Boundary regularity of stationary biharmonic maps

Huajun Gong* Tobias Lamm' Changyou Wang?

Abstract

We consider the Dirichlet problem for stationary biharmonic maps v from a bounded, smooth
domain  C R™ (n > 5) to a compact, smooth Riemannian manifold N C R! without boundary.
For any smooth boundary data, we show that if, in addition, u satisfies a certain boundary
monotonicity inequality, then there exists a closed subset ¥ C Q, with H"~4(X) = 0, such that
u € C®(Q\ X, N).

1 Introduction

This is a continuation of our previous study in [13]. Here we consider the Dirichlet problem for
(extrinsic) biharmonic maps into Riemannian manifolds in dimension at least 5 and address the
issue of boundary regularity for a class of stationary biharmonic maps.

For n > 5, let Q C R™ be a bounded, smooth domain and (N,h) C R be a l-dimensional,
compact C3-Riemannian manifold with ON = ). For k > 1,1 < p < 400, define the Sobolev space

WkP(Q, N) = {U e WkP(Q,RE) : w(z) € N for ae. x € Q}

Recall that an extrinsic biharmonic map u € W22(Q, N) is defined to be a critical point of the
Hessian energy functional:

Es(v) :/ |Av|?, v e W*2(Q, N).
Q

If we denote by P(y) : RF — TyN, y € N, the orthogonal projection map, then the second
fundamental form of B is defined by

B(y)(X,Y) = —DxP(y)(Y), ¥X,Y € T,N.

It is standard (cf. [20] Proposition 2.1) that an extrinsic biharmonic map u € W?22(§Q, N) is a weak
solution to the biharmonic map equation:

A%y = A(B(u)(Vu, Vu)) + 2V - (Au, V(P(u))) — (A(P(u)), Au), (1.1)
or equivalently
A%y 1 T,N. (1.2)

Notice that the biharmonic map equation (1.1) is a 4th order elliptic system with super-critical
nonlinearity. It is a very natural and interesting question to study its regularity. The study was first
initiated by Chang, Wang, and Yang [4]. In particular, they proved that when N = S¥=! ¢ R’ is
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the unit sphere, then any W?22-biharmonic map is smooth in dimension 4, and smooth away from a
closed set of (n — 4)-dimensional Hausdorff measure zero for n > 5 provided that it is, in addition,
stationary. The main theorem in [4] was subsequently extended to any smooth Riemannian manifold
N by the third author in [19, 20, 21], and different proofs were later given by Lamm-Rivieré [12]
for n = 4 and Struwe [17] for n > 5, see also Strzelecki [18] for some generalizations.

There have been many important works on the regularity of stationary harmonic maps, orig-
inally due to Hélein [9], Evans [6], and Bethuel [2] (see Rivieré [15], and Rivieré-Struwe [16] for
important new approaches and improvements). A crucial property for stationary harmonic maps is
the well-known energy monotonicity formula (see Price [14]). The notion of stationary biharmonic
maps was motived by the notion of stationary harmonic maps. More precisely, u € W22(Q, N) is
called a stationary biharmonic map if it is, in addition, a critical point with respect to the domain
variations:

d
dt‘t:o/g |Aw? = 0, w(z) = u(z +tY(x)), Y € C(Q,R™). (1.3)

It has been derived by [4] and Angelsberg [1] that stationary biharmonic maps enjoy the following
interior monotonicity inequality: for z € Q and 0 < r < R < dist(z, 092),

R4—"/ |Aul? — 1"4_”/ |Aul* = Ay + Ao, (1.4)
Bpr(z) By (x)

where

. _ Ja,. .12 _ i,,.12
A = 4/ <]u,+(y 36)_2%]\ +(n_2)|(y )" us| )7
Br(e)\Br(2) ly — x| ly — x|
Ay = 2/ (_ (y — @) ujuyy | |0y — x)wl® 5 [Vul? ) '
O(Br(x)\Bx(x)) ly — |3 ly —z["1 ly — |3

Such an interior monotonicity formula plays a critical role in the partial interior regularity theory,
that was mentioned above, for stationary biharmonic maps.

It is also a natural and interesting question to address possible boundary regularity for bihar-
monic maps, associated with smooth Dirichlet boundary data. More precisely, let ¢ € C*(Qg, N)

be given for some ¢ > 0, where Q5 = {:c € Q : dist(z,09) < 5}. Consider that u € W22(, N) is
a biharmonic map satisfying
ou oo}
— -~ 1.5
(u, 81/) ‘aQ (qS, 8y>’ (15)

where v is the unit outward normal of 9f2.

For dimension of €2, n = 4, the complete boundary smoothness of biharmonic maps has been
proved by Ku [11] for N = S“~! and Lamm-Wang [13] for any compact Riemannian manifold N'.
For dimensions n > 5, as in the interior case, it seems necessary to require a boundary monotonicity
inequality analogous to (1.4) in order to obtain possible boundary regularity. Here we introduce a
notion of globally stationary biharmonic map which enjoys a boundary monotonicity inequality.

