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For any n-dimensional compact spin Riemannian manifold M with a given spin struc-
ture and a spinor bundle XM, and any compact Riemannian manifold N, we show an
e-regularity theorem for weakly Dirac-harmonic maps (¢, ¥) : MQ XM — N ® ¢*TN.As a
consequence, any weakly Dirac-harmonic map is proven to be smooth when n = 2. A weak
convergence theorem for approximate Dirac-harmonic maps is established when n = 2.
For n > 3, we introduce the notation of stationary Dirac-harmonic maps and obtain a
Liouville theorem for stationary Dirac-harmonic maps in R". If, in addition, ¥ € WP
for some p > 2?”, then we obtain an energy monotonicity formula and prove a partial

regularity theorem for any such a stationary Dirac-harmonic map.

1 Introduction

The notation of Dirac-harmonic maps is inspired by the supersymmetric nonlinear sigma
model from the quantum field theory [8], and is a very natural and interesting extension
of harmonic maps. In a series of papers [4, 5], Chen-Jost-Li-Wang recently introduced the
subject of Dirac-harmonic maps and studied some analytic aspects of Dirac-harmonic

maps from a spin Riemann surface into another Riemannian manifold. In order to review
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some of the main theorems of [4, 5] and to motivate the aim of this paper, let us briefly
describe the mathematical framework given by [4, 5].

Forn > 2, let (M, g) be a compact n-dimensional spin Riemannian manifold with
a given spin structure and an associated spinor bundle X (= £ M), and (N, k) be a compact
k-dimensional Riemannian manifold without boundary. By Nash's theorem, we may
assume that (I, h) is isometrically embedded into an Euclidean space R for a sufficiently
large K. Let VM and V" be the Levi-Civita connection on M and N, respectively. Let (-, )
be a Hermitian metric on ¥ (a complex vector bundle of complex dimension n), and V*
be the Levi-Civita connection on ¥ compatible with the metrics (-,-) and g. For a map
¢ : M — N, let ¢*TN denote the pullback bundle of TN by ¢ that is equipped with the
pullback metric ¢*h and the connection V"7, On the twist bundle ¥~ ® ¢*TN, there is a
metric, still denoted as (-, -), induced from the (-,-) and ¢*h. There is also a Levi-Civita
connection V on ¥ ® ¢*TN induced from V* and V?'T¥, The Dirac operator D along ¢ is
defined as follows. For any section ¢ € I'(X ® ¢*TN),

Dy = foo Vg, (1)

where { f;}_, is a local orthonormal frame on M, and o: TM ®c £ — X is the Clifford
multiplication. More precisely, if we write ¥ in the local coordinate as ¥ = ¢! ® %(d))
where 1//i €'Y isasection of X for1 <i <k and { }k , is a local coordinate frame on
N, then
i 0 i\ @ v TN (0
Dy =0y ®—(¢)+(ﬁx01ﬁ)®vf —(@) ), (2)
y; “ %

1
where d = f, o V]’Ea is the standard Dirac operator on the spin bundle X.
The Dirac-harmonic energy functional was first introduced by Chen-Jost-Li—
Wang in [4, 5]:

8¢L%+ W, Dw}\/_dx (3)

L(qW):f [|d¢|2+<w,Dw>1dvg=/ [ g hij(¢)
M

Critical points of L(¢,v) are called Dirac-harmonic maps, which are natural
extensions of harmonic maps and harmonic spinors. In fact, when v =0, L(¢,0) =
fM|d¢>|2dvg is the Dirichlet energy functional of ¢ : M — N, and its critical points
are harmonic maps that have been extensively studied (see Lin-Wang [20] for rele-
vant references). On the other hand, when ¢ = constant: M — N is a constant map,
L(constant, ¥) = [,,(¥, D¥) dvy is the Dirac functional of s € ("')¥, and its critical points
are harmonic spinors 9y = 0 that have also been well studied (see Lawson-Michelsohn
[19]).
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Studying the regularity of weakly Dirac-harmonic maps is one of our main inter-
ests. For this purpose, we introduce the natural Sobolev space in which the functional
L(-,-) is well defined. Recall the Sobolev space H!(M, N) is defined by H' (M, N) = {u €
HY(M,RX) : u(x) e N a.e. xe M).

Definition 1.1. For ¢ € H!(M, N), the set of sections ¥ € I'(X ® ¢*TN) is defined to be all
v =!,...,v¥%) e (CT)X such that

K
D viyix) =0 ae.xe M, Yo =(v,...,vg) € (TyyN)".
i=1

We say that ¢ = (y1,...,¥K) € S¥3(I(Z ® ¢*TN)) if dy' € L (M) and ¢ € L4(M) for all
1<i<K.

Definition 1.2. A pair of maps (¢, ) € H' (M, N) x SLiM(E ® ¢*TN)) is called a weakly
Dirac-harmonic map, if it is a critical point of L(., ) over the Sobolev space H!(M, N) x
S5 (D(S ® ¢*TN)).

Remark 1.3. First, the Holder inequality implies that if (¢, ¥) € HY(M, N) x S¥3(T'(2 ®
¢*TN)), then

'/ (¥, DY) dvg| = ClIV st [V, 3 o + 1AWl zeian ¥ s | < +o0.
M

Hence, L(g, ¥) is well defined for any (¢, ¥) € H (M, N) x S“3(['(E ® ¢*TN)). Second, it is

useful to note that
f (¥, DY) dvg = f Re(y, DY) dvg, (4)
M M
where Re(z) denotes the real part for z € C. In fact, since D is self-adjoint, i.e.
/ (¥, DE) dvg =/ (DY, &) dvg, V¥, & € SY5(T(E ® ¢*TN)),
M M
we have
/ (¢, DY) dvg = / (DY, ) dvg = / (¢, DY) dy.
M M M

This yields (4).
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The Euler-Lagrange equation of a Dirac-harmonic map (¢, V) € H'(M, N) x
SU3 (T (S ® ¢*TN)) is (see [4])

t(¢) = RV (¢, ¥), (5)
Dy =0, (6)

where t(¢) is the tension field of ¢ given by

1
7(p) = tr(VM' TN G g) = (A¢ +9gr", (¢)1%) i(qb),
0xg ) 0y

and R¥(¢, ¥) € ['(¢*TN) is defined by

a
RN, y) = ZRZI,w» W' Vel oy) g (@),

Here F§Z(¢) is the Christoffel symbol of the Levi-Civita connection of N, V¢! o/ de-
notes the Clifford multiplication of the vector field V¢! with the spinor v/, and R{?j is a
component of the Riemannian curvature tensor of (N, h).

Among other things, Chen-Jost-Li-Wang proved in their Theorems 2.2 and 2.3 in
[5] that if (M?, g) is a spin Riemann surface and N = SX~! c RX is the standard sphere,
then any weakly Dirac-harmonic map (¢, V) is in C®°(M?, S571) x C®(['(T x ¢*(TSK1)),
which was extended to any compact hypersurface in RX by Zhu [27]. The crucial obser-
vation in [5] is that the nonlinearity in (5) is of Jacobian determinant structure. This
theorem is an extension of that on harmonic maps by Hélein [14]. Our motivation in this
paper is (1) to extend the above theorem to all Riemannian manifold N c RX, and (2) to
study the regularity problem of stationary Dirac-harmonic maps in higher dimensions
n > 3.

Denote by iy > 0 the injectivity radius of M. For O < r < iy and x € M, denote by
B,(x) the geodesic ball in M with center x and radius r. Our first result is an e-regularity

theorem.

