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We prove that in dimensions three or four, for suitably chosen initial data, the short time

smooth solution to the Landau-Lifshitz-Gilbert equation blows up at finite time.

1 Introduction

The Landau-Lifshitz-Gilbert equation is the fundamental evolution equation for spin
fields in the continuum theory of ferromagnetism, first proposed by Landau and Lifshitz
[1] in 1935. In the simplest case, where the energy of spin interactions is modeled by
E(u) = § [, |[Vul* for magnetic moment u : QO C R" — 8%, the Landau-Lifshitz-Gilbert
equation for u : Q x (0, +oo) — S?is given by

au; + fu N\ u; = Au+ |Vul?u, (1.1)

where a > 0,3 € R, o? + 32 = 1, and A is the vector product in R3. Note that (1.1) reduces
to the heat flow of harmonic maps to S% for a = 1,3 = 0, and to the Schrédinger flow of

harmonic maps to S% for a = 0,3 = 1. We assume throughout this article that 0 < o < 1,
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hence (1.1) is the hybrid of both the heat flow and Schrodinger flow of harmonic maps to
82, and is of parabolic type.

Motivated by the study on the heat flow of harmonic maps by Chen [2], Struwe [3],
Chen-Struwe [4], Chen-Lin [5], Coron-Ghilagdia [6], Chen-Ding [7] and others, people have
recently been interested in the analysis of the Landau-Lifshitz-Gilbert Equation (1.1).
For example, Alouges-Soyeur [8] established the existence of global weak solutions of
(1.1) under the Neumann boundary condition in any dimensions. Chen-Ding-Guo [9]
studied partial regularity of (1.1) in dimension two, Moser [10, 11] proved the partial
regularity for suitably weak solutions of (1.1) in dimensions three and four, and Liu [12]
considered the partial regularity of (1.1) in general dimensions, analogous to Feldman
[13] and Chen-Li-Lin [14] on the heat flow of harmonic maps to spheres. More recently,
the existence of partially smooth, global weak solutions of (1.1), similar to [4, 5], has
been obtained by Guo-Hong [15] for n = 2, Melcher [16] for n = 3 and Q = R3,
and Wang [17] for n < 4 and Q = R" or Q C R”" bounded domains with Dirichlet
boundary conditions. Due to the lack of Struwe’s parabolic monotonicity formula (cf.
[3, 4]), the above mentioned results by [10, 11, 16, 17] are limited to low dimensions. It
remains a very interesting and difficult question to investigate (1.1) for dimensions at
least five. Since (1.1) is a strongly parabolic system, it is well-known that there always
exists a unique short time smooth solution. Another interesting question is whether
the short time smooth solution actually blows up at finite time. Recently, there have
been several articles by numerical methods which strongly suggest the appearance of
singularities in finite time for the Landau-Lifshitz-Gilbert Equation (1.1) (we refer the
interested readers to Bartels-Ko-Prohl [18] and Pistella-Valente [19]). Through the works
by [6, 7], it is well-known that a finite time singularity does occur for the heat flow of
harmonic maps. We would like to remark that the crucial ingredient in [6, 7] is the e-
regularity for smooth solutions to the heat flow of harmonic map, which is based on both
the Struwe’s parabolic energy monotonicity formula and the Bochner identity for the
heat flow of harmonic maps (cf. [3, 4, 20]). However, neither Struwe’s parabolic energy
monotonicity formula nor the Bochner identity are available for the Landau-Lifshitz-
Gilbert Equation (1.1). Fortunately, inspired by the works of [10, 16, 17], we are able to
employ (i) the slice energy monotonicity formula for (1.1) in low dimensions, (ii) the local
Hardy space estimate, and (iii) the duality between Hardy and BMO spaces, to establish
an e- priori estimate for (1.1), and adapt the construction by [7] on suitable initial data to

prove.
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Theorem 1.1. Forn = 3,4, let (M, g) be a n-dimensional, compact Riemannian manifold
without boundary, and let iy > 0 denote the injectivity radius of M. Then there exists
€ = ¢(M,a) > 0 such that if uy € C*(M, S?) satisfies E(ug) < ¢? and is not homotopic to a
constant, then the short time smooth solution u to

aut+ﬂu/\ut:Agu+|Vu|§u, xeM,t>0, (1.2)
u(x,0) = uo(x), xeM, (1.3)

must blow up before T = i3;, where A, is the Laplace-Beltrami operator with respect to g
and [Vulg = 20 5 97 (855 555 O

BXQ ’ BX[g

Remark 1.2.

