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Abstract

This paper establishes the local (or global, resp.) well-posedness of the heat
flow of bihharmonic maps from R” to a compact Riemannian manifold without

boundary for initial data with small local BMO (or BMO, resp.) norms.

1 Introduction

For k£ > 1, let N be a k-dimensional compact Riemannian manifold without bound-
ary, isometrically embedded in some Euclidean space R, Let Q c R*, n > 1, be a
smooth domain. There are two second order energy functional for mappings from
Q to N, namely, the Hessian energy functional and tension field energy functional

given by
Flu) :/Q|Au|2, B(u) :/Q|DH(u)(Au)|2, we W2(Q, N,

where II : N5, — N is the smooth nearest point projection from Nj, = {y € R! :
dist(y, N) < dn} to N for some small oy > 0, and

W22(Q,N) = {v e W>2(Q,R) : v(z) € N for ae. z € Q}.

Recall that a map v € W2(Q2, N) is called an (extrinsic) biharmonic map (or
intrinsic biharmonic map, resp.) if u is a critical point of F(:) (or E(-), resp.). Geo-

metrically, a biharmonic map u to N enjoys the property that A%u is perpendicular
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to T,N. The Euler-Lagrange equation for biharmonic maps (see [17]) is:
A2y = A(D*TI(u)(Vu, Vu)) + 2V - (Au, V(DII(u))) — (Au, A(DI(u))).  (1.1)
The Euler-Lagrange equation for intrinsic biharmonic maps (see [17]) is:

A%y = A(D*I(u)(Vu, Vu)) + 2V - (Au, V(DI (u))) — (Au, A(DII(u)))
+  DII(u)[D*T(u)(Vu, Vu) - D*T(u)(Vu, Vu)]

+ 2D (u)(Vu, Vu) - D*TI(u)(Vu, V(DI (u))). (1.2)

The study of biharmonic maps was initiated by Chang-Wang-Yang [2] in late 90’s.
It has since drawn considerable research interests. In particular, the smoothness of
biharmonic maps (and intrinsic biharmonic maps) in W?2? has been established in
dimension 4 by [2] for N = S~! and by [16] for general manifold N. For n > 5,
the partial regularity of the class of stationary biharmonic maps in W22 has been
shown by by [2] for N = S'~! and by [16] for general manifold N. The readers can
refer to Strzelecki [15], Angelesberg [1], Lamm-Riviere [11], Struwe [14], Scheven
[12], Hong-Wang [4], and Wang [18] for further interesting results.

Motivated by the study of heat flow of harmonic maps, which has played a very
important role in the existence of harmonic maps in various topological classes, it
is very natural and interesting to study the corresponding heat flow of biharmonic
maps. For 2 = R", the heat flow of harmonic maps for u : R" x Ry — N is given

by

O+ A%u = A(D*T(u)(Vu, Vu)) 4 2V - (Au, V(DII(u)))
—(VAu, A(DII(u))) in R" x (0,400) (1.3)

Uli=0 = up on R", (1.4)

where ug : R” — N is a given map.

(1.3)-(1.4) was first investigated by Lamm in [8, 9], where for smooth initial data
ug € C*°(R™, N) the short time smooth solution was established. Moreover, such
a short time smooth solution is proven to be globally smooth provided that n = 4

and [[uol|yy22(re) is sufficiently small. For large initial data ug € W22(R%), it was



independently proved by Gastel [3] and Wang [19] that there exists a global weak
solution to (1.3)-(1.4) that is smooth away from finitely many singular times.

It is a very interesting question to seek the largest class of rough initial data
such that (1.3)-(1.4) is well-posed (either local or global) in suitable spaces. There
have been interesting works on this type of question for the Navier-Stokes equation
(see Koch-Tataru [7]), the heat flow of harmonic maps (see Koch-Lamm [6] and
Wang [20]), and the Willmore flow, the Ricci flow, and the Mean curvature flow by
Koch-Lamm [6].

The main goal of this paper is to investigate the well-posedness issue of (1.3)
and (1.4) for initial data ug with small BMO norm.

To state our main result, we first introduce the BMO spaces.

Definition 1.1 For 0 < R < 400, the local BMO space, BMOR(R"), is the space

consisting of locally integrable functions f such that

z€R™,0<r<R

where By(x) C R™ is the ball with center x and radius v, and

1
1By ()| J B, (x)

is the average of f over B,(x). We say f € VMO(R") if

f:):,r = f

li ny = 0.
Tlﬂf)l [f]BMOT(R ) 0
For R = 400, we simply write (BMO(R"), [-]gmo®n)) for (BMOoo (R™), [-|BMO (R7))-

For 0 < T < +o0, we also introduce the functional space X as follows.

