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Abstract

In this paper we establish the uniformity property of a simplified Ericksen-Leslie system
modelling the hydrodynamics of nematic liquid crystals on the two dimensional unit sphere
S2, namely the uniform convergence in L? to a steady state exponentially as ¢ tends to infinity.
The main assumption, similar to Topping [15], concerns the equation of liquid crystal director
d and states that at infinity time, a weak limit do, and any bubble w; (1 < ¢ < [) share a
common orientation. As consequences, the uniformity property holds under various types of
small initial data.

1 Introduction

The Ericksen-Leslie system modelling the hydrodynamics of nematic liquid crystals was proposed
by Ericksen and Leslie during the period between 1958 and 1968 [2,4|. It is a macroscopic
continuum description of the time evolution of the materials under the influence of both the flow
velocity field u(x,t) and the macroscopic description of the microscopic orientation configuration
d(z,t) of rod-like liquid crystals (i.e. d(z,t) is a unit vector in R3). In order to effectively analyze
it, Lin [5] proposed a simplified version of the Ericksen-Leslie system, which is called the nematic

liquid crystal flow and is given by

ur+u-Vu+ VP = Au — VdAd,
div u =0, (1.1)
di +u-Vd=Ad+ |Vd|*d.

Roughly speaking, the system (1.1) is a coupling between the non-homogeneous Naiver-Stokes
equation and the transported heat flow of harmonic maps to S?. The system (1.1) has generated
great interests and activities among analysts, and there have been many research works on (1.1)
recently (see, e.g. |7] [8] [9] [6] [10] [3] [18] and [11]).

In this paper, we are mainly interested in the long time dynamics of the nematic liquid
crystal flow (1.1) on S? x (0, +00), where S? < R3 is the unit sphere that is equipped with the
standard metric gg. To begin with, we introduce some notations and explain terms in (1.1).
First, the fluid velocity field u(z,t) € T,S? x {t} = T,S?, the liquid crystal molecule director
field d(z,t) € S?, and the pressure function P(x,t) € R for (x,t) € S? x [0,+00). In the
system (1.1), V stands for the gradient operator on S?, div(= div,,) and A(= Ay, = div,, V)
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represent the divergence operator and the Laplace-Beltrami operator on (S?,gp). Hence the
second equation (1.1)y describes the incompressibility of the fluid. The convection term - Vu in
the first equation (1.1); is the directed differentiation of u with respect to the direction u itself,
which is interpreted as the covariant derivative D,u. Here D denotes the covariant derivative
operator on (S2, go). Following the terminology in [14], we know that Awu is also accounted for
by the Bochner Laplacian operator —D* Du, where D* is the adjoint operator of D with respect
to the L2(S%, T'S?) inner product. Write d = (d',d?,d®) € S — R3. Then in (1.1)3, VdAd =
3

> " Vd'Ad’, the i-th component of u- Vd equals to go(u, Vd'), Ad = (Ag,d", Ag,d®, Ag,d?), and

=1
IVd|* = go(Vd, Vd).

We will consider the nematic liquid crystal flow (1.1) along with the initial condition:
(u(z,0),d(z,0)) = (uo(z),do(x)), = € S?, (1.2)

where ug € L?(S?,TS?) is a divergence free tangential vector field on (S?, gg) with zero average:

/ up(z) dvg, =0 and div ug = 0 on S?, (1.3)
S2

and dy € HY(S?,S?) := {d c H'(SLR3) : d(z) eR® ae. z € SQ}.

In the recent paper [6], Lin, Lin, and Wang have proved the global existence of weak solutions
to the initial and boundary value problem of the nematic liquid crystal flow (1.1) on any bounded
domain Q C R?, that are smooth away from at most finitely many singular times (see also [3]
for discussion in R?). The uniqueness of the global weak solution constructed by [6] has been
given by [10] (see [18] for a different proof). It is an open and challenging problem whether there
exists a global weak solution to the problem (1.1)-(1.2) in R®. On the other hand, concerning
the long time behavior of the global solution established in [6], the authors have only shown the
subsequential convergence at time infinity. Since the structure of the set of equilibrium to the
problem (1.1) is a continuum, whether the limiting point of (1.1) at time infinity is unique is a
very interesting problem.