(1) There exists initial data ug € C>(M, S?) satisfying the conditions of Theo-
rem 1.1. In fact, if TT; (M) = T,(M) = {0} and [M,S?] # O (i.e. there are
nontrivial free homotopy classes, e.g. M = S?%), then a well-known theo-
rem by White [21] asserts

inf{/M VulZ dvg lu € C°(M, %), [u] = a € [M, sz]} =0. (1.4)

(2) If M = S, then [S®,S?] = Z. Let H(z,w) = (|z]> — |w[?,2zw) : 8* = {(z,w) €
C x C: |z +|wl?> = 1} — S? be the Hopf map. Let ®)(x) = Ax : R® — R®
be the dilation map for A > 0, TT: $3 — R3 be the sterographic projection
map from the north pole, and W, =TT o @, o TT : S® — 83, Then direct
calculations imply

lim [ |[V(HoW,)? =0, (1.5)

A—00 g3

and H o ¥, A > 0, are homotopic to H.

For manifolds with boundaries, we can consider either the Dirichlet boundary
value problem or the Neumann boundary value problem of (1.2)—(1.3). Recall that for
OM # 0, ¢,7 € C(M,S?) are homotopic, relative to OM, if ¢ = 1) on M and there exists
H e C(M x [0,1],S?%) such that H(x,0) = ¢(x) and H(x, 1) = ¢(x),x € M, and H(x,t) = ¢(x)
for (x,t) € OM x [0, 1].

For the Dirichlet boundary problem of (1.2)-(1.3), we have

Theorem 1.3. For n = 3,4, let (M, g) be a n-dimensional compact Riemannian manifold
with boundary, and let ij; > 0 be the injectivity radius of M. Then there exists ¢ =

€(M, ) > 0 such that if ug € C*(M, S?) satisfies ug|oy = constant, ug is not homotopic to
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a constant relative to M, and E(ug) < ¢, then the short time smooth solution u to (1.2),
(1.3), and

u(x,t) = up(x) = constant, x € M, t > 0, (1.6)

must blow-up before T = i3,. O

Remark 1.4. For n > 3, let (M,g) be a n-dimensional manifold with boundary and
I, (M) = TT(M) = 0. In [21], White also proved that for any uy € C'(M,S?), with woloy =

constant,
inf{E(u) | u € C"(M,S?), [u] = [uo] rel. oM} = 0. (1.7)

In particular, if M = B* n > 3, then we can find uy € C'(B", S?) such that ug|gpn =
constant, uo is not homotopic to a constant relative to 9B", and E(uo) is arbitrarily small.

For the Neumann boundary value problem, we have the following.

Theorem 1.5. Let M = Q = {x € R*: 1 < [x| < 2}, g = go be the Euclidean metric on R*,
and uo(x) = (Ho¥))(5) : M — S2, where H o ¥, is given by Remark 1.2 (2). Then for any
T > 0, there exists A = A\(T) > 0 such that the short time smooth solution u to (1.2)—(1.3)

and

ou

g(x,t)zo,xeaﬁl, t>0 (1.8)
must blow up before time ¢t = T. O
Remark 1.6.

(1) It is unknown whether theorem 1.5 holds in dimension three. Namely in
dimension three, we are unable to construct a map uy € C*(M,S?)
such that E(ug) can be arbitrarily small, and it can’t be deformed into
a constant map through families of maps H € C'(M x [0,1],8?) with
9H (x,t) = 0 for (x,t) € OM x [0,1]. In fact, for M = B® = {x € R®: [x| < 1},
it is not difficult to show that for any map ¢ € C* (ﬁ, S2), with g—‘f =0,
there exists ® € C'(B? x [0, 1], S?) such that @(-,0) = ¢, ®(-, 1) = constant,
and 22 = 0o0n 9B® x [0,1].

(2) It is a very important open problem whether the Landau-Lifshitz-Gilbert
equation has finite time singularity in dimension two. It is well-known
(cf. Chang-Ding-Ye [22]) that there exists finite time singularity for the

heat flow of harmonic maps in two dimensions.
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The article is organized as follows. In §2, we establish a priori estimates for
smooth solutions of (1.2) under a small energy condition and prove Theorem 1.1. In §3,
we establish boundary a priori estimates for smooth solutions of (1.1). In §4, we prove
both Theorem 1.3 and 1.5.