Theorem 1.4. Forn > 2, there exists ¢g > 0 depending only on (M, g) and (N, h) such that
if (¢, v) € HY(M, N) x SLs(I(Z ® ¢*TN)) is a weakly Dirac-harmonic map satisfying, for

some xp € Mand 0 <rg < ELM,

1
— /B( )(|d¢|2 + |w|‘*)dvg} <5, (7)

sup { "

X€By, (x),0<r=<ro

then (¢, ¥) is smooth in B, (xp).
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Since [, (Id¢|*+ [¥|*) is conformally invariant when n(=dim M) =2 (see [4],
Lemma 3.1), it is not hard to see that there exists 0 < ro = ro(M, ¢, ¥) < i3 such that

sup/ (Idol* + [¥|*) < €,
By, (%)

xeM

where ¢p > 0 is the same constant as in Theorem 1.4. Hence, the following theorem is an

immediate consequence of Theorem 1.4.

Theorem 1.5. Forn = 2, assume (¢, ¥) € H (M, N) x Sl'g(F(E ® ¢*T N))is a weakly Dirac-
harmonic map. Then (¢, ) € C*®°(M, N) x C®(T'(Z ® ¢*TN)).

We would remark that Theorem 1.5 was proved by Chen-Jost-Li-Wang [5] for
N = SX~! ¢ RX and by Zhu [27] for hypersurfaces N c RX. While we circulated this
preprint, we learnt from Chen that in a forthcoming article [7], Chen-Jost-Wang-Zhu
also independently obtain Theorem 1.5 through a different method.

For n > 3, it is well known in the context of harmonic maps that in order for a
harmonic map to enjoy partial regularity, we need to pose the stationarity condition (see,
e.g. Evans [9], Bethuel [2], and Rivieré [21]). For the same purpose, we also introduce the

notion of stationary Dirac-harmonic maps.

Definition 1.6. We call a weakly Dirac-harmonic map
(¢, %) € H' (M, N) x SV3(T(E @ ¢*TN))

to be a stationary Dirac-harmonic map, if, in addition, it is a critical point of L(¢, ¥) with
respect to the domain variations, i.e. for any family of diffeomorphisms F;(x) := F(t,x) €
CY((—1,1) x M, M) with Fy(x) = x for x € M, and F;(x) = x for any x€ M and t € (—1,1)
when dM # ¢, then we have

d
at

[/ (|d¢t|2+<wt,Dwt>)dvg]=o, (8)
t=0 M

where ¢;(x) = ¢(F;(x)) and ¥ = ¢ (F¢(x)).

Motivated by [4], we define stress-energy tensor S for a stationary Dirac-harmonic
map (¢, ) by

Saﬁ=<8¢ a_¢

EI 3Xﬁ

1 1 d
>—§|d¢|23aﬂ+§Re<w,EoVBiﬁ¢>, 150[,/35”, 9)

where {%} is a local coordinate frame on M.
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It turns out that the stationarity property is equivalent to that the stress-energy

tensor S is divergence free (see Lemma 4.2):

9
Y — (Vag’Ss) =0, 1<y <n, (10)
0 Xy
a,f
in the sense of distributions.
An immediate consequence of (10), which we prove in Section 4, is the following

Liouville property of stationary Dirac-harmonic maps.

Theorem 1.7. Forn > 3, let (M, g) = (R", go) be the n-dimensional Euclidean space asso-
ciated with the spinor bundle X. If (¢, ) € H'(R"*, N) x SU3(M(Z ® ¢*TN)) is a stationary

Dirac-harmonic map, then ¢ = constant and ¢ = 0.

In dimensions n > 3, the stationarity property is a necessary condition for
smoothness of weakly Dirac-harmonic maps. In fact, Chen-Jost-Li-Wang [4] proved
that any smooth Dirac-harmonic map (¢, ) € C*(M, N) x C*(I'(X x ¢*TN)) has its stress-
energy tensor divergence free and hence is a stationary Dirac-harmonic map. Hence, The-
orem 4.3 extends a corresponding Liouville theorem on smooth Dirac-harmonic maps by
Chen-Jost-Wang [6].

An important implication of (10) is the following monotonicity inequality (see
Section 4): there exist 0 <rg < iy and Co > 0 depending only on (M,g) such that if
(¢, ) € H'(M, N) x S5 (I'(S ® ¢*TN)) is a stationary Dirac-harmonic map, then for any
Xp € Mand 0 < r <ry, it holds

i <eCOrr2n/ |d¢|2dvg) > ngrr27n/ 2 ‘8_¢
dr B (x) 0B, | OT

9
+ec°rr2‘"/ Re(y, —oVay)dH" . (11)
3B, (x0) ar o

2
dH™!

However, we point out that (11) does not yield that the renormalized energy
gborr?—n fB,(x) |d¢|*dvg is monotone increasing with respect to r, since the second term of
the right-hand side of (11)

d
eCOrrz‘"/ Re<w,— OVaI/f>dHn_1
3B,(x) or

may change signs. In order to utilize (11) to control r>—" fB,(x)(|d¢|2 + |¥|*) dvg, we need

to assume dy € LP for some p > 2?” In fact, we have the following theorem.
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Theorem 1.8. Forn > 3, let (¢, ) € H(M, N) x SN ® ¢*TN)) be a stationary Dirac-
harmonic map. If, in addition, dv € LP(M) for some p > 2?”, then there exists a closed
subset S(¢) C M, with H"2(S(¢)) = 0, such that (¢, ) € C®(M \ S(¢)).

Now let us outline the main ingredients to prove Theorem 1.4 as follows.

(1)

(2)

3)

(4)

(6)

We observe that the Dirac-harmonic property is invariant under totally
geodesic, isometric embedding. More precisely, let @ : (N, h) — (V,h) be a
totally geodesic, isometric embedding map. If, for¢ : M - N and ¢ e I'(E ®
¢*TN), (¢,¥) is a weakly Dirac-harmonic map, then for ¢ = ®(¢): M — N
and ¥ = ,(y) = ' ® ;2-(9) € [ ® $*TN), (§, ¥) is a weakly Dirac-harmonic
map.

By employing the enlargement argument of Hélein [15, 16] in the context of
harmonic maps, we can assume that TN](P(M) is trivial so that there exists an
orthonormal tangent frame {e;}¥_, on ¢*TN.

We use this moving frame to rewrite the Dirac-harmonic map equation (5)

into the form

d*((de,e) =) _ Oy(de,e)), (12)
J

where © = (0;j) € L%(By, (x0), so(n) ® A1(R")) satisfies |®| < C(|d¢| + [¥]2).

The smallness condition (7) guarantees that we can apply the Coulomb gauge
construction, due to Revieré [22] (n = 2) and Rivieré-Struwe [23] (n > 3), to
further rewrite (12) into an equation in which the nonlinearity has the Jaco-
bian determinant structure similar to that of harmonic maps.

We utilize the duality between the Hardy space and Bounded Mean Oscil-
lation (BMO) space to obtain a decay estimate in the Morrey space, which
yields the Hoélder continuity of ¢.

By adapting the hole-filling technique developed by Giaquinta-Hildebrandt
[13]in the context of harmonic maps, we establish the higher order regularity
of (¢, ). We point out that in dimension two, a different proof of higher
order regularity of Dirac-harmonic maps has been provided by Chen-Jost—
Li-Wang [5].

As a byproduct of the rewriting of Dirac-harmonic maps under the above Coulomb

gauge frame, we also obtain a convergence theorem of weakly convergent sequences of

approximate Dirac-harmonic maps in dimension two, which extends a corresponding

convergence of approximate harmonic maps from surfaces due to Bethuel [3] (see also
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Freire-Miiller-Struwe [11], Wang [24], and Rivieré [22]). More precisely, we have the fol-

lowing theorem.