The aim of this paper is to study this problem for (1.1)-(1.2) under certain assumptions on
the initial data. The key ingredient is to apply a Lojaciewicz-Simon type approach, which was
originally studied by L. Simon in [12] for a large class of nonlinear geometric evolution equations.
Due to the nonlinear constraint |d| = 1, we cannot establish the related Lojaciewicz-Simon type
inequality for the Ginzburg-Landau approximation version of (1.1) as in [16,17]. However, there
is a counterpart for our problem if we consider the domain being the unit sphere, namely the
heat flow of harmonic maps from S? to S? considered by Topping [15].

We would like to point that by slightly modifying the proof of the regularity Theorem 1.2
in [6], the existence Theorem 1.3 of 6] and the uniqueness theorem of [10] can be extended to

(1.1)-(1.2) on S? without much difficulty. More precisely, we have

Theorem 1.1. Suppose ug € L?(S?, TS?) satisfies (1.3) and dy € H*(S?,S?). Then there exists
a unique, global weak solution (u,d) € (L{°L2(S? x [0, +00), TS?)) x (L HL(S? x [0,400),S?))
of (1.1)-(1.2) such that the following properties hold:



(i) There exists a non-negative integer L depending only on (ug,dp) and 0 < Ty < --- < Tp <
400 such that
(u,d) € C= (8% x ((0,+00) \ {Ti},) ).

(i) For1<i<L,

lim sup max/ (Ju]® + [Vd|*)(y, t) dvg, (y) > 8, ¥r > 0. (1.4)
1T, ©€S% Js2nB,(2)
(iii) There exist t), T +00, a harmonic map de € C°°(S?,S?), and nontrivial harmonic maps

{wi} (1 <i< K for some non-negative integer K ) such that
u(ty) — 0 strongly in H'(S?), d(t;) — des weakly in H(S?,S?),

and

K
/SQ Vd(t) dug, — /S Voo |? dvg, + 2/82 Vsl dug,. (1.5)
=1

(i) If
/SQ(]ug\2 T |Vdo[?) dvg, < 8,

then (u,d) € C%°(S? x [0, +00), TS? x S?). Moreover, there exist t}, T +oc and a harmonic
map deo € C°(S?,S?) such that

(u(tr), d(tr)) — (0,ds) strongly in HY(S?).

The main results in this paper address the issue of unique limit at time infinity of the solution
(u,d) to (1.1)-(1.2) given by Theorem 1.1. We find sufficient conditions, similar to that by [15]
on the heat flow of harmonic maps from S? to S?, on ds and w;,1 < i < K, to guarantee the
uniform property of (1.1) at time infinity, i.e., do is the unique limit of d at ¢ = +o0o. It is worth
mentioning that in contrast with the heat flow of harmonic maps considered by [13] and [15],
because the local energy inequality of (1.1) (see [6] Lemma 4.2) involves L?-norm of both | P — ¢|
and |Vd|?, we cannot show the uniqueness of the location of bubbling positions of the bubbles
wi (1<i<K).

The paper is written as follows. In §2, we discuss the uniform limit of (1.1) in the space
L?(S?) at t = 400, and prove the first main theorem 2.1 and corollary 2.1. In §3, we discuss
the uniform limit of (1.1) in the space H*(S?) (k > 1) at t = 400, and prove the second main

theorem 3.1 and corollary 3.1.

2 Uniform limit in L?(S?)

Unless explicitly specified, henceforth we will not distinguish the inner product between T'S?
and R3, nor d € S? and its isometric embedding (d',d?,d?) into R3. For the sake of simplicity,
| - [[z2(s2y will be shorthanded by || - ||, and || - || L»(s2) Will be abbreviated by || - |[» for p # 2.

We will establish the L?-convergence of the flow (u,d) to (1.1)-(1.3) to a single steady state
solution (0, dw), With doe € C°°(S?,S?) a harmonic map, as ¢ tends to infinity. We first recall
some notations introduced by Topping [15].



