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Abstract

We establish both local and global well-posedness of the heat flow of polyharmonic
maps from R™ to a compact Riemannian manifold without boundary for initial data
with small BMO norms.

1 Introduction

For K > 1, let N be a K-dimensional compact Riemannian manifold without boundary,
isometrically embedded in some Euclidean space RE. For n > 2 and m > 1, we consider
the m-th order energy functional

g 1 Tyl — 3 fan |AZ uf? if m is even
m(u) = 9 V™ u|” = 1 m=1 5 . .
Rn 3 Jen [IVATZ w|? if m is odd

for any u € W™2(R" N), where A is the Laplace operator on R™ and
WmAR", N) = {v e W™?(R",R") : v(z) € N for ae. z € Q}.

Recall that a map u € W™2(R", N) is called a polyharmonic map if u is the critical point
of E,,. The Euler-Lagrange equation of polyharmonic maps is (see Gastel-Scheven [9]):

m—2

(—D)"A™u = F(u) :=(—1)"div™ (Z (mk— 1> Vm_k_l(H(u))Vk"‘lu)
: h=0 (1.1)

_ Z_(—l)’“ (7:) div” (vm—k(n(u))vmu)

k=0

where II : Ns — N is the nearest point projection from the d-neighborhood of N to N,
which is smooth provide § = 6(N) > 0 is sufficiently small. It is readily seen that (1.1)
becomes the equation of harmonic maps for m = 1, and of extrinsic biharmonic maps for
m = 2.

Motivated by the study of heat flow of harmonic and biharmonic maps, we consider
the heat flow of polyharmonic maps, i.e. u: R™ x Ry — N solves
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ug + (=1)"A™u =F(u) in R" x (0, +00) (1.2)

— n
u‘t:o =ug on R",

where ug : R™ — N is a given map.

The heat flow of harmonic maps, (1.2) for m = 1, has been extensively studied. For
smooth initial data, the existence of global smooth heat flow of harmonic maps has been
established by (i) Eells-Sampson [7] under the assumption that the sectional curvature
Ky <0, and (ii) Hildebrandt-Kaul-Widman [11] under the assumption that the image
of ug is contained in a geodesic ball Bg in N with radius R < m In general,

BRr
the short time smooth heat flow of harmonic maps may develop singularity at finite time,
see Coron-Ghidaglia [4], Chen-Ding [2], and Chang-Ding-Ye [3]. However, Chen-Struwe
[6] (see also Chen-Lin [5] and Lin-Wang [19]) proved the existence of partially smooth,
global weak solutions to (1.2)-(1.3) for smooth initial data wg. For rough initial data uo,
the second author recently proved in [25] the well-posedness for the heat flow of harmonic
maps provided the BMO norm of ug is small.

When m = 2, (1.2) becomes the heat flow of extrinsic biharmonic maps, which was first
studied by Lamm in [15, 16, 17]. In particular, it was proven in [15, 16, 17] that if n = 4
and [[uol|y22(re) is sufficiently small, then there exists a unique global smooth solution.
For an arbitrary ug € W™?2(R?>™), it was later independently proved by Wang [23] (for
m = 2) and Gastel [8] (for m > 2) that there exists a global weak solution to (1.2)-(1.3)
that is smooth away from finitely many singular times. Very recently, the second author
established in [24] the well-posedness for the heat flow of biharmonic maps for uy with
small BMO norm.

We would like to mention that there have been some works on the regularity of poly-
harmonic maps for m > 3 in the critical dimensions n = 2m. We refer the readers to
Gastel-Scheven [9], Lamm-Wang [18], Goldstein-Strzelecki-Zatorska-Goldstein[10], Moser
[20], and Angelsberg-Pumberger [1].

In this paper, we are interested in the well-posedness of the heat flow of polyharmonic
maps with rough initial data. In particular, we aim to extend the techniques from [25, 24|
to establish the well-posedness of the heat flow of polyharmonic maps (1.2) and (1.3) for
m > 3 with ug having small BMO norm.