2 Holder continuity estimate and Proof of Theorem 1.1

In this section, we first establish a priori continuity estimate of smooth solutions to (1.2)

under small energy condition, and then give a proof of Theorem 1.1.

Lemma 2.1 (Energy inequality). Forany n > 1, T > 0, and up € C*®(M,S?), let u €
C*>(M x [0,T),S?) solve (1.2)-(1.3). For t € (0, T), denote u(t) = u(, t). Then we have

o t |+ B(u(e) = Euo) (2.1)

and, forany0 < s <t < T and ¢ € C°(M),

//\u\¢>+/\w|¢</|w Po? 4 2 //Wuuwz 22)

Proof. Since u Au;-u; =0, (2.1) follows from multiplying (1.2) by u; and integrating the
resulting equation over M x [0, t). To see (2.2), we multiply (1.2) by u;¢? and integrate the

resulting equation over M x s, t] to get

o [ [+ [ wuwrs =5 [ vueid -2 [ [ uevuove

By the Holder inequality, we have

|2//ut Vusvel < & //|u|¢ +2 //\Vu\ Vo,

Hence (2.2) follows.

Let iy > O be the injectivity radius of M. For x € M, t > 0,and 0 < r <
min{iy,/t}, let B.(x) C M be the ball with center x and radius r, and P.(x,t) = B,(x) x
(t—r?,t) C M x (0, +o0) be the parabolic ball with center (x, t) and radius r. Now we have
the localized energy inequality. |
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Lemma 2.2. Foranyn > land T > 0, let u € C>°(M x (0, T),S?) solve (1.2). Then for any
zo = (x0,t0) € M x (0,T),0 < r < min{iy, to}, and t € (to — %z,to), there exists C, > 0
depending only on «, M such that

rzfn /
B

Proof. For 0 < r < min{iy, /%o}, let ¢ € C5°(Br(x0)) be such that 0 < ¢ < 1,¢ = 1 on
B:(xo),and [V¢| < 4r'. Letso € (to — 1 to — ) be such that

/ [Vu(so)* < 2r‘2/ [Vul?.
BF(XO) PV(ZO)

Putting ¢ into (2.2), we have

fo 64 ("
o[l [ wuolr g [ v (2.4)
so JBr(x0) Byy (x0) ar® Jsy JB(xo)

and, for any t € (to — %, to),

/

It is clear that (2.4) and (2.5) imply (2.3).

Now we are ready to prove the following decay estimate. |

IVu(t)® + rZ*”/ lug? < Car*”/ [Vul?. (2.3)
Pr(zo) Py(20) 0O

5 (x0) 5

r
2

Vu(t)? < /

Br(x0)

., 64 fo 2
[Vu(so)l —I——z/ / Vul®. (2.5)
(x0) ars Js, JB(xo)

r
2

Lemma2.3. Forl < n < 4,andany T > 0 and v € (0,1), there exist ¢¢ > 0 and C, > 0
depending only on M, g,v, a such that if u € C>®(M x (0, T), S?) solves (1.2) and satisfies,
for zy = (x0,t0) € M x (0,T) and 0 < r < min{iy;, %o},

e[ vt < g
Pr(zo)
2
then u € C7(P:(20),S*), and

(]2 (b, (z0)) < Car™ ™2V / Vul?, ¥0 < s < (2.6)

Pr(z0)

N~

In order to prove Lemma 2.3, we first need to recall the following decay Lemma
that can be proved by a simple blowing up argument (see e.g. [10] Lemma 3.3 or [17]
Lemma 5.10). U
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1
4

€1(0) > 0 such that for any solution u € C*(M x [0, T), S?) of (1.2), zy = (X0, t0) € M x (0, T)
and 0 < r < min{iy, 1o}, if u satisfies

Lemma 2.4. There exists a constant C, > 0 such that for any # € (0, 7), there exists

r’"/ Vul? < ef(@),
PV(ZO)

then we have
(9r)‘”‘2/ U — Uy 0r* < Coﬁzr‘"/ Vul?, (2.7)
Pyr(20) Pr(20)

_ 1
where Uz or = 57 o z0) U

2.1 Proof of Lemma 2.3

For simplicity, we may assume n = 4. In fact, if n < 3, then we let /I = M x S* ™,
9(x,y) = g(x)+ho(y) with hq the standard metric on $* ", and define 2(x, y, t) = u(x, t) for
x € M,y € S*". One can easily check that & € C>°(IM x (0, T), $?) solves (1.2) and satisfies
r4 fP,(zo) IVQ|? < €. Hence it suffices to prove (2.6) for Q. Since it is a local result, we
may further assume that M = R* and g is the Euclidean metric. One can modify without
difficulties the following argument to handle the general case, see [4] for example.

