MULTIPLE VALUED MAPS INTO A SEPARABLE HILBERT
SPACE THAT ALMOST MINIMIZE THEIR p DIRICHLET
ENERGY OR ARE SQUEEZE AND SQUASH STATIONARY

PHILIPPE BOUAFIA, THIERRY DE PAUW, AND CHANGYOU WANG

ABSTRACT. Let f:U S R™ — 2¢(£2) be of Sobolev class W1P, 1 < p < o0.
If f almost minimizes its p Dirichlet energy then f is Holder continuous. If
p =2 and f is squeeze and squash stationary then f is in VMO.

1. INTRODUCTION

We let ¢2 denote the usual infinite dimensional separable Hilbert space. For any
positive integer @, let 2o (¢2) denote the space of unordered Q-tuples of elements
in f5. Thus 2¢(f2) is the quotient of (¢2)? under the action of the symmetric
group given by

ag - (ul, ey ’LLQ) — (ug(l), . ,UJ(Q)).
The equivalence class of (u1,...,uq) will be denoted throughout u = @?:1[[%]]
The distance between two points u = @?:1[[%]] and v = @?:1[[1)1-]] in 2¢(ls) is
defined by

4 (u,v) = ;Ie%g

Q

D i = v 12 (1)
i=1

For the sake of simplicity, we will often use the notation

|| := 4 (u, Q[O])-

If e1,..., e, is an orthonormal basis of R™, then

(A, B) := Z<A(€i)a3(€i)>

defines a scalar product in Hom(R™,¢?), which is independent of the choice of
€1,...,6m. The induced norm ||A|gs = 4/{A, A) is the Hilbert-Schmidt norm of
A. Whenever D = @?Zl[[Di]] € Zo(Hom(R™,¢5)) is a unordered Q-tuple of linear
maps, we define

Q
D IDils-
=1

We refer to [4] for the definition of multiple valued Sobolev space W} (U, 2q(£2)),
U < R™ open and 1 < p < 0. We merely mention that each f € W, (U, 2¢((2))
is approximately differentiable almost everywhere, its approximate differential D f
being itself a Q-valued map R™ — 2g(Hom(R™,¢3)). The p-energy of f is

@Uﬂw—(L|wafm<w.

Existence of minimizers of the p-energy for the Dirichlet problem with Lipschitz
boundary data is established in [4]. In the present paper we prove their (interior)
Holder continuity. In fact we work in the more general setting of almost minimizers
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which we now recall. Let w : [0,1] — Ry be a monotone increasing function with
w(0) = lin}r w(r) = 0. Such a w will be referred to as a modular function. For
rl0

1 < p < 400 and an open set U = R™, we say that u € W) (U, 2¢({2)) is a
(w, p)-Dir-minimizing function, if for any ball B(z,r) € U,

&p(u, Bz, 7)) < (1 4+ w(r))ép(v, B(x, 7)), (2)

whenever v € Wpl(B(x,r), 2q(l)) and trace u|p(y,r) = tracev|p(y,r). When w =0
we simply call u a p-Dir-minimizing function. Our first result is the following.

1.1. THEOREM. — For any modular function w, there exists § = §(p,m,w,Q) €
(0,1) such that any (w, p)-Dir-minimizing function u € W) (U, 2¢(ls)) is Holder
continuous in U with an exponent §. Moreover, for any ball B(x,2r) € U,

HUHC‘S(B(m,T)) < C’I“p_m(fp(u,B(x’QT». (3)

The Holder continuity of 2-Dir-minimizing function into Z2¢(¢5), i.e. when the
target space is finite dimensional, was first proved by F.J. Almgren in his seminal
work [1] and proved again by C. De Lellis and E. Spadaro [2] [3] very recently. In
order to establish our result we define comparison maps by means of homogeneous
extensions of the local boundary data (Lemma 2.1) and an interpolation procedure
(Theorem 3.1) inspired by S. Luckhaus [5].

The Dir-minimizing property of f leads to stationarity with respect to domain
and range variations: We say f is, respectively, squeeze and squash stationary.
When @ > 2 the squeeze and squash stationarity of f does not imply that it
locally minimizes its energy. Thus the above regularity result does not apply to
stationary maps. Here we assume p = 2 and we contribute the VMO regularity
of squeeze and squash stationary maps f € W3 (U; 2¢({2)), Proposition 8.3. We

observe that the measure py : A — | Df | % is m — 2 monotonic, i.e. that
A

r — r> " us(B(z,r)) is nondecreasing, x € U. We also notice, as other authors
have, that the monotonicity of frequency, established by F.J. Almgren, depends
solely upon the stationary property of f. This in turn shows that @mfz(uf, x) =
0 for all x € U, which implies VMO via the Poincaré inequality. Furthermore
li_% 2 " (B(x,7)) = 0 uniformly in 2 € U according to Dini’s Theorem, which
is in fact a kind of uniform VMO property. The continuity of f would ensue from
a sufficiently fast decay of w(r) = supr® "™us(B(z,7)). We establish the upper
x

bound w(r) < Cllogr|™ for some 0 < o < 1, which does not verify the suitable
Dini growth condition.

2. RADIAL COMPARISON
The symbol @ also denotes the concatenation operation

QK(EQ) X QL(KQ) g QK_,_L(KQ).

The barycenter of u is

1 Q
n(u) := @i;uieﬁg

and the translate of u by a € {5 is
Q

To(u) == P [[u; — all.

i=1
There are two crucial ingredients in the proof of the Theorem 1.1: a radial
comparison lemma and an interpolation lemma. This section is devoted to the radial
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comparison lemma. Let B = R™ denote the unit open ball. If u € W (B, 24 (/2)),
we let €' (p, Q,ujap) be
€(p,Q,ujop) = inf {gp(v,B) L0 e WH(B, 2q(£)),0 = u on aB}. (4)
2.1. LEMMA. — For any M > 0, there exists ng = no(p, m,Q, M) > 0 such that if
ue W) (B, 2¢(ls)) satisfies
diam” (suppw) < Mé&,(u, dB), (5)

where U e Zg(l2) is a mean of w on 0B, then we have

%(]% Q,Uk‘)B) < (777,1]) - 2770) éap(“ﬁ aB)7 (6>

In particular, there exists eg = eo(p,n, Q, M) > 0 such that if u € V[/p1 (B, 2q(2))
is an (w, p)-Dir-minimizing function and w(1) < g, then we have

1
Sl B) < (oo =) 6(u,2B). (7)
Proof. After multiplying u by a constant if necessary we may assume

ép(u,0B) = 1.

Abbreviate g = u|sp. For a > 0 to be chosen later, consider the radial competitor
map

Vo e B, wvs(x)=|z|% (m) )

(Bl
Since v, = u on 0By, it follows from the inequality (4) that

C(p, Q;woB) < &p(Vas, B). (8)

Now we calculate &,(vq,, B) as follows. Using the polar coordinates (r, 6) € (0,1] x
S™~1. we have

(NI

| Dva | =" {a?lg(0)* + | Dwrg(0) | * }.