X = {f TR0, T] = R | [ fllxr = OiltlETHf(t)HLm(R") +[flx, < +OO} (1.5)

where
2 )
[flx, = sup (Zﬁuvlf(t)HLoo(Rn))‘F sup (R IVfh)a
0<t<T 1 4
<IsT o ©€R" 0<R<T1 Pr(z,R%)
T A AN o (1.6)
2€RM 0<R<TT Pg(z,R*)



where Pp(x, R*) = Bgr(x) x [0, R%] is the parabolic cylinder with center (z, R*) and

radius R. It is clear that (X7, ||-||x,) is a Banach space. When T' = +o00, we simply

write X for X, || - ||x for || - ||x.., and [-]x for []x...
The first theorem states

Theorem 1.2 There exists g > 0 such that for any R > 0 if [uo]gmo,®e) < €0,

then there exists a unique solution uw € Xpa to (1.3)-(1.4) with small [u]x,. In

particular, if ug € VMO(R™) then there exists Ty > 0 such that (1.3)-(1.4) admits a

unique solution u € Xr, with small [u]x,, .
As a direct corollary, we have the following global well-posedness result.

Theorem 1.3 There exists ¢g > 0 such that if [uglgpmomn) < €o, then there erists

a unique solution w € X to (1.3)-(1.4) with small [u]x.

Now we turn to the discussion of the heat flow of intrinsic biharmonic maps.

The equation of the heat flow of intrinsic biharmonic maps on R" is given by

O+ A%u = A(D*T(u)(Vu, Vu)) + 2V - (Au, V(DII(u))) — (Au, A(DII(u)))
4+ DII(u)[D*M(u)(Vu, Vu) - D3 (u)(Vu, Vu)]
+  2D*TI(u)(Vu, Vu) - D*TI(u)(Vu, V(DII(u)) in R x (0, 4+00) (1.7)

u‘t:o = wup:R"— N. (1.8)

In [10], Lamm studied (1.7)-(1.8). Under the assumption that n < 4 and the sec-
tion curvature of N is nonpositive, the global smooth solution to (1.7)-(1.8) was
established in [10].

Analogous to Theorem 1.2 and 1.3, we obtain the following results on (1.7)-(1.8).

Theorem 1.4 There exists g > 0 such that for any R > 0 if [uo]gmoymr) < €0,
then there exists a unique solution uw € Xpa to (1.7)-(1.8) with small [u]x,. In
particular, if ug € VMO(R™) then there exists Ty > 0 such that (1.7)-(1.8) admits a

unique solution u € X, with small [u]x,, .

Theorem 1.5 There exists ¢g > 0 such that if [uglgpmomn) < €o, then there erists

a unique solution w € X to (1.7)-(1.8) with small [u]x.
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We remark that since W5hm(R™) ¢ VMO(R"), it follows from Theorem 1.2 (or
Theorem 1.4, resp.) that (1.3)-(1.4) (or 1.7)-(1.8), resp.) is uniquely solvable in X,
for some Ty > 0 provided ug € WH?(R™, N); and is uniquely solvable in X provided
|V || pn(rny is sufficiently small, via Theorem 1.3 (or Theorem 1.5, resp.).

We also remark that the techniques to handle the heat flow of biharmonic maps
illustrated in this paper can be extended to investigate the well-posedness of the
heat flow of polyharmonic maps for BMO initial data in any dimensions. This will
be discussed in a forthcoming paper [5].

The remaining of the paper is written as follows. In section 2, we review some
basic estimates on the biharmonic heat kernel, due to Koch-Lamm [6]. In section
3, we outline some crucial estimates on the biharmonic heat equation. In section 4,
we prove the boundedness of the mapping operator S determined by the Duhamel
formula. In section 5, we prove Theorem 1.2 and 1.3. In section 6, we prove Theorem

1.4 and 1.5.

2 Review of the biharmonic heat kernel

In this section, we review some fundamental properties from Koch and Lamm [6] on
the biharmonic heat kernel.

Consider the fundamental solution of the biharmonic heat equation:
(0 + A%)b(z,t) = 0 in R™ x R,

and it is given by
b(a.t) = = g(5),

1
1

~+

where

g(&) = (2m) 2 / eiek—Ik* g ¢ € R™. (2.1)

n

The following Lemma, due to Koch and Lamm [6] (Lemma 2.4), play a very

important role in this paper.