We remark that the techniques employed by Wang [25, 24] were motivated by the
earlier work by Koch and Tataru [14] on the global well-posedness of the incompressible
Navier-Stokes equation, and the recent work by Koch-Lamm [13] on geometric flows with
rough initial data.

We first recall the BMO spaces. For z € R” and r > 0, let B,(x) C R" be the ball
with center x and radius r. For f: R"™ — R, let f,, be the average of f over B,(z).

Definition 1.1 For f: R™ — R and R > 0, define

zeR" 0<r<R

BMOg(R") = {f :R" = R[] [flpmomny == sup r_"/B " |f — farl < +oo} :

When R = +o0, we simply write BMO(R™) for BMOg (R").



For 0 <T < o0, define the functional space X7 by

Xp = {f:R”x[o,THRW 1fllx, = sup |fuLw<Rn>+[f1XT}, (1.4)
0<t<T
where
= k n 2m| k.
Flxy = S sup 15[V fllpwn +  sup (7 / VRFE )Y (L)
k=1 0<t§T IGR”,O<T§T§1E Pr($77”2m)

where P,(z,7?™) = B,(x) x [0,7?™]. Tt is clear that (Xr, || -||x,) is a Banach space. When
T = 400, we simply write X, || - || x, and [|x for X, || - || x.., and [-]x., respectively.
The main theorem is

Theorem 1.2 There exists an €9 > 0 such that for any R > 0 if up : R® — N has
[Uo]BMOR(RR) < €0, then there exists a unique global solution u : R™ x [0, R?™] — N to
(1.2) and (1.3) with small semi-norm [u]x ,,, -

As a direct consequence, we have

Corollary 1.3 There exists an g9 > 0 such that if ug : R* — N has [uo]pmo(rr) < €0,
then there exists a unique global solution u : R™ x Ry — N to (1.2) and (1.3) with small
semi-norm [u]x.

We follow the arguments in [25, 24] very closely. The paper is written as follows. In
section 2, we present some basic estimates on the polyharmonic heat kernel. In section 3,
we present some crucial estimates on the polyharmonic heat equation. In section 4 and 5,
we prove Theorem 1.2.

2 The polyharmonic heat kernel

In this section, we will prove some basic properties on the polyharmonic heat kernel.
The fundamental solution of the polyharmonic heat equation:

be(z,t) + (—=1)™A™b(x,t) =0 in R" x Ry (2.1)
is given by
bavt) =g (). (2.2
tam
where

g(z) = (27)"2 / e ge g e R™ (2.3)

It is easy to see that g is smooth, radial, and

Proposition 2.1 For any L > 0,k > 0, there exists C = C(k,L) > 0 such that

|VFg(z)| < C(+ |z))7F, Vo e R™ (2.4)



Proof. For k > 0 and L > 0, since
VE () = (i) (iz)EVE (7€),
we have, by integration by parts,

V¥g(a)] =

/ (i) e SV (g d&‘
< C(k, L)1+ |z|)~ L.

This completes the proof. O

As a direct consequence of (2.4), we have the following properties for the polyharmonic
heat kernel b

Lemma 2.2 For any k,L > 0, there exist C; > 0 depending on n,L and Cy,C3 > 0
depending on n, k, L such that for any © € R™ and t > 0, it holds:

—L
b(z,t)| < Cit"2m <1 + t’f‘) , (2.5)
2m
n+k—L —L
IVRb(z, 1) < Oy (t—ﬁ) (tﬁ + m) , (2.6)
IVEb(@, 6)] 11y < Cat ™2 (2.7)

At the end of this section, we recall that the solution to the Dirichlet problem of
inhomogeneous polyharmonic heat equation

ug(z,t) + (=1)"AMu(z,t) =f(x,t) in R" x Ry, (2.8)
u(z,0) =up(z) on R" (2.9)
is given by the following Duhamel formula:

u=Guy+Sf, (2.10)

where

Gug(z,t) := / b(x —y, t)hup(y)dy, (z,t) € R" x Ry, (2.11)

n

and

Sf(xz,t):= /0 /n b(x —y,t —3s)f(y,s)dyds, (z,t) € R" x R;. (2.12)



3 Basic estimates for the polyharmonic heat equation

In this section, we will provide some crucial estimates for the solution of the polyharmonic
heat equation with initial data in BMO spaces.