Theorem 1.9. For n =2, let (¢p, ¥,) € H (M, N) x SV3(I(T ® ¢*TN)) be a sequence of

weak solutions to the approximate Dirac-harmonic map equation

T(¢p) = RN((bp; wp) + up/ (13)
DY, = vp. (14)

Assume that u, — 0 strongly in H (M) and v, — 0 weakly in L3 (M). If ¢p— ¢ in
H'(M,N) and ¢, — ¢ in S%3, then (¢, ¥) € H'(M, N) x S"3(I'(S ® ¢*TN)) is a weakly

Dirac-harmonic map.

The paper is organized as follows. In Section 2, we rewrite the equation of Dirac-
harmonic maps via moving frames. In Section 3, we use the Coulomb gauge construc-
tion, duality between Hardy space and BMO space, and a decay estimate in Morrey
space to first prove the Holder continuity part of Theorem 1.4 and then adopt the hole-
filling technique by Giaquinta—Hildebrandt [13] to prove the higher order regularity
part of Theorem 1.4. In Section 4, we discuss various properties of stationary Dirac-
harmonic maps and prove Theorems 4.3 and 1.8. In Section 5, we prove the convergence
Theorem 1.9.

2 Dirac-Harmonic Maps via Moving Frames

In this section, we first show that a Dirac harmonic map (¢, ) is invariant under a
totally geodesic, isometric embedding so that Hélein's enlargement argument (see [15, 16])
guarantees that we can assume there is an orthonormal frame {ei}i-‘:1 of $*TN. Then
employing this orthonormal frame, we write the equation of Dirac-harmonic maps into
the form (12).

We begin with the following proposition.

Proposition 2.1. Let (IV, k) be another compact Riemannian manifold without boundary
and f: (N, h) — (1'\7, h) be a totally geodesic, isometric embedding. Let (¢, ¥) € H' (M, N) x
SU3(MN(EM ® ¢*TN)) be a weakly Dirac-harmonic map. Define & = f(u) € H' (M, N) and
1; = fily) =v'® aizi(a) eSS ® (5)*T1V)). Then (a, 1;) is also a weakly Dirac-harmonic

map.
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Proof. By the chain rule formula of tension fields (see Jost [18]), we have

(@) = e[V Af(dg, dg)] + filcld) = £lrl) = LRV (@, ),

where we have used the fact that f is totally geodesic, i.e. VﬁT’vdf =0, and the Dirac-
harmonic map equation (5).

Set N = F(N). Then (IV, h) is a totally geodesic, submanifold of (N, h). Moreover,
if y=(w,..., %) is a local coordinate system on N, then z = (zy,...,2z) = f(y) is a local
coordinate system on N and -2 I = = fi5 0 ) 1 <i < k is a local coordinate frame on N. Since

f:(N,h) - (N, h) is an isometry, we have

f.RY (¢, ¥)) f*<2( I AR wf)ai(qs))
)7

m

N —

—~ ~ , ~ R
(RV@NY, V' 0 y) (@)
Zm

NG, 9 =RY@, D),

E
“:\2

where we have used the fact that (Rﬁ);’fj@) = (RN)h] (#) in the last two steps, which follows
from the Gauss—Codazzi equation since N C Nisa totally geodesic submanifold.

To see that ¥ satisfies (6), denote D as the Dirac operator along the map #. Then
it follows from (2.6) in [4] that

Dy = £.(DY)+ (Vo o w1)®vf‘*“’df<ay a?/>_0'
i J

where we have used the fact that both Dy = 0 and VﬁTﬁdf =0. |

With the help of Proposition 2.1, we can now adapt the same enlargement argu-
ment as that by Hélein [15, 16] and assume that (I, h) is parallelized. Hence, there exists
a global orthonormal frame {el} *, on (N, h). Set g(x) = &(¢(x)), 1 <i <k. Then {g} is an
orthonormal frame along ¢*TN. Using this frame, we can write the spinor field ¢ along

map ¢ as
koo .
y=Y yioea v el(®), 1<i<k.
i=1

Let {8 , be a local coordinate frame on M. Recall the tension field of ¢ is
defined by (see Jost [18])

o) =gV (2.

%X 3Xﬂ
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Denote the components of t(¢) and Dy with respect to the frame {e;} by
(@) = (t(¢), @)gen, 1 <1<k,
(DY) = (DY, ey, 1 <i <k.

Under these notations, we have the following lemma.

Lemma 2.2. If (¢,v¥) € H' (M, N) x SL3(r(E ® ¢*TN)) is a weakly Dirac-harmonic map,

then it holds, for 1 <i <n,

(Dy) =0, (15)

(@) = RY(¢)le;, €], e, em) ($:(E), €)gn(¥™, &0 ¥, (16)

where {£,}]_, is a local orthonormal frame on M.

Proof. It suffices to prove (16). To do this, let {¢;} be a variation of ¢ such that a.%hzo =
n=n'e for (n!,...,n%) € C°(M, R¥). Then we have v, = ¥’ ® e;($;). Then we have

aa—tDwt—avf ® Vaeilpe) + (6 0 ¥') ® Vi Vi, €i(¢r)
= 9’ @ Vaeild) + (6 0 ¥') ® Ve, Vaeilge) + (€ 0 ¥') ® RV (@) <— sa)elqst
=D (V' ®Vsaln) + (€ oy & R g) (%s) ile).

This, combined with the fact that Dy = 0 and D is self-adjoint, implies

d d ad
EH:O/M(%,D%)dUg = /M<%|t:01ﬂthlﬂ>+/M<1ﬂ,a—t|t=0D¢t>

- / (W', & o vl) (e BTV, gul)le;) dug
M

:/ N (BulEa), em) (Y, & o W) (e, RY (e, em)e)) dug,
M

On the other hand, it is well known that

dt}t 0/ |de:l® dvg—zf (t(®), @)n’ dvg = 2/ He)n' du.

Hence, combining these formulae together, we obtain (16). |
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3 The e-Decay Estimate and Regularity Theorem

In this section, we utilize the skew symmetry of the nonlinearity in the right-hand side
of the Dirac-harmonic map equation (16) and adapt the Coulomb gauge construction
technique developed by Rivieré [22] (n = 2) and Rivieré-Struwe [23] (n > 3) to establish
an energy decay estimate for Dirac-harmonic maps in Morrey spaces under the smallness
condition. As a consequence, we prove the Hélder continuity part of Theorems 1.4 and 1.5.

Since the regularity issue is a local result, we assume, for simplicity, that for
Xp € M, the geodesic ball B;,(x) C M with the metric g is identified by (B,, go). Here B,
is the ball centered at 0 and radius 2 in R”, and g, is the Euclidean metric on R". We
also assume that the spin bundle ¥ restricted in B, is given by X|p, = B, x Cf, with
L =rankcX.

Let (¢, ) € HY(By, N) x SY3(B,, Cl @ ¢*TN) be a weakly Dirac-harmonic map and
{ei}i?zl be an orthonormal frame of ¢*T N as given in Section 2. Write ¢ = ¢! ® e; for some
yieCl1<i<k.

Now we define 2, the k x k matrix whose entries are 1-forms, by

n k
d
Q5 = Z |: Z RN(¢)(ei,ej,ez,em)<w’", F o w’ﬂ dx,, forl<i,j<k. (17)

a=1 LI,m=1

Then we have the following simple fact.

Proposition 3.1. Let Q be given by (17). Then Q;; is real valued forany 1 <i, j <k, and

Q is skew symmetric, i.e.