Hence

é5(vq, B)
1 P

=J rm*“P(a*l)J (0219 + | Dsn-rg(0)|*)" dre™ 0 dr
0 0B

1 2 2 2\ % -1

S S— D 10 dr.

e (0P + | Donig®)]*) e 0an ()

Next we want to estimate (9) from above. We distinguish between two cases.
Case 1: pe (1,2]. Since 0 < § < 1, applying the elementary inequality
(a—l—b)g <a? +b%, a, b>0,
we have
2\ B
(@®1g(0)]* + | Dgm-19(6) | 7)* < a”|g(8)[” + | Dgm-19(6) | ",
and hence
&y(va, B)
1
< —
m —p+ po

1
< — 1+apj 0)|P ds#™19). 10
m—p+pa( aBlg( ) ) (10)

@ [ @) anmo s || Donigle) | doem o)
0B 0B
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Case 2: 2 < p < n. In this case, recall that the following inequality holds: there
exists C' = C(p) > 0 such that for any § > 0,
Va,b>0, (a+b)% <(1+08)as+Cs GDps,
Applying this inequality, we have that for any 0 < § < 1,
é»(va, B)
s~ 5-Dp
g -
m—p+ pa
1+6
m — p + po
1
< -
m—p+ po

| 1o azem-to
0B

f | Dsm-1g(0) | * do™ 10
oB

e

(C&*(rl)apf lg(0)[P do™ 10 + (1 +6)). (11)
oB

To estimate §, |g(0)[? d.#™~16, we argue as in [2] page 39. Write 7 =: @ [w].
Let @ = Tpy(g)(u) and § = 7,,(7)(g) denote the translations of u and g by n(u). It is
easy to see that § = 1|sp. It is clear that § := Tn(w) (W) is a mean of g, and

Q
917 = > [ — n(@)]* < Qdiam® suppa < QM.
i=1
By the Poincaré inequality, we have
[ igpaemr<o(| g@araen | jgpaen)
0B 0B oB
< C(6y(4,0B) + MP) < C(1 + MP). (12)

Since €' (p, Q, ujop) is invariant under translations of u,p we conclude that

Cg(p, Qv u\(?B) = Cg(pa Qa Tn(a) (u)\(?B)
< &p(Tn@ (va), B)
< %(m7p’ M’ a’ 6)

where
! 1+ C(1+ MP)aP =<2
M (m,p, M, a,8) = m*ziera( +C(1+ )042)1 )
e (L48) +Co~FRD(1 4+ MP)ar) 2 <p<n.
(13)

Now we need to show the following claim:
Claim. There exist ag > 0 and &y > 0 depending only on p, m, M such that

1
m-—p
To establish (14), we first consider the case 1 < p < 2. By the definition, we have

%(map7 M7 Qq, 50) <

(14)

1

is independent of d. It is readily seen that

M (my,p, M, a,0) < < C(14+ MP)a? <

: 15
pr— s (15)

Since p > 1 it is most obvious that (15) holds provided 0 < a < ag(m,p, M) is
small enough. Next we consider the case 2 < p < n. In this case, we have

1 P
M(m,p,M,,6) = m—p+tpa ((1 +9) + Cé_(f_l)(l + Mp)ap) .
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Again it is easy to see that

A (m,p, M, a,0) < <0+ 05"ED1+ MP)a? <

— —a. (16)

Letting 6 = o? the left member of (16) becomes a constant multiple of o?. Thus
the inequality is verified provided 0 < a < ag(m, p, M) is small enough. Combining
together both cases, we see that there exists 19 > 0 depending only on p,m, Q, M
such that (6) holds. To show (7), first observe that the (w,p)-Dir-minimality of u
and (6) imply

ép(u, B) < (1+w(1))(p, @, ujon)

1
<(1+ EO)(H — 2m)

1 o
< — 1o+ ( —10)
m—p m-—op
1
< — To,
m—-p
provided g9 < (m — p)no. Hence the proof is complete. O

An immediate consequence of the radial comparison lemma, is the Holder conti-
nuity of (w, p)-Dir-minimizing functions to ¢, which implies Theorem 1.1 holds for
the case Q = 1. More precisely, we have

2.2. COROLLARY. — There exists ng > 0 depending only on m,p such that for any
ue W) (0B(0,r),£2), one has
1
C(p, 1, woB(o,m) < (m — 210)ré,(u, 0B(0,7)). (17)

Proof. By scaling, it suffices to show (17) for » = 1. This follows from Lemma 2.1.
In fact, for @ = 1, one has that the diameter of suppw@ equals to 0, i.e. M =0
in the condition (5). Hence .#(m,p, M,«,d) = 4 (m,p,a,0), given by (13). We
define ay, dp, 1o as in (14) when M is replaced by 0. Clearly, oy and Jp depend only
on p, m and

1
’%(mvpva()aao) < 72770
m-—p
This immediately implies (17). O
2.3. COROLLARY. — For any given modular function w, there exists 6 = §(p,w, m) €

(0,1) such that any (w, p)-Dir-minimizing function u € Wpl(U, l) is Holder contin-
wous in U with an exponent §. Moreover, for any ball B(x,2r) € U, we have

lules By < CrP™™" & (u, B(z, 2r)). (18)

Proof. Since u € W}(U, {3) is (w, p)-Dir-minimizing in U, by (17) we have that for

p
any ball B(x,r) c U

&p(u, B(w,r)) < (1 +w(r)€(p, 1, woB ()
< +w(r))(%_p — 200)ré, (u, OB(x, ). (19)

Since lim, o w(r) = 0, there exists ro > 0 such that

Wre Ol (1+6() (— —2m) < —— — .

- D m-—-p
Thus we have that

&, (u, B(x,r)) < (%ﬁ —10)7Ep(u, 0B(z, 1)) (20)
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holds for all B(x,r) € U with 0 < r < ro. It is standard that integrating (20) over
r yields that
1 1
mé‘)p(u,B(l‘,T)) < rgl_wéop(u,B(I7T0)), (21)
for all balls B(z,r9) € U and r € (0,79]. This, combined with the Morrey decay
lemma for fy-valued functions, implies that u € C"°/?(U) and

1
HUHCWO/P(B(Q:,T)) S ngp(%B(z,ro))

holds for B(z,79) € U and 0 < r < rp. This completes the proof. O

3. INTERPOLATION

In this section, we will establish an interpolation lemma. Such an interpolation
property has been established in 2¢g(¢%) by F. Almgren [1]. However, the original
proof by [1] is of extrinsic nature, i.e. it depends on the existence of a Lipschitz
embedding of 2¢(¢3) into ¢Y for some large positive integer N = N(m,n,Q).
There seems to be no useful ersatz of this embedding in the case of 2¢(¢2).

3.1. THEOREM. — For any 1 <p < m and £ > 0, there exists C = C(m,p,Q) >

0 such that if g1,92 € W, (0B, 2¢q(2)), then there exists h € W} (B\B(0,1 —
€),2ql2)) such that

VzedB, h(z)=gi(z), VaxedB(0,1—¢), h(x):gQ(le), (22)

and
2
&y(h,B\B(0,1 —¢)) < C(e Z &,(g:,0B) + 51_pf G (g1, g2) dA™ ). (23)
i=1 oB
For 1 < p < 400, set

mp:{p—l ifpeZ, (24)

bl Pz,
where |p| denotes the integer part of p.