Lemma 2.1 For x € R” and t > 0, the following estimates hold:

yx\%) 323
o =
t% ) 16 )

b(z, )] < et~ exp(—a (2.2)



IVFb(x,8)| < e(tt + |2)) ", VEk > 1 (2.3)
IVEb(-, ) gy < et~ %, VE > 1. (2.4)

Moreover, there exist c,c; > 0 such that for 0 < 5 <4,

Vib(, 8)] < cemtel, Wz, 1) € R x (0,1)\ (B x (0, 2

) (2.5)

For the purpose of this paper, we also recall the Carleson’s characterization of
BMO spaces. Let S denote the class of Schwartz functions. Then the following

property is well-known (see, Stein [13]).

Lemma 2.2 Let ® € S be such that [p, ® = 0. Fort >0, let ®;(x) =t "®(F), z €
R™. If f € BMO(R"), then |®; * f|*(z,t)%2% drdi s o Carleson measure on R™ e,

n [ d:vdt
sup r ”/ / | Dy * f T < C[UO]BMO(RH) (2.6)
0 ()

zER™ r>0

for some C = C(n) > 0. If f € BMOR(R") for some R > 0, then

dzxdt
sup / / | Dy f\Q < Cluoffno s (rn (2.7)
xeR",0<r<R -

for some C = C(n) >0

Recall that the solution to the Dirichlet problem of the inhomogeneous bihar-

monic heat equation

(O +A%u = f on R™x (0,400) (2.8)

u = wug on R"x {0} (2.9)
is given by the Duhamel formula:
u = Gug +Sf (2.10)
where
Gug(z,t) := (b(-,t) *xup)(x) = /n b(x —y, t)uo(y) dy, (x,t) € R" x (0,400), (2.11)

and

Sf(z,t) = /0 /n b(x —y,t —s)f(y,s)dyds, (x,t) € R" x (0, +00). (2.12)



3 Basic estimates for the biharmonic heat equation

In this section, we provide some crucial estimates for the solution of the biharmonic
heat equation with initial data in BMO spaces, including the estimate of the distance

to the manifold N.

Lemma 3.1 For 0 < R < 400, if ug € BMOR(R"), then uy = Gug satisfies the

following estimates:

sup " / (V2402 + 72|V iof2) < C [uol2yop@n  (3-1)
zeR™ ,0<r<R Pr(z,r%)
and
sup Zm I¥i0(8) ey ) < C s ey - (3.2
0<t<R*

If, in addition, ug € L‘X’(R"), then
sup 7“_"/ Vao|* < Clluol|F e (gny - [wolato prm) - (33)

z€R™,0<r<R P.(z,m%)

Proof. For simplicity, we present the argument for R = +o00. Let g be given by

(2.1). Let ® = V'g for i = 1,2. Then it is clear that ®* € S and [, ®* = 0 for

i = 1,2. Hence by Lemma 2.2, |®! % uo\Q@ is a Carleson measure on R for

1 = 1,2. Direct calculations show, for i = 1,2,
7 -n % £ iy7? n (L i7?
Dj(2) = (V) (F) =V (9(5)) = 'V (gu(a)),

where
.
ge(x) =t7"g(2).

Hence we have
(@i xup)(x) = tivi(gt * up) ().

Since the biharmonic heat kernel b(x,t) = g 1 (x), we have

(@4 +ug)(z) = 'V ((b(-, t4) « up)(z)) = t'V (Gug) (w, t*).

Thus we have, for i =1, 2,

" - dxdt
C[UO}%MO(RH) > sup 7"_”// |11>§*u0|27

zeR™,r>0

= sup / / t2 7V Guo|* (z, t*) dadt

zeR™,r>0

1
= — sup 7 / |V’Gu0] (x,t) dedt
4 zER™,r>0 P (z,r )
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This clearly implies (3.1), since for i = 1,2, 2i=4 when 0 < t < 74,

Since 4o solves the biharmonic heat equation (9; + A2?)ip = 0 on R™ x (0, +00),

the standard gradient estimate implies that for any x € R™ and r > 0,
r?|Viio|*(a, %) + V2o [* (2, %) < Cr 7" / (r2|Vao]* + [Vao]?).
Pr(z,r%)

Taking supremum over z € R" and setting t = r* > 0 yields (3.2).
For (3.3), observe that ug € L>®(R") implies ®; * ug € L®(R") and
@7 * gl oo rny < 1Bl 21 ey ol oo Ry < IVl L1yl o rny < Clluol| oo rr)-

Hence

sup / |VGug|?* dadt
z€R™,r>0J Py (z,r%)

dzxdt
= sw // @ » g 20
zeR",r>0 r ()

dxdt
< (sup\|<1>%*uo||mw)- o[ / @] s g2
t>0 z€R™,r>0 r(

< CHuoH%m(Rn) : [UO]%MO(RH) :