Lemma 3.1 For 0 < R < +o0, if ug € BMORg(R"™), then g := Guyg satisfies

m

sup 7"”/ r2R=2Im gk < C [UO}]QBMOR(R") , (3.1)
1 z€R" 0<r<R P (z,r?™)
and
m X X
sup tzm HV Qo t)H < Cug ny - 3.2)
> O gy = € l0lov0s (
If, in addition, ug € L>°(R™) then
m—1 om
_ . 2
sup T ”/ |Vku0| k< C’Hu0||LOo ]R") [0l Bnmo s (R » (3.3)
k=1 xeR" 0<r<R Pr(z 7‘2m)

The proof of Lemma 3.1 is similar to [24] Lemma 3.1. For completeness, we sketch it
here. Let S denote the class of Schwartz functions, the following characterization of BMO
spaces, due to Carleson, is well-known (see, Stein [21]).

Lemma 3.2 For 0 < R < 400, let ® € S be such that fRn ® = 0 and denote fort > 0,
Oy(x) =t7"®(F), » € R". If f € BMORg(R"), then

dzdt
sup / / 1Dy * £ (x t)— < C[UO]BMOR(R") (3.4)
IER",O<7‘<R r(

for some C = C(n) > 0.

Proof of Lemma 3.1. Let g be given by (2.3) and ®' = Vig for i = 1,--- ,m. Then ®' € S
and [p, ® =0fori=1,---,m. Direct calculations show

7 (Tt { _ 4Tt n, (L A i)
0j(a) =t7(Vig) () =V (179(3)) = £Vgi(a),
where g;(z) = t7"g(7). Hence we have
@ x ug(x) = 'V (ge * uo) ().
Since the polyharmonic heat kernel b(z,t) = 9,k (x), we have
& % uplz) = EV(b(- 12™) 5 o) (2)] = £V (G, 2™).

Thus Lemma 3.2 implies that for i = 1, -

dzxdt
2 2 dxdl
¢ [UO]BMOR(Rn) = xERSI(l]ET<R / / ’¢)l * 0‘
= sup r_"/ / t2 7V Gug | (v, t*™)dxdt
z€R™ 0<r<R 0 r(x)
1 -n

— sup T / oo |ViGug|?(z, t)dxdt.
“2m 2€R,0<r<R Pr(a,r2m)
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2i—2m

This clearly implies (3.1), since for s = 1,--- ,m, t 2m > r%7=2™ when 0 < t < r?™.
Since 4g solves the polyharmonic heat equation:

Oy + (—1)™A™)tp = 0 on R™ x (0, +00),
the standard theory implies that for any x € R™ and r > 0,
m & m
S Vet <€y [ g,
k—1 k=1 r (2,r2m™)
Taking supremum over x € R™ and 0 < t = r>™ < R*™ yield (3.2).

For (3.3), observe that ug € L*°(R") implies ®! * ug € L>®°(R") for i = 1,--- ,m — 1,
and

1} ol oo (rmy < 17| ey uol| Loormy < 1V gl L1 @y 1wl Loo @y < Clluol| poo ny-

Hence
. 2m
sup ’]”_n/ |VZGUO|TdZL’dt
z€R™ 0<r<R » (z,m2m)
= sup r_"/ |} * up| ¢
z€R" 0<r<R () %[0,7]

m_9

< (Sup (| B¢ * ’LLOHLOO(Rn)) . sup r”/ | B * ug
t>0 Loo(Rn) z€R™,0<r<R By (z)x[0,r]

< C lluoll o2 - fuol?
= HUOHLOO(Rn) [UO]BMOR(R")