Here we provide an intrinsic proof of Theorem 3.1, analogous to that by S.
Luckhaus [5]. The rough idea is first to find a suitable triangulation of dB; and
then do interpolations up to m,-dimensional skeletons by first suitably approxi-
mating gi,g2 by Lipschitz maps and perform suitable Lipschitz extensions from
O-dimensional skeletons for all m,-dimensional skeletons, here we need an impor-
tant compactness theorem similar to Kolmogorov’s theorem in our context. Finally
we perform homogenous of degree zero extensions in skeletons of dimensions higher
than m,. We denote the unit interval by I := [—1,1].

For this, we need to establish the following lemma.

3.2. LEMMA. — For any 1 < p < o and € > 0, assume m < my,. There exists
a constant C = C(p,Q) > 0 such that if g1,92 € WI} (I™,2¢(¢2)), then there is a
map h e Wy (I"™ x [—e,¢e], 2q(L2)) such that

{h(x, &) =glx) wel™,

h(.’IJ, —E) = 92(96) xr e Im’ (25)

and
2
Ep(h, I™ x [—e,e]) < C(e X &g I™) + 77 | GP(g1,92) dA™).  (26)

i=1 im
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Proof. We adapt some notations from [2] page 62. Let us introduce Iy := [—1 —
+,1+ +]. For sufficiently large k € Z,, decompose I into the union of (k + 1)™
cubes {Cx,}, 1 <1< (k+1)™, with disjoint interiors, side length equal to 2/k and
faces parallel to the coordinate hyperplane. Let xj; denote their centers so that
1 1m
k’ k] ’
We also decompose I into the union of k™ cubes {Dy;}, 1 <1 < k™ and of side
length 2/k. Note that the centers of cubes in the collection {C; : 1 <1 < (k+1)™}
are precisely the vertices of cubes in the collection {Dy; : 1 <1 < k™}. Now we
define two functions on the set of vertices hf, h§ : {zp1, ...,z (ks1ym} = Lo (L2)
by letting

Crp=ap1+ | — I<i<(k+1)™

2 2.m
E7E] )ﬂlm, 1<l<(/€+1)m

for i = 1,2. Now we want to extend both h¥ and h% from the set of vertices to
the cube I"™. For each cube Dy ;, we let Vi ; denote the set of vertices of Dy,

hf (k) = a mean of g; on ({xp} + [ —

consisting of 2™ points extracted from {1 }1<i<s1ym, and let F,zl denote the
set of all faces of Dy, ; of dimension j for 1 < j < m — 1. On the first cube Dy 1
we claim that there exist Lipschitz functions h’f 1, hg L : D1 — Z2g(l2) that are

extensions of hl\v 1’h§|Vk Ve — 2¢(€2), respectively, such that for ¢ = 1,2,
Lip(hi"', F) < CLip(h¥, Vi1 0 F), YVFe F 1< j<m. (27)

In particular, for j = m, (27) yields
Lip(h}"", Dy.1) < CLip(h¥, Vi1). (28)
Indeed, we apply finitely many times Theorem 2.4.3 of [4]: first extend the maps

hf‘vk,l to each edge in F,cl,1 (thus apply Theorem 2.4.3 Card Fkl’1 times), then to
each j-dimensional face in F,il, for j = 2,...,m, by induction on j.

On all those cubes Dy, ; that are adjacent to Dy, (i.e., share a common (m — 1)-
dimensional face 0Dy ; n éDy 1 with Dy 1), we proceed similarly to find Lipschitz

functions hlf’l,hg’l Dy — 2¢(f2) that are Lipschitz extensions of hkl hkl :
(0Dg; N 0Dg1) U Vigy — 2g(l2) respectively, where

N(x) _ hf’l(x) if v e 8Dk,l N aDk,l
hf(x) if xe Vk,l

for i = 1,2. Moreover, for i = 1,2 the following estimates hold:
Lip(h;"!, F) < CLip(h¥,Viy 0 F), YVFe F},, 1 <j<m, (29)
In particular, for j = m, (29) yields
Lip(h{"', Dy1) < CLip(h¥, Vi) (30)

Repeating the above procedure with all subcubes Dy ; for 1 < I < k™, we will
eventually obtain two Lipschitz functions hf, h% : I — 24(fs) such that

hk({Ek l) = hk(:ck l) hk(xk l) = hQ(l'k l) V1<Il< (k + 1)m7 (31)
and for i = 1,2,
Lip(h¥, Dy ;) < CLip(hF, Viy), V1 <I<k™ (32)

Now we want to find a Lipschitz map h* : I"™ x [—¢,e] — 2 (fs) that is a suitable
extension of

(z,e) e I x {e} — h¥(z), (2,—¢) e I™ x {—e} — h5(x).
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This can be done as follows. For each cube Dy, 1 < [ < k™, we let L
Dy x [—€,e] = Z¢(£2) be a Lipschitz extension of

(z,€) € Dy x {e} = hi(z), (z,—¢)€ Dy x {—e} — h5(x)
such that

o if two cubes Dy ; and Dy (I # I') share a common (m — 1)-dimensional
face 0Dy, N 0Dy 1, then hEL and hEU take the same value on the common
m-~dimensional face (0Dy; N 0Dy 1) x [—¢,€].

e the following inequalities hold:

Lip(h*!, 0Dy x [—¢,€]) < C (Lip(h}, dDy) + Lip(h5, 0Dy 1))
+Ce! Z & (hk(x),h ()

2€Vi
< C (Lip(h¥, Vi) + Lip(h, Vi)
+Ce™t Z G (hk (z), hE(2)). (33)
2€Vi
and
Lip(h*!, Dy; x [—¢,€]) < CLip(h*!, 8(Dyy x [—¢,¢€]))
C (Lip(hf, Dr;) + Lip(h§, Dy))
+CLip(h*', 0Dy x [—¢,€])
< C (Lip(ht, Vig) + Lip(hs, V1))
+Cet Z G (h¥(x), hi(x)). (34)

IGV)CJ

<
<

Finally we define h* : I"™ x [—¢,¢] — 2¢(¢2) by simply letting
k K, m
h|Dk,L><[—€,a] =h"" VI<I<E™

Obviously h* satisfies that h¥(x,¢) = h¥(x) and h*(z, —) = h§(x) for z € I™.
We want to estimate the terms in the right hand side of (34). It is easy to see
that for any 1 <1 < k™,

Lip(hY, Vi) < Cmax {kZ(hf(z), h}(2")) : 2,2’ € Vi are two adjacent vertices} .