Now we have

Claim. For any ¢ € (0, 1), there exist C() > 0 and €3(d) > 0 such that if

r—4/ Vul? < 2(5),
Pr(ZO>

then

Vul? < 6r’4/ Vul® + @T*G/ U — Up, () (2.8)
P,-(Zo)

(5) "
8 P P(20)

First, by considering u,(x,t) = u(zo+(rx, r%t)) : R*x(—%,0) — S?, we may assume
r=1,zy = (0,0),and u € C*°(R* x (—1,0],S?) solves (1.2). Denote B,(0) by B, and P,(0,0)

by P,. Now we divide the proof of the claim into three steps.

(20)

r
8

Step 1 (slice monotonicity inequality). For any t € (—1,0],x0 € R* 0 < r; < ry < 400, it
holds

r;z/ IVu(t)? < 2r;2/ IVu(t)? + 2/ luel?. (2.9)
Brl (XO) Brz (XO) Brz (XO)
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It is well-known that (2.9) follows from the standard Pohozaev type argument
(see [10, 16, 17] for more details). Here we sketch the proof. Assume xo = 0, let R(u)(p) :=
ap + fu/Ap:R® — R3. Since u € C*®°(R* x (-1, 0],S?), we multiply (1.2) by x - Vu(t) and

integrate it over B, to get
/ R(u)(uy)x-Vu = / Aux-Vu

2
:r/ u +/ \Vu\sz/ |Vul?. (2.10)
0B, B, 2 Jom,

This, combined with |[R(u)(u:)| = |ul, yields

or

d ( 5, [ IVuP\ oul>
dr(r /Br 5 =r /i% o T /rR(u)(ut)xVu
oul* d ou ou
> 2 ou a [ —1
=T /aBr or +dr (r /Br W 8r> g /Brut ar
Integrating this inequality from r to ry, we have
8u 2
rgz/ Vul> >ry / |Vu|2+2/ r 2| ==
Br, Br Bry\Br,
or! / ud |24 2 / rl / ud | (2.11)
By, OB,

By the Holder inequality, we have

_ 1
27'1 1/ ‘ut‘ < E 12/ |Vu|2 + 2/ |ut|2»
B B B

o} o} 2

ou
or

and

T2 ou ou
2/ r—l/ el |2 s/ r-2|—|2+/ el
m 8B, or B, \B, or B

Putting these inequalities into (2.11), we obtain (2.9).

Step 2 (estimate on good A-slices). For any A > 1, define the set of good A-slices by

1
GN={te [——,o} |/ lug|? g/\z/ lue? 3, (2.12)
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and the set of bad A-slices B* = [-1,0] \ G*. By Fubini's theorem, we have

1

IBN| < YR (2.13)
For any t € G\, by (2.3) and (2.12), we have

/ Vu(t)? +/ lu:(t)? < CA? | [Vul: (2.14)
This and (2.9) imply that for any ¢t € G\, we have

1
sup {5—2/ Vu(t)*|x €B:1,0<s < Z} < C/ (IVu(t)* + lu(2)?)
By(x) * B
< CA% | |Vul. (2.15)

Let 7 € C3°(B1) be such that 0 <7 < 1,7 = 1 on By, and |Vy| < 16. Forany t € G fixed,

observe

| vuter < [ #wuor = [ v Auk, (216)
and (1.2) can be written as
V- (Vu(t) Au(t)) = R(u(t))us(t) Au(t), in By (2.17)

where V- is the divergence operator.
Now we need to apply the duality theorem (cf. [23]) between Hardy and BMO
space to estimate (2.16). First, by the Poincaré inequality and (2.15), we have

wlzmon, ~sup {infs* [ (- ol Bt < B, )

by ceR3

Csup { <52 /B " Vu(t)z) : |Bs(x) C Bi}
< CA (/P |Vu|2>é : (2.18)

IN
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By integration by parts, we have

[ v Auof == [ 9 (PTu(e Aun) - () - ofe) Au(e)
o [ Pl Au(e) A Va(e) = A (u(o) ~ e(e)
+/\-/ 2 (u(t) — o(t)) — I + 11 + I

where

Jre M [Vu(t) Au(t)] A Vu(t)

fR4 n7?

