5 o S [ 111
so that
[ gsosefasre [ ipere (25)
BR(QE) BR(QZ)
Taking supremum over all Bg(xz) C R™ in (2.5) yields (2.4). Here we have used the fact that
/ |St(y)|dy:/ |S(y)|dy < 1.
R™ R™
This completes the proof. O

Lemma 2.3. (Interpolation lemma) For 1 < p < 400 and 0 < g < n, if f € MP1(R"), then S(t)f €
MPUR™) for any p <p <p(n+1), and

HS(t) (2.6)

HMﬁ~q(Rn) HfHMp 4 (Rn)*
Proof. For any p € [p,p(n + 1)], write
1 0 1-6

~ =+ ——.
p p pln+l)
Then by Hoélder’s inequality, Lemma 2.1 and Lemma 2.2, we have

<
Hs(t)fHMﬁ,q(R") ~ HS(t)f MPp-a(R™) fHMP("“’“R")
nq(1—6)
S; t 2p<"+1) ||f||Mp q(R")HfHMPq(R")
nqg(1—0)
St QP(HDHfHMM(R”)
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Since

1_ 1

1-g=2_7
p(n+1)
n(l-0) _ 1 1
we have Pt —p " 5 and hence
—g(i_1
Hs(t)fHMﬁ,Q(Rn) stE HfHMp=q(R”)'

This proves Lemma 2.3. g

We also need to estimate V(S(t)f) in Morrey spaces. More precisely, we have
Lemma 2.4. If f € MP4(R") then V(S(t)f) € MP"+1):4(R™), and

< 7%72;93? T
Hv(s(t)f)HMP(WWUA(R?L) ~ t m HMp,q(Rn)' (2'7)
Proof. Since

VSi(z) = V[t #S(=)] =+ " VS(-2),

Vit Vi

and VS is also a Schwartz function on R™, we can apply the same argument as in Lemma 2.1 to get that

1
1 __an _ T
< ¢+ 2Zp(ntD) M
V(SO St sy (M0 )
so that
1 qn
3| wis H < oD H .
HVSON] sy i
This yields (2.7). O

Lemma 2.5. If f € MP9(R") then V(S(t)f) € MP4(R") and
t <¢73
ICIOT! I~
Proof. 1t is similar to Lemma 2.2. Since

VSONE =t [ L) -

HMM(R")'

the Young inequality implies that
P p p P
VStf‘ gt‘f/ VS(y)|dy)” gt‘f/ TP dy,
[vesw L2 (Bi(@)) o VSO ey
which, after taking supremum over all Br(z) C R™, yields (2.8). Here we have used the fact that

| vswlas
This completes the proof. O

Lemma 2.6. (Interpolation lemma) If f € MP4(R"™), then V(S(t)f) € MP94(R™) for any p < p < p(n+1),
and

1

Hv(S(t)f)H <t 2735

2.9
MP.a(R™) ( )

‘fHMP‘q(]R")'

Proof. By Lemma 2.5, Lemma 2.6, and Holder’s inequality, (2.9) can be proved exactly as in Lemma 2.3.
We omit the detail here. O

3. COVARIANT LANDAU-LIFSHITZ-GILBERT EQUATION

The moving frame technique was first successfully applied to the study of harmonic maps by Hélein [7],
and subsequently used in the study of wave maps (see [6] and [23]) and Schrédinger maps (see [2], [3] and
[20]). The basic idea is to use orthonormal frames on the tangent bundle of the target manifold under the
Coulomb gauge to rewrite the equation. It turns out that such a technique has been used by Melcher [16]
to derive another version of LLG (1.1), which was called as the covariant LLG. Now we briefly review such
a construction and refer the readers to [16] for more details.
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3.1. Moving frames. Fix a point m., € S?, we define, for o € Z, the homogeneous Sobolev space
HI(R",S*) = {m:R" - S*: m—m, € H (R",R?)},
and
HX(R",S?) = (| HI(R",S?).
€Ly
For 0 < T' < +00, we consider
m € C°([0, 7], H*(R",S?)) with 0;m € C°([0,T], H*(R",R?)).

Since the pull-back tangent bundle m~!7T'S? is a trivial bundle on R™ x [0, T], there exists a global orthonormal
frame on m~17T'S?: there are smooth tangent vector fields X,Y € C(R" x [0, T], TmS?) along m such that

IX|=Y|=1, (X,Y)=0, and X xY =m.

We use «, 8 € {0,1,---n} to denote the space-time components, where = 0 is the time index so that
9o = 0;. Let (-,-) be the inner product on R®. Denote the associated connection coefficient

a=(ap, a1, ,a,) = ((0X,Y), (01 X,Y), -+ ,(0,X,Y)) € C®(R" x [0,T],R"1).
This gives the covariant derivative D, = Oy + i, 0 < a < n. Write

u:= (ug,u) = (ug, (ug, -+ ,uy)) = (<8am,X> + i(@am,Y>) x [0,T] — C"** (3.1)

0<a<n '
for the coeflicient of space-time gradient of m in terms of X + Y. Then we have
Oam = Re(uq)X + Im(uq,)Y.
By the relations
0o X = —Re(ua)m+a,Y, 0, = —Im(us)m — an X,
we have the zero torsion identity:
DQUﬁ == Dgua, (32)
and the curvature identity:
Raﬁ = [DQ,DQ] = iIm(ua”U,g). (33)