On the other hand, for two adjacent vertices x,z’ € Vi ;, by the definition of h¥(x)
and h¥(2") and Poincaré’s inequality we have

G (i (x), b (2'))"

<R f G (ht (2), hE ()P
({z}+[—2k—1 2k ") n({z'}+[—2k—1,2k—1]™))nI™

< O™ J G (g1(y), W ())Pdy
({z}+[—2k=1,2k—1]m)ATm

+Okmf 9 (gr (), i (a'))Pdy

({'}+[—2k=1 2k=1]m) ~Im

< CE™ P&, (g1, ({a} + [<2k71, 267 1]™) A T™)
+CE™ P&, (g1, ({2} + [-2k71, 2671 ™) A T™)

< CKE™ P&, (g1, Dy n I™),

where Dy, ; denotes cube:

Dk’l={xk’l}+[_E’E] .
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Thus we have

Lip? (A}, Viey) < Ck™&,(g1, Dy 0 I™). (35)
Similarly, we have
Lip? (h%, Viet) < Ck™ &, (g2, Dy 0 I™). (36)

While for x € V4,;, we have

G (hi(x),h3(2))" < C max (¢(hi(y), hi(2))” + 9 (h3(y), h3(2))")

Yy€Dy 1
+CE™ 4 (hf(y),hh(y))*dy
Dy
< C (k™PLip”(hY, D) + k™ PLip”(h, Dy.1)]

sonm [ amt) nhw)rdy
Dy
< CEm™P ((g)p(gl, Dk,l N Im) + éap(QQ, Dk,l ) Im))

+CE™ . 4(hf(y), hi(y))Pdy. (37)
k,l

With all these estimates, we can bound &, (hk, I™ x [—¢, 5]) as follows:

co@p(hk,lm x [—e,e])
o
= Z Ep(hFY Dy x [—¢,€])

=1
Ce

< — Z Lip? (h*!, Dy x [—¢,¢])
ki3 ’

o
< Ce(1+e7Pk™P) Z (&p(91, Dy 0 I™) + &,(g2, Dy 0 B))
=1
™
+C"P Y| G (hf(y), hE(y)) dy
1=1Y Dk,

< Ce(1 + (ke) ™) (Ep(g1,I™) + &p(g2, ™))
+Ce'7 | 4(h(y), h5(y)) dy. (38)
I'le
Observe that we have for i = 1, 2,

k™

f G (b (y), g:(y))Pdy < C Y J (G (0, b (2x,)” + 9 (b (x1.0), 9:))
Im =1 YDk,

km
<CE? Y (g Dy 0 I™)
=1

km
i f G (hf (w.1), 9:)"
=1 Y{=}+[-2k1 2k )™

k,TYL

<Ck™ Y &,(9i, Dy 0 I™)
=1

< Ck—pg(gialm)7
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which converges to 0 as k goes to co. We would establish (26) if we can show
that there exists h € W (I"™ x [—¢, €], 2q(f2)) such that after passing to possible
subsequences, h* — h in LP(I™ x [—¢,€]).

To see this, since p > m, it follows from Sobolev’s embedding theorem that
gi € C17P(I™ D5 () for i = 1,2. If we define

€ = {yefg : y € supp(g;(z)) for some x € Im}7 1=1,2,

then %; < /5 is a compact set for [ = 1,2. Hence

CK = (Kl ) %2
is also a compact set in ¢3. Let 2 < {3 be the convex hull of ¥ u {0}. Then
both 2 and 2g(2) are compact sets. By checking the proof of the Lipschitz
extension theorem, we can see that h*(I"™ x [—¢,¢]) € 2¢(Z). Now we can apply

[4] Theorem 4.8.2 to conclude that there exists h € W) (I™ x [—¢,¢], 24({2)) and
integers k1 < ko < --- such that

lim & (h*  h)P = 0. (39)
I2O Jmx[—e,e]
By the lower semicontinuity of &), we have

Ep(hy I™ x [—¢,¢]) < liminf &,(h*, I™ x [—¢,€]). (40)

J—0

Since h¥(-,€) = h¥ — gy in LP(I™) and h*(-, —¢) = h§ — g5 in LP(I™) as k — oo,
it follows from [4] Theorem 4.7.3 that h(-,¢) = g1 on B x {e} and h(-,—¢) = g2 on
B x {—¢} in the sense of traces. Finally, by sending k = k; to co in (38), we see
that h satisfies the inequality (26). The proof is now complete. O

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. The idea is motivated by Luckhaus [5]. We first decompose
0B into “cells” of diameter ¢ as follows. Since B is bilipschitz isomorphic to the
open unit cube its boundary can be decomposed into open cubes of side length less
than € and dimension ranging between 0 and m — 1. This gives a partition

m—1 kj

B=J el ene =gitizioj+y,
j=1i=1

and for each eg we have a bilipschitz isomorphism

®7 el — BI(0,¢) with |[V®!|1e + |V(®!) e < ().

’L
Here B! is the j-dimensional open ball centered at 0 and of radius .

Denote by Q; := ufileg the union of j cells. We next use the fact that for any
nonnegative measurable function f

; A7 (Q;) 1
dJJ fdjszijJ fanm,
JSO(m) o(Q;) A™m=H0B) Jop

where do is the Haar measure on SO(m). By Fubini’s theorem, we can further
choose a rotation o € SO(m) such that for all j

@(()p(gl’ G(QJ)) + é()P(g%o'(C?j)) + J @) gipgp(gth)d%j < C(m)Kpngrlim) (41)

where K > 0 is the constant defined by

K? := &,(g1,0B) + &, (g0, OB) + J PG (g1, go)PdAT

0B
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To avoid extra notation, assume o = id. Now decompose B\B(0,1 — ¢) into cells

éjz{zeR”'ee 5<||z<1},0<j<m—1,1<i<kj.

' Il

For j < m,, we use the fact that e is bilipschitz isomorphic to B7(0,¢) x [—¢,¢],
i.e. there exist

Wl 2 el — BI(0,¢) x [—e,e] with [V o + [V(U) e < e(m).
We can apply Lemma 3.2 to find an extension map hf € Wpl (ég, 2a (62)) such that
h{(m, 1) = q1(x), hf((l —e)z) = go(x), Vo € 6‘37 (42)

and
5], &) < Ce(601,e]) + Sylgne) + | P (@12 ga(o)d?). (13)

Moreover, we can see from the proof of Lemma 3.2 that if for 1 < i < i’ < kj,
the two cells &/ and é/, share a common j-face, then one can ensure from the
construction of extensions that h] = h, on dé! n d¢}, in the sense of traces. Denote

Q= ufilég . Then we can glue all h! together by letting hjé_? =hl for 1 <i<kj
to obtain an extension map h’ € I/V1 (Qj, QQ (62)) such that

W (@,1) = i), W (——) = gala), Vare @, (44)

1—5

and

& (h, Q%) < Ce(&(91,Q7) + &,(g2, Q%) +J eGP (g1(x), go(x))dAT).  (45)

J
For j = m, + 1, we use the fact that &/ is bilipschitz isomorphic to Bi*1(0,¢),
i.e. there exist
F/ ¢l — BI7YY0,e) with |[VEY |z + |[V(F)) 7Y e < e(m).