Direct calculations, (2.9), (2.14), and (2.17) imply

u =

1
5! /B

[

g IV - (PVu(t) A < IVl Vu( )|2+/R4n2ut(t)|2>
C/B (Vu()P + lue(t)2). (2.19)

[N

This implies

1< IV - (0 Vu(t) Au() llzzms [[u(®) = e(@)llzz) )

<C (/B (Vu(t)|2+ut(t)|2)) ( i U(t)—C(t)lz)

ga/B (\Vu(t)\z—i—\ut(t)lz)-l—% i lu(t) — c(t)%. (2.20)

1
2

For III, by the Poincaré inequality and (2.3), we have

1| < N[u(t) ~ ()llx, ) < € ( / Vuw) IVuleqa,
2 Bl

<c (/B |Vu(t)2) (/P |Vu|2>% . (2.21)

To estimate II, we need to recall the definition of local Hardy spaces and the
relationship between local Hardy space and H!(R"), due to Semmes [24], and a local

Hardy space estimate.
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Definition 2.5. For any domain U C R", f € LiOC(U) is in the local Hardy space i}{ioc(U),

if forany K CC U,3J e =¢€(K,U) > 0 such that

Ifllsc &) ::/ sup sup [, * fI(x) < +oo, (2.22)
loc K

0<r<e neJ

where J = {n € C§°(R") [supp(n) C By, [Vnllzee < 1}, mp * f(x) = 7" [qu n(5E)f (v). We
would point out that the norm defined in (2.22) depends on the choice of ¢, although the
space J—CiOC(U) is independent of e. For U = R", if we choose € = +c0 in (2.22), then we get

the Hardy space H!(R"):

IR = {f € Lo (R | fllscme = | sup I £l llpsqun) < 400}

r>0med

Lemma 2.6 ([24]).
(a) For any bounded domain U C R"if f € i}CiOC(U), then for any € C3°(U),
with [n#0,n(f —X) € H'(R") and

70 = Mlsa@n < C(U)||f||z}cioc(supp(n)) (2.23)

where \ = %
n

(b) If f € H'(U),g € L?(U),and V - g € L*(U), then Vf - g € 3] . (U). Moreover,

”vf'ng}Cioc(U) < CU)(IVS Iz + 19122y + IV - 9liZ2(w)- (2.24)

By Lemma 2.6, (2.18), (2.19), and the duality theorem between H!(R*) and
BMO(R*?) (cf. [23]), we have

1| < Clln?[(Vu(t) A u(t)) A Vu(t) = Alllse ms) [u(t) Bmoy

B1)
4

< Cl(Vu(®) Au®) A VUl s, u0]BMOGm,)

1
4 7z

C
< ClIVu®)lzs, ) + IV - (Vut) Aut))llZ:s, )u(t ]BMO(B%)

1
2

< CA (/P Vulz); /B (IVul® + luf?). (2.25)

1
2

NI
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Putting all estimates together, we obtain, for any t € G,

/B Vu(t)]* < 6+C/\(/Pl Vu2>ﬂ/3 (IVu(t)P + lug(t)1?)

1 1
8 2

+ g/Bl lu(t) — c(t)%. (2.26)

Integrating (2.26) over t € [—(§)% 0] N G* and applying (2.3), we obtain

1\ * 2
(—) / IVul* < |6+ CA (/ |Vu|2> IVul?
8 By x([~(5)2.0106) P P,
T (2.27)
0 Jp,
On the other hand, by (2.3) and (2.13), we have
1 ‘4/ C
= IVul? < —/ IVul?. 2.28
<8> By x([~(§)2.0/nB") A2 Jp, (2.28)
Adding (2.27) and (2.28) together, we have
1\ " 2_C 2
- < 2 _
(8) /P Vul? < 5/P1 u—up,
8
+ [64+CA (/ Vu2> +A7? [ IVul (2.29)
Py Py
Therefore, by choosing A = 62 and ¢2(6) = I, Vul? < g—z, we have
1\ * §
() Vul? < ) u—up>+30 [ [Vul% (2.30)
8 P% 6 Py P

Returning to the original scale, (2.30) implies (2.8).

Step 3. (decay estimate). We follow the iteration argument by Melcher [16] closely here.
For simplicity, assume zy = O and r = 1. For any v € (0,1),let§ = 873, 0 = 0(y) <
(%)ﬁ, and k > 1 