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Abstract

For a n-dimensional spin manifold M with a fixed spin structure and a
spinor bundle XM, we prove an e-regularity theorem for weak solutions to the
nonlinear Dirac equation of cubic nonlinearity. This, in particular, answers a
regularity question raised by Chen-Jost-Wang [5] when n = 2.

1 Introduction

Linear Dirac type equations, including the Cauchy-Riemann equation in dimension
two, are the most fundamental first order system of elliptic equations. During the
course to study Dirac-harmonic maps with curvature term from a Riemann surface
into a Riemannian manifold, Chen-Jost-Wang [4, 5] introduced the nonlinear Dirac
equation with cubic nonlinearity:

Z L Ryl 1< < N. (1)

7,k 1=1

In dimension two, an interesting feature of this nonlinear Dirac equation is that it is
conformally invariant and has critical nonlinearity, where the classical methods fail
to apply. Thus it is an interesting question to study the regularity of weak solutions
of (2). The aim of this short note is to provide an elementary proof of a general
regularity criterion for (1).

In order to describe the results, we briefly review some background materials
on spin manifolds. The interested readers can consult with Lawson-Michelsohn
[6], Chen-Jost-Li-Wang [2, 3] for more details. For n > 2, let (M,g) be a spin
manifold with a given spin structure and an associated spinor bundle ¥. Let (-, -)
be a Hermitian metric on 3 and V be the Levi-Civita connection on ¥ compatible
with both (-,-) and g. The Dirac operator on M is defined by § = e, o V., where
{ea}l_; is a local orthonormal frame on M, and o : TM ®¢ ¥ — X is the Clifford
multiplication.
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Now let’s write (2) into the form
P = Hi (7, "), (2)

where ¢ = (1, V) € OV, N > 1, Hpy = (H]lkl, . ,H%,) € C%(M,RN).

We refer the readers to [5] §1, where the authors discussed two interesting ex-
amples in which (2) arises naturally. The first example is the Dirac-harmonic map
(¢, 1) associated with the Dirac-harmonic energy functional with curvature term,
a nonlinear o-model in the superstring theory, in which the nonlinear Dirac equa-
tion for v reduces to (2) when ¢ is a constant map. The second example is the
Weierstrass representation formula for minimal surfaces X immersed in R3 by holo-
morphic 1-forms and meromorphic functions, in which an equation of the form (2)
appears naturally.

It turns out that the underlying function space for the equation (2) is L*(M).
As pointed out by [5] that any weak solution ¢ of (2) is smooth provide ¢ € LP(M)
for some p > 4. In [5], the authors proved three interesting analytic properties of (2)
for n = 2: (i) the gradient estimate for smooth solutions 1 of (2) under the smallness
condition of L*-norm of 1, (ii) the isolated singularity removable theorem, and (iii)
the energy identity theorem for sequentially weak convergent smooth solutions of
(2). At the end of §1 in [5], the authors asked

Conjecture 1.1 For n = 2, any weak solution 1 € L*(M) of (2) is smooth.

In this short note, we answer Conjecture 1.1 affirmatively. In fact, we prove a
general regularity theorem for weak solutions of (2) in any dimensions. The ideas is
based on an application of the estimate of Reisz potentials between Morrey spaces,
due to Adams [1]. Similar techniques have been employed in the proof of higher
order regularity of Dirac-harmonic maps by Wang-Xu [7]. The proof turns out to
be very elementary, and may be applicable to other similar problems.

Before stating our results, let’s first recall the definition of weak solutions of (2).

Definition 1.2 A section ¢ € L*((I'S)") is a weak solution of (2) if

[t = [ (07,0 (0l 3

holds for any smooth section n € C* ((IT'S)V).

Denote by ip; > 0 the injectivity radius of M. For 0 < r < iy and = € M,
denote by B,(x) the geodesic ball in M with center x and radius r. Now we state
our theorems.

Theorem 1.3 For any n > 2, there exists ¢g > 0 depending on n such that if
Y € LA((TX)N) is a weak solution of the Dirac equation (2) and satisfies, for some
xg €M and0<r0§%iM,

1
sup o [ Wit < (4)
x€Br(20), 0<r<ro r By ()

then v € COO(B%O (x0))-




Note that by Holder inequality, we have for n > 2,

1
1 / [t < / 2
r Br(z) Br(x)

Thus, as an immediate consequence of Theorem 1.3, we obtain

S

Corollary 1.4 For n > 2, if ¢ € L*(I'S)N) is a weak solution of the Dirac
equation (2), then ¢ € C=((TX)N).

It is clear that when n = 2, Corollary 1.4 implies Conjecture 1.1.

2 Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. Since the regularity is a local
property, we assume, for simplicity of presentation, that for o € M, the geodesic
ball B;,,(z¢) C M with the metric g is identified by (Bs, go). Here By C R™ is the
ball with center 0 and radius 2, and gg is the Euclidean metric on R™. We also
assume that E’BQ = By x CL, with L = rankcX.

Let’s also recall the definition of Morrey spaces.

Definition 2.1 For1 <p <n, 0 < XA <n, and a domain U C R", the Morrey space
MPAU) is defined by

MPAU) = {f € L (O If sy < +o0}

where
sy =suw { A [ 15175 B, cu).

It is easy to see that for 1 < p < n, MPNU) C LP(U), MP™(U) = LP(U) and
MPP(U) behaves like L™(U) from the view of scalings.