3

Since j +1 > mp + 2 > p, we can extend hf inductively from the boundary,
homogeneous of degree 0:

W ((F)™(2)) = hi((Fﬁfl(ﬁ» ze BIF(0,¢).
Then we have

& (hl,el) < C(f (g)““)‘l"’ dr)&,(hl, 0¢]) < Ce&,(h], 08).  (46)
0

By adding (46) over all 1 < ¢ < k; and applying (41), we then obtain that for any
Jj=my+ 1, b7 satisfies (44) and

&y (W, Q%) < CeIT2-mKP, (47)
Since Q™1 = B\B(0,1 — ¢), if we define h = h™~! then h satisfies

hiop = 91, hjoB(o1—¢) = 92(1 ;5)’

and
éy(h, B\B(0,1 —¢)) < CeKP.

Hence the conclusions hold. The proof is complete. O
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4. PROOF OF THEOREM 1.1

In this section, we will provide a proof of Theorem 1.1 by induction on @ € Z..
The idea is similar to that by Almgren [1], but we follow closely the presentation
by [2].

For v = @2, [[vi] € 2¢(£2), we define the diameter and splitting distance of v
as

dw) = max Jvi—vjl, s(v) = min {jo; —vs]: 0 # 05}

If v = Q[[vg]| for some vg € £, then we define s(v) = +c0.
First we need to construct a Lipschitz retraction map from 2¢(¢2) to By (v, 1),
with Lipschitz norm no more than 1.

4.1. PROPOSITION. — For v € Zg({l2) and 0 < r < s(v)/4 < o, there exists a
Lipschitz map ® : Lg(l2) — By (v,1) such that ®(u) = u for any u € By (u,r) and
Lip(®) < 1.

Proof. Write v = @ _1k;llv;]] such that J > 2 and |v; — v;| > 4r for i #

jo I Y(u,v) < 2r, then we have that v = @)_ u; with u; = @fjl[[ul,]]] €
By (k;[[v;]l, 2r) © 2%, ({2) for 1 < j < J. Now we can define a Lipschitz retraction
map (ID QQ(EQ) Bg(v r) by lettmg

J ki o @y
@ HW(Ul,j —v;) +v;ll, we By(v,2r)\By(v,7),

P(u) = I=11=1 (48)
v, ue 2g(l2)\By(v,2r),
u, u € Bg(v,r).
It is readily seen that ® is an identity map in By (v, r) and satisfies
%(@(ul), (I)(UQ)) < %(Ul,’LLQ), Vul, Ug € QQ(EQ)
Thus ® has Lipschitz norm at most 1. O
3Q
4.2. LEMMA. — For any 0 < ¢ < 1, set 8(e,Q) (%) . Then, for any P €
20(ly) with s(P) < +w0, there exists a point P e 2o(0y) such that
5(5 Q) ( )\ (P)<+OO (49)

Proof. The proof can be done exactly in the same way as Lemma 3.8 of [2] page
35. Here we omit it. O

4.3. PROPOSITION. — Assume @ = 2. There exists a(Q) > 0 such that if u €
W, (0B(0,7), 2¢(ls)) satisfies that for some P € 2q({2), 4 (u(z), P) < a(Q)d(P)
for #™1 a.e. x € 0B(0,r), then there evist 1 < K,L < Q — 1 with K + L = Q
and two functions v e W (0B(0,r), 2k (£2)) and w e W) (0B(0,7), 21({2)) so that
u=v®w a.e. in 0B(0,r).
Proof. Set ¢ = 1/9 and a(Q) = £8(¢,Q) = é(27)‘3Q. From Lemma 4.2, we find a
point P € 2¢(fs) satisfying (49). Hence we have that for ™' a.e. z € dB(0,r),
s(P) < 2s(P) - S(P).

9 9 4
Since s(P) < +00, there exists 2 < J < Q such that P = ®)_1k; |IP]] € 2¢(l2)
with the JBJ-’S all different. Therefore, there exists J functions

u; : 0B(0,7) — By (k;[P;],2r) € 24, (£2)

& (u(z), P) < 9(u(x), P) + 9(P, P) < a(Q)d(P) +




MULTIPLE VALUED MAPS 13

such that u = @7_,u; holds ™1 a.e. in dB(0,r). Since u € W (0B(0,7), 2¢(£2)),
it follows that u; € W, (0B(0,7), 2, (£2)) for 1 < j < J. The proof is complete. [

Now we are ready to give a proof of Theorem 1.1.

Proof of Theorem 1.1. The key step is to establish the following decay property:
there exists 9 > 0 depending on p, m, Q) such that for any u € WI} (0B(0,1), 2¢g(£2)),

1

C(p, Q,ujoB(0,r)) < (T—I? — 210)r&,(u, 0B(0,7)). (50)

By scalings, one can see that if (50) holds for » = 1, then it holds for all » > 0.
We will prove (50) based on an induction on @. For Q = 1, it is clear that (50)
follows from Corollary 2.3. Let @ > 2 be fixed and assume that (50) holds for every
Q* < Q. Assume, furthermore, that

d(@)? > Mé&,(u,0B)
for some large constant M > 1, which will be chosen later. Apply Lemma 4.2

with € = % and P = u, we obtain that there are 2 < J < @ and a point P =
®7_1k;[Q;] € 2¢(f2) such that

(@ < s(P) = min|Q: = Q1+ i # 3}, g
9(p.m) < 2] (52)

where 8 = ((1/16,Q) is the constant given by Lemma 4.2. Let ® : 2g({3) —

Bg(ﬁ), 5(15)/8) be the Lipschitz contraction map given by Proposition 4.1. For a
small n > 0, define

h:ze B(0,1—n)— <I>(u(1 fn)) € 2¢(L).

Then we have that ®(u) € W (0B(0,1 — n),Bg(ﬁ,s(ﬁ)/&). Apply Proposition
4.3, we conclude that there exist 1 < K, L < Q — 1, with K+ L = @, and h; €
W, (0B(0,1—1), 2k(ls)), ha € W) (0B(0,1 —n), 21(f)) such that h = hy @ hy in
0B(0,1 —n). By the induction hypothesis, we have

¢ (p, K, hijopo,1-n) < (ﬁ_p - 6770) (1 =n)ép(h1,0B(0,1—n)), (53)
€(p. Ly hajonoan) < (75 = 6m0) (1= 1)&(ha, 0B(0,1 = n)).