Definition 1.1 A stationary biharmonic map u € W22(Q, N) associated with (1.5) is called a glob-
ally stationary biharmonic map, if there exist Ry > 0 and C, depending only on n, 98, 6, ||d||c1(ay)

n fact, the complete interior and boundary smoothness of k-polyharmonic maps in W’“Q(R%, N) has been proved
by Gastel-Scheven [8] and [13] respectively.



such that for any xzo € 0Q and 0 < r < R < Ry, there holds

A [ 9= 0P 4 Al R) + B + O
QNBr(xo)

< CReCR 4 CRRA™ / V2(u— $)P + CRB(R) + €CRO(R), (1.6)
QﬂBR(xo)
where
A N Y2 o Nife Y2
14(7,7 R) — 4/ <’<’U, ¢)] + (y xOZQ(u (b)zj‘ + (n _ 2) |(y ‘TO) (u ¢)Z‘ > 7
ON(Br(20)\ B (z0)) ly — xo|" ly — z0|™

and for p=r and R,

_ = 20) (0= Ol (= O)lu— sl — 0V _ |V (u— )P
B(p) := 2/@Bp(m0)m9 <2 = = 2 o3 ) ;
Cloy =2 [ (o) g o)~ (V) 5T o)

Now we state our main theorem.

Theorem 1.2 For n > 5, ¢ € C®(Qgs,N) for some § > 0, if u € W2%(Q, N) associated with
(1.5) is a globally stationary biharmonic map, then there exists a closed subset S(u) C Q, with

H"4(S(u)) = 0, such that u € C™ (ﬁ\g(u), N).

Remark 1.3 Notice that the interior monotonicity inequality (1.4) is a consequence of the station-
arity identity (1.83). However, it is unclear whether the boundary monotonicity inequality (1.6) can
be deduced from (1.3). On the other hand, in §2 below, we will employ a Pohazev type argument to
show that (1.6) holds for any sufficiently regular biharmonic map, e.g. u € W*2(Qs, N). Thus it
seems to be a necessary condition for boundary reqularity.

In contrast with the standard reflection argument to obtain boundary regularity of harmonic
maps (see, e.g. Wang [22]), it seems impossible to obtain boundary regularity of biharmonic maps
or general 4th order elliptic systems via boundary reflection methods. To overcome this type of
difficulty, we will employ an estimate for the Green function of A? on the modified upper half ball to
prove a boundary decay lemma under a smallness condition in suitable Morrey spaces. The overall
scheme includes suitable adaptions and extensions of: (i) the rewriting of biharmonic map equation
(1.1) by [12] and [17], and the Coloumb gauge construction by [16] and [17]; and (ii) estimate of
Riesz potentials among Morrey spaces by [20, 21]. To obtain the Morrey bound (3.2), we modify
the argument by [17] appendix B.

The paper is organized as follows. In §2, we derive the boundary monotonicity inequality for
W%2-biharmonic maps, which may have its own interests. In §3, we establish a boundary decay
lemma under the smallness condition (3.2). In §4, we establish (3.2) at H"~* a.e. x € 9.

Throughout this paper, for two quantities A and B, we will denote by A < B if there exists a
constant C' > 0, depending only on n, {2, and ¢, such that A < CB.



2 Derivation of boundary monotonicity inequality for regular bi-
harmonic maps

This section is devoted to the derivation of the boundary Hessian energy monotonicity inequality
(1.6) for W*2(Qs)-extrinsic biharmonic maps.

For n > 5, setR’}r:{x:(x’,:vn)ER”:x”ZO}. For R > 0, set
BR:{:zeR": yaz|§R} and B}, = Bg NR".
Denote by
TRzaBgﬁ{x:(m",x”): x”:()} and SEI@BRQ{.T:(JI/,CC”)Z x”>0}

the flat part and curved part of OBE respectively.
For simplicity, we will derive (1.6) for the case that z¢g = 0, Ry = 2, and QN Bg,(z¢) = By .

Hence we may assume that ¢ € C4 (Bigr, N) and u € W4%(BJ, N) is a biharmonic map satisfying

_ 9

T> N 81'71

ou
TQ’ 8$n

15

u (2.1)

e

We want to show that w satisfies (1.6) for 0 <r < R < 1. For 0 < r <1, set v,(x) = v(rz) for
T € B;r . Direct compuation using integration by parts implies

d 4—n 2\ __ d
dr<7" /BTJA(U—@’)—dr/B1+

_ 2/+<A(u—¢)r(x), A(z-V(u— ¢)(rz)))
B

1

2

Au — ¢)r

_ 2r3—n/ (A(w—6), Az V(u—0)))

B

= 2% [ V(M@= 0), Ve V- o) -2 [ (VAW-9), V(e V(u-6)

B B
e /sr A —0), o <ra(“a; ¢>>>
- %3fLiWAw—¢%V@vVW—@»7 (2.2)

since




Now we calculate, using integration by parts,
| VA@=0), V@ Viu-a)