Let us consider a map d € H'(S?,S?). We use z = = + iy as a complex coordinate on the
domain S? = C, via the stereographic projection. Set dz = dx + idy,dz = dx — idy, and write

the metric go on the domain S? as o(2)2dzdz, where

) _
—_ % _ ,eC
1+ 22 °

o(2)

Let u denote a complex coordinate on the target S?, and write the metric gg on the target S? as

o(u)?dudi. and write
1 1
d, = =(dy —idy), dz = =(dy + idy).
2 2
The O-energy and J-energy of d are given by

Ey(d) = 2/Cp2(d)|dz|2dz/\dz, Es(d) = ;/(CpQ(d)|dz|2dz/\dz.

Recall the Dirichlet energy of d is defined by

1
E(d) := 2/82 IVd|* dvg,.

It is easy to see that

E(d) = Ey(d) + Eg(d), (2.1)
A deg(d) = Ey(d) — E(d). (2.2)

Here deg(d) denotes the topological degree of d : S? — S?, which is well-defined for maps
d € H'(S?,S?) (see Brezis-Nirenberg [1]).

Theorem 2.1. There exist g > 0 and Ty > 1 such that if (u,d) : S% x (0, +00) — T'S? x S? is the
global solution of the nematic liquid crystal flow (1.1)-(1.3) obtained by Theorem 1.1, satisfying

%HU(TU)HQ +2min { By(d(Ty)), B5(d(Th)} < e (2.3)

then there exist a smooth harmonic map ds € C(S?,S?), a nonnegative integer k, and C1, Cy >
0 such that
(1) as t — +o0, it holds that

u(t) — 0 strongly in H'(S?),d(t) — do weakly in H'(S?) and strongly in L*(S?).

(1i)
|u@)]| + [|d(t) — dos|| < Cre™ ", Wt > Ty, (2.4)

(iii)
|E(d(t)) — E(dso) — 4nk| < Cre” !, vt > Ty, (2.5)

In order to prove Theorem 2.1, we need a key estimate, originally due to Topping [15]|, which

provides a way to control the d-energy of d (or 0-energy of d) in terms of its tension field.



Lemma 2.1. There exist eg > 0 and Cy > 0 such that if d € H'(S?,S?) satisfies
min {Ea(d), Eg(d)} < & (2.6)

Then
min{Ea(d),Eg(d)} < Co/ |Ad + |Vd|2d\2 dvg,- (2.7)
S2

We need the energy inequality of the solution of (1.1)-(1.2) obtained by Theorem 1.1.

Lemma 2.2. Assume that (u,d) : S? x [0, +00) — TS? x S? is the solution of (1.1)-(1.2) obtained
by Theorem 1.1. Then for any t € (0,+00) \ {T;}L,, the following basic energy law holds:

d 1
[ / ]u\2dvgo+E(d)] :_/ (yvu\2+}Ad+\wy2d\2)d% (2.8)
dt 2 SZ SQ

Proof. (2.8) follows by multiplying both sides of the equation (1.1); by u and both sides of the
equation (1.1)3 by Ad + |Vd|?d and integrating the resulting equations over S?. We refer the
interested readers to [6] Lemma 4.1 for the detail. O

We also need the following simple fact on the average of u.

Lemma 2.3. Assume that (u,d) : S® x [0, +00) — T'S? x S? is the solution of (1.1)-(1.2) obtained
by Theorem 1.1. If the condition (1.3) holds, then

/ u(z,t) dvg, =0, Vt > 0. (2.9)
S2

Proof. Under the assumption (1.3), (2.9) follows by integrating the equation (1.1); over S? and
the fact that AdVd = div (Vd ® Vd — 3|Vd|?). Here (Vd ® Vd);; = (2%, 94y for 1 < i,j <

B2’ O;

3. O
Now we give the proof of Theorem 2.1.

Proof. Let ¢ > 0 be given by Lemma 2.1 and 7y > 1 be sufficiently large so that (u,d) €
C>®(S? x [Ty, +00)). Without loss of generality, we may assume that

E(d(Tv)) < Ea(d(To))-
It follows from (2.1) and (2.2) that

Ey(d) = % [E(d) + dndeg(d)]