Proof. First observe that the skew symmetry of Clifford multiplication o and the prop-

erties of Hermitian metric (-, -) give

0
ypm, Loyt = [ Loytym) = [yt Loy,
3, 3, 0
On the other hand, the curvature operator RY(¢)(., -, -, ) is skew symmetric in its last two

components:
RY()(-,-, e, emn) = —RY(®)(-, -, em, &).

Thus, we conclude that

2D

ij = Qj,
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so that Q is real valued. Here Q;; = —Qj; follows from skew symmetry of RY¥(@)(-, -, -, ")

with respect to its first two components. |

In terms of 2, the Dirac-harmonic map equation (16) can be written as

k
T =) Q- (dde), 1<i<k, (18)

j=1

where - denotes the inner product of 1-forms, and (d¢, e;) = Zzzl(g—i, ej)dx,.

Denote by d* the conjugate operator of d. Then we have, for 1 <i <k,
d*(d¢, &) = (t(9), &) + (d¢, de) = T'(¢) + (dei, e) - (do, e)).

Hence, we have

k
d*((d¢,e)) =) Oq-(de,a); O = Qi+ (dei,ej), V1 <i,j<k. (19)
=1

Before proving Theorem 1.4, we recall the definition of Morrey spaces.

Definition 3.2, Forl < p<n,0 < A <n,and adomain U < R", the Morrey space MP*(U)
is defined by

MPAO) = | f € LT (0): 1 Fllursn < +oo)

where
IV = sup [ [ 1173, < 0.
B,

It is easy to see that for 1 < p < n, MP™*(U) = LP(U) and MPP(U) behaves like L"™(U) from

the view of scalings.

Now we recall the Coulomb gauge construction theorem in Morrey spaces with
small Morrey norms, due to Rivieré [22] for n = 2 and Rivieré-Struwe [23] for n > 3,

which plays a critical role in our proof here.

Lemma 3.3. There exist €(n) > 0 and C(n) > 0 such that if R € L%(B;, so(k) ® A!R™) sat-

isfies

I Rllp22(5,) < €(n), (20)
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then there exist P € H'(B;,SO(k)) and & € H(B;, so(k) ® A?R™) such that

P 'RP+ P 'dP =d*: in B, (21)
dé =0 inB;, &=0 ondB;. (22)

Moreover, VP and V£ belong to M%?(B;) with
IV Pllpz2s,) + IVE I m22m,) < C(0)|| Rl m22(8,) < C(n)e(n). (23)
Here so(k) denotes a Lie algebra of SO(k).

The crucial step to prove Theorem 1.4 is the following lemma.

4

Lemma 3.4. There exist €y > 0 such that if (¢, /) € H'(By, N) x S''3(By, Ct ® ¢*TN) is a

weakly Dirac-harmonic map satisfying
IV 32, + 1V 32, < €5 (24)
then for any « € (0, 1), ¢ € C*(B;, N). Moreover,

[@lca(z) < ClIVPlnz2s,)- (25)

Proof. By Proposition 3.1 and (19), we have ©® = (8;;) = (Q;; — (g, dej)) € L%(B;,sok) ®

A'RD), Moreover, (20) implies
1©lae2s) < CN[II1Y 12225, + IVllme2m,)] < C(Nep < €(n),
provided ¢; > 0 is chosen to be sufficiently small, where €(n) > 0 is the same constant
as in Lemma 3.3. Hence, applying Lemma 3.3 with R replaced by —®, we conclude that
there are P € H!(B;,S0(k)) and £ € H'(By, so(k) ® A'R®) such that
PldP-P'O@P=d*, dé =0 inB;, £ =0 on 3B, (26)

and

IVPlmz2y) + IVE e, < CM)IO|arzp,) < Cnleo. (27)
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Write P = (P;j), P! = (Pj;), and & = (§;;). Since P™'P = Iy, we have dP~! = —P~'dPP~!.
Multiplying P! to (19) and applying (26), we obtain

(do, er) (do,er)
d | p! : =[dP'P+P'OP] P!
(do, ex) (do,ex)
(d¢, er)
= —d*¢.- P! : . (28)
(d¢, ex)

The components of (28) can be written as
—d*(Pji(d¢, ej) = d"&; - (Pm(dg,em)), 1 <i <k, inB. (29)

To proceed, recall the definition of BMO spaces. For any domain U C R"”, BMO(U)

is defined to be the set of functions f € Lioc(U) such that

[ flemo(w) = sup { |f— fildx: B, C U} < +o0,

|Br| B,
where f. = ﬁ /, B, fis the average of f over B,. By Poincaré inequality, it follows that
[flemow) < CIIV fllmerw), Y1 < p<n. (30)
Forany 0 < R < %, let Bg C B be an arbitrary ball of radius R and n € C§°(B;) be
such that0 <n <1,n=11in Bg, n = 0 outside Byg, and |Vy| < %. Forl <i <k, let
Pji(d(¢p — ¢ )n),ej) =dfi+d*g; inR" (31)
j=1

be Hodge decomposition of Z’;zl Pji(d((¢p — ¢r)n),ej) on R", where f; e H'(R"), g; €
HY(R", A2R™) is a closed 2-form, i.e. dg; =0 in R" (see Iwaniec-Martin [17] for more

details). Moreover, we have the estimate
IV fill Lzwe + IVGillL2wn < CllAdPlL2(8,m)- (32)
Taking d* of both sides of (31) and applying (29), we have that for 1 <i <k,

—Afi = d"q - (Pu(dé, en)) in Bg, (33)
Ag; = dPj; A{dp,e;) + P;dp Adej in Bp. (34)
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Now we define two auxiliaries f? € H!(Bg) and g? € H'(Bg, A’R") on Bg by

Af? =0 in Bg, f?* = f; on dBg, (35)

Ag? =0 in Bg, g> = g; on dBg. (36)

Set f! = fi — f? and g} = g; — g?. Then f! and g} belong to H(Bg). For 1 < p < -5, let
p= p—f’l be its Holder conjugate. Recall the duality characterization of ||Vu| iz, for
u € W, P(Bg):

IVullzpp, < C sup {/ Vu-Vvdx: ve W&"’(BR), IVl (5, < 1}. (37)
B

R

Since p’ > n, the Sobolev embedding theorem implies that W(}'p,(BR) — Cl_ﬁ(BR) and for
v € WyP (Bg), with | V]|, < 1, there holds

-

7, |Vvllpap,y < CR2 V. (38)

R

lvllzepy < CR

For any such v, we can employ (33), upon integration by parts, use the duality be-
tween the Hardy space H' and the BMO space to estimate f!, similar to Bethuel [2] and
Rivieré-Struwe [23], as follows:
/ Vf-Ve= —/ Afi-v=[| d*& - (Puld¢, em)) v
B Br B
=— i d*& - d(Prmenmv) (¢ — @r)
R
Clld* & - d(Pimemv) ) [@lemosy
< CIIVE€lL2my (IVP L2 + 1VOlL280) 101l %8 [Plamorzs
+ ClIVEl L2 IVl 28R [@leMmo(B,)
< C&R'T [R*¥ Il(an + IV llz2(50 | 191emots

< CeoRZ |R-7H7 n_n
=t + R2 7 | [plemo(BR)

IA

< CeRr ! [Plemo(zs) -

where we have used that |Ven, |25y < ClIVPI L2y, (47), (27), and (38) in the derivation of

these inequalities. Taking supremum over all such v's and using (37), we obtain

(RP" / |Vf3|p>p < Ceo [Blamoiay - %9
Br
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The estimation of g} can be achieved in a way similar to that of f. In fact, for
any v € Wol’p(BR) satisfying (38), we have