- V-(VA(U—¢),x-V(u—¢))—/B+<A2(U—¢),x-V(u—¢)>

Bt

_ /sr <§T(A(u—qﬁ)), x-V(u—¢)>

b (@ a Vo) [ (8%, 0T ), (23)
By B

T

where we have used in the last step that
<A2u, T - Vu> =0 on Bf (<: A%u 1L T,N and z - Vu € TuN>,

and
0

<amn(Au)7x-V(u—¢)>=0 on T,

Substituting (2.3) into (2.2), we obtain

o ([ aw—or)

= 2o [ [(A=0) e v-an) - (Graw-0). = V-) ]
— ot <A2¢, z-V(u—9))— 27“3_”/ <A2u, z-Vo). (2.4)
B B

It is easy to see that by Poincaré’s inequality, the third term in the right hand side of (2.4) can
be estimated by

‘2r3—”/B+ <A2¢’ xV(u—¢)>‘ < T2_n/+|V(u¢)‘2+r4

< o / V2w — B+, (2.5)
B

Now we estimate the last term in the right hand side of (2.4). Applying (1.1), we have

/B+ (A%, Vo) = /B+ <A<B(u)(Vu, W)), x-V¢>
2/3* <V . <Au, V(P(u))>, - v¢>

/BT+ <<A(P(u)), Au>, x-V¢>

= I+II+111

_|_

Now we estimate I, 11,111 as follows.

I = /B+v‘<V<B(U)(VU,VU)>, w-V¢> /B+ <V<B(u)(vu,vu)), v(x.v¢)>
= L1+ 1.



It is easy to see that

L] £ (Ve + 1l [9ul) (196] + [2]1976))

r

3 2
(IVuf + [Vul V2] ) (2.6)

N
Eg\tg\

while

L - A+<£(B(u)(vu,vu)), x-V¢>—/ <£Z<B(u)(Vu,Vu)), v Vo)
= 1'1;-1-]11;

To estimate I3, observe that since <IB%(u)(Vu, Vu), x - Vu> =0, we have

Iy, = —/TT <ain<B(u)(Vu, Vu)), x-Vu>
- /T <IB%(u)(Vu, Va), (;zn(a:'Vu)>.

By using the boundary condition (2.1), we have

n—1
0 . 0%¢ 0
— (- = ! T T,
&L‘n(x Vu) - v 0x;0xy, +6:Un on
so that
1] 5 [ (90RIalV26)+ Vo)) <. (27)

For I,, we have

‘Ila

| (o). 5o
< 7"/S+ (1Vuf® + [Vl [v2ul). (2.8)

Putting the estimates for I1,, I1p, and I together, we obtain

< 3 2 3 2 n—1
HE [/B+ (IVuf + 9u)|v2u)) +T/ST+ (1Vul® +19ul[7%]) + ], (2.9)
For I11, since
A(P(u)) = D*P(u)(Vu, Vu) + DP(u)(Au),
we have

]m’g/B (]Vu\4+\Au]2)\x]\V¢]§r/ (1Vul* + 2u?). (2.10)

g Bt



For I1, we use integration by parts to estimate

- 2/B+V'<(V(IP’(U)), Au), 2 V6)

Since
Au = (Au)T + B(u)(Vu, Vu),

where (Au)” = P(u)(Au) € TN is the tangential component of Au, and

B(u)(({ii, (Au)T) Lz -V on T;,

we have that, on T,

<<i(uv(u)), Au>, x-V¢>

oz,
o B(u)(a—u, (Aw)T), z- Vo) + DP(U)(%% B(u)(Vu,Vu)), -Vo
B 0xy,
= (DR, B) (Ve V), @ V)
— (PR, B@)Te. 7). 2 70)

Therefore we have

| s [ [ Ivulladvel + ialvo) + [ 1Al + [ falver]

N

[Vul||Au| + 7 |Vul||Au| +r"|. (2.11)
BY Chg

Putting (2.9), (2.10), and (2.11) together and applying Holder and Young’s inequalities, we obtain

’27’3*” /B+ <A2u, x - V¢>’

[ [ vt + 192 + (Dl + (9] 92
By

N

+ o /S+ (19ul’ + [9u]|%u]) +

d
S 1+t L (VYR o (T VP [Vl [ VRl ) (2.12)
BY dr B



Similar to the derivation of interior monotonicity formula by Chang-Wang-Yang [4] page 1123-
1124, and Angelsberg [1] page 291-292, we estimate the first term of (2.4) as follows.

2 [ [(=0) 5o Vu-0)) - (A=), o Viu-0)]
= /S+ (2" (u — @)ij(u — )i + &' (u — B)i(u — Bk — "2 (u — ) (U — O)kii
= IV (r). '

We estimate IV term by term by integrating over [p, r] as follows. For the first term of IV, applying
integration by parts twice and using the fact that

(u—@)n(u—@)ija'a! =0, (u—@)(u— ¢)pa’a™ =0 on T,

we obtain
a'wd (u— @)ij(u — ¢)rk (u—@)iygz'alah  (u—d)p(u— @i’
/B*\B+ |z |2 S*\S+ < |1‘!" ! - |3 >
( — ¢)ija’ n (u—¢)jklu— ¢)ik$i~"3j>
+\B+ ’33|” 2 |2
O)i(u — ¢)ijrizizh
/+\B+ |2 |™ '