Since deg(d(t)) is constant for ¢ > Tp, the basic energy law (2.8) implies that

drl, o drl, o 2 2 7]|2

5l + 2Es(@)] = 2 Sl + E@)] = =(I9ul® + |Ad+ [ Vd2d|*), ¥t = Tp. (2.10)
Therefore, we have that

S + 2Ba(d(1)) < 2 [u(To)| + 2Bo(d(To)) < co, ¥t > Ty, (2.11)

5



Applying Lemma 2.1 to d(t), and Lemma 2.3 and Poincaré’s inequality for u(t), we have

1

3 lu()[|* + 2E5(d(1)) < Cl[Vu(®)|® + [|Ad(t) + |Vd(6) *d(6)|]*] , V¢ > T. (2.12)
Putting (2.12) together with (2.10), we obtain that for all ¢t > T,

=& Al + 2Es(a)

drl
— 2[5l +2Bs()]* =

1
2[ 32 + 2E5(d))

— &[S ul? + 2B (a)]

- 1
IVul2 + | Ad + [VdPd)?)|*

> C [|Vull + HAd+ ywy?dm

> ;||u||2+2Ea(d)} | (2.13)

o=

Thus by Gronwall’s inequality we have
a2 + Ea(d()] < [lu(To)I? + Ea(d(Tp)) |4~ < CepeCCT0), v ¢ > Ty, (2.14)
By integrating (2.13) over [t,+00), we obtain that for any t > 2Ty,
[e'S) 1
[l + -+ vapa)yar < ol + Bt < e )
t

Consequently, we infer from (1.1)s, (2.8), (2.13), (2.14) and (2.15) that for any to >t > 27Ty,

to
ldtte) = d®ll < [ ldulprdr
to to
5/ ||u.Vd||L1dT+/ |Ad + |Vd*d||,, dr
t t
to to
s/ ||uHL2|ysz||L2dT+zﬁ/ |Ad+ [VaPd],, dr
t t
to to
SC[/ HVUHdeT—I—/ HAdey?deT}
t t
1
< C[JJu(®)||* + Es(d(t))] 2 < Cre” " (2.16)

Thus
ld(ta) — d(t)]|72 < 2d(t2) — d(t)[|pr < Cre” ", (2.17)

which indicates that as t — 400, d(t) converges in L2(S?). It follows from Theorem 1.1 (iii)
that there exist a smooth harmonic map de, € C°°(S?,S?), nontrivial harmonic maps {wi}ézl

for some nonnegative integer [, and a sequence t; — 400 such that
d(t;) = ds weakly in H'(S?,S?) and strongly in L2(S?,S?),

! (2.18)
/ |Vd(ti)|2dvgoﬁ/ |Vdoo2dvgo+z/ Vi |? dvg, .
s? s? i1 /S?
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Therefore, by choosing to = ¢; in (2.17) and sending i to 0o, we conclude that
d(t) — dool| 2 < Cre2t, Vit > 2T, (2.19)

In particular, (2.19) implies that d(t) converges to do, in L?(S?) as t — +o00. To show that d(t)
converges to do weakly in H'(S?). Let {¢;} be any sequence tending to +oo. Since {d(;)} is
bounded in H'(S?), there exists a subsequence ¢;; — ~+oo such that d(t;) weakly converges in
H'(S?) and strongly in L%(S?) to a map d. € H*(S?,S?). Hence dy = doo. This shows that d(t)
converges to ds, weakly in H'(S?) as t — +o00. Hence (i) is proven.

To show (iii), integrating (2.10) over [t, t3] for ¢ > 2T and applying (2.14) yields
1 1
[ u®I + B(@d®)] = [Sllu(t)l* + E(d(t2))]

[ 1) + 2Ea(d(0)] — [3llu(t2)|> + 2Ea(d(2))]

< [l + 2Bo(d(1))] < Cre
This implies
B(d(t) — B(d(t2)] < ()2 + [u(t2)|?) + Cre =, vi > o3, (2:20)

Let to — 400 be the sequence such that (2.18) holds. Since each harmonic map w;, 1 <14 <[, is

nontrivial and has its energy
/ |Vw;|* dvg, = 87m;,
S2
for some positive integer m;, there exists a nonnegative integer k£ such that

lim E(d(ts)) = E(ds) + 87k

to——+o0
Sending to to infinity in (2.20), this implies
E(d(t) — E(ds) — 8mk| < Cre~ 2, vt > 2T, (2.21)
The proof is now complete. O
It is well-known that any harmonic map from S? to S? is either holomorphic or anti-holomorphic.
Inspired by [15] Theorem 2, we have

Corollary 2.1. Suppose (u,d) : S? x (0, +00) — TS? x §? is the global solution of the nematic
liquid crystal flow (1.1)-(1.3) obtained by Theorem 1.1.