2 dzdt
t

This implies (3.3). O

Now we prove an important estimate on the distance of 4y to the manifold IV in term
of the BMO norms of ug. More precisely,

Lemma 3.3 For any 6 > 0, there exists Ky = Ko(6,N) > 0 such that for 0 < R < +o0,
if up € BMOR(R™) then

R
dist(ig(x,t), N) < Koluolpmop(rn) + 0, Vo € R", 0 <t < (E)’Zm. (3.5)

Proof. For any x € R™, t > 0 and K > 0, denote

1 1

K 1

Cpt = T uo(z — t2m 2)dz.
Y BK(0)] J By (0)

Let g be given by (2.3). Then, by a change of variables, we have

ao(w0) = [ gly)un(e — try)dy,



Applying (2.5) (with L =n + 1) from Lemma 2.2, we have

~ 1
oo ) = el < [ gto) ualo = t750) —

/ + [ 9(0) [uo(a — t3iy) — eI dy
Bk (0 "\ Bg (0)

_/ ‘Uo(ﬂﬁ—“my)—c 't (3.6)
Bk (0)
+ Clluolegan [ Ly
u(] oo n T T
L) R\ B (0) 19"
SKH [UO]BMO 1 (R”) + 5,
Kt2m
provided we choose a sufficiently large K = K((d, N) > 0 so that
Clluoll Lo rn g dy < 6.
L= Jam By (0) [y
On the other hand, since up(R™) C N, we have
1 K 1
dlSt( Cats N) B Cot — 'LL()(JZ —tm y) dy < [UO]BMO 1 (R™) - (37)
Bk (0)] /By (0) KeT
Putting (3.6) and (3.7) together yields (3.5) holds for ¢ < (£)2m. O

4 Boundedness of the operator S

In this section, we introduce several function spaces and establish the boundedness of the
operator S between these spaces.

For 0 < T < o0, the spaces Y:,’f, for k = 0,---,m — 1, are the sets consisting of all
functions f : R™ x [0,7] — R such that

2m
2m—k _ 2m
1/ 1y = sup ¢ 11 poe mny + sup (R "/P ( )\fIZm-k> - (41
= R\®

1
2€R" 0<R<TZm

Notice that (Y, || - HYq’f) is a Banach space for k = 0,--- ,m — 1. When T' = 400, we

simply denote (Y*, - |[y«) for (Y, || - [lyx ).
Let the operator S be defined by (2.12). Then we have

Lemma 4.1 For any 0 <T < +4oco and k=0,--- ,m—1,if f € quf, then S(V4f) € Xp
and

IS(VEN e < Clifllyp s (4.2)

where a = (aq, -+ - ) 1S any multi-index of order k.



Proof. We need to show the point wise estimate

S RIVIS(VEf)|(2, B™) < C| fllyg, Yz €R", 0<R< Tz, (4.3)
i=0

and the integral estimate for 0 < R < Tam:
Sk 17wl

By suitable scaling, we may assume 7" > 1. Since both estimates are translation and scale
invariant, it suffices to show (4.3) and (4.4) hold for z = 0 and R = 1.
Fori=0,---,mand a = (a1, -+ ,ay) with order |a| = k, we have

1
VS| 0.1 =| [ [ 91 = 910 5)dyds

Rn
1 i 3
2 2 i+k
g{ RN }\v by 1 — )| 1/(v. 9] dyds
1 n 0 B> 0 R"\ Ba

=l + Ir+ Is.

Applying Lemma 2.2, we can estimate I, Is and I3 as follows.

1
1< (s 1) e | [ 770019
1<s< 3

T ik
<Clflyy [ 5 s oy 27)
SC’HfHYlk (since i + k < 2m —1).