By (53), there exist hy € W, (B(0,1 —1n), 2k (2)) and hy € W, (B(0,1—n), 2.(fs))
such that

gp(ﬁl,B(Oa 1- 77)) < ﬁ —6no ) (1— n)gp(h‘la oB(0,1 — 77)) + nogp(uvaB)v
&p(ha, B(0,1 =) < (75 — 6m0) (1= 1)&p(h2, 0B(0,1 = 1)) + 0oy (u, 0B).
(54)
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Define h = hi@®hs. Then h e W, (B(0,1 —n), 2q({2)) satisfies h = hondB(0,1—1n)
and

Byl Brg) < (o = 610) (1= 1) (8 (hn, B0, 1 = ) + Ey(h2, 2B(0,1 = 1))

—D
+2106,(u, OB)
_ (mL_p — 610) (1 — 1) &,(h, B0, 1 — 1)) + 2006, (u, OB)
_ (%p — 610) & (®(u), 2B) + 208, (u, OB)
< (%p — 610) &y (u, 0B) + 2008, (u, 0B)
_ (ﬁ — 4n)&,(u, 2B) (55)

where we have used the fact that Lip(®) < 1 in the last inequality.
Now let g € W (B\B(0,1 — 1), 2¢(f2)) be an extension of

_ 77)) € W;(aB(Ov 1- 77)7 QQ(KQ))
and u € W) (0B, 2¢({>)) as in Lemma 3.2. Define 4 € W) (B, 2¢(f2)) by
{E in B(0,1— 1)

e

u =

g in B\B(0,1—n).

Then we have

&, (i, B)
= &,(h, B(0,1—1n)) + &,(3, B\B(0,1 — 1))
< (%_p —4no + Cn)é&,(u, 0B) + —J <GP (u, ®(u))dA™ . (56)

Now we need to estimate §,, 4% (u, ®(u))d#™"'. Define

={zr e B :u(x) # du(z))} = {xeaB:u( )¢Bg(P (8P))}

Since ®(u) = @, we have
Y(u,®(u(z))) < ¥Y(u,u(x)), Vo e 0B.
Hence we have

GP (u, ®(u))dA™ = JE <GP (u, ®(u))dA™

0B

< CJE (9P (u, @) + 9P (T, D(u))) d™

<C f @GP (u, @) dA™ "

< ClF (a7, (Y (E)

LP*(0B)
< C&,(u,0B)(A™ N (B))' T, (57)
where p* is the Sobolev exponent of p in R*~!:
. _ % ifp<m-—1,
any g € (p,+00) if p=m—1
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For any z € E, we have

sP(P) JoB
C
< & B
dp(ﬂ> P(ua 0B)
C
<=
= (59)
Therefore we obtain
c\'"#
J GP (u, ®(u))dA™ ' < C <> &,(u, 0B). (59)
oB M
Substituting (59) into (56), we find that
~ ]- C v -—
gp(u,B) < (m—p —4770+C77+ gMp* ) (fp(u,&B) (60)
Now we first choose n = 19/C and then choose
Cc?. ¥
M= (—)r*-»
&)

so that (60) yields

C(p,Q,uop) < &(1, B) < (%_p —219) &, (u, 0B), if d (W) > M&,(u,0B). (61)
On the other hand, Lemma 2.1 implies that

€ (p, Q,uop) < &p(@, B) < (ﬁ —210) &y (u, OB), if dP (7)) < M&,(u, 0B). (62)

Combining (61) and (62) yields that (50) holds for » = 1. Note that (50) for all
r # 1 follows from (50) for r = 1 by simple scalings.

Since u is (w, p)-Dir-minimizing in U, by (50) we have that for any ball B(z,r) <
U,

&p(u, B(z, 7)) < (14 w(r)€(p, Q, wop(z,r))
<(1+ w(r))(ﬁ — 2770)ré”p(u, 0B(x,r)). (63)

Since lim, o w(r) = 0, there exists ro > 0 such that

(14 () (= 2m) <

— N, VO <r < rp.

Thus we have that

(1. B(z.1)) < (o = ) (. 0B(a,7)) (64)

holds for all B(z,r) € U with 0 < r < rp. It is standard that integrating (64) over
r yields that

1 1
ép(u, B(z,r)) < mgp(u,B(x,ro)), VB(x,r9) €U, 0 <1 < 1o.

rm—p+no 0

(65)
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This, combined with the Morrey decay lemma [6] for 2¢g(¢2)-valued functions,
implies that u e C"/P(U) and

1

Hucho/P(B(ro,r)) < C/rgn—p+'r]0 gp(”? B(x07 TO))

holds for B(zg,r9) € U and 0 < r < 7o. This completes the proof of Theorem
1.1. O

5. SQUEEZE STATIONARY MAPS

We say that a map f € W} (U, 2g(fs)) is squeeze stationary in U whenever for
every X € C*(U,R™), we have

d
%’tzo JU | D(f ° (I)t) | 2 -0 <66)

where ®;(z) = z + tX(z) is a diffeomorphism of U to itself for small values of ¢.

5.1. PROPOSITION. — A map f € W3 (U, 2g(ls)) is squeeze stationary if and only
if for every vector field X € CP(U,R™) one has:

Q
2Y! | (DIw).DIw o DXy~ [ | DI | *div Xy =0 (o7
i=1YU U
Proof. We prove (67) by computing (66). Note that

| D(f o @) (a Z |D(fi 0 @) () s

i=1

Q
_ Z IDfi(®4(2)) o (DP4(2)) |2

Q

= M IDf(®4(2)) o (idgm + tDX (2))[3g
1

7

| Dfi(®4(2)) + tDfi(®4(2)) o (DX (2)) [iss-

Il
Mo I

<.
Il
—

We now change variable y = ®;(z) in (66):

J | D(f o ®,)(z) | * da
U

Q
2. |1Pfily) +tDf(y) o DX (@ L) [P det(DDF " (y) | dy
Q

= 2 |, 1400 + 1B Dl D

where
Ai(y) = Dfi(y), Bi(y,t) = Df(y) o DX(®; " (y)), Ci(y,t) = |[det(DP; * (y)].
It remains to differentiate with respect to t:
| Ai(y) + tBi(y, t)fhs = (Ai(y) + tBi(y, 1), Ai(y) + tBi(y, 1))

= [[Ai(y) s + 26CAi (), Bi(y, 1)) + *(Bi(y)is
= |Ai(y)lfis + 2t<Ai(y), Bi(y, 0)) + o(t),
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thus

ST + B s = 24i(w), Bily, 0)

dt lt=
= 2(Dfi(y), Dfi(y) o DX (y)).
Furthermore, y = ®;(®; ' (y)) so that
idgm = D®y(®; 1 (y)) o DD, (1),

and hence
det D®; (y) = h(y17 n where h(y,t) := det D®,(®; (1))
It follows that
%L:O (det DD, (y)) = —h(; ) %(y,()).

Clearly h(0) = 1. Next,

det D®,(®;*(y)) = det(idgm + tDX (D, (1))
=1+ ttr DX (O, (y)) + o(t),

whence ;
h
a(y, 0) =tr DX (y) = div X (y).
Putting together everything, we obtain Equation (67). O

5.2. PROPOSITION. — Let f € W} (U, 2¢(ls)) be squeeze stationary and a € U. It
follows that the function O, : (0,dist(a,0U)) — Ry defined by

1
mdf | Df |2
r B(a,r)

is absolutely continuous and nondecreasing. In fact,

Ou(r) :=

Q ap
OL(r) = —2 ZWﬂmfwx (68)

—2
rm 6B(a,r) i=1 a

In other words, the Radon measure
A [ 10512 (69)
A
is (m — 2) monotonic.