(i) Suppose that the weak limit ds and the bubbles w; (1 < i <), associated with a sequence
t; T +o0o, are all holomorphic or all anti-holomorphic. Then there exist a nonnegative integer k,
and C1,Co > 0 such that

u(t) — 0 strongly in H'(S?),d(t) — de weakly in H'(S?) and strongly in H'(S?), as t — +oo,

and
|u@)|| + [|d(t) — doo|| + | E(d(t)) — E(doo) — 4nk| < Cre™ ", Wt > Ty, (2.22)

(i) The same conclusions of (i) hold if the initial data (ug,dy) satisfies

1 .
5 luoll? + 2 min {Ea(do), Eg(do)} < 8. (2.23)



Proof. For the part (i), it suffices to verify that the condition (2.3) holds. For simplicity, assume

that do and all w;’s are anti-holomorphic. Thus we have
Ey(deo) = Ey(w1) = -+ = Eg(w;) = 0.

From (1.5), we know that

l
i [l + Ea(d(6)] = Eafdo) + 3 Eafe) =0
i =1

This clearly implies that there exists a sufficiently large ¢g such that

(5 lu(ta) P + 2Bo(dt2)] < eo

which implies (2.3).

For the part (ii), we will show that (2.23) implies the condition in the part (i). For simplicity,
assume that Fy(dy) < E5(dp). Let 0 < Ty < 400 be the first singular time of the flow (1.1)-(1.3).
Since (u(t),d(t)) € C*°(S? x (0,7})) and

tim [u(®) = woll + |V (d(t) - do)]|] = 0.

it is not hard to see

deg(d(t)) = deg(dy), V0 <t < Ty.
Thus the basic energy law (2.8) implies that
drl, .9 drl
212 2Ep(d)] = =[5 llull? + E(@)] <o. 2.24
(Sl + 28] = &[Sl + E@)] < 0 (2.24)
Integrating (2.24) from 0 to 0 < t < T} yields
1 1
() ” + 2Bp(d(1)) < 3ol + 2Eo(dy), 0 <t <. (225)
Let Ty € (T1,+0o0) be the second singular time. Then the same argument yields
1 1
@I +2Eo(d(®) < S llu(Ty)|* + 2Bp(d(Ty)), Th <t <Th. (2.26)

Since there are at most finitely many finite singular times {7;}%, for the flow (1.1)-(1.3), by
repeating the argument we would reach that for any ¢ > 0, it holds that

£ 1= Sl +2Bo(d(1) < 3 lluoll® + 2Eo(do)

1 .
= 5 lluo? + 2 min { Ey(do)., Ey(do) }
< 8. (2.27)

By the lower semicontinuity, we have that

o
2Ep(de) < lim E(t) < 8,

and
2Fy(w;) < lim E(t) < 8w, 1 <i <.
t—o00
This implies that wq, -+ ,w; are all nontrivial anti-holomorphic maps. If d is not a constant,

then do has to be anti-holomorphic. Therefore dy, and all w;’s are anti-holomorphic.

Thus the conclusions in (i) and (ii) follow from Theorem 2.1. The proof is complete. O



3 Uniform limit in H*(S?) for k > 1

This subsection is to consider the convergence issues of the nematic liquid crystal flow (1.1)-(1.3)

in higher order Sobolev spaces at t = 4o0.