[I2| < ( sup || V7Fb(-, 1 — 3)”L°°(]R”)> </ If(y,s)dyds)
0<s<3 Bax[0,3]

2

ds
L1(R™) )

<C | f(y, s)|dyds
By x[0,3]

<C||flly-

1
2
|13’§/ /
0o JrM\B,

1
gc/?/\ ly|~ V| £(y, s)|dyds  (by (2.6) for L =n + 1)
0 n\ By

<(Sww o) (s [ (sl
= z€R™ J Py (z,1)

<0 <Z k) Il < Clllg-
k=2

V*HEb(y, 1= s)|[f(y, 5)|dyds

8



Now we want to show (4.4) by the energy method. Denote w = S(V®f). Then w
solves

O+ (—1)"A™)w =V*f inR" x (0,400); wl|i=g =0. (4.5)

Let n € C§°(Bz) be a cut-off function of By. Multiplying (4.5) by n*w and integrating
over R" x [0, 1], we obtain

/ lw|*n* + 2/ V™ - V™ (wnt) = 2/ Ve - wnl. (4.6)
Rx{1} ”x1[0,1] " x[0,1]

By the Holder inequality, we have

/ V™ - V™ (wn?)
R”x[0,1]

m—1
—/ IV (wn?)? +/ Viw [ Y (ZL) VP (wn?) - V" ()
R™x[0,1] R™x[0,1] 5=0
m—1 (47)
m m m—
[ ) [ () v v
R™x[0,1] 5=0
7
>— V™ (wn?)? - C / Viw|?
2 R"X[O,l]’ Z By x[0,1] | |
/ VS ownt = (—1)’“/ f -V (wn?)n’]
R7x[0,1] R7x[0,1]
<CZ/ 119w
nx[0,1]
ko1 — (4.8)
<1 0
3=0"
ik (2
+C|\f\|L2m sy 175G >||L%WJD

<O + Cl vy - IV @) 2 oo

To estimate the last term, we need the Nirenberg interpolation inequality: for k < m — 1,
ke, o2y 2 -2 my, 2312
IVF(wn )I!Lsz(Rn) < Cllwn|l oo @y IV (wn ™) [[ 22 gy
which, after integrating with respect to ¢ € [0, 1], implies

k - me, 2\
Hv ('LUT] )HL T (R" [0 1]) COS§1;I<_)1||U)HLOO(R”)HV (wn )HLQ(R"X[O,”)’ (49)

Putting (4.9), (4.7) and (4.8) into (4.6), we have



/ V™ (wn?)?
X [0 1]

<c Z / [Vl OIS+ Ul 194l

Bax[0 L3 (R x[0,1])

_B B
<Y [ / Rt sup (5 VPw() e )
BZO 0 0<t<1 (410)

2 -k m ONIE
+ CHnylk + CHfHYlk 0221 HwHLoo(Rn)HV (wn )HL?(RWX[O,I])

1 m
SOy + 5 [, 197+ CISIL - ol )
TLX s
1
<5 [ V)P +ClR
R x[0,1] 1

2m
2m—k

where ¢ = . Therefore, we obtain

/ Vml? < / V™ (wn?)? < O 2. (4.11)
P1(0,1) R™ x[0,1] !

Fori=1,--- ,m — 1, applying Nirenberg’s interpolation inequality gives

/ V| % < / Vi (wr?)|
P1(0,1) R™x[0,1]

2m_9
< os<1£1 HwHLlo(Rn) V™ (wn?) ||%2(Rnx [0,1])
<t< (4.12)

2m _9 m
<O [ I
nx |0,

27_771
<1l

(4.11) and (4.12) imply (4.4). This completes the proof. O

5 Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. The idea is based on the fixed point
theorem in a small ball inside X pom.