/Vg}-w:—f Ag}.uz—f Agi - v
Bgr Bgr Br

= —/ [dei A (d¢>,ej) + Pjid¢ A dej] v
Br

| 1dPi ndlve) +d(P) A dej)é — 3
< ClIld Pj; A d(vej)llyrn) + 1A (Pjiv) A dejliwn)] [Plmoss)
< CIIVPI 2y (IVVl 280 + 1VOl 2 1V 2> (B2 [$lpmo(s

+ CIVPllz2en (V2B + IV P2 Ivliz~30) [#lemos,)

< CeoR? ' [Plsmoz, -

Taking supremum over all such v’s and using (37) yield

%
<an / Vg |p> < Ceo [@lzmosy- (@0
Br

Now we want to estimate f? and g2. Since both f? and g? are harmonic, by the
classical Campanato estimates for harmonic functions (see, e.g. Giaquinta [12]), (39), and
(40), we have that for any 0 < r < R, it holds

o [ LR vat ) 2 o) {moe [ 11w vt

p
§C<£> Rpin/ [(IVAIP+1VGlP) + (IV 1P+ Vg 1P)]
R Br
r\P -
= C(ﬁ) RP /BR IVoI? + 65[¢]BMO(BR } (41)

Therefore, using (31), (39)—(41), and

x~

ldo| < max Z (do, e,

we have

o [ vgrr < crmn [V P lwat) < e [ 9P+ i9gt

B, B,

-

{RP g 1P+ [¢JBMOBR}+Cr” g NOZAE 7

Br

p —-n
{Rp—n Vo|P + [1 + (1—:) eg} [¢]§MO(BR)} . (42)

| /\
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As in [23], wesetfor x € By and 0 <r <1,

O (xp,7) = rp‘"/ Vo|?,

r(X0)

and forO < R<1,
V(R) = sup {®(xp,7): X € By, 0<r < R}.
Then we have

SUP [BlEno (s, = CV(R).
X€EB,

Thus, (42) yields that there is a universal constant C > 0 such that for any x € B; and
0<r<R<1,itholds

®(x0,7) < c(%)p [1 n (}%)neé)} W(R). 43)

Now for any given « € (0, 1), choose A € (0,1) such that 2C < AP®~V, and choose ¢, > 0
such that €} = A". Then we have that

®(xp, AR) < 2CAP¥(R) < AP*W(R) < AP*W(Ry) (44)

holds for any x € By, 0 < Ry < 1, and 0 < R < R. Taking supremum with respect to x
and R < Ry gives

W(ARy) < AP*W(Ry), VO < Ry < 1. (45)

The iteration of (45) yields
o\ P
U(r) < (E) W(Ry),Y0 <7 < Ry < 1. (46)

This, combined with Morrey's decay lemma (see Giaquinta [12]), implies that for any
a €(0,1), ¢ € C*(By) with [plce(p,) < CIVP|m22(8,)- [ |

Next we present a proof on the higher order regularity of (¢, ). The ideas are
suitable modifications of the hole-filling-type argument by Giaquinta-Hildebrandt [13]
in the context of harmonic maps. More precisely, we have the following C!*-regularity

lemma.

Lemma 3.5. There exist ¢y > 0 such that if (¢, ) € H(B,, N) x SVi(B,, Cl ® ¢*TN) is a

weakly Dirac-harmonic map satisfying

IVPl3paz, + 1V [ 3p2m,) < €5 (47)
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then there exists u € (0,1) such that (¢, ) € C**(B;, N) x C'*(B,,Ct ® ¢*TN).

Proof. The proof is divided into several steps.

Step 1. For any 8 € (0, 1), there exists C > 0 depending only on ¢; such that

rz_"/ lW*<Cr*, Vxye By, andr < — (48)
r(x0) 2
To see this, first observe that the equation Dy = 0 can be written as
_ _pi® -
oy’ ——Fl(¢) —OI[/ V1 <i<k, (49)

where F}l(¢>) is the Christoffel symbol of (IV, h) at ¢. Note that the Lichnerowitz’s formula
(see [19]) gives

. . 1 . .
82wl — _Awl + ERI/fl — —Allfl,

since the scalar curvature R = 0 on Q. Therefore, taking 9 of (49) gives

i ot @2 (2 5y
Ay —3|:sz(¢)8&[ <8Xa W)] (50)
Letn € C5°(R") besuchthat0 <n <1,p=11in B%(Xo), and n = 0 outside B,(xp). Define
Py 0G(x,y) 9 9t KB
Vi) = / T [ s ( mp) }(y) dy, (51)

where G(x, y) = ¢,|x — y|*> " is the fundamental solution of A on R". Then it is easy to see

/ (InVelIny Ny

g 47 =Chlneling s, (52)

lyi|x) <cC

where I; is the Riesz potential operator of order 1, that is the operator whose convolution
kernel is |x|'™"*, x € R™. Since V¢ € M?*?(B,) and ¥ € M*?(B,), by the Hélder inequality we
have |Vo||y| € M32(B,). Hence, [nVe||ny| € M32(R") and

MnVelnYilys2gm = CIVOIVINL 524 o) = CIVIm2E w1V a2, o) -

By Adams’ inequality on Morrey spaces (see Adams [1]) I; : M3-2(R") — M?(R"), we have

193z < € HIVOUNY I s 2y < CUTSlnr2208, 000 1V nas28, 500 - (53)

By the definition of ¥, we have

. ) a Yo
st (o)) s ()] o
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so that Ay — wé) = 0 on B:(x). Hence, by the standard estimate on harmonic functions

and (53), we have that for any 6 € (0, }),
19"~ il semion =< COF " = V3 agsags, o = COZ IV lnrzia, - (54
Putting (53) and (54) together gives
19 25,000 < C (07 + €0) 1Vl as(p, - (55)
For any 8 € (0, 1), choose 6 = 6(B) € (0, %) such that 2C < 0"z and then choose €o such that

2Ce¢y < (9%, we would have

s
1Y | a222(Bor (o)) < 02 1V || a22(B, (x0)) - (56)

By iteration, this clearly yields (48).

Step 2. Forany B8 € (0,1), % € B;,and 0 <r < %, it holds
r2n / V| < Cleg)r?’. (57)
By (xo)
To do it, let v € H'(B,(xp), R¥) be such that
Av =0 in B,(xy); v=¢ on dB,(xp).
Then the maximum principle and (25) of Lemma 3.4 imply that for any 8 € (0, 1)
v = @llz~(B,0) < OSCB,1x) < CTP. (58)

Multiplying (5) by ¢ — v, integrating over B.(xp), and using (58) and (48), we have

/ |V(¢—v)|zsc[f |V¢|2|¢—v|+f |V¢||w|2|¢—v|}
B (x0) B, (xp) B, (xp)

sCrﬂ[/ |V¢|2+/ w}
B, (xp) B (x0)

<crf / V|2 4+ Cr—2+36, (59)
B (x0)
Hence, by the standard estimate on harmonic functions, we have

(Gr)z_”/ IVo|? < 2 [(07‘)2_”/ V|2 4+ (Br)z_”/ |V(p — v)|2]
Byr(xo) Byr(x0) Bor(x0)

< cezrz—"/ IVo|? + 2(9r)2—”/ IV(p — v)|?
B, (x0) B (xo)

<C [(92 + 62 Py 2 f Vol + 92"r3f‘] . (60)
B

- (X0)
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It is not hard to see that we can choose small ry > 0 and 0 = 0(ry, 8, n) € (0, %) such that

foranyO<r<rn
(6r)*~" / Vo[> < 62 r¥n f IVe|? + 127, (61)
Byr(xo) B, (xo)

This, combined with the iteration scheme as in Giaquinta [12], implies that for any
B €(0,1) and xy € B;, it holds

rz_"/ IVo|2 < Cr?®, VO <1 <.
By (x0)

This yields (57).