Theorem 3.1. Suppose (u,d) : S? x [0, +00) — TS? x S? is the global solution of (1.1)-(1.8)
obtained by Theorem 1.1. Suppose that there exist a sequence t; T +oo and a smooth harmonic
map do € C°°(S%,S?) such that

i {lfu(t)| + 1d(t) = dool| + 9 (d(t:) — deo)]]| = 0. (3:2)
Then for any k > 1 there exist C1,Cy > 0 depending only on k such that

Hu(t)’ Cre~ 2t (3.3)

S+ Hd(t) —doo’

Hk(S? Hk(S?) —

In particular, for any k> 1, d(t) — doo in H*(S?) as t — +oo0.

Proof. For simplicity, assume that d, is anti-holomorphic, i.e., 9,ds = 0. Thus we have
Eold(t:)) = Ea(d(t:) — due) < E(d(t;) — doo).

This, combined with (3.2), implies

(. lu(ts)[| + Ea(d(t:))| = 0. (3.4)

Hence we can apply Theorem 2.1 to conclude that
u(t) — 0 strongly in H'(S?),d(t) — ds weakly in H'(S?) and strongly in L*(S?), as t — oo,

and
[u()|| + ||d(t) — deo|| < Cre” . (3.5)

Since it follows from the basic energy law (2.8) and

i (5t | + E((8) = E(da)

that
lim E(d(t)) = E(ds),

t——oc0
we can conclude that

S Hd(t) B dOOHHl(SQ) =0 (36)

For €; > 0, let 79 = 79(e1) > 0 be such that

max/ |Vdoo|? dvg, < a,
By (2)NS2 2

reSs?

By (3.6), there exists Tp > 0 such that

sup max/ IVd(t))? dvg, < €. (3.7)
t>T 2€8? /B, (x)nS?
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As in [6], (3.7) then implies the following inequality:

/TOO /S (IVul? +[V2d?) < C (lu(To)|* + E(d(Tp))) - (3.8)

With the estimates (3.7) and (3.8), we can apply the regularity Theorem 1.2 of [6] to get that
for any k > 0, there exists C} > 0 such that
sup (Ju()llox(s2) + 14(E)lexer ) ) < Cie (3.9)
t>To

By standard interpolation inequalities, (3.5) and (3.9) imply that (3.3) holds. The proof is now
complete. ]

It is an interesting question to find sufficient conditions that guarantee the global solution
(u,d) : S? x [0, +00) — S? of the flow (1.1)-(1.3) by Theorem 1.1 has a sequence t; T +oco such
that (u(t;),d(t;)) — (0,ds) strongly in L?(S?) x H(S?).

In this context, we have the following result.

Corollary 3.1. Suppose (u,d) : S x [0,4+00) — TS? x S? is the global solution of (1.1)-(1.8)
by Theorem 1.1. Then there exists a smooth harmonic map ds, € C*°(S?,S?) such that for any
E>1,

Hu(t)HHk(S2) * Hd(t) B d°°HHk(S2) < Che™™, (3.10)
provided that one of the following conditions holds:
) 3 lwoll® + B(do) < 4.
i) do(S?) is contained in the hemisphere (e.g. d3 >0).
iii) there exists Cr, > 0 such that (ug, do) satisfies
exp (108C% (fluol|® + 82%)2)\|Vd0\|2 < 82%. (3.11)

Proof. We will establish that under any one of the three conditions, there exists a sequence
t; T +oo such that u(t;) — 0 in H*(S?) and d(¢;) is strongly convergent in H!(S?).

Let us first consider the condition (i). It has been proved by Theorem 1.1 (iv) that (u,d)
has neither finite time singularity nor energy concentration at ¢ = oco. In particular, (u,d) €
C>=(S? x (0,+00)), and there exists ¢; 1 +00 and a harmonic map d, € C*(S?,S?) such that

Ju(ta) |l + 1[d(t:) — dool| g1 (s2) — 0.

Moreover, it has been shown in [6] that d is constant, unless (%HUOHQ + E(do)) = 47 which
would imply that u = ug = 0, and d = dy = d is a harmonic map of degree one.