Since the image of a map u € X2m may not be contained in N, we first need to extend
IT to R, denoted as II, such that II € C*°(R!) and II = IT in Ny -

Let
F(u) :=(~1)"div™ <ng< h )Vm 1 (i) VEH )
m—! . (5.1)
< )le (Vm ’“( (u))V"™u >
k=0

10



For k=0, --- ,m — 2, define

Fi(u) = (—1)FH (?) VR (I () V™.
For Kk = m — 1, define
~1(u)

m<mm>

m—2
)" ( ) le (Vme k= 1( (u )))Vk+1u+vm k= 1( (u ))dlv(VkJrl ))
=0

Then (1.2) can be written as

(@ + (—D)™mA™)u =Y divF (Fi(u)). (5.2)
0

3

£
Il

The first observation is

Lemma 5.1 For 0 < R < 400, if u € Xpem, then Fi(u) € Y};Qm fork=20,--- ., m—1.
Moreover, there exists C > 0 depends on N and ||ul| poo mnx[o,r2m)) such that

2m—k

m
1By, < cy [ul |, 0Sk<m—1 (5.3)
I=1
Proof. Tt follows from direct calculations and Hélder inequality that
| F (u |<02|vlu\ ,0<k<m-—1,

where C' > O depends on N and ||u|| Leo(Rnx[0,R2m])- Lhus we have, by the definitions of

XRQm and RQm’ that

1F% () 1y, <CZ l ,VO<k<m-—1.
This completes the proof. O

By the Duhamel formula (2.10), the solution u to (5.2) is given by

m—1
u(wt) = Gug+ > S (divk(Fk(u))) . (5.4)
k=0
From now on,denote
ﬂo = Guo.

Define the mapping operator T on X gen by letting

m—1
Tu(z,t) =g+ Y S (divk(Fk(u))) . (5.5)
k=0

The following property follows directly from Lemma 3.1.

11



Lemma 5.2 For any 0 < R < 400, if ug: R® — N, then ug € Xp2m, and
1ol oo (mr x(0,R2m)) < Clluollee@ny, [l x ., < C[uolpyo @ - (5.6)
For any € > 0 and 0 < R < 400, let

B. (ig) := {u € X flu—dolly,,, < g}

be the ball in X 2 with center 4g and radius €. By the triangle inequality, we have

[w]| Loo mnx[0,R2m)) < Clluol|Loo@mny &5 [u]x < C'luo]gpoyrny 6 Yu € Be(do). (5.7)

R2m
Thus we have
Lemma 5.3 For 0 < R < +o0, if up : R" = N has [uo]pmo g rn) < €, then

HUHLOO(R1+1) <C+e, [ulx <Ce Yue B (uy), (5.8)
for some C = C(n,N) > 0.

The proof of Theorem 1.2 is based on the following two lemmas.

Lemma 5.4 There exists €1 > 0 such that for 0 < R < 400, if ug : R™ — N has

[Uo]BMO R (R") < €1,
then T maps B, () to B, ().

Proof. By (5.5), we have

3

Tw)—d=Y S (divk(Fk(u))) . ue B, ().
0

>
Il

Hence Lemma 4.1, Lemma 5.1 and Lemma 5.2 imply that for any u € B, (to),

m—1
IT(w) = dollx,,, S D [[Stive(Fr(w)))|
k=0 R2m
m—1
S D IB @Iy,
k=0

3
L

A
WE
=
o
3

ol

i

o
3T
N

o)
I AR
3

IA
Q
=
xg‘
IA
AR

provide €1 > 0 is chosen to be sufficiently small. Hence Tu € B, (7g). This completes the
proof. |



Lemma 5.5 There exist 0 < g3 < €1 and 6y € (0,1) such that for 0 < R < 400, if
ug : R™ — N satisfies

[Uo]BMO R (") < €2,

then T : B, (tg) :— Be, (o) is a Op-contraction map, i.e.
IT() - T@x,, <00llu—vly,, . Yu.ve B (o).