For the second term of IV, since (u — @)z’ (u — ¢); = 0 on T, we have

/ o' (u—)i(u— Pk _ / 2% (u = ¢)i|? _/ V(u—¢)P
BB} |2 shs;  lznt gt |z"?

n /BT+\]3Jr <(n 9 |2% (u — ¢)1)? - z(u — ¢)kgu - (;S)zk) .

| |72

For the third term, applying integraton by parts and using the fact that
(u = @)ni(u — ¢)ja'a? =0, on Ty,

we have

‘x|n—2
_ _/ Iz (u— §)pi(u — 9);
ST\SF

|$|n—1

I (u—Pp(u—d)rj | o (u—¢);(u— @)k
- /B+\B+ ( o " 2 >

/ w2 (u—¢)(u— @)kki
B\BF

[~

/B+\B+ ((2 o Uk (kN Chd )1 Ch (b)jk) .

[ |z



Putting these identities together, we get

/ V() dr

_ WWU—@M?_W—¢MU—@wﬁ>
= Q/Sﬂs; ( P 23

(W= @)= e’ (= gl (= $)ilu— )y
+ Q/BMB;( i i e
V(u— )2 — $)zi]?

Using the identities

|V (u— ¢)? (u_¢)j<u_¢)ijl'i> - M
Q/B,T\Bj < ||n—2 + |72 = /Si\sj 3 (2.14)

/ <(u —@)j(u— )iz +|V(u— ) + (u— ¢)i(u — ¢)j;2" +(2—n) 2" (u — ¢)i|2)
BI\BS

|x‘n72

Q0 Y2
:/ % (2.15)
S\SF ||

we then obtain

/pr IV(r)dr = Q/S;\s;* <2|9«“’“(u —wl* (u—9)i(u—)yyal [V~ ¢)|2>

and

||t |z |73 |z[—3
[(u—¢); + 2 (u— @) - W%WWWP>
! 4/Bi\BJ< |2 +(n=-2) 2] : (2.16)

Differentiating with respect to r, we obtain

d xk(u — 2 u—o@)i(u— )il V(u—o¢)?
vy > o [ (2t - s o)
|(u—¢); +a'(u— @)/ (= 9)il?
’ 4/s;r< a2 - ) 247

Putting (2.5), (2.12), and (2.17) into (2.4), we obtain

& ([ aw—or)

d
> _Cﬂ (r4” /B:r |Vul|® + \VuHVQuO
d l2¥(u— @)l (u—@)i(u— @)zl _|V(u—¢)?
+ 2% /Sﬁ' (2 Tnfl - rnf3 -2 rn73 )
[(u—¢)j + 2" (u— ¢)ij|° |ﬂw—¢wj
4 _ gy 9l
* /si ( = S AT
_ c—cr4—n/ (Vul* + [V2ul?). (2.18)
Bt

9



It is easy to see
T4n/ ’v2u|2 S T4n/ |V2(u _ (;5)‘2 + T4n/ ’v2¢|2
B B B
< r4"/ V2 (u— @) > +r. (2.19)
Bf
By Nirenberg’s interpolation inequality, we have

/ Vut < A / IV (u— @)t + A / Vo
Bt Bt B

=, [ PP O £

A

L= (B,

N

a /B;+ V2 (= ¢)* + . (2.20)

Recall that the Bochner identity
AlV(u— @) =2[V?(u—¢)* + 2(VA(u — ), V(u— ).

implies, after integrating over B, with integration by parts, that

e N oF) = ([ 1A oF)
0
(o [ (s=0gw=0)). @2

poy =t [ (T @)=t [ (Aw=0) Zw-a),
/S;F <2 2% (u = o)il*  (u—@)i(u—@)ijal ol V(u— ¢)\2> .

rn—l ,,m—3 ,,m—3

Denote

g(r) =
Substituting (2.19), (2), and (2.21) into (2.18), we obtain

b weatee( i) e
dr B B

22 (1rg) o [ vt o

[(u—¢); +a'(u— @)y oyt = 9)il?
4 4/&+ ( +(n 2)) | (2.22)

|(E ’n—?
Notice that

f(r)

IN

ortn [ 19— )| VA=)

o[g ([ vu= vt —o) «r [ vt of]

10



and

o) < [ [ 19— o+t [ V= o)viu— o)

T

IN

oLt (] P [ v 2)
st [ 9t o)

Therefore, for sufficiently large C' > 0, we have

e [ V- o)+ cecr (#n v+ vu|yv2u|> + Cre®]
B} Bf

dr
s £ e [ e se-orsa-o)
e /S+ <\(u —9); |l-|z:i(2u — ¢)ijl” +(n— Q)W) ' (2.23)

Integrating (2.23) for r € [p, R], we obtain

o [ 5o +/B+\B+ (=) T RN Ul ¢>>i|2)

a2 "

< CReCR+eCRR4_”/+ ]VQ(U—¢)|2+CGCRR4_”/ (|Vul® + |Vu|[V2ul)

B}, Bj,
CeCR( p3—n . 2 4—n _ 200 _
+ oeon (R /B;'v(“ G + R /ngw B)IIV(u )
+ 0 [ RV )V o) + BV (- 6)?) (224)
5k