This implies (3.3). O
Now we prove an important estimate on the distance of 4y to the manifold N in

terms of the BMO norm of ug. More precisely,

Lemma 3.2 For any 6 > 0, there exists K = K(0,N) > 0 such that for R > 0 if
ug € BMOR(R™) then

g n R*
dist(do(z,t), N) < K [uolpyoprny +6, VZ €R", 0<t < K (3.4)
In particular, if ug € BMO(R"™) then
dist(do(z,t), N) < K [uolgyomn) T90, Vo €R™, t € Ry (3.5)

Proof. Since (3.5) follows directly from (3.4), it suffices to prove (3.4). For any

x € R” t>0,and K > 0, denote

1 1

K 1

Cy up(rx —t41z)dz.
. \BK( )l B (0) ( )
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Let g be given by (2.1). Then, by a change of variables, we have

io(e.t) = [ gl tiy) dy

Applying Lemma 2.1, we have

o, ) — )| s/ o(y)luo(a — ty) — cK,] dy

< / + [ oz — ty) — c,] dy
Bk (0 "\Bg (0
= / Cefa‘ymuo(x—ﬂy) — il dy
Bk (0) 7
4
+2HU0||L00(R7L)/ ce vl® dy
R\ B (0)
00 4
< K"[uwolgmo & +CN/ e Pyl dr
Kt K
< 04+ K" [uogymo  mv) (3.6)

N

Kt
provide we choose a sufficiently large K = K(J, N) > 0 so that
o0 4
CN/ e 3=l gr < 6.
K

On the other hand, since ug(R™) C N, we have

dist( xt,N) < Cfﬂf —up(x —tiy) , Yy € Bk (0)

and hence

dist(c,, N) <

actv

]. K 1
cpe — oz —t1y)|dy < |u ny - 3.7
|BK( )| BK(O)‘ it 0( y)| Yy [ O]BMOKﬂlI (R™) ( )

Putting (3.6) and (3.7) together yields (3.4) holds for ¢ < 7z. This completes the

proof. O

4 Boundedness of the operator S

In this section, we introduce two more functional spaces and establish the bounded-
ness of the operator S between these spaces.
For 0 < T' < 400, besides the space Xt introduced in the section 1, we need to

introduce the spaces le, Yi,g.



The space Y} is the space consisting of functions f : R" x [0,T] — R such that
HfHYT1 = sup tHf(t)”Loo(Rn) + sup r”/ |f] < 400, (4.1)
0<t<T xeR",O<r§T71f Pr(z,r%)
and the space Y7 is the space consisting of functions f : R x [0,7] — R such that
3 _ 4.3
vz = s B1SOlgn+ s 0 [ < 42)
0<t<T 2ERM 0<r<T1 Pr(zr)

It is easy to see (Y, || - ||YTi) is a Banach space for i = 1,2. When T' = +o00, we
simply denote (Y7, || - [ly:) for (Y, |- |ly:) for i =1,2.
Let the operator S be defined by (2.12). Then we have

Lemma 4.1 For any 0 <T < +o0, if f € Y%, then Sf € X1 and

IS71x < Cllfllyy (13)
for some C = C(n) > 0.

Proof. We need to show the pointwise estimate

2
SORIVISS)|(w, BY) < C|fllyz, Yo € R",0< R<T7, (4.4)
=0

and the integral estimate for 0 < R < T i

RT5|V(SH)l|La(pyiarry + B2 IV Sl pparn) < Clflyva-  (45)

By suitable scalings, we may assume T > 1. Since both estimates are translation
and scale invariant, it suffices to show that both (4.4) and (4.5) hold for x = 0 and
R=1.

For : = 0,1, 2, we have

1
isro.0] = || [ 91— 5.0 dys

.
< {f/n+/j/32+/j/n\32}|vfb(y,1—s>|!f(y,s>|dyds

= L+ L+ 1Is.
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Applying Lemma 2.1, we can estimate I, I, I3 as follows.