Now let us consider the condition (ii). Since dj > 0, it follows from the maximum principle on
the equation (1.1)3 that d(¢) > 0 for all ¢+ > 0. Since there doesn’t exist non-constant harmonic
maps from S? to the hemisphere S2, we can apply [6] Theorem 1.3 to conclude that there is
neither finite time singularity nor any energy concentration at ¢t = oo for (u,d) (see also [11] for
a different proof). In particular, there exist a point p € Si and t; T 400 such that

[ut)ll + [1d(t:) = pllar(s2) = 0
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Finally let us consider the condition (iii). Recall that under the condition (iii), it has been
proven by Xu-Zhang [18] that (u,d) is smooth when the domain is R?. Here we indicate how to
extend the argument by [18] to S2.

Multiplying both sides of the equation (1.1)3 by —(Ad+|Vd|?d) and integrating the resulting

equation over S? yields
1d

2dt|yw\|2+/82 |Ad + [VdPd)® dog, :/SQU-VdAddvgo. (3.12)

To estimate the right side of (3.12), we apply the Ricci identity on (S?, gg) and the Poincaré
inequality for u and Vd to obtain

[ 18P dvg, = [ (V2P + [VdP)duy, > [ 1V2d? dy, (3.13)
S2 S2 S2
Jull < CyllVull and (V] < GylIV2d]| < CyllAd], (3.14)

where C}, > 0 is the constant in the Poincaré inequality. Also recall the Ladyzhenskaya inequality
on S
1 1
[fllrs < CLllFIZIIV 2 + Coll 1.

Combining these inequalities with Young’s inequality and (2.8), we have
| [ u- Vaddu| < | ad ¥l
1 1 1 1
< | Ad[(C1] V||| Ad]|z + Co||Vd]) (Crlull2 [ Vul[2 + Caflul])
1 1 1 1 1 1 1 i 1 1
< || ad| (CulIVdIF|Ad]# + CoCE IVl [ Ad]? ) (Cullull# [ Full# + CoC ful3] Vaul?)
3 101 1
< CLllAd| 2| V|2 ||ul|2 [ Vul|2

Ad|?
< PB4 5408l vl va?
< I8P 5y 24 (Vdoll?) Va1 V| 3.15
< PB4 5408 (Juol? + 19 dolP) 19l Vel (3.15)
Here )
cr = (Cl + CQCS). (3.16)

On the other hand, since
|Ad + [Vd|%d|* = |Ad? - [Vd]*,

we have

2
/S2 IVd*d + Ad|” dvg = [|Ad|]* — [[Vd|74 > [Ad|]* = CL[[Vd|*[|Ad]*. (3.17)

If dg satisfies | Vdo|* < then there exists T > 0 such that for any ¢ € [0, T1],

1
8C%”

Vdt)|? < —.
VA1 < o7
Let T} denote the maximal time such that (3.18) holds on [0,77]. Then, by (3.12)-(3.17) we
have that for any ¢ € [0, 77],

(3.18)

1

d 1
—||Vd|]* + ~[|Ad||* < 108C% T —
IV + 1807 < 108CE (ol + o

IVl val? (3.19)
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Using Gronwall’s inequality and (2.8), we deduce from (3.19) that for any 0 < ¢t < T7,

1 Iy
IVd(t)||* + / |Ad(T)|*dr < exp <1080L(||UOH2 )/0 !VU(T)HQdT> 1Vdo|?

sCT
1
< exp ( 108C ([uol® + —=7)* ) IIVeol|?, (3.20)
8C4
which implies that 77" = T" and
V@) + / |Ad(7)|2dr < 04, (3.21)

holds for all 0 < ¢ < T, provided that (ug,dy) satisfies

1

< o1 (3.22)

1
exp (1053 (luol? + g7)* ) IV <

Let T be the maximal existence time for the solution (u,d). Then (2.8) and (3.21) ensure that
T* = +o0 by the continuity argument . Moreover, (u,d) € C*(S? x (0,+0o0)) by Theorem 1.2
in [6]. Note that (3.21) and (3.13) imply that

|19 P < 2 (3.23)
0
It follows from (2.8), (3.23), and (3.14) that there is a sequence ¢; T +o0 such that

N (lutta) | + 1Va(e)] + 1V2d(t)] ) =0

In particular, there exists p € S? such that d(t;) — p strongly in H'(S?) as t; T +o0.
We have verified the condition of Theorem 3.1 holds under all the three conditions. Thus the

conclusion follows from Theorem 3.1. O
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