+ 0 [ (0= DIV = 0)| 5T (= 0)) + <o) = e(r),

P
Notice that by Poincaré inequlaity and Holder inequality, we have
(w0 [ 19a-ap+r [ V- olvt - o)) <or [ 9 - o)
Bj, Bj, Bj

and
R4‘”/ (Vul® + |Vau||V2u]) < 035—n/ V2(u— )2 + CR.
Bf, Bf,

11



Putting these two inequalities into (2.24), we obtain

in 2 2 [(u—¢); + 2" (u— ¢)i]? |z (u — ¢)]?
oo [ 19 o) +/B§\B;< SOl g 2O

|x’n 2

IN

CRe“" 4 (1 + OR)e“RRY™ / . V2 (u — ¢)|?

Br

v occR| <R3_”/S+ |V(u—¢)|2>2 <R5—” /S+

R MR

R

1
2

IV (u — ¢)I2)

Cp 3—n _ 2 ’ 5—n 20, 2 :
+ Ce [<p /S:rvw ¢>|) <p /S;rvw ¢>|>

+ /S . IV (u — ¢)|2] +e“Bg(R) — e“g(r). (2.25)
It is clear that (2.25) implies (1.6). O

3 Boundary decay Lemma

In this section, we will establish the bounday decay estimate for biharmonic maps that satisfy the
smallness condition (3.2).

First we need to recall some notations. For an open set O C R, 1 <p < +occand 0 < A < n,
the Morrey space MP*(O) is defined by

DA — P — A-n P
MPO0) = {F € 12(0) ¢ 1) = sup {P [ 1117} < +oc}
Recall also that BMO(O) is defined by
BMO(0) = {f € LL(0): ooy = swp {r™ [ 17 = £l} <+oc}.
B,CO B,
where f, = ﬁ i) B, f is the average of f over B,.

Lemma 3.1 There exist g > 0 and 6y € (0,%) such that if u € W*%(B}, N) is a biharmonic map
satisfying

_ ou| 09 e
uT1—<f>T1a Pl = B Im, for some ¢ € C <Bl,N>, (3.1)
and
HV2UHM2,4(31+) + IVullpyaa gty < €0 (3.2)
Then |
< 5 .
HVUHMQQ(BJO) - QHVUHMQ,Q(B+ +CH ¢‘ 1 Bh bo. (3.3)

In particular, v € C* <B7'f, N).
2

12



Proof. A crucial step to establish (3.3) is the following claim.

Claim 1. For any 0 <r < £ and 6 € (0, 1), it holds

1
2-n 212 2 1-2
{(or) /B; Vul?} < Clor(IV8lear) + 192l yeass ) + 0" Feol Vullyoape

+Ivu (3.4)

2
saca |

By scalings, it suffices to prove claim 1 for r = % We will divide the proof into several steps.

Step 1. First, we follow Struwe’s scheme (see [17] pages 250-251) to rewrite the biharmonic map
equation (1.1) into:
A*u=A(D-Vu) +div(E-Vu)+F-Vu in Bf, (3.5)

and
F=G+AQ, Q= (Q7=uwdw —wdw') e H(B],s0(l) ® AN'RY),

where w = w(u) = v ou, with v a unit normal vector of N, and the coefficient functions D, E, G
and 2 depend on u and satisfy

D]+ Q] < [Vul,
|E| + |[VD| +|VQ| < |V2u| + [Vul?, (3.6)
|G| < |V2u||Vu| + [Vul3.

Step 2. Extend u from Bfr to Bj , denote as u , such that

IVlaszacon) + Vs S IVullyeaap) + Vulyogp) < Ca (31)

Let Q € H'(By, so(l) © AL(RY)) be the extension of Q to B; given by
O = w' (@)d(w’ (W) — w! (@)d(w' (@), 1 <i,5 <.
Then one can check that  satisfies

< Cep. (38)

2 IS R L
M24(By) M44(By) M22(By)

Now we apply the Coulomb gauge construction in Morrey spaces, see [15] or [17], to obtain that
there exist P € H?(By,SO(1)) and ¢ € H%(By, so(l) ® A"2R!) such that

{ dPP~' + PQP! = xd¢ in By, 59
3.9
d(+€) =0 in By, ( = 0.
(*€) in By, g
Furthermore, P and £ satisfy
V2 sy = 1%y = 7y (3.10)
M22(B1) M?2(B1) M22(BY)
[C FPESY L PPN\ 3.1
M*4(By) M*4(By) M44(B)

13



and

HV2PHM2,4(31) + HV%HM?A(&) + ”V5\|M4v4(B1)

< Hv < €. (3.12)

QHWA(Bl) + HQHM‘M(BQ ~
Step 3. Apply P to the equation (3.5) (see, e.g. [17] page 254), we obtain

A(PAu) = div}(Dp ® Vu) + div(Ep - Vu) + Gp - Vu + *dA¢ - PVu on B, (3.13)
where Dp, Ep, and Gp satisfy:

[Dp| S (IVul +[VP]),
VDp|+ |Ep| < (IV?u] + |Vul* + V2P| + [V PP?), (3.14)
Gpl S (IV?ul + [V2P))(IVu| + [V P|) + ([Vul® + [V P]?).