Proof. Tt is clear that O, is absolutely continuous because the measure in (69) is
absolutely continuous with respect to the Lebesgue measure .£™ and .Z™(B(a,r +
h)\B(a,r)) < Ch. For simplicity, assume a = 0 and write O(r) for ©,(r). We now
plug in equation (67) a vector field

X(z) = x([|=[)=,

where y € CL(R) is constant in a neighborhood of 0. For every 4,7 = 1,...,m one
has

X (@) = o (el

65(}]‘ T axj !

TiTyj

= x(l=[)di; + x" (=) R

In particular,
div X () = mx([]) + x'(|=[)] =]
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We now compute the first term in (67):

Q
2.(Dfi(x), Dfi(x) o DX (x)) = x(|lz]) ZHsz )iis

i=1

=]

X (l2]) Z<sz Dfi(x)o (z® 1))
=1
= x(|z]) | Df(x) |
Q
X (laDlx| Y (D fila), D) o A),

where A is the matrix u; ® uy for uy 1= z/|z| € S™71, ice. Aij = (ur, e uy,e;).
One easily sees that Au; = u; and that Av = 0 whenever (uj,v) = 0. Now we
complete uy to an orthonormal basis (w1, ..., umy). It follows that

(Dfi(z), D fi(x A>—Z<Df1 u;), Dfi(x)(A(u;)))

j=1

(D)), Df (o))
-[ave

We infer from (67) that

2 / 2 az 2
> [ (1250 1) 4 Ul 33| @)

- | (1D1@) | Gt + ol (o)) e = o,

that is,

& 1 2
@=m) [ x(lal) | DFe) |*do 2 [ X (labliel 315 @) da

= | Uil | D7) |
U

Now we fix 7 € (0,dist(0,0U) and we let {x;}}2; approach 1}, so that

a ? m—
(2—m)f | Df|2%=2r Z\\f\d%” 1=—rj | Df|?
B(0,r) 0B(0,r) ;—1 0B(0,r)
and one finally computes that for a.e r € (0, dist(0, oU)),
o) = (2~ m)rzfmflf | DI 472 f | Df 1
B(O ) oB(0,r)
ofi 2
2 m 2 m—1
Z 15 Fdr
aB(0,r) i—1



MULTIPLE VALUED MAPS 19

6. SQUASH VARIATIONS

Here we consider vertical variations above x whose amplitude depend on x € U.
Let
Y:Ux £2 — 62
be a C' map such that U n {x : Y(x,-) # 0} is relatively compact in U. For
f:U — 2¢g(ls) we define

(YTIf)e( Q—)[[fl )+ tY (z, fi(2))].

We say that f is squash stationary if for every such Y one has

d

2
4 JU | DYOf). |2 = 0.

6.1. PROPOSITION. — A map f € Wy (U, 2¢({2)) is squash stationary if and only
if for all'Y,

Zf (Dfilw), DaY (2, fi(w) + Zf (Dfi(w), DY (z, fi(w) o D)z = 0.
i=1 (70)

Proof. The derivation of this Euler-Lagrange equation is much simpler than for
squeeze variations. One computes

| D(YOIf)e ZHD (fi + Y (, £i()) s

=1
Q
= |Df|%+2¢ Z<Dfi,Dl.Y(-, Fi() + DyY (-, fi(-)) o Dfi) + oft).

Integrating over U and then differentiating at ¢ = 0 gives equation (70). (]

6.2. COROLLARY. — If f € W}(U, 2¢(l2)) is squash stationary and B(a,r) < U
then

| iorre f afﬁf»dffm—l. (71)
B(a,r) (ar)zl

Proof. Assume for simplicity that a = 0. Let x € CP(R) be a function which is
constant in a neighborhood of 0. We will plug

Y (2, y) == x(|z[)y

into equation (70). First we compute
DY (2,9) = X' (|l ®y, DY () = x(|]idgr.

Thus we have

Q | 2
;L x'(llxll)<%(x),f¢(x)> + L x(lzl) | Df (@) | 2 de = 0.

Now, we fix r € (0,dist(0,0U)) and we let {x;}52; be an approximation of 1jg .,

so that
3 i _
—Zj L gpawem s pppit-
ov B(0,r)

dB(0,r)

|z
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7. FREQUENCY FUNCTION

Let f e W3 (U, 2¢(¢2)). For ae U € R™ and r € (0,dist(a, dU), we define the
following quantities

Dq(r) := Df|? H,(r):= 2 N, ;:M
(r) fBW)| 1 m- | i )= T,

where the last quantity, N,(r), is defined provided that H,(r) # 0. N,(r) is called
the frequency function at the point a. When a = 0, we simply denote D(r), H(r),
N(r) for Dy(r), Ho(r), No(r) respectively.

The following lemma ensures that if f is squash stationary and non zero in a
neighborhood of a, then N, (r) is defined for small values of r.

7.1. LEMMA. — If f € W (U, 2¢9(ls)) is squash stationary and if Hy(ro) = 0 for
some a € U and g € (0,dist(a, 0U)), then f = Q[O0] on B(a,ro).

Proof. This is a consequence of (71): if f = 0 a.e on 0B(a,r) then &(f, B(a,r)) =0,
thus f vanishes on B(a,r). O
7.2. LEMMA. — For a € U, H,(r) is absolutely continuous in r, for any f €

W3 (U, 2q(£2)).

Proof. For simplicity, assume a = 0 € U. Then

d
H(r) = JB(O,,.) (@) Pda

< (mf |f<m>|2dx)

= mlf|fm:\d:c+2r J2<f27“.13 m‘>dw

- \f|2+22f o,

T JB(o,r) B(0,r)
and the last expression is easily seen to be absolutely continuous. O
7.3. LEMMA. — If f is squash stationary then for any a € U and a.e. 7 €
(0, dist(a, U)),
Hi(r) = "L H () + 2D4(r). (72

Proof. For simplicity, assume a = 0 € U. Then we have

d
H'(r) = —J Y f(ra)|2d ™
dr OB
—1
- J T f(ra) |Pd ™
r 0B(0,1)
2rm—1 Z <fZ rx) (rz >d%”m !
GB 0 ’I”) i=1
-1 af;
_m f |F2dem 4 2J 2 (o Dryaremr,
r aB(0,r) aB(0,r) i
Now using (71) we prove (72). O
7.4. THEOREM. — If f is squeeze and squash stationary and for a € U, H,(ro) # 0

for some g € (0,dist(a, 0U)), then N.(r) =0 for a.e. r <rg.
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Proof. For simplicity, assume a = 0 € U. Select r € (0,79] at which D and H are

differentiable. Then, according to (72), (68) and (71),
D(r)  D(r) _ H'(r)
N'(r) = D
"= Ew P EE P me)
D(r)  D'(r) D(r) D?(r)
“ae) e e P )
(2—m)D(r) +rD'(r) D(r)
= —2r
H(r) H2(r)
_rmlel(r) B D2(r)
H(r) TH?( )
afz 2 J' afl
= |- 5 {3,
oB(0,r) i=1 )? 0B(0,r) LZ1
Thus,
v st [ S SRR S
H2(r) " Jopo.ry & 0.1 (= By S
is nonnegative by Cauchy-Schwartz inequality. O
7.5. COROLLARY. — Assume that f € W3 (U, 2¢(l2)) is squeeze and squash sta-
tionary and 1o € (0,dist(a, oU)) for a € U. Then, for a.e. v < ro, we have
d . Hu(r) 2N.(r)
9 _ 2%all)
dr - pm—1 ro (73)
e\ Hy(rg)  Ha(r) (") Hy(ro)
o m—1 = m—1 s\ - m—1 7 (74)
To To r To To
2N, (r)
Daq(r) < r Dq(ro) Na(r) _ (75)
rm=2 ro ™2 N, (ro)