3.2. Covariant LLG. Direct calculations imply

Am + |[Vm|?’m = Z(akRe(uk) — apIm(ug)) X + Z(aklm(uk) + agRe(ur))Y in R™ x [0,7].  (3.4)
k=1 k=1

By direct calculations, we will have the following result (see [16] Proposition 2).
Theorem 3.1. Formg € H®(R™,S?), letm € C°([0,T], H:*(R™,R?)), with dym € C°([0, T], H*(R™,R?)),
solve the LLG (1.1) with initial data mg, for some T > 0. Then
(u,a) € C°([0,T], H=(R™,C" ! x R™1))
solves the covariant LLG:

Ug = ()\ - Z) Z Dkuk,
k=1

DO/U’B = DBU’OH 0 S aaﬁ S n,
Onap — Opaq = Im(uatg), 0 <o, < n.

(3.5)

Moreover, u = (uy,--- ,u,) solves the covariant complex Ginzburg-Landau equation:

Douy = (A —1) Y (DpDrug + Rypug), 1<1<n,
k=1 (3.6)

u(0) = (Vmyg, X) + i(Vmg, Y).
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3.3. Gauge invariance and Coulomb gauges. Since (3.5) is invariant under the gauge transformation:

u—tu=c %u and ay— do =aq + 0.0, 0< a<n, (3.7)
for any 8 € C>°(R™ x [0,T]). A canonical choice is the Coulomb gauge which ensures that a = (ay,--- ,an)
is divergence free:

diva=>)» okar=0 in R" (3.8)
k=1
This amounts to solve, for ¢ € [0, T,
—AG(t) =div(a(t)) in R", (3.9)

whose solution is given by

0e.t) = (—A)~(diva) (z. 1) = e /R n ;:yy'n a(y, 1) dy.

Thus
Vi0(t) = Vi(—A)Ldiv(a ZR;R a;j(t), 1<1<n,

where R; = V;(—A)2 is the I*"-Riesz transform (see [22]). Since a,dia € CO([0, T], H°(R™)), we conclude,
by the standard elliptic theory, that V0, 0;6 € CO([O, T, Hfo(R”))

3.4. Estimates of a in Morrey spaces.

Lemma 3.2. Forp>2 and & < q <n, ifu(t) € MPI(R") and Vu(t) € M>*(R") for 0 <t < T, then we
have, under the Coulomb gauge, that

2
tH <H tH 0<t<T, 3.10
) ok ult), oy 01 (3.10)
where p = 2qp_ If, in addition, ¢ < 1%, then there is a decomposition ag(t) = all )(t) + a(2)( t) such that
O, 2 g, 5 [0 H

O 2ptorn) 2004 t Vau(t L0<t<T, 3.11
Hao ( ) M2<p(+;)q)'2(p:2) (R™) ~ u( ) Mpr-a(R™) u( ) M2:2(R™) < ( )

and .
H @) H < Hu ¢ H L0<t<T. (3.12)

(&) M)

Proof. Since a is a Coulomb gauge and
daap(t) — Opaa(t) = Im(uatig)(t) in R™, 0<a,B<n,
we have, after taking J, of the above equation and summing over 1 < a < n, that
—Aag(t) = div(Im(upw))(t) in R", 0< B <n, (3.13)
It is readily seen that a can be represented by

ag(z,t) = . G(z — y)div(Im(ugu))(y,t) dy = — - VG(z —y) - Im(upu)(y,t) dy, = € R",

for 0 < 8 < n, where G is the fundamental solution of (—A) in R™. Therefore we have

e8] 5 [ o=y u®P @) dy = L(lu)P)a), = < B,
Rn
where
L@ = [ o=yl W) dy. ] € LR

is the Riesz potential of f of order 1. -
Since I : M %:9(R"™) — MP4(R") is a bounded linear operator (see [12]), we have that a(t) € MP(R™)

and
2
sagany S 19O gy
M2 9(R™) Mp.a(R™)

S OIS

o
Jo®] e
This implies (3.10).
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For ag, we have, by (3.5),
—Aap(t) = div(Im(aug)(t)) = div[Im((X — i)uDyw;)(t)]
= div[Im((A — é)udivu)(t) + Re((A — i) (a - w)w)(t)]. (3.14)
We define agl) and agf) by

—Aal? () = div[Am(adivu)(t) — Re(udivu)(t)], (315)
—Aal? () = div[ARe((a - w)u)(t) + Im((a - u)w)(t)]. '
It is clear that ao(t) = a(()l)( t) + (2)(t). Direct calculations give
’aél)(x,t)‘ < Il(|u\|Vu|)(x,t), r eR™,
and
}aéQ)(x,t)‘ < Il(|a\|u|2)(x,t), r e R"™.
(1) 2p(p+a) 2(p+a)
As above, we can show that ay ' (t) € M w+2a "»+2 (R"), and
1 S fJue] |
Hao <t)“M2<€a(f$2)’2f++2Q) (R™) ~ u(t) MPp.a(R™) VU(t) M2v2(JR")'
This yields (3.11). Similarly, we can show that a(()z) (t) € M%’Q(R”) and
(RIS EC N T e O )
ME’Q(JR") ~ MPa(Rn) MP>a(R™) Mra(R)
This yields (3.12). This completes the proof. a

4. ESTIMATES IN MORREY SPACES FOR THE COVARIANT LANDAU-LIFSHITZ-GILBERT EQUATION

In this section, we consider a solution u € C9([0,T], H®(R",C")) of the covariant complex Ginzburg-
Landau equation (3.6) under the Coulomb gauge, and derive the necessary estimates in suitable Morrey
spaces.