Step 3. There exists u € (0, 1) such that (¢, ¥) € C1*(B,). As in Step 2, let v € H!(B,(xp), RX)
be a harmonic function with v = ¢ on dB.(xp). Then, as in (59), by using the estimates

from Steps 1 and 2, we would have that for any 8 € (%, 1),

/ Vig— v <C [/ |V¢|2|¢>—v|+/ Vol [y 2 |¢>—v|]
- (X0) B (xp) B (xp)

sCrﬁ[/ |V¢>|2+/ |w|4}scr”—2+3ﬁ.
B (x0) B, (xo)

Hence, using the Campanato estimate for harmonic functions, we have

(er)*"f |V$p — Vy, orl* < 2 [(er)"/ |V — Vg ? + (Gr)’”f V(g — v)|2i|
Byr(xp) Byr(xp) Byr(xp)
<C [ezr—"/ Vo —Vé, 1> + 9—”r3ﬂ—2]
B (x0)
1 _
< —r’”/ |V$ — Vé,, I* +Cro* (62)
2 »(X0) '

provided that we first choose 6 € (0, %) sufficiently small, and then choose ry so small that
CO"r3f-2 <y for 0 < r < ry, where
V_¢Xo,r = ;
| Br(x0)] JB,(x)

is the average of V¢ over B.(xp). It follows from the same iteration scheme as in [12] that
r’"/ V¢ — Vé, 1> <Cr®, ¥xo € By, 0 <1 <y
Br(XO)

This, combined with the characterization of C* by the Campanato space, implies V¢ €
CH(B,). Substituting V¢ € C*(B,) into (49), one can easily conclude that € C'*(B;). R

Thus, we complete the proof of Theorem 1.4.
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Completion of Proof of Theorem 1.4. Combining Lemmas 3.4 and 3.5, we know that
(¢, ¥) e Cl*(B 1 (%p)). The higher order regularity then follows from the standard bootstrap
argument for both (5) and (6). We omit the details. O

4 Stationary Dirac-Harmonic Maps

In this section, we introduce the notion of stationary Dirac-harmonic maps, which is a
natural extension of stationary harmonic maps. Any smooth Dirac-harmonic map is a
stationary Dirac-harmonic map (see [4]). We prove several interesting properties, includ-
ing a partial regularity theorem, for stationary Dirac-harmonic maps. To simplify the
presentation, we assume throughout this section that (M, g) = (2, go), where @ C R" is a
bounded smooth domain and gy is the Euclidean metric on R". Thus, the spinor bundle
¥ associated with M can also be identified by ¥ = Q x CE, L = rankc . We remark that
one can modify the proofs of Lemmas 4.2 and 4.4 and Proposition 4.5 without difficulties
so that (10) and (11) in Section 1 hold for any general Riemannian manifold (M, g), we

leave the details to the interested readers.

4

Definition 4.1. A weakly Dirac-harmonic map (¢, ¥) € H(Q, N) x S'3(Q, Ct ® ¢*TN)) is
called to be a stationary Dirac-harmonic map, if it is also a critical point of L(¢, ) with

respect to the domain variations, i.e. for any ¥ € C§°(22, R"), it holds

d 2

E|t:0 /g; (|V¢t| + (wtl Dl/ft>) = O/ (63)
where ¢;(x) = ¢(x + tY(x)) and ;(x) = ¥ (x + tY(x)).

We now derive the stationarity identity for stationary Dirac-harmonic maps

defined above.

Lemma 4.2. Let (¢,v¥) € HY(Q, N) x Sli(Q, Lt ® ¢*TN)) be a weakly Dirac-harmonic
map. Then (¢, ¥) is a stationary Dirac-harmonic map iff for any ¥ € C3°(2,R"), it holds

/ 9 99 _l|v¢,|23 +1Re 9 \v 8Ya—0 (64)
ol\ox 9x,] 2 R\ ok VY ok, = O 0

Proof. Fort € R with small |¢|, denote y = F;(x) = x+ tY(x) : @ > Qand x = F/!(y). Itis

a standard calculation (see, e.g. [20]) that

d 2 .o 0p 04\ oY 5
EL:O/QIdcth dX_/Q[2<E’E> 7%, V| le(Y)]. (65)
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Now we compute %h:o fQWm D). First, by Remark 1.3, we have

/(Wt,Dl//H:/Re(Wt:DWt)-
Q Q

Before taking %, we perform a change of variable as follows. For y = F;(x), since

8 Byﬂ 8
we have
9 dyp 0
Dy = E(Fc(x)) oV gV = 3%, 3%, —(po Vﬁ‘#
Thus
0 9
/Re wtr Dwt / Z Yﬁ < (Y)OV&'@//>J8CF{1 dY
0%y yp
Since
d - dyp _ Y
EItZOJath = —div(Y) and dt|t 09x, E
we have

d d Y,
EL:O/QRem,Dw:/Re(w Dw>[ l+—oJac(F, } /ZRe<w 2oy, ¢>_ﬂ

axg 0X,
/Re(w Dw)dlv(Y)Jr/ ZRe<¢ —oV.a ¢>8Yﬂ

0%y
0 Y,
=/Re Y, — oV ) —L, (66)
Q 0% ™ [ 0%
where we have used Dy = 0 in the last step. It is clear that (64) follows from (65) and
(66). [ |

It is well known that any stationary harmonic map u : R® — N with finite Dirich-
let energy is a constant map. Here we prove that the same conclusion holds for stationary
Dirac-harmonic maps.

4
Theorem 4.3. For n > 3, assume that (¢, ¥) € H1 (]R” N) x 1163C(F(E x ¢*TN)) is a sta-
tionary Dirac-harmonic map satisfying

/Rn (IVI* + VU [s + [91%) < +oo. (67)

Then ¢ = constant and i = 0.
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Proof. Foranylarge R > 0,letn € C{°(R) besuchthatn =1for|t| < R, n=0for|t| > 2R,

and |n'(¢)] < 4. Let Y(x) = xn(|x|]) € C°(R", R™). Note that

Y X
258 (1xD)8ag + 22 (1))
0xy | x]

Substituting Y into the stationarity identity (64) yields

n_ 20 (1) — 9,
(5-1) [ wotoatin - 5 [ Re(w, -0 v)aix

_ 99 099\ 1 2 1 io a .
_/l;n |:<8X(1’3Xﬁ> 2|V¢>| 5aﬁ+2Re<1ﬁ, i Vaxﬁl/f>:|n(|x|) x

Al

Since Dy = 0, we have

i lV 2 lR 9 v > "(I1x])
—2| ¢l +2 e<w,8ro g )| Il (1x]).

1 0 1
—/ Re<w,—ovow>n(|x|)=—/ Re (1, DY) n([x]) = .
2 Jan 0x, % 2 Jan

The right-hand side can be estimated by

L

L |

1" 1.2\, 1 9 /
il >+2Re<¢, o7 V;Iﬂﬂ 1xIn"(1x])

ar

< c/ [Vl + W IIVy]
Bygr\Br

< c/ [Vl + v * + Vi)
Byr\Br
68)

On the other hand, the left-hand side is bounded below by

n_ 2 n 2

G 1)/Rn|V¢(X)| nix = (5 -1) [ iwor (69)

Since n > 3, (68) and (69) imply

f IVo|? 50/ (Vo +1y1* + V5], (70)

Br Byr\Br
this and (67) imply, after sending R to oo,
IVo|* =0,

i.e. ¢ = constant. Substituting this ¢ into the equation of ¥/, we have 31y = 0 in R". Since
¥ e L*[R"), it follows easily that ¢ = 0. [ |
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Now we derive an identity for stationary Dirac-harmonic maps, which is similar

to the monotonicity identity for stationary harmonic maps.