Now we need
Claim 2. For sufficiently small ¢y > 0, there exists Pz € SO(l) such that for any 1 < ¢ < oo, there
4

exists Cyq > 0 so that

1

q
Q&|BJP—Pyﬁ < CyIVPllagss(a (3.15)
1 1

To show (3.15), first observe that by Holder’s inequality, we have
VP a1y S IVPlppaacp,) < €o

By Poincaré’s inequality, we have that P € BMO(B;) and

[Plgmos,) S €o-

Hence, by John-Nirenberg’s inequality, we conclude that for any 1 < g < oo, there is C; > 0 such
that

1

q

1
P — (P)B%|q < G4 [Plgmos

]B%\ B%

)y < Cq ||VPHM1,1(31) ) (3.16)

3
4

1
[B3|

where (P)B% = [5, P is the average of P over Bs.

4 1
Now we need to project (P)p, into SO(I). Since
1

. 1
dist(P)g, SOW) < = [ 1P = (Phay| < [Phowtogy) < o
4 \B%’ By 4 1
4
there exists a P% € SO(l) such that
dist((P)sy, SO(1)) = ‘P% = (P)ay | < [Plosogsy) < CIVP s (3.17)

Combining (3.16) with (3.17), we obtain (3.15).
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By Fubini’s theorem, we may assume that u - € H?(OBY). Set w : BY — R! to be the
3 1 1
K
biharmonic extension of v on BB;, ie.,
4

N2w =0 in B;r
4

w=1u on OBY (3.18)
4

‘g—‘;’ = % on OBj.
4

Since (u, Vu)| = (¢, Vo) € C°(T}), it follows from both interior and boundary regularity theory

1

(see, Agmon-Douglas-Nirenberg [3]) that w € C° (Big, ]Rl> and for m > 1
8

4

o 9% 2a | 5 1ot ) HV%HLQ(B?], (3.19)

el (57) = [\\¢\|Cm+1(

Cm+1( g
8 4

since w minimizes the Hessian energy, i.e.,

/ |V2w|? < / |V2u?. (3.20)
By By
1 14

Let U be a bounded, smooth domain such that BJr cUcC B*. In particular, T1 C OU and

OUNIRY C T 5. To proceed with the proof, we recall the estimate of Green functions of A?onU.
Let G(z,y) be the Green function of A2 on U: for x € U, it holds

AEG(may) = 5z(y) in U
G(z,y) =0 on OU (3.21)
g—g(aj,y) =0 on OU.

Then we have (see Dall’Acqua-Sweers [5] Theorem 3 and Theorem B.2, due to Krasovskii [10]):
Dg‘DyBG(:c,y)’ S ‘az - y‘4—n—|0¢\—|ﬁ|’ z, y € U, forany |af, |B]>0. (3.22)
For P% € SO(l) given by Claim 1, we then have
A(PAu) = A(PAu) — P%A%J = AQ(P% (= w)) + A((P = P3)Au).
For simplicity, we may assume P% =1T; € SO(I), the identity | x [-matrix. Then (3.13) gives
A%(u —w) = A(l; — P)Au) + div?(Dp ® Vu) + div(Ep - Vu)

+Gp - Vu + +dAE - PVu in U (3.23)
u—w:a%(u—w):() on OU.

Therefore, by the represenation formula

:/UG(x,y)A2(uw)(y) dy, (3.24)

15



we have that for any z € U,
0= [ 8,60l - P)buy) (3.25)
+ [ [V36(e.0)(Dr © Vi) = V,6(e.)(Er - Vu) o)
+ [ GG T - [ 860, (G nPW) A duty).
Differentiating (3.25) with respect to x, we have
V- @)@ 5 [ V3Gl - Plou ) (3.26)
+ [ 1V.936(a )l Del Tl
+ [ 19.9,66 1| vul)
+ [ 196GVl
+ [ V.Gl agvPITy)
+ [ 19.9,66 A iv)
=A1+As+ A3+ As+ A5 + Ag
We now estimate A;,- - - , Ag as follows. First recall the Riesz potential of order a
(P = [ 1z =3l* ") dy, fe LR,

for 0 < o« < n. Then we have
41| £ 1 (= Plloulg: ),
7

where y Bt is the characteristic function of B; By the standard estimate on Riesz potentials, we
T 4
have

2
HA1”L2(B? S ”Hl - PHLn(Bf%f) HV UHL2(B§)’
so that

HAI||L2(BJ1r S HVQUHMQA(B-&-) H]Il - P||Ln(B+) (3.27)
2

< @l VPl ypagpt) S €0 qu

M2.2 B+)
For As, we have

42 S L(1DpIIVulxg: ) S B (96 + [V PR)x e )
4 4

Since |Vul? + |[VP? € M**(B;"), one can check
(IVul* + [VPP)xps € M>4(R).
4

16



Applying Adams’ Morrey space estimate of Riesz potentials (see [20] Proposition 4.2), we obtain