4.1. Nonlinear estimates in Morrey spaces. First recall that under the Coulomb gauge, the equation
(3.6) can be written as

Ou = (A —i)Au+ F(a,u) in R" x (0,7, (4.1)
where the nonlinearity F = (Fy,--- , F},) is given by
Fi(a,u) = (A —1) [ZZ (Im(ulﬂk)uk) + 2i(a - V)u — |a|2ul] - i(a(()l) + aéQ))ul, 1<i<n. (4.2)

k=1
F' can be written as
F = f(l) + f(2) + f(3)’

where

FD(u) = (X —1d)i Zlm Uy, ),
4.3
£ ) = (- i)2iCa- V) ik )

FO @) = = = i)lafPu — iafu
For p > 2 to be determined later, let X% be the function space defined by
p — . n n _ l_% %
Xh = {w R x[0,1) 5 C" | fullyg, = s (2 F 1 ygon gy + 1 VO g2 22

+ su Hu t H < —|—oo}. 4.4
o2t [ 2 ey 44

Foru e XF and 0 < 7 < T, set

Ri(T) = sup t%_%Hu(t)
0<t<r

Ro(T) = Oiltlg ts [ Vu(t)

[Jysmyeess

sz ey
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and
Rs(T) = sup ||u(

0 a0

Then it holds
[ull xp = Ra(T) + Ra(T) + Ra(T).

For 61,82 > 0, set

B[61, o] := /01(1 — 1)1t % g,
Observe that B[d1, d2] < 400 when 61, d2 < 1.
4.1.1. Morrey space estimates related to f(")(u). Now we have

Lemma 4.1. Forp € (3,6) and u € X, we have that for 0 <t <T,

-3 /OtS(t— 9D (uls) ds| <RI,

MP2(Rm)

Proof. Since |fM)(u)| < |ul?, by Minkowski’s inequality and Lemma 2.3 we have

t t
ERRICH —s)f®
H/OS(t s)fl(u(s))dsHMN(Rn) < /O S(t s)fl(u(s)>HMp,2(Rn)d8
< (/t(t—s)_is_g(l_i)ds)R?(t)
0
I P (IR
S Bl 50— )i il bR

1

S TR,
since IB%[%, 31— %)} < +00 when p € (3,6). Hence Lemma 4.1 is proved.
Lemma 4.2. Forp € (3,6) and u € X%, we have that for 0 <t < T,

t3|v tS(t—s)f(l)(u(s))dsH < R3(1).

0 M22(Rm) ™

Proof. By Minkowski’s inequality and Lemma 2.6, we have

HV/Ot S(t— S)f(l)(u(s))dSHMM(Rn) < /Ot HV(S(f B s)f(l)(u(S)))H

5/ (t_s)—%—(%—%)
0

< /Oto: —s)

t P P 1
< R‘i’(t)/ (t—s) s 3073 4
0

3
d
’\u(s)\ HM%E(RH) i

3
u(s)HMp)Q(Rn) ds

3 3 2 1
SB[=, (1=t 2R3t
250 2 iri
SEERLW),
since B[%, 31— %)} < 400 when 3 < p < 6. This implies (4.6). Hence Lemma 4.2 is proved.

Lemma 4.3. Forp € (3,6) and u € X%, we have that for 0 <t <T,

H / S(t - 5)7D (u(s)) s <RI,

M2:2(Rn)

M2:2(R)

(4.6)

(4.7)
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Proof. By Minkowski’s inequality and Lemma 2.3. we have
t
(1) _ s+
H / SISO I / 15t = 57 ()| o ey 4

s/ou—s) ul [TO1E I

t . | 3
S [t-97 6 uts)|
0 MP2(Rn)
3 13 2
SB|S -2, 20— )| Rie
ss[2-1.20-2)rte)
SRI(),
since B[% 5 31— %)] < 400 when 3 < p < 6. Hence Lemma 4.3 is proved.

4.1.2. Morrey space estimates related to f(? (u). Observe that
[P )] < lal |Vl + |ag” [l
Now we have

Lemma 4.4. Forp € (2,4) and u € X¥., we have that for 0 <t <T,

MP:2(R™)

| [ se-sor@wena,,, . st HRORO,
0

Proof. Tt follows from Lemma 3.2 that a(t) € prpz(R”) and a(()l)(t) € MP2(R"™). Moreover,

2
QIS Ol .
Ha() MA@y u(®) MP:2(Rm)
and
62Oy = O g [0y
MP.2(Rn) MP2(R™) M2:2(Rm)
By Holder’s inequality, we have that f®) (u)(t) € M%2(R™) and
o) $ [l [ 70 "] d
”f (u)() M%‘z(R”) ~ M4 (R™) u() M2-2(R7) + MP:2(Rn) u()
< Jue, V“@H ~
D, 2(]Rn MZ,Z(Rn)

Applying Minkowski’s inequality and Lemma 2.3, we then have

| [ se-arwma,,.. < [ [se-a0em],,, . o
</ -0 O],

t
5/<t—s>—%
0
3

t
5R§(t)732(t)/ (t—s)+s 3D gs
0

2

(S W G v

13 2 11
<B|Z.2 - Z|+-G-p)R2
SB[ 5 [P RIOR(0)

1_1
SRR,

since IB%[%, % — %} < 400 when 2 < p < 4. This implies (4.8). Hence Lemma 4.4 is proved.