Lemma 4.4. Assume that (¢,¥) € HYQ, N) x Sl3(Q, CL ® ¢*TN) is a stationary Dirac-
harmonic map. Then for any xy € 2 and 0 < R; < R, < dist(xp, 9€2), it holds

Ry IVo|* dx — Rf‘”f IVo|? dx
B, (x0) Bp, (x0)
z 3
+Re<¢,5ov;w>} dH"1> dr, (71)

= /RZ r27n / 2 ‘a—(ﬁ
R 9B, (x) or
where £ d

ar d|x—xo| *

Proof. For simplicity, assume xp = 0 € Q. The argument is similar to that of Theorem

4.3. For completeness, we outline it again. For ¢ > 0 and 0 < r < dist(0, %), let n.(x) =

ne(|x]) € C§°(Br) besuchthat0 < n. < 1,75 = 1for|x| <r(l —¢). Choose Y(x) = xn,(|x]). Note
Yy

— = Sapne(|x]) + —ng(IXI)
0x, |x]

Substituting Y into (64), we have

Gl
2=n [ (9ptin ) + Re<w,aov&w>neuxn

B, 3

z_/ [ <a¢> 8¢> V| saﬂ+Re<¢ iov w>] (|x|)w
B, 0%y 0 X

=—/J<2—

Using the equation Dy = - o V. L ¥ = 0 and sending ¢ to 0 yield

2 0 ’
—|Veo|“ ] +Re w,aov%w |x]n. (| x]).

2 — n)/ IVo|? dx + r/ Vo> dH™ !
r 0B,

3_¢2

=2r/
3B, or

dH"! ~|—rf Re<1ﬂ,% ov;w> dH" !, (72)
B, "

bl

or equivalently,

i 2—n 2 __ p2—n a_¢
dr<r fBr'W" dx>_r /aBrHar

Integrating r from R; to R, yields (4.4). |

2

+ Re <w, 9 oVa wﬂ dH" 1.
ar ar
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In contrast with stationary harmonic maps, (71) does not imply that the renor-
malized energy

szn/ |V¢|2
Br(xo)

is monotone increasing with respect to R yet. In order to have such a monotonicity
property, we need to assume that Vi has higher integrability. More precisely, we have
the following proposition.

4

Proposition 4.5. Assume that (¢,y¥) € H'(Q, N) x SV'3(Q,Cl ® ¢*TN) is a stationary
Dirac-harmonic map. If, in addition, V¢ € LP(Q) for some %" < p <n, then there ex-
ists Co > 0 depending only on ||Vi| e such that for any x € Q and 0 < R, < R; <
dist(xp, 0€2), it holds

2n

3
Rfﬂ/ ( )|V¢|2 <R IV¢|> + CoR, " (73)
Ry \X0

B 3 BRZ(XO)

Proof. For simplicity, assume x, = 0. For x € 2, denote
) = |Re (v, > 0 V. y ) (x)
f(x) = |Re 1//,5 o %w x)| .

Since V¢ € LP(Q), by the Sobolev embedding theorem we have ¢ € L75(R). Since flx) <

C|y||Vy|, the Hblder inequality implies that f € L9(Q) with g = 2;{’}). Since p> &, it is

easy to see that g > 7. It then follows that for any R < Ry = dist(0,9%),

R R
[Frer [ was (7 dr) il
0 B, 0

- (L) R4 | fllo(aey) < +00, (74)

2g—n

and

R | f < B4 flliase)- (75)
Bgr

Forany 0 < R; <r < Ry < Ry, set

glr) = flx)dH" .
dB,
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Then, by integration by parts, we have

/ f Re<¢ —ovﬂ/f>' dH"!
3B,
Ry
:f 2’”g(r)dr=/ r2”d< f(X)dX)
R R, B,

R,
=R | fdx-R™" / fxdx+(n—2) / rin ( / f(X)dX)-
Bg, r

Bg, Ry

This, combined with (71), implies

Ry
R%‘”/ |V¢|2+R§—"/ f+(n—2)/ rl—n/ f
Bg, Bg, 0 B,
Ry Ry a¢ 2
ZR%""/ Vo[> + R " f+<n—2)f rlf”/ f+/ r“/
Bg, Bg, 0 . Ry 2B, | OT

dH" !,

It is easy to see that this inequality, (74), and (75) imply (73). |

With the help of Proposition 4.5 and Theorem 1.4, we can prove Theorem 1.8.

Proof of Theorem 1.8. For simplicity, assume M = Q C R"” and g = gy is the Euclidean
metric on R". Since Vi € LP(Q2) for some p > <, we have by Sobolev’'s embedding theorem
that v € LY(Q2) for g = n”_p

> 2n. Hence, for any ball Bg(x) C @, by the Hoélder inequality

we have

4
q _4n _an
RZ—"/ )wf(/ ()W) R4 < ||[VY R <. (76)
Br(x) Br(x)

Let €g > 0 be the constant given by Theorem 1.4. For a large constant C(n) > 0 to

be chosen later, define

_ . p2-n 2 Eg
S(qb)—ﬂ{xesz.R /B |V¢|>C(n)}.

R>0 (%)

It is well known (see Evans—Gariepy [10]) that H"2(S(¢)) = 0. For any x; € Q \ S(¢), there

exists rp > 0 such that

2
(2r)? ™ / Vo2 < 0
Barg (o) C(n)

Hence

2n—2€2
sup {rg" f Vg2t < 0.
XBy, (x0) By (x) C(n)
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Applying the monotonicity inequality (73) implies

2n2¢2 3-m g2
2—n 2 0 P 0

su r \Y < + Cor, < =, (77)
p { /B,(X)l ¢| } C(Tl) 0fp 4

X€ By (x0),0<r<rg

provided that we choose C(n) > 2" and ry < (;—Cgo)ﬁ. On the other hand, by (76) we have

2 4 4 oo ef
sup {r _n/ Y] } <IV¥lingro © = 1 (78)
B, (x)

X€ By, (x0),0<r=<ro

<
4|V litp
exists ry > 0 sufficiently small such that

provided that we choose ry < ( =28 Combining (77) with (78), we have that there

2
€
sup {r”[ |V¢|2+r2’”/ |¢|4} <9, (79)
X€ By, (%),0<r=<rp B.(x) B (x) 2

Thus, Theorem 1.4 implies that (¢, ¥) € C“(B%o(xo),N) X C“(B%(XO),(CL ® ¢*TN). Note that
this also yields @\ S(¢), which is an open set. The proof of Theorem 1.8 is now

complete. |

5 Convergence of Approximate Dirac-Harmonic Maps

In dimension two, the weak convergence theorem of approximated harmonic maps or
Palais—Smale sequences of Dirichlet energy functional for maps into Riemannian man-
ifolds was first proved by Bethuel [3]. Subsequently, alternative proofs were given by
Freire-Miiller-Struwe [11], and Wang [25] by employing the moving frame and various
techniques including the concentration compactness method. Very recently, Rivieré [21]
gave another proof using the conservation laws.

In this section, we extend such a convergence theorem to sequences of approxi-
mate Dirac-harmonic maps from a spin Riemann surface. The key ingredient is first to
use the moving frame to rewrite the equation of approximate harmonic maps into the
form similar to (12), and then to use Rivieré’s Coulomba gauge construction technique to
rewrite it into the form (28), in which the concentration compactness method is similar
to that of [11], to pass to the limit.