Proof. For simplicity, assume a = 0 € U. First we prove (73). By equation (72),
we have

d H(r H'(r H(r 2D(r
et =t -0 =
Consequently,
d In <H(r)) ~2D(r)r™ ' 2N(r)
dr m—1 rm=1 H(r) r
We integrate (73) from r to 7¢:
H(r H(r ™ d. H
In ng 01) —In Tm(iz = J; dpl (fz dp

r

> 2N(7’)J @

r P

H(ro) r™=* o\ 2N (1)
1 >In(—
n(@%lHu) 0 (%)
which yields the first inequality in (74).
N(rp) in

(76)

Therefore

Similarly, by bounding above N(p) by
(76), one proves the reverse inequality.
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By definition of N (r),
D(r) _ H(r)
rm—2 = Tmle( )

Therefore, using (74), one has

D(r) r 2N H(ro) _ 7 \2N@) D(ro) N(r)
,r-m—2 < (%) T(r)nfl N(’f’) (7"0> Tg)an N(T‘o),

which is (75). O

8. REGULARITY OF STATIONARY MAPS

8.1. PROPOSITION. — If f € W}(U, 2¢({2)) is squeeze and squash stationary and
let @ € U and B(a,3rg) S U, then f is locally essentially bounded on B(a,rp).
Specifically,

C
1£]12 . . g—mf 12 (s
Iz (B(aro)) T B(a73m>| | -

Proof. Assume a = 0€ U. Let xg € B(0,79). Then we have

27‘0
| ae| o ppaen | I
0 0B (x0,p) B(x0,270)\B(z0,r0)

< J T
B(0,3r0)

Therefore there exists some ry € (rq, 2rg) such that

2
f Paemt < 2 P2
0B(z0,r1) To B(0,3r0)

Moreover one has, according to (74),

| N i
B(zo,r) 0 JoB(z0,p)
H

L (p)dp

- 20
< J (ﬁ)mlexo(ro)dp
o To

_ ﬁ Ha, (TO)

m Tan*l
™ Hyo (1)
< m—1
m 8]
Crm
<

Fis
Ty fB(o,Bro)

Therefore

1 J 2 c 2
_ - fI2. 78
gm(B(xOJ")) B(zo,r) | | To B(0,3r9) | | ( )

Whenever zq is a Lebesgue density point of |f|?> € Li(U), by letting r tend to 0,
(78) gives the desired estimate. (]

8.2. REMARK. — If a is a Lebesgue density total branch point of a squeeze and
squash stationary map f € W} (U, 2¢(¢2)), i.e. if there exists y € ¢2 such that

m— . 2 _
;—>0 Z™(B(a,r)) JB(a,r)g(f( ), Qv 0,



MULTIPLE VALUED MAPS 23

then f is continuous at a. Indeed, apply Proposition 8.1 to the squeeze and squash
stationary map 7o, (f), one has that

C
lim sup g<f<x>,f<a>>2=hmf3( |, [raua (P =0

r—0 zeB(a,r) r—0 1™
Now, for f € W3 (U, 2¢(¢2)) and B(a,r) = U, we will denote by f, . a mean of
f in the ball B(a,r).
8.3. PROPOSITION. — If f € W} (U, 2¢9(ls)) is squeeze and squash stationary,
then
(1) for any a in U,
. . 1 2
lim ©,(r) = 711_1}%7%7_2 L(w) | Df1”=0.

(2) in case U = B(0,1), f is VMO in the following sense: there is a function
w:[0,271] — Ry satisfying liII(l)w(’I“) = 0 such that for any a € B(0,271),
re[0,271],

| ST < el
—_— ) < w(r).
gm(B(a, ’I")) B(a,r) o

Proof. As in (69), we introduce

p(a):= | 1Df1%,
A
We consider two cases.
Case 1. hH(l) Ny(r) =a >0.

We then use the monotonicity of frequency (Theorem 7.4) and (75) to infer that,
for some rg < dist(a,dU) and r € (0, 79],

Da(r) _ ( ) Dy (ro)

_ = - —9
rm—2 To Tan 2

which converges to 0 as » — 0.
Case 2. lir% Ny (r) = 0.
Then, by definition of N,(r) and by Proposition 8.1,
Da(r) Hy(r)
s = Na(r) g S ONa)f 2= ),

which converges to 0 as well. This establishes (1).

We now come to (2). The functions O, : [0,271] — Ry, a € B(0,271), are
monotone nondecreasing with respect of r by Proposition 5.2, continuous and satisfy
©,(0) = 0 by (1). Let us introduce

rm-

u(Bla,r)

w(r) = sup 3

aeB(0,2-1)

(79)

By the classical Dini theorem, lin%) w(r) = 0. Then (2) follows from Poincaré’s
inequality. O
8.4. PROPOSITION (Logarithmic decay of normalized energy). — Let f be a squeeze
and squash stationary map in W3 (U, 2g(¢2)), B(0,3) < U. Then there exist C
(depending on ||f|=(p) and o € (0,1)) such that for every a € B(0,27') and
r € (0,271] one has

1 - 1
T Dy To) < )
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In fact,

1 2 1 |«
D <C .
rm=2 fB(a,r) I f I (|1D’I"|)

Proof. We start with pg = % and define a sequence {p,}; inductively by p,;+1 = p?.
Thus p; = pgj.
Note that, using Proposition 8.1, one has

Da(pji1) Hu(pjs1)

Oulpj+1) = — =5~ = Nalpj+1)—=7— < CNa(pj+1), (80)
j+1 Jj+1
and by (75)
Dulp; o N2 D Doy \2Nee)
Oulpyer) = Dell) o () D) _ (1) g ) g
Pi+1 Pj Pj Pi

First suppose that p?N“(pj) < 271, Then by (81),

@a(l’j)-

2N, j
0. (p:1) < [Pitt (p')@ ) = 2Nelri)g () < 1
a(pj+1) < a(pj) = P a(pj) < 9

Pj
On the other hand, if p?N“(pj) > 271 then
1
2N, (pj)Inp; > In (5)
As p; = 2-2’ we infer that Nu(pj) < 27971 In that case, (80) yields
Ou(pj+1) < C27770
Recalling (79), we prove that
. 1
w(pj+1) < max {C27771, iw(/’j)}-
It is now standard that for some a € (0, 1),
1 o
w(p) <C :
)< Clgp)

We conclude the proof by applying Proposition 8.3(2). ]
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