MP2(Rm)

(4.9)
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Lemma 4.5. For p € (2,4) and u € X¥., we have that for any 0 <t <T,
t
t3|v / St — 8)F® (u(s)) dsH < R2()Ra(t). (4.10)
0

M2,2(]Rn)

Proof. Applying Minkowski’s inequality, (4.9), and Lemma 2.6, we have

HV/Ot S(t—S)f@)(u(s))dsHMw(Rn) S/OtHV(S(t—S>f(2)(“(S>))H o

M2:2(R)

-
Mp:2(R™)
S =) g 905 g

t
573?(15)732(25)/ (t—s) 25 2034 g
0

]B%E g - %}t"RQ( JRa(1)

SEERI(HRa(1),

A

since B[f, 5 — 7} < 400 when 2 < p < 4. This proves Lemma 4.5. g

Lemma 4.6. For p € (2,4) and u € X, we have that for 0 <t <T,
— ) f@)( <R32
H/ (t — ) f P (u(s)) dSHszz(Rn) < R2(t)Ra(t). (4.11)

Proof. Applying Minkowski’s inequality, (4.9), and Lemma 2.6, we have

H/ St =)/ P dSHMw(Rn / st - 27 ())HMMR")dS

< t— )" ) (u(s » ds
N/O< )y O] -

t
5/(15_8)—(%_%)

0

t
SRIORaA1) [ (¢ 57 G050 as
0

u(s)H Vu(s)H ds

MPp2(R™) M?2:2(R")

< RI(HRa(t),

since B[% — %,% — %] < 400 when 2 < p < 4. This proves Lemma 4.6. g

4.1.3. Morrey space estimates related to f(3)(u). Observe that
[FO )] < Jalful + |ag” ul
Now we have

Lemma 4.7. Forp € (2, —) and u € X%, we have that for 0 <t <T,

/ St — 8)F® (u(s)) ds H < R5(t). (4.12)
0

MP, 2 ]R") ~
Proof. By Lemma 3.2, we know that a(t) € M%’Q(R") and aéQ)(t) € Mﬁz(R") and

Ol 22, 2y S N8Oz ey



12 J. LIN, B. LAI, AND C. WANG
< 4
Ol 222y S O] e
Thus by Hélder’s inequality we obtain that f®)(u) € M55 2(R") and

)| S (1] oty + 87O ) o0
Hf (U( )) M%’Q(R”) ~ ( |a( )‘ M4 R" + ) Mﬁ'z(R")) U() MP:2(Rn)

Hu(t)HMM(Rn). (4.13)

Applying Minkowski’s inequality, (4.13), and Lemma 2.3, we have

| [ s o], ., 5 [ o010, ., 0
< [y )] I N
SRI) [ (00D

5
HMP’z(]R")

since IB%[—7 g %] < 400 when 2 < p < 1—30. This completes the proof. O

Lemma 4.8. Forp € (%, 13—0) and u € X%, we have that for 0 <t <T,

v/ot S(t — ) F® (u( dsH < RE(2). (4.14)

M2, 2 R")

t3

Proof. Applying Minkowski’s inequality, (4.13), and Lemma 2.6, we have
V[ S(t=5)fP (uls)) ds| /Hv (t— H d
| / ) I SECO]
(3) H ) d
RO (RS2
¢ 5-p g 1 5(1_1 5
/(t—s) PTGy u(s)H ds
0
<]Bg[5 P
p

MP.2(Rn)
SR,

since IB[‘K’%F, 5 2] <+ when 2 < p < 2. Hence Lemma 4.8 is proved. |

S
2

Lemma 4.9. Forp € (2, %) and u € Xg, we have that for 0 <t < T,

H/ S(t = 5) £ (u(s)) ds| <RI, (4.15)

M2:2(Rn)
Proof. Applying Minkowski’s inequality, (4.13), and Lemma 2.6, we have

[ / S(t = 5) 79 (u(s)) sHM“(Rn)S / 156 = Oy

_ D Oy )

g/o (t—s) ||f ||M5fp*2(Rn)ds
t

5/ (t = 5)" 52D PG fs@f%)Hu(S)HiW(Rn)ds
0
5 35 5

SB[--5.5-- IR3(®)
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since B[% —35_ f] < 400 when 2 < p < L2, This proves Lemma 4.9. |
4.2. Duhamel’s principle and Morrey space estimates of solutions to (3.6). Assume that
u e C°([0,T], H®(R",C"))

solves the covariant complex Ginzburg-Landau equation (3.6). By Duhamel’s formula, we have that for
0<t<T,

3
u(t) = S(tyuo + > _(S* fO(w)(), (4.16)
1=1
where
S(t)ug = St * ug := up(t) (4.17)
is, as before, the convolution in space, and
(S* fO(u / St —s)(fO(u(s)))ds :=uP(t), 1 <1<3. (4.18)