Since [ |d¢|? + |¥|* is conformally invariant in dimension two, it follows from a

scaling argument and a covering argument that Theorem 1.9 follows from Lemma 5.1.
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For simplicity, we assume that (M, g) = (€2, go) for some bounded smooth domain Q2 C R2

with the Euclidean metric gqg. Denote by B, € R? the ball center at 0 with radius r.

Lemma 5.1. There exists ¢; > 0 such that if (¢,, ¥,) € H'(By, N) x SVi(B,C?® ¢%, TN)

is a sequence of approximate Dirac-harmonic maps, i.e.

T(¢p) = RN(¢p, wp) + Up, Dlﬁp =Vp On B,

u, — 0 strongly in H'(B,) and v, — 0 in L3(By),
and
f (IVopl* + [¥pl*) < €. (80)
B

If (¢p, ¥p) — (@, ) in H'(By, N) x SV4(By, C2 @ RX), then (¢, ¥) € HL(By, N) x SV (B,, C? ®

¢*TN) is a weakly Dirac-harmonic map.

Proof. First observe that the argument of Proposition 2.1 can be easily modified
to show that if (ITI, h) is another Riemannian manifold and f:(N,h) — (ITI, h) is a
totally geodesic, isometric embedding, and if we set é = fl¢) and ¥ = £.(y), then
(¢, ¥) € H(By, N) x SV3(B,C* @ (@)*TN) is a sequence of approximate harmonic maps
with (up, vp) replaced by (i, V), where @, = fi.(up) and v, = fi(vp). Moreover, it is easy to
check that

i, — 0 strongly in H™(B;) and ¥, — 0 in L3 (B),

$p— & = fl§)in H'(By), ¥, — ¥ = fil) in S3(By),
and
f IVpl? + 1Y% < €2.

B

With this reduction, we may assume that there exists a global orthonormal frame {&}%_,
on (N, h). For any p, let ef = &l¢p), 1 <i <k, be the orthonormal frame along with ¢,.

Then, similar to Lemma 2.2, Proposition 3.1, and (19), we have
dd’pr Z @ d¢p! 1 pl (81)

where

@f’j:Qf’j—i—(def,ef), 1<i,j<k; ul

p=<upreip)! ]- ELSkI (82)
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and

a=1

I, m=1

Since ©F = (@5) satisfies

[ 10 = [ 15yl 1wl < céb < e
By B

provided €; < \/», where ¢y is the same constant as in Lemma 3.3. Hence, Lemma 3.3

implies that there exist QP € H'(B;,SO(k)) and £ € H'(B,, so(k) ® A2R?) such that

(QP)"'d QP — (QP)"'OPQP = d*EP in B, (84)
déP =0 in By, P =0 on 4B, (85)

and
IVQPlL2s,) + IVEPL2(8,) < ClIOP||L2(8,) < Ceo. (86)

Multiplying (81) by (QP)~! (see also (28)), we obtain

(dyp e (dop ef) up
d* | (ap)™! : = —d*&P.(QP)! : +@n | . (87)
(dp, ef) (dgp.ef) Up

Since ef = &¢p), itis easy to see that for 1 <i <k, ef’ — g = &(¢) in H'(B;) and hence {g;}
is an orthonormal frame along the map ¢.

After passing to possible subsequences, we may now assume that

QP — Q weakly in H!(B,,SO(k)), strongly in L%(B;,SO(k)), and a.e. in By,

£P — & weakly in H'(By, so(k)), strongly in L?(B;,so(k)), and a.e. in B;.
It is not hard to see that
(de?, ef) — (de;, ej) weakly in L%(B,).

Since (Qf’j) is bounded in L2(B;) and

n k
ad
Qp - QL] = E |: E RN(¢)(ei, ejl e, em) <",ﬁm, a 9] wl>:| d&y, a.e. in Blr
I m=1

a=1
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525. — Q;; weakly in L%(B,). Hence, ®5- — 0, = Q;; + (de;, e;) weakly in L?(B;). Thus, send-
ing p — oo, (84), and (85) yields that Q, &, © satisfy

0~ 'da - Q0'®Q =d*¢ in By, (88)
dé =0 in By, £ =0 on 9B;. (89)

Since up — 0 in H'(B;), we have

o

@1l |—=o (90)
U
in the sense of distribution on B;. It is also easy to see
(d¢p' eiv) <d¢, er)
d*|(apn! : —d*| Q™! : (91)
(d¢pl e]f) <d¢l ek>

in the sense of distribution on B;.

Now we want to discuss the convergence of
(dop er)
Ay, :=d*EP-(P)! :
(dop €r)
Note that the ith component of A, Ai,), is given by
A, =d'e] - (Quldép eh)) = (d"&7 - dop (Qmer))-
For this, we recall a compensated compactness lemma; see Freire-Miiller-Struwe

[11] and Lemma 3.4 of Wang [24] for a proof.

Lemma 5.2. For n =2, suppose that f, — f weakly in H'(B;), gp — g weakly in
H'(B;, A*R?), and h, - hweakly in H'(B,). Then, after passing to possible subsequences,

we have
dfp-d*gp-hp—df-d*g-h+v (92)

in the sense of distributions on B;, where nu is a signed Radon measure given by
V= Z aj(SXj,
jeJ

where J is at most countable, a; € R, x; € By, and Zjej laj| < +oo.
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Applying Lemma 5.2, we conclude that for 1 <i <k,
A, — A= d"& - (Qu(dé,en) +v' in By (93)
where
V= Za;(SX;;, Z |la}| < 4o0.
j=1 j=1

Putting (91), (93), and (90) into (87), we obtain

(do,en) (do,en) vl
a*|a™ : =-d*%-Q! : +1: 1 (94)
(d¢, ex) (d¢, ex) Ve
Note that (94) implies
)l

“H(B1) + L'(By),

vk

so that vi = 0 for all 1 < i < k. Therefore, we have
<d¢rel> <d¢l el)
d | Q™ : =-d*¢-Q! : : (95)
(do,ex) (do,ex)

This and (88) imply that

k
d*({(d¢,e)) = Z ©;; - (do, ej).
j=1
Note that this equation is equivalent to the Dirac-harmonic map equation t(¢) = R¥(¢, ¥).
Now we want to show Dy = 0. To see this, observe that if we write y, = ¥}, ® e/

— i ®eP -
and v, = v, ® ¢, then Dy, = vp becomes

ad
Iyl = ,(¢p)< %p o j’> oyl + vl (96)
It is easy to see that, after taking p to oo, (96) yields
ad
by =T (¢>< 0 >—owl,
0%

which is equivalent to Dy = 0. Thus, the proof is complete. O
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Proof of Theorem 1.9. Define the possible concentration set

C = ﬂ {XG M: lipnlinff (IVepl2 + [¥pl*) > 612}
© (

R>0 Brlx)

Then, by a simple covering argument, we have that C is at most a finite subset in M. By
the definition, we know that for any x5 € M \ C, there exist ry > 0 and a subsequence of
(¢p, ¥p), denoted by itself, such that

lim (IVepl* + ¥pl*) < €f.
P=00 J By (x0)

Applying Lemma 5.1, we conclude that (¢, ¥) is a weakly Dirac-harmonic map on By, (xp).
Since xy € M\ C is arbitrary, this implies that (¢, ) is a weakly Dirac-harmonic map
on M\ C. Since C is at most finite, one can easily show that (¢, ) is also a weakly
Dirac-harmonic map on M. Hence, Theorem 1.5 also implies that (¢, ) is a smooth

Dirac-harmonic map on M. The proof is now complete. |
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