1
n| < (sup Hf(s)HLoo(Rn)) ( / va-,l—s)HLl(Rn)ds)
1<s<a 3
.
< Clflyy [Fs7has
0
<

Cllfllya-

L] < (sup V(1 — 8)l e gm) / (. 5)| dyds)
BQX[O,%]

0<s<1
< C |f(y,s)dyds < C|| f[ly,
BQX[O,%}
and
3
Blo< [T 9= 8 dyds
0 R™\ B2
3
< C/ / e~ £ (y, )| dyds
0 JRm\B,
< o wteer ) (s [ 5l dds
k=2 yeR” Pl(y,l)
< Cllflly;-

Now we want to show (4.5) by the energy method. Denote w = Sf. Then w

solves

(0 + A?)w = f in R"™ x (0, +00); wl|i—g = 0. (4.6)

Let n € C§°(B2) be a cut-off function of By. Multiplying (4.6) by n*w and integrating

over R" x [0, 1], we obtain

/ lw|*n* + 2/ Aw - A(wnt) = / f-wnt.
R x{1} R”x[0,1] R"x[0,1]

11



This easily implies

/ |v2w|2
Pi(0,1)

< [P
R”x[0,1]
< C [Vl Vwl® + (|An| + [Vn[*) [w]?] +C/ | fllwln?
R" x[0,1] R"x[0,1]
< (] IVwl|® + [w]* + | 1l 1 (B x o) 10 Lo (B2 x [0,1))]
(B2\B1)x[0,1]
<

L 1
C [(/0 t3dt) - (sup £3(|Vw(t)|Foo@ny) + [0l 70(myx(07) + 11T (Bax0.1)

0<t<1

1
< C [ sup ([[w(t)[Foe(gny + 2 [V (t) | Lo ) + IIfH?/ll]
0<t<1

< COlIfI, (4.7)

where we have used (4.4) in the last step.

For the L* norm of Vw on Py(0, 1), recall the Nirenberg inequality implies

IV (P w(O) [ 7agny < Cl*w(®) 2o @ IV (0w () 1 22@n)-

Integrating with respect to t € [0, 1] clearly implies

N

1 1
vult|] <C N2z V2020 2 <c 7
</pl<o,1>‘ “”) < C s1p [0 Fr oy IV 00 o g < O g

where we have used both (4.4) and (4.7) in the last step. This completes the proof.
|
To handle the nonlinearities of the heat flow of biharmonic maps (1.3), we also

need

Lemma 4.2 For 0 < T < +o0, if f € Y2, then for any 1 < a < n, S(aax—];) € Xp

and
af

8xa)

i

< Cllflys (45)
Xr

for some C = C(n) > 0.
Proof. The proof of (4.8) is similar to that of Lemma 4.1. We will prove that for

any r € R"and 0 < R < Ti, both the pointwise estimate:

2
Z R of
=0

V(S| (@Y < Cl g (4.9)

Lo
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and the integral estimate:

of

Oz

ves( 2Ly

R_E
+ ’ 0xq

L*(Pr(z,R*))

R || V(S( < Cllfllyz- (4.10)

L?(Pg(z,R1))

By suitable scalings, we assume 1" > 1. Since both estimates are translation and
scale invariant, it suffices to show that both (4.9) and (4.10) hold for z = 0 and

R=1. For 1 <a <n, write W, = S(;TJ;). For i =0,1,2, we have

VW,(0,1) = / Vib(—y,l—s)ﬁ(y,s) dyds
R x[0,1] o
d

= / (vlaib)(_yv 1- S)f(ya S) dde,
R x[0,1] Yo

which implies

1
VW00 < [ [ 19 1= )9 duds

= Iy+ 15+ Ig.
Applying Lemma 2.1, we can estimate Iy, I5, I as follows.

1
14| < (Sup \f(3)||L°°(Rn)> (/1 V(-1 = 8)| 11 mn) dS)
1<s<i 3

1

2 i1
il [ *s~% s
< Clifly

IN

1 i
where we have used the fact [ s~ ds < +o0 for 7 < 2.

Ll < (sup V(1 — 8) g ) / £y, 9)| dyds)
By x[0,3]

0<s<i

< C £y, s)| dyds < C| fllyz2,
B2x[0,1]

and since ¢ + 1 < 3, we have

1
2 .
Il < /0 /R 7001 9l ) s
"\ B2

1

< 0/2/ e W f(y, 5)| dyds
0 "\BQ

< O KTer k) Sup/ |f(y,s)| dyds
k=2 yeR? Pl(y,l)

<

Cllllyz-
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Putting together these estimates, we prove (4.9). (4.10) can be done by the energy

method as well. In fact, W, solves

(O + AW, = % in R” x (0, 4+00); Wyli=o = 0. (4.11)

Let n € C§°(Bz) be a cut-off function of By. Multiplying (4.11) by 7*W, and
integrating over R™ x [0, 1], we obtain

/ |Wa|2174+2/ AW, - A(Want) = —/ f-i(wan‘l).
Rnx {1} R x[0,1] Rox[0,1]  O%a

This implies

/ V2, |?
Pi(0,1)

[ v
R7x[0,1]

C (V02 VWal? + (JAn] + [Va[?) [Wa ]
R™ x[0,1]