[L(I1Dpl|Vulx 1) € MAH(R™),
4

and

Aallanaa) < I2lsen) S [IDPIVubaI], o

S IVl s ) + !!VP!!M4,4(B§)] S IVl sy (3.28)
4

+
Q
4
For As, we have

43] S B(1BRNIV Ul ) S B (V2] + [Vul? + V2P| + [VP2)|Vuly: ).
4 4

By Holder’s inequality, we have

(IV?ul + [Vul® + |V2P| + [VP|)|Vulx gy € MV (R")
4

Applying the weak estimate (4.6) in [20] page 430, we have A3 € M,f”?’(R”), and

<45

| <[
H 3 M22(BY) Mf:”3(B+) = |78 M3A(Rn)
2

< H|V2u| +[Vul? + V2P| + [V PP

o
M2:4 B+) MQ,Q(B;L)

(3.29)

[

Here and below we use the fact that ”fHMM(BD < HfHpr pt for any 2 < p < 4o0. For Ay, we
2

m\»—‘

have
A S B (|Gl Vb )
< I([(Vul + (V2P ([Vul + [V P)) Vul + (| Vul* + VPP IVu)]x gy )
4
Observe

[(|V2UI +[V2P)(IVu| + [VP)|Vul + (|Vul* + IVP|3|VuI)}xB; € MM (R").
4

Applying the weak estimate (4.6) in [20] page 430, we get Ay € M+*(R™) and

;,— + ||VP||M44 B+)
4

2 2
HAZLHM;‘A(B? [HV UHM22 BJr + v P||M22 B-'%— } [HVUHM44

+ [Vl )+ VPl &)
1

S HVUHM44 BY) + HVPHM44 BY) S HVUHM44 (Bf)'

17



Hence we obtain

| .. ) S IVl (3.30)
2
For As , since we have
[As] S Is (| A€l IV Pl Vulx gy )
1
similar to the estimate of A4, we obtain
ol S Pt s Pty & [
2
so that
A5 g % [92], 331
H ° w225 M4BT’ (3:31)
For Ag, we have
[A6l(2) S B2 (1061 Vulx gy )
4
Similar to the estimate of As, since |A§||Vu|XB§ € MY3(R"), we get
4
P e i 332
H 6 M22(BT) T 6 M23(Rn) S € M22(Bf)’ ( )
2
Putting all these estimates together, we then obtain
2\ 2 2
— < . 3.33
(fwe=or) <l o [0 (3:33)

2

On the other hand, by the estimate of biharmonic function (3.19) we have that for any 0 < 6 < %,

2— 2 < g2 212
0 / 9l S 0 (19015 f V). (3.34)

2

Combining (3.33) with (3.34), we have

1
(2 [ 1Vul?)” <0 [all Pulageaqoy + 190l 0 )
0

+ (I8l 5ty + IV2ullypza i) )- (3.35)
It is clear that (3.4) follows from (3.35).
Next we indicate how to prove (3.3) by applying (3.4) and the interior regularity theorem (see
[20], [17], [4]). This is summarized as the third claim.
Claim 3. For 0 € (0, 1), it holds
IVullypas) S 0% ol Vullyoass) + 1Vl 00 )] (3.36)

4 0(IV et + 1920l pponga )

18



To prove (3.36), let y = (v/,y™) € B and 7 > 0 such that B (y) C By. We want to show (3.36)
1
holds with left hand side replaced by (72*” Is. W) \Vu]2> *. We divide it into three cases:

(i) y™ > 0 and B-(y) C B, . In this case, since we have
IVullariacs. @y + 1Vl e, @) < IVUllypagry + 1Vl g < e

it follows from the interior regularity theorem for stationary biharmonic maps and (3.4) that for
any 0 < o < 1,

1 1
B 2 . o B 2
(72 " |Vu|2> 5() ((W” / w?)
B:(y) Y Byn(y)
< (<2y“>“ / |Vu\2>
BQy”(yl:O)

S 017 [l Vullyaagy) + IVl a5 | +CO.

N|=

~

(i) y™ > 0 and B-(y) \ By # 0. Then y" < 7 so that B-(y) C Ba-(y,0) (as 27 < 20 < 3).

Therefore, by (3.3) we have

1
([ weprs (et [ v’
+(y)NBy Bar(y',0)

S0 o Vullypag) + IVl 00 5] +CB.

~

(iii) y™ = 0. By translation, one can easily see that (3.3) holds for balls with center y = (¢/,0).

Now taking supremum over all such y and 7, we obtain (3.36). Finally, recall the following
interpolation inequality (see [17] Proposition 3.2 or [20] Proposition 4.3):

IVl 0ty S [l gty (192l + IVl (3:37)
S 60||vu”1\/[2,2(31+)-
Substituting (3.37) into (3.36), we obtain

HquM%?(B;) S 6 260

Vu HMM ey T CO (3.38)

By chosing ¢y > 0 and 6y = 0(¢p) sufficiently small, this yields (3.3).
It is clear that repeated iterations of (3.36) imply that there exists o € (0, 1) such that

Hqu <O Vo<1 < 1
M22(B}) 2

This, with Morrey’s decay Lemma and the interior regularity theorem, yields u € C'* (371, N ) By
2

the higher order interior and boundary regularity (see [13]), we conclude that v € C'*° (BI, N ) O
2
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4 Proof of Theorem 1.2

In this section, we will apply Lemma 3.1 and proposition 2.1 to show that any stationary biharmonic
map satisfying (1.6) is smooth in €, away from a closed subset with (n — 4)-dimensional Hausdorff
measure zero.