Proof. For u,v € B, (1), we have

m—1
IT() = T, < D || S(iv(Fuw) = Fue))]|
— R=m
0 (5.9)
< IF W) = By, -
R m
k=0
Notice that ||| feo®nxjo,r2m]) + [V]lLoo@®nxjo,r2m)) < Co. For any k = 0,---,m — 2, it
follows from the definition of Fj(u) we have
|Flo(u) — Fi(v)]
m—k 4
SIV (=) [Vl + (D (A [Vul) | [V
J=1 \lel=j
VT 0llu— o | Y (I [V + T [V
|a)|=m—k ]
m—k '
H VT |V (u =) Yo [V + I, [Vu])
J=1 lo|=m—k—j
Hence we have
o)’ _
| Pk (u) — HY’f Z:: RQm XRQm) Ju UHXRQm (5.10)

<Cerlu—vlyx,,. .

where we have used Lemma 5.3 in the last step.
For k =m — 1, since

[Fn-1(u) = Fna (o)) S [[Vul[V™ (u = 0)[ + [V(u = 0)[[V™0]]
m—2

+ Z [!V’” BT (u))| + |V R (TI( ))|] \vkﬂ(u—v)\

s 21vm—k<ﬁ<u>—ﬁ<v>>\ (V541 + [Vh e
k=0

13



we also have
1 Fon-1(0) = Frnea(0)lly s < Cea flu— vl (5.11)

Putting (5.10) and (5.11) into (5.9), we obtain

IT(w) = Ty, < Coallu—vlly . < O0olu—vly
for some 6y = Op(e2) € (0,1), provided e > 0 is chosen to be sufficiently small. This

completes the proof of Lemma 5.5. |

Proof of Theorem 1.2. It follows from Lemma 5.4 and Lemma 5.5, and the fixed point
theorem that there exists g > such that for 0 < R < +o0, if [ug]gmo,®re) < €0, then
there exists a unique u € X pg2m such that

w=19+S(F(u)) onR"x [0, R>™],
or equivalently
up+ (~1)"A™u = F(u) on R" x (0, R*™); ul,_, = uo.
We want to show u(R™ x [0, R?™]) € N. By Lemma 3.3, we have that for any 2 € R"

and 0 <t < (£)*™,

dist(u(m,t), N) SdiSt(ﬁo,N) + Hu - QZOHL“’(R"X[O,R%’D
<0 + Ko[uolsMmog(®n) + €0
<0+ (1+ Kop)eg < dn,

provided § < ‘%N and g9 = %. This yields u(R"™ x [0, (%)2’”]) C Ns, . Hence
T o n R 2m
M(u) = (u), F(u)=F(u)onR" x [0, (F) ]
0

Set Q(u) =y — I(y) for y € Ny, and p(u) = £|Q(uw)[*. Then direct calculations imply
that for any y € N,

VQ(y)(v) = (Id—VI(y))(v), Vv € R’
V2Q(y)(v,w) = —VI(y)(v,w), Yv,w € R

Set A(y)(v,w) = —V1(y)(v,w) for y € Ns,, and v,w € RL. Then F(u) can be rewritten
as (see Gastel [8]):

2m—2 .
™ty Y <2m _a2 B 3) tr"™ (VI A) o u(V¥ Ty, vortly ... vasetly),
Jj=0 |a|=2m—2—j

Direct calculations imply
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A"Q(u) = VQ(u)(A™u)
2m—2 .
+ Z Z <2m —2- ‘7> trace™ (V7 A) o u(V‘“Hu, vertly, ... vetetly)

- (0%
J=0 |a|=2m—2—j

=VQ(u)(A™u) + (=1)" F(u).

Therefore we have

(0 + (=1)"A™)Q(u) =[VQ(u) F(u) — F(u)]

I (F (). (5.12)

Multiplying both sides of (5.12) by Q(u) and integrating over R™, we obtain that for
0 <t < (45)m,

% L P +/Rn V" Q)P = —/HWH(U)(F(u)),Q(u» =0, (5.13)

where we have used the fact that Q(u) L Tiy(,yN and VII(u)(F(u)) € Tiy)N on R™ x
[0, (I%)Zm] in the last step.

Since p(u)lt=0 = 0, integrating (5.13) with respect to ¢ implies p(u) = 0 on R™ x
[0, (K%))zm]. Thus u(R™ x [0, (%)2’"]) C N. Repeating the same argument also implies
that u(R™ x [(%)2’”, R?*M]) C N. This completes the proof of Theorem 1.2. O
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