+ C IV (P W) |+ [Wal V)
R” x[0,1]

IN

IN

< (] (IVWal* + Wal?) + 1 £l 21 (Bax 0,1 Wall £oo )]
(B2\B1)x[0,1]

+ C'||f”L%(BQX[0»1]

= I+ Ig. (4.12)

IV EPWa) o)

It is easy to see that

17|
! 1 1
< C [( /0 2 dt) - sup 2| VWat)[Foe o) + [WallEoe (maxioy + 17121 a0
< ClfI3;

where we have used the point wise estimate (4.9) in the last step. In order to

estimate Ig, we first need to employ the Nirenberg inequality:
IV P Wa ) zagny < ClPWa Ol ey [V (02 Wa ()17 2 )
which, after integrating with respect to ¢ € [0, 1], implies

1 1
Hv(nQWa)HL‘l(R"X[O,I]) < Coilzgl ||Wa(t)‘|zoo(Rn)HVQ(UQWa)”iz(RnX[o,l])- (4.13)
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Therefore, Ig can be estimated by

1 1
B S Ol oy S0, IVl ey I P o
1 2
< - V2P Wa) P + C|f1? sup ||[Wa(t)|? oo n
< 5 fo iy O CU s W0
1 2
< = V2P Wa) P + C|f1? Wa@®)|3 o @
S 5 fo iy OOy s W0
1
< 5[ VWP IR,
R"x[0,1]

where we have used (4.9) in the last step. Now we substitute the estimates of I7

and Ig into (4.12) and obtain
[ wwipsc V2R < ClIf 2.
P1(0,1) R™x[0,1] !
This, combined with (4.13), also implies

/ VWalt < OlIf|L..
Pi(0,1) 1

The proof of (4.10) is now completed. O

5 Proof of Theorem 1.2 and 1.3

In this section, we will prove both Theorem 1.2 and 1.3. The idea is based on the
fixed point theorem in a small ball inside X7 for the mapping operator determined
by the Duhamel formula associate with (1.3)-(1.4).

First we need to extend II to R!. Let II € C>®(R!,RY) be any smooth extension
of II such that II = IT on Ns, -

Let

Flu] = A(D*TI(u)(Vu, Vu)) = (Au, A(DT(w))) + 2V - (Au, V(DII(u))))
be the right hand side nonlinearity of (1.3). Then it is easy to see that

Flu] = —(Au, ADII(w))) + V- (2<Au, V(DII(u)) + V(DI(u)(Vu, vu)))
= .7'—1[U] + V- (fg[u]), (5.1)
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where

Fi[u] = —(Au, A(DII(w))), Folu] = 2(Au, V(DII(w))) + V(D> (u)(Vu, Vu)).
(5.2)

It is easy to see
[Filu]] < C(V2ul? + [Vul'), |Fofull < C(IVu|[Vul +[Val), (5.3)

where C' > 0 is a constant depending on [[ul|ec(gny. With the notations as above,

(1.3)-(1.4) can be written as
(0 + A%)u = Filu] + V - (Fafu]) in R™ x (0, +00); uli—o = ug. (5.4)
The first observation is

Lemma 5.1 For 0 < T < +oo, if u € Xr, then Fi[u] € Y3, Falu] € Y2. Moreover,

1FiTulllyy < € ([l + [y ) (5.5)
and

1Falulllys < € ([ulk + %) - (5.6)
Proof. Tt follows directly from the Holder inequality. O

By the Duhamel formula (2.10), the solution u to (1.3)-(1.4) is given by
u = Guo + S(F1[u]) + S(V - (Fz[u])). (5.7)
Throughout this section, we denote
g = Guy.
Now we define the mapping operator T on Xpa by letting
Tu(x,t) = to(z,t) + S(Fi[u])(z,t) + S(V - (Falu]))(z,t), u € Xpa. (5.8)
The following property follows directly from Lemma 3.1.

Lemma 5.2 For any R > 0 and any initial map ug : R™ — N, 49 € Xp4 and

~

il oty < Clluoll ooy, ldolx,, < C luolnton s - (5.9)

R4
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For € > 0, we define
Be(o) == {u € Xpa: |Ju— G| x s < €}

to be the ball in X s« with center 4y and radius e. By the triangle inequality, we

have
lull ety < €+ Clluollzeqeny, [l < €+ lolntopgan) » Vou € Beldo). (5.10)
In particular, we have
Lemma 5.3 For 0 < R < 400, if ug : R" — N has [ug]gmo, @) < €, then
||u||L°°(Ri“) <C+e [ulx,, <Ce¢ Yue B(io) (5.11)
for some C = C(n,N) > 0.
The proof of Theorem 1.2 is based on the following two lemmas.