For ug, we can apply Lemma 2.2, Lemma 2.3 and Lemma 2.6 to get

Lemma 4.10. For any 2 < p < +o00, there exists C > 0 depending only on n,p, A such that for any
0 <t < +o0,

wl < CH H . 4.19
Huo‘ XP Ho M2.2(R7) (4.19)
Proof. By Lemma 2.3, we have that for 0 <t < T,
L e I
[l — QI - 0 [
By Lemma 2.6, we have that for 0 <¢ < T,
1
[V ey = [7EOD] gy S H 0]

By Lemma 2.2, we have that for 0 <t < T,

- o

o) <] ey
HUO() M2:2(Rn) M2,2(]Rn)~ Uo M?2:2(Rn)

Combining these estimates together yields

[ L el PP il I ol e
= P
o X{’ OiliI;t T tol™ MP:2(R™) T tolT M2:2(R™) LU M?2:2(R")
< .
~ HUOHMM(RH)
This proves (4.19). O

We also introduce another norm of v € X, P,

1_1
v :Oiggt(ﬂ ) agoagaey + TV gy )s 0SS T

Note that

_Rl +R2 ,0<t<T.

r = el + o

Yt
Now we can combine all these Lemmas together to obtam the following key estimate.

Theorem 4.11. For any p € (3, %) and 0 < T < 400, there exists a constant C > 0 depending only on
n,p, A such that if u € C°([0,T], H*(R",C")) solves the covariant Ginzburg-Landau equation (3.6). Then

g < [, + Clllsy +l1ul5), vost<T (4:20)

Furthermore, there exists eg > 0 depending on n,p, A such that if

o

< 4.21
’M212(]R") =0 (4.21)
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I+

Proof. By the Duhamel formula (4.16), we have

then for any 0 <t < T,

<2®

< O fuo | . 4.22
x? xr o M2:2(Rm) ( )

3
< |lao (”‘ .
[l = ], + 21,
For u"), since Lemma 4.1, Lemma 4.2, and Lemma 4.3 hold for p € (3, 10), we have
3
R
XP Y'tp
For u(?), since Lemma 4.4, Lemma 4.5, and Lemma 4.6 hold for p € (3, 1), we have
3
@ <CRIORa(t) < Cfu] -
[, < orRi@Ra0) < Cful,
For u(®, since Lemma 4.7, Lemma 4.8. and Lemma 4.9 hold for p € (3, %), we have
5
ol <omie <,
Xt vy
Putting these estimates together yields (4.20).
To show (4.22), first observe that
lim u‘ —0. (4.23)
L0+ yP

In fact, by Sobolev’s embedding theorem we have the following estimates: For some large o € Z,

1
u(t H < sup ||u(t H + sup (R2_”/ u(t p>p < Hu t ‘ ,
H (® MP-2(R™) TR Q L>=(Bi(x))  z€R",R>1 BR(1)| ) Q He (R™)
and
1
Vu(t H S osup ||[Vu(t H + sup (RQ_"/ Vu(t 2) ’ < Hu t ‘ .
H 0 M?2(R™) zER™ Q L<(B1)  zeR»,R>1 BR(ac)| 2 ) He (R™)

This, combined with u € C°([0, T], H>*(R™,C")), implies (4.23).

It follows from (4.23) and (4.20) that ||u||, < 2||ug| s for sufficiently small ¢ > 0. Now, assume that
there exists ¢, € (0,7T) such that ||uHXp = 2H176HX;, # 0. This, combined with HuHYp < HuHXp and (4.20),
implies that ’ ’ ’ ’

N N 3 5
Nl = Mol < [, (Il + I3,

*

7ol + € Bl + 20l )], -

Hence we obtain
1< 8C|[io] |5, +32C 0]y -

This and Lemma 4.10 imply
1< 8C™ uo[3 22y + 3207|1022 gy < BCPeE +32C7¢,

which is impossible, provided that ¢y > 0 is chosen sufficiently small. Hence (4.22) holds and the proof is
complete. (|
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5. GLOBAL WELL-POSEDNESS OF LLG (1.1) AND PROOF OF THEOREM 1.2

15

In this section, we will give a proof of Theorem 1.2. The rough idea is to (i) approximate the initial data
m, by m§ in H°(R™,S?) and consider the local smooth solutions m* : R™ x [0, T*] — S? of (1.1) with initial
data m§; (i) apply Theorem 3.1 and Theorem 4.11 to obtain uniform bounds on HmGHXp ; (iii) employ

Tk

the e-regularity theory of LLG (1.1) to obtain 7% = +o0 and uniform upper bounds on ||mk||cl

for all [ € Z, and 6 > 0; and (iv) show that the limit map m of m* is the desired solution.

5.1. Approximation of initial data. For an initial data mgy given by Theorem 1.2, we have

(R™ % [6,+00))

Lemma 5.1. There exists g > 0 such that if mg : R™ — S? satisfies mg—m,, € L?(R™) for some m, € S?,

and
vaOHM2,2(Rn) < €g,

then there exist a sequence of maps {mk} C HX(R",S?) such that
k
21;11) vao HMM(]R") < CvaOHMz,Q(Rn) < Ce,

and
tim ([Jm — mo|| g, + [V (006 = m0)|| 2 5, ) = 0, VR > 0.

k— o0

If, in addition, Vmgy € L*(R"), then

ler{:o HV(mg — mO)HLQ(Rn) =0.