It is clear that the condition (4) in Theorem 1.3 is equivalent to
197128, (z0)) < €0-
Thus Theorem 1.3 follows from the following Lemma.

Lemma 2.2 For any 4 < p < +00 and n > 2, there exists €9 > 0 depending only
on p and n such that if v € M*?(By) is a weak solution of (2) and

|1l ara2my) < €0,
(B1)

then 1 € LP(B1 ,CNE). Furthermore, v € C*°(B1 ,CNE) and the estimate
16 16

|v'v]

< l 1>1
CO(BTIG) = 0(60’ )7 V fel (5)

holds



Proof. Applying @ to (2), we have, for 1 <i < N,

P20t = (Hjp (0 )0 (6)
in the sense of distributions. By Lichnerowitz’s formula (cf. [6]), we have
CAY = PPy
Hence we have
— A = P (Ha (04 (7)

in the sense of distributions.
For m = 1,2, let n,, € C5°(B1) be such that 0 <, <1, 1, =1 on Byi—2m. For
1 <i < N, define fi : R® — CF by letting

i) = [ ZEED Do (3 (07 4 () 0

where G(z,y) is the fundamental solution of A on R". For 1 < ¢ < N, define
gt, : By — C by letting ‘ ‘ ‘
V' = fin+ G- 9)
Direct calculations imply that for m =1,2 and 1 <i < N,
~Afh = 9 (mhHm W, v
= (Hjualw 0")e!) in Byoan. (10)

This and (7) imply .
Agy, =0 in Boi-2m. (11)

It follows from (8) that for m =1,2 and 1 <i < N,

|fml (2) < C/Rn [z =y (WD) dy = CL(m, [0 ) (2),  (12)

where

L@ = [ o=y Il dy, iR =R

is the Riesz potential of order one. Let’s recall Adams’ inequality on Morrey spaces

(cf. [1]):

1N

A
47)\

7 (Rn)
Step 1 (m = 1). Since (p1]])® € M3-2(R™), (13) implies that for 1 < i < N,

< Ol fllagar@ny, V1< g<A<n. (13)

[FE{FyzErees CH???WI?’HMg,z(Rn) = Cllm¥ll3ss2(n)

<
< Ol < CllYlaras,). (14)



On the other hand, by the standard estimate for harmonic functions, we have that
for any 6 € (0, 1) and zo € Ba
4

i LT .
911l ar22(By(20)) < CO2 |91l ar22(B, ), VI <@ < N. (15)

1
2

Putting (14) and (15) into (9) yields that for 1 <i < N,

19" | p14.2(By(zo)) < CQ?HQ1HM4,2(B%)+C€(2)|WHM472(31)
i i i
< Ot |1assacmy + filssacay | + CBlolnars,
1
< C(&+6%) [¢larmacs,) (16)

This clearly implies that for any € (0, 1) and z € Bu,
4

1
lbllars 2 Boeon) < C (6 +0%) 16larsz(ay- (17)

For any « € (0, 1), first choose 6 € (0, %) be such that C92 < 0% and then choose
€0 > 0 be such that Ce2 < #%. Then we have

1lar12(By(wo)) < 02 19llar12(,), Vo € Bi. (18)

Iteration of (18) yields
a 1
H@UHM4,2(BT($O)) < Cr2 HwHM472(B1)7 Vg € B% and 0 <r < 1 (19)

In particular, we have for any 0 < a < %,

1
r2(1—o¢)—n/ |¢’4 < C/ W’{ Vep € B: and0<r < —. (20)
By (z0) B ! 4

Thus 1 € M*2(1=*)(B,) for any a € (0, 1).

1
1

Step 2 (m = 2). We want to repeat the above argument to show that ¢ €
4—4a
Mi5a217(B ). In fact, since (|y)3 € M320-9)(R"), (13) implies that
16

fi € Mt 200 Rn) ang

Hf%HMw’Q(l_Q)(Bé) < Hf2ZHM4£1:33)72(1—a)(Rn)
< O g 0o
< Clllppea-ay s, - (21)
1



On the other hand, since ¢4 is a harmonic function on Bi, we have, by (21),
8

HgéHM%,zu—a)(B )

' 16
< CHQ%HM%“_‘%,Q(F(X)(BI)
8
P ™ [P
g 8
< O s (22

(Bé)

(1—a)
Putting (21) and (22) into (9) yields that ¢ € M T3 217 (B1 ) and

I, 120y S CMWassaoaroy) < Cllapagsy - (23
16
Since (1
_ 4(1—a) 4(1—a)
lim 4l-a) = +o0 and M 1-3a ’2(1_0‘)(BL) C L1=3a (B ),
ald 1 -3« 16 16

it follows from that ¢ € LP(B 1 ) for any p > 4, and
1

10l s 5 < Clsp) [l agsgsy)- (24)

16
Since |pv| < C|y|3, WlP-estimate implies that ¢ € VVli’Cp(B%,CNL) for any
p > 4. Hence, by the Sobolev embedding theorem, v € C*(B.,CN%) for any
16
p € (0,1). By the Schauder estimate, this yields ¢ € C'*(B.,CNL). Hence, by
16

the bootstrap argument, we conclude 1) € C*®(B1 ,CN%) and the estimate (5) holds.
16
O
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