Lemma 5.4 There exists € > 0 such that for any 0 < R < 400 if ug : R® - N

has
[Uo]BMO R (R < €1,

then T maps Be, (o) to Be, (Go).
Proof. By (5.8), we have
T(u) — o = S(Filu]) + S(V - (Falu])), u € B (do).

Hence Lemma 4.1, Lemma 4.2, Lemma 5.1, and Lemma 5.2 imply that for any

u € ]Bq (ﬂo),

IT(u)  dol x,
< IS Dl + ISV - (Flul))lx,
< Il + 1702,

S, <04 <a

provided €; > 0 is chosen to be sufficiently small. Hence Tu € B, (4p). This

completes the proof. O
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Lemma 5.5 There exist 0 < €2 < €1 and 0y € (0,1) such that for 0 < R < +oo if
ug : R™ — N satisfies

[uo]BMO (R < €2
then T : B, (lig) — Be, (to) is a Oy-contraction map, i.e.

IT(w) = T(0)][xpa < ol =vllx s Yu,v € Bey (do)-

Proof. For u,v € Be, (1), we have

ITu—Tollx , < [S(Filu] = Falo)llx,, + ISV - (Falu] = Fa[o])llx,,
S 1A = Afelllys, + 1F2[u] = Fofo]lly2, - (5.12)
Since
Filu] — Fiv] = —(Au, A(DII(u))) + (Av, A(DII(v)))
= (A(u—v), A(DI(u))) + (Av, A(DII(u) — DII(v))),
we have
\Filu] = Aol < ClA(u—v)|(|Au| + [Vul* + |Av])
+ | A0|(|Vul + Vo))V (u = v)])] + C|A|(|VZu| + [VZ0]) [u — o).
Hence

1F1[u] = Fafollly, < Cllfulxg + [lx, + [w)% llu —vllx,.
[0 (] x 0+ [V]x ) lu = vllx ]
< Ceglu— U||XR4 , (5.13)

where we have used Lemma 5.3 in the last step.

Since
[Folu] = Fole]| < [2({Au, V(DTI(u)) — (Av, V(DII(v))))]

+ |V(D?*(w)(Vu, Vu) — DI(v)(Vv, Vo))

< ClIVullA(u = v)[ + [Av|(Ju — o] + [V(u = v))]]

+ CVul(|Vul + [Vu])|[V(u = o) + (|V2ul + [V0])|V (u — v)]]

+ Cl(|Vul + Vo) [V (u = v)| + [Vo*|V(u = v)| + Vol [Vl [u — o],
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we have

1Fofu] = F2lollly2, < Cfulxg + [lx, + [k, + 1%, )l —vllx

< Cellu—1v|x,,- (5.14)
Putting (5.13) and (5.14) into (5.12), we obtain
[Tu —Tollx,, <Cellu—vlx,, <blu—v|x,,

for some 0y = Oy (e2) € (0, 1), provided e > 0 is chosen to be sufficiently small. This

completes the proof. O

Proof of Theorem 1.2. It follows from Lemma 5.4 and Lemma 5.5, and the fixed
point theorem that there exists g > 0 such that for 0 < R < +o0 if [ug]pmo,rr) <

€0, then there exists a unique © € X g4 such that
w = tip + S(F[u]) on R™ x [0, RY),
or equivalently
us + A?u = Flu] on R™ x (0, RY); “‘t:o = uyg.

Now we need to show u(R" x [0, R]) C N. First, observe that Lemma 2.1 implies

that for any x € R™ and ¢t < %,

dist(u(zx,t), N)

IN

dist(ﬁo(l‘, t), N) + HU - ﬁ‘OHLOO(R"X[O,Rﬂ)

IN

6+ K" [uo]pyo ) + €0

< 04+ (1+K")e <,

provide § < %% and eg < 579%=. This yields u(R" x [0, 1) C Nsy, the dn-
neighborhood of N. This and the definition of II(-) imply that II(u) = ITI(u).
Set Q(y) = y—(y) for y € Nj,, and p(u) = 5|Q(u)|%. Then direct calculations

imply that for any y € Ns,,

DQ(y)(v) = (Id - DII(y))(v), Yv € R,
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and

D2Q(y)(v,w) = —DI(y)(v,w), Yv,w € R,

Observe that Flu] can be rewritten as

Flul

= A(DMMI(u)(Vu, Vu)) + V - (D11(u)(Au, Vu)) + DT (u)(VAu, Vu).
Direct calculations imply