(5.1)

(5.2)

Proof. Let ¢ € C*(R™,R;) be a standard mollifier, with supp (¢) C By and o(y)dy = 1. Set ¢p(x) =
R’n

k"¢(kx) and define

D(x) = (60 = m)a) = [ oule—p)mols)dy = | owmo(e = Fo)dy, v R

R’VL
Applying a modified Poincaré inequality, we have that for any x € R™ and k& > 1,

. 1 (2 .
[ Jbe) w5 [P
Bl(x) Bl(z)

n 2
s 2 [ vme < OV}
Bg(il?)
Therefore we have that for any z € R™ and k > 1,
. ~ oy 1 2 2
Aist*(m(2), ) < C [ () —molz =gy dy < O Vo] 2agn) < Ot
1T

By choosing ¢y > 0 sufficiently small, we have that

3 -
2 <|mf(@) <1, vz e R™.

Since m§ — m., = ¢ * (Mg — M), it is not hard to see that
. ~ I T _
i o] ) = i () — (om0 — 1)) = 0.

It is easy to check that for any k > 1,

RH/ |Vﬁl’5|2 < RH/ |Vmg|?, VBg(x) C R",
Br(z) Bry1(z)

so that
|7t e, = ¥
M?2.2(R7) M?2:2(R™)
Set
_ Y. 33 2
H(y)—m- yeR | <ly<1y—§
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and define .
mf () == (M) (z)( = Tg( ) ), Vo € R"
|mg ()]
Since

v s
Lee({y€R® | §<[|y|<1})
it is easy to check that mk € C°°(R",S?) satisfies (5.2). Since
mg (z) — mo(z) = II(mg(z)) — (mo(z)), ¥z € R",
it is also easy to see that
. k o

Jim g mOHL2(R") =0,
and
0

Jim [V (mg —mo)|| 2, =

for any 0 < R < +o0. In particular, we have that m§ — m,, € L?(R"). For any | > 1, since V'm} =
Vi(m§ —my) = V(¢ x(mg—my)) € L2(R™) and V'imf§ = V! (II(m)), we conclude that V'm§ € L2(R™).
Thus mf € H>®(R",S?).

It is clear that when Vmgy € L?(R"), V(m§ — mg) — 0 in L%(R™). The proof is complete. O

5.2. Uniform estimates of approximate solutions of (1.1). For mg given by Theorem 1.2, let m¥ be
the approximated initial data given by Lemma 5.1. Then it is known (see [16] proposition 1) that there exist
a maximal time interval T% > 0 and a solution

m” € C°([0, T*], H2°(R™,S?)), with 9,;m* € C°([0, T*), H>=(R")),

to the LLG (1.1), with initial data mk. Now let (a*, u*) € C°([0,T*], H*(R",R"*! x C"*1)) be the
corresponding solution of the covariant LLG equation and the covariant Ginzburg-Landau equation given
by Theorem 3.1, under the Coulomb gauge. Since

HUS )y~ ||Vm§

HM2’2(]R" ||A{2,2(Rn) < ¢o,

we can apply Theorem 4.11 to conclude that for p € (3, 13—0), uk € X;k and satisfies

, < Ceo. (5.5)

[l o, < Cllug| o e

By virtue of the relation between u* and m*, this implies

k
OSSFSPTIC va (t)HMQ,Q(]Rn) < ||u

5.3. ¢o-regularity of LLG (1.1). To show that (5.6) yields T* = 400 and m* € C®°(R" x (0, +0c0)) with
uniformly bounded C!-norms in R™ x [§, +00) for any § > 0, we need the following regularity theorem for
LLG (1.1). For zy = (xg,t9) € R™ x (0,4+00) and 0 < 19 < /%o, let P, (20) = B,(w0) X [to — 78, 0] denote
the parabolic ball with center zo and radius rq. Set

HY(P,, (2),S?) = {m . Py (2) — 2 ‘ Vm € L3(P,, (), dm € LZ(PTO(ZO))}.

< C’Hug ) < Cep. (5.6)

kagk H]VI"’?(R”

Lemma 5.2. There exists eg > 0 depending only on A and n with the following property: If m € H'(P,,(20),S?),
with V2m € L%(P,,(20)), is a weak solution of the LLG (1.1)* satisfying

1
VmH = sup r2_("+2)/ Vm(y, s)|? dyds P < , 5.7
H M?22(Ppq(20)) Pp.(2)CPry(20) ( P.(z) | ( )| ) ’ ( )

then m € C*(Prg (20),S?%), and for all 1 > 0,
Hchz(p%l(zo)) < C(X\ 1 €0,70)- (5.8)

Im satisfies (1.1) in the sense of distributions, if, for any ® € C8°(Pry(20),S?), the following holds:

/ [(8em, @) + M(Vm, V®) — (m x Vm, V®) — X\(|Vm|*m, ®)] dyds = 0.
PTQ(ZO)
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Proof. By rescaling, we may assume ro = 2 and zg = (0,4). Since V2m € L?(P»(0,4)), it is known that
(1.1) is equivalent to
Aoym + m x 9ym = (1 + A\?)(Am + |Vm|?m). (5.9)

For any ¢ € C5°(Bz), we can multiply (5.9) by 9;m@? and integrate the resulting equation over By X [t1, 2],
0 < t1 <ty <4, to obtain the following local energy inequality:

tz t2
2 2.2 2 22 2 2
/ / Oum[26% + ( 1+A>/BQVm<t2>| $ S““)/Bz'vm(“)' $ “’W/tl /BQ'V“" VP