Similar to the handling of interior regularity given by [4] Lemma 4.8, [20] Lemma 5.3, and [17]
appendix B, we need to establish the following Morrey norm bound at the boundary.

Lemma 4.1 Under the same assumptions as Theorem 1.2, there exist ¢g > 0, 6y € (0,1), and
R1 = Ri(Ro, €0) such that if for xog € 02 and 0 < R < Ry,

R4_”/ (|V2u\2 + 'r_2|Vu|2) < e, (4.1)
QNBRr(zo)

then
[ o] < Cq 2
M44(QN By, r(x0)) M24(QN By, r(w0))
Proof. By the boundary monotonicity inequality (1.6) along with suitable translations and scal-
ings, a crucial step to establish (4.2) is to obtain certain control of 74— meBr(xO) |Vul?.

There are two different ways to show (4.2): the first one is similar to that by [4] Lemma 4.8
and [20] Lemma 5.3, and the second one is similar to the new, simpler approach by [17] appendix
B. Here we provide the second one, which is a slight modification of [17].

First, let’s define

rl0

Y= {x € Q : liminf r4”/ (|V2u)? + r2|Vul?) > 0}. (4.3)
QﬁBr(xo)

Then, it is a standard fact that H"~2(%) = 0 (see Evans-Gariepy [7]). In particular, we have that
for H" ! a.e. zg € 09,

liminf 74" / (IV2uf2 + r2|Vauf2) = 0. (4.4)
740 QNB(x0)

With the help of the interior argument by [17] appendix B, it suffices to show that if z¢p € 9Q is
such that (4.4) holds and Ry > 0 is such that (1.6) holds, then there exists R; > 0 depending on
Ro, €0, and ¢ such that for any 0 < 7 < R, there exist § < rg < r and C = C(n,Q, N) > 0 such

that
rg”/ |V2u|? + TS’”/ |Vu|? < Cé. (4.5)
QOBTO ((EQ) 8B,~0 (wo)ﬂﬂ

In fact, since u = ¢ on QN B,.(x), then by the H2-estimate of Laplace equation, one has

T4—n/
Br
3

< C[rg_n/ |V2u\2 + 7‘8_”/ |Vu]2 + ||¢||2027‘2} < C’e%. (4.6)
BTO (wo)ﬂQ ro (T0 N

VP4 [P

(Z‘o)ﬂQ B (SC())QQ

T
3

This, combined with Nirenberg’s inequality, implies

7,,4—71/ |VU’4 Sc[rll—n/ |v2u|2+r2—n/
B

[Vul? + 6l2er?] < . (4.7)
By (o)t By (20)n€2

% (mo)ﬂQ
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Now we want to establish (4.4) by applying (1.6). For simplicity, assume z¢g = 0 and set o(r) =

o1(r) + o2(r), where

or(r) = 1A / V2 (u— @)+ / V(u— )2,
B (0)NQ 8B, (0)NQ2

and
oa(r) = 7“3”/ (22" (u — )ij(u — @) + 3|V (u— @) — 4r~?|z"(u — ¢)il*) .
8B,(0)NQ
Then (1.6) implies that for any 0 < r < R < Ry,

[(u— ¢); + 2" (u— ¢)ij|? Ly '
o(r) + /m(BR(o)\BT(o)) < |z[n—2 (n=2) ||

< CReCR 4 PRy (R).

Since for a good radius r > 0 we can bound

o <Ct [ (9P V) + ol
QmB2r(0)
(4.4) implies
liminf |o(r)| = 0.
0

Therefore (4.10) and (4.1) imply that for 0 < r < R,
/ <|(U_¢)j+xi(u_¢)ij|2 t(n-2) !$i(u—¢)i!2>
QNB;(0)

|z[2
< Cleg + [9l122%] < Cej.

Hence we obtain

) 2 7 2
f 3 ((u—¢)j+$(u—¢)z’j\ oy [z (u = 9)il ><Cz.
per” /83p(0)rm |2 tin-2) E

5<p<r
Using (83) and (84) in [17] page 262, this implies

sup oa(p) > —Ced.
5<p<r

This and the monotonicity inequality (4.10) imply that there eixsts ro € [, 7] such that
01(r0) < o(R) + 02(rg) < Céd.
This implies (4.5).

Proof of Theorem 1.2: For ¢y > 0 given by Lemma 3.1, set

S(u) = {a: € 1iminfr4”/ (IV2ul? + [Vul*) > eg} :
QNBy(z)

rl0

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

Then it holds (cf. [7]) that H"~*(S(u)) = 0. It follows from the interior regularity and the bound-

ary regularity Lemma 3.1 that u € C®(Q \ S(u), N).
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