(0 + A%)Q(u)
= DQ(u)(8u + A?u)
—  [DMI(u)(VAu, Vu) + V - (D*TI(u)(Au, Vu)) + A(D*TI(u)(Vu, Vu))]
= DQ(u)(Flu)) — Flu]

= DI(u)(F[u)). (5.15)

Multiplying both sides of (5.15) by Q(u) and integrating over R™, we obtain

1

o)+ 5 [ I8QEIE = 5 [ (DW)(Flul). Q)

= 0, (5.16)

% R

where we have used the fact that Q(u) L Tiy(,yN and DII(u)(F[u]) € Tii(,) N in the

last step.
4
i

[0, %]. Thus u(R™ x [0, %]) C N. Repeating the same argument for ¢ € [%, RY

Since p(u)|=o = 0, integrating (5.16) from 0 to implies p(u) = 0 on R™ x

yields u(R™ x [R4 R*]) C N. This completes the proof of Theorem 1.2. O

KD

Proof of Theorem 1.3. It follows directly from Theorem 1.2 with R = +o00. O

6 Proof of Theorem 1.4 and 1.5

This section is devoted to the proof of both Theorem 1.4 and 1.5. Since the argument

is similar to that of Theorem 1.2, we will only sketch it here.
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Let H[u] denote the right hand side of (1.7). Then we have
Hlu] = Filu] + V - Folu] + Fslul,
where Fi[u] and Fa[u] are given by (5.2), while

Fa[u] = DIL(w)[D*I(u)(Vu, Vu) - D*T(u)(Vu, Vu)]

+2D%T1(u)(Vu, V) - D*TL(u)(Vu, V(DII(w))).

It is clear that u € Xps solves (1.7)-(1.8) iff
u = Gug + S(Fi[u]) + S(V - Faolu]) + S(F3[u]).
Since F3[u] satisfies
|F3[u]| < OVl

for some C' > 0 depending on [|u|| ;e (gn), it is easy to check

Claim 1. For 0 < R < 400, if u € Xpa, then F3[u] € Yz, and

1F3[ullys, < Clulx

R4
This claim and Lemma Lemma 4.1 then imply

Claim 2. For 0 < R < 400, if u € Xga, then S(F3u]) € Xpa and

IS(Fslu)lx, < Clulx

R4

Now if define the mapping operator T on X Rrt by
T[u] := Guo + S(Fi[u]) + S(V - Folu]) + S(F3[u]),

then Claim 1, Claim 2, and Lemma 5.4 imply

(6.1)

(6.4)

(6.5)

(6.6)

Claim 3. There exists €3 > 0 such that for 0 < R < 400, if up : R* — N has

[uo]BMOR(RR) < €3, then T maps Be, (o) to Bey(to).

We need to show T : B, (o) — Bey (o) is a contraction map. To see this, observe

that direct calculations imply that for any u,v € B, (4o),

| Falu] — Falv]|

(6.7)

< Cllu—v||[Vul|t + |V(u—0)|(|Vo]? + |Vo||[Vul? + Vo2 Vau| 4+ [Vul?)]
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for some C' > 0 depending only max{||u|| zc(rn), [|[v| foc (rr)}- Hence, combined with
the proof of Lemma 5.5, we obtain

Claim 4. There exists e3 > 0 such that for 0 < R < 400, if up : R® — N has

[wolBMOR(R) < €3, then

T[] = T[o]l|x 0 < Cesllu—vllx,,, Yu,v € Be(do). (6.8)

Now we can complete the proof of Theorem 1.4 as follows.
Completion of proof of Theorem 1.4: Similar to Theorem 1.2, it follows from
Claim 3 and Claim 4 and the fixed point theorem that there exists ¢y > 0 such that
for 0 < R < 400 if [ug]gmoymn) < €0, then there exists a unique u € Xpa that

solves (1.7)-(1.8):
ug + A%u = H[u] on R" x (0, R*); u|,_, = uo.

The same argument as in Theorem 1.2 implies u(R"™ x [0, %D C N;,. Hence

II(u) = II(u) on R™ x [0, %]' Moreover, the same calculation as in (5.15) implies
(0, + A%)(u — DII(u)) = —DTT(u) (H[u]), (6.9)

and it follows that for 0 <t < %,

% M DII(u)[* + / |A(u — DTI(u))|* = 0. (6.10)

This, combined with |u — DH(u)|2’t:0 = 0, implies that u(R"™ x [0, %]) C N. Re-
peating the same argument then implies u(R™ x [0, R%]) C N. The proof is complete.

O
Proof of Theorem 1.5. It follows directly from Theorem 1.4 with R = +o00. O
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