(5.10)
By choosing suitable ¢ and applying Fubini’s theorem, (5.10) implies that
/ 1, < C(A)r*“‘/ V|2, VP, (2) € Py(0,4). (5.11)
Pz (2) Pr(z)
This, combined with (5.7), implies the smallness of renormalized total energy of m:
r_"/ (IVmf? + r2j9m2) < O, ¥ Py(2) € Py(0,4). (5.12)
Pr(z)

Now we can perform a blow-up argument similar to that by Moser [19], Melcher [15], and Ding-Wang [5],
to conclude that there exists 6y € (0, ) such that
1

Gr) " [ (VP o) < 5 [ (Vo). ¥ R e € Py, (5.13)
Poyr(2) P.(2) 2

It is standard that by iterations, (5.13) implies that there exists ag € (0,1) depending only on 7, A such that
r*"/ (IVm® + r2|9ym[?) < C(A)r20 / Vm[? < C(N)Er2%, ¥ Po(z) € Py (0,4).  (5.14)
Py(2) P2(0,4) 2
This, combined with Morrey’s decay lemma, yields that m € C*°(P;(0,4),S?) and

<C(N)

[m} o0 (Py (0.4) (5.15)

va||1w2=2(PQ(o,4))'

By higher order regularity theorem of LLG (1.1) and (5.15), we conclude that m € C°°(P:(0,4)) and satisfies
the estimate (5.8). This completes the proof. O

Now we return to the proof of Theorem 1.2. By Lemma 5.2 and the estimate (5.6), we want to show

Claim. T* = +o00, and sup HmkHcl is uniformly bounded for all { > 1 and § > 0.
E>1

(R™ x[8,+00))
For, otherwise, T% < 4+00. Then we must have that

tl%ITrt HmG(t)HLoo(Rn) = +o00.

On the other hand, by (5.6), we have

Sup HVm HM22(R" < Ceg. (5.16)
te[ Tk]

This clearly implies that for any zy € R™,

HVm H < Cep. (5.17)

M2 2 Pr(wo,Tk))

Since m* € C°([0, T*], H>(R")), V*m* € L2 _(R" x [Z&,T}]). Thus we can apply Lemma 5.2 to conclude
that for any k, |VmF* ()|l o (rn) remains to be bounded, as ¢ tends to Ty. We reach a contradiction. Thus
T}, = +0o. Now by applying Lemma 5.2 again, we would conclude that m* € C>°(R" x (0, +00)). Moreover,
for any § > 0,

sup [[m"|

k>1 cl (R7l><[67+oo)) S C(lv 63 60)' (518)

This proves the claim.
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After taking possible subsequences, we may assume that there exists a m € C°(R" x (0, 4+00),S?) such
that m* converges to m in C},_(R™ x (0, +00)). It is not hard to see that m|;—g = mg in the sense of trace.
By the lower semicontinuity and (5.6), we also have

gg HvrnHMu(Rn) = Hu(m)ngo = likrgioréf H“(mk)ngo = Cva‘)HMw(Rn) < Ceo.

Moreover, by the e-regularity Lemma 5.2, we conclude that m also satisfies the derivative estimates (1.5).
Finally, if mg € H}(R",S?), then we have
lim |V(m{ —mg)[>dz = 0.
k—oo Jrn

Since m* € C°(R™ x (0, +00)) satisfies the equation (5.9) in R x (0, +oc), we can multiply (5.9) by d;m*
and integrate the resulting equation on R™ to get the global energy equality:

d B2 g0 — A / k(|2
7 /]Rn [Vm® (t)|* dox = TE02 Jon |Oym” (t)|° dx. (5.19)
Integrating (5.19) over [0, t] yields
¢
/ |V (1) dx + A / / |0, m*|? dxdt :/ |Vm§ % da. (5.20)
R™ 1+ A% Jo Jgn Rn

Sending k to oo in (5.20) and applying the lower semicontinuity, we conclude that m satisfies the energy
inequality (1.6).

Thus the proof of Theorem 1.2 would be complete, if we have shown the uniqueness of m in its class when
Vmg € L%(R™). This part follows from the lemma below.

5.4. Uniqueness of LLG (1.1). Motivated by the uniqueness theorem on the heat flow of harmonic maps
established by Huang-Wang [13], we will establish that LLG (1.1) enjoys the following uniqueness property
for initial data in M%2(R"™).

Lemma 5.3. There exist ¢ > 0 and co > 0 depending on n, \ such that for mg € H}(R",S?) and i = 1,2,
if m@ 1 R™ x [0, +00) — S? are weak solutions of LLG (1.1), under the initial data mg, satisfying
(i) m% € C°([0, +00), HL(R",S?)), dym® € L2([0,+00), L2(R")), and V?m® € L (R" x [§,+00)) for
0 >0; and
(it)

3121%) HVm(Z) (t)”MQ’Q(Rn) < ¢gé€o, (5.21)
then m™™ = m® in R™ x [0, +00).

Proof. The idea is originally due to Huang-Wang [13] on the heat flow of harmonic maps. Here we adapt it
to LLG (1.1). Applying Lemma 5.2 to m(?, we see that m(*) € C=(R™ x (0, +o0)) and

t2 HVm(i) (t)”Lw(Rn) < sup HVm(i) (T)HMM(R") < cg€g, YVt > 0. (5.22)
7>0

Set m = m() — m(®). Then we have
Oym = AAm + )\(|Vm(1)|2m(1) - |Vm(2)|2m(2)) — (m x Am® + m® x Am). (5.23)
Since Am® (¢), Am(t) € L2 _(R™) for a.e. t > 0 and m € L?(R"™), we can multiply (5.23) by m and integrate

loc
the resulting equation over R™ to obtain

% |m? —|—2)\/ |[Vm|? = 2\ (|Vm(1)\2m(1) - |Vm(2)|2m(2)) -m—|—2/ (Vm(2) x Vm) - m
R’Il R"'L Rn

= I+1I (5.24)

n

Observe that

1

1
m -m= §|m|2, m?

1
‘m = ——|ml|?.
2
This and (5.22) imply
2
1= [ (FmOP 4 [9m® ) < S [
R™ R®
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By Hélder’s inequality and (5.22), we have

2
|1 < )\/ |Vm|? + /\_1/ IVm® 2jm|? < )\/ |Vm|? + %/ jm|%.
R Rn Rn t R

Putting these estimates into (5.24) yields

4
dt R”L

d _1 2 CG%—% 9
- 2 m < — = m <0.
dt (t /‘n ‘ (t)| ) - t% /n | (t)l <0

t—%/ [ (£) 2 gums—%/ m(s)[2.

sl0

2 _ Cc} 2
(o < 5 [ o)

Hence we have

This yields

On the other hand, since m(0) = 0, we have that m(x, 7) = / Ooym(x,t)dt, a.e. x € R", 7 > 0. By Holder’s
0

inequality, we have
573 / lm(z, s)|* de < 52 / / |0ym(z,t)|? dedt < Cs? =0, as s | 0.
n 0 n

Therefore m(z,t) = 0 for a.e. (z,t) € R™ x [0,400). This completes the proof. O

It is clear that the global solution m obtained in Theorem 1.2 satisfies all the conditions in Lemma 5.3.
Hence m is unique in its own class. The proof of Theorem 1.2 is now complete.

5.5. Stability of the covariant LLG(3.5) and the covariant GL(3.6). In this final section, we will
show that the covariant LLG equation (3.5) and (3.6), under the Coulomb gauge, enjoy the following stability
property in the space X2 . This may have its own interest.

Lemma 5.4. There exist ¢g > 0 and cg,c1 > 0 depending only on n, A\, p with the following property: For
1=1,2,if v(()l) € M?2(R") satisfies

||U((Jl) HMQ,Z(]RTL) é €0, (525)

and u® = (u(()i),u(i)) :R™ x [0, +00) — C™*L s a solution of (3.5) and (3.6) given by the Duhamel formula
(4.16), with initial data v(()l) and the Coulomb gauge a\?, that satisfies
[ g2 < coco, (5.26)

for some p € (3,12). Then
3

1 _,,@ (1 _ (2
R I A oo

Proof. To emphasize the dependence of the Coulomb gauge a” on u(?, set a(u’) = a? as the Coulomb
gauge associated with u(). Also set a(u) = a(u®) — a(u?), aél)(u) = aél)(u(l)) - agl)(u@)), agQ) (u) =
a(()2)(u(1)) - aéQ)(u(z)), u=u® —u® and vy = v(()l) — v(()2). By Duhamel’s formula (4.16), we have

3
u(t) = S(to + »_ 8 (O u®) — fO @) (). (5.28)
=1

It is clear that Lemma 3.2 yields
Hs(t)UOHX& < CIHUOHMz,z(]Rn)' (529)

Observe that
[P D) = FO @) S (D2 + [u® ) ful,

so that we can apply Lemma 4.1, Lemma 4.2, and Lemma 4.3, and (5.26) to get

s+ 0@ = 0| S (g, + 1P le, $ Bl G30)
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Observe
@) = fO@®)| S la@)|[Vul + la(w) [Va®]| + ol @D)ful + i ()],
Applying Lemma 3.2, we find that
a(u®), a(u) € MT52RY), oV (WD), (P (v) € MP2(R™), and a{? (uV),al? (u) € MTF2(R™),

along with the estimates:

Ha(u(Z))H %'Q(Rn) 5 Hu(l) 2 _ 172’

e [
Jatwl,, 2 i = (T e 1 T

H (1) < Hu(l)HMP»Z(]R") v

Yy

|
Jos”

u HMPYQ(R,L) S (||u||MP»2(R")||vu(1)||]\/[2v2(lR") + Hu(z)HMpv?(Rn) VUHM%?(R"))

Ha(@(u(l))H < [l

MTB 2 (Rn) ™ ' HMP*2(R")’
and
o @), 2y 2y S (1 ey + 1 agn 1l ey

Thus by Lemma 4.4, Lemma 4.5, and Lemma 4.6 we have
5% re@®) = 12| < (P lg + 16 1e ) el g < Ollull g 6G:31)
Observe
@) = 1O )| Ja@®)ul + la@)] [la@®)] + a@®) ][] + |af? @) [u] + |a§ @) Ju®)].
Thus by Lemma 4.7, Lemma 4.8, and Lemma 4.9 we have
5% @Dy = F O S (lPlg + 16 lg ) el g < Cllull e 6:32)
Substituting (5.30), (5.31), and (5.32) into (5.28), we arrive at

g, < G llo0llagoagany + (6 4 €8) g - (5.33)

This implies (5.27), provided that ey > 0 is chosen to be sufficiently small. The proof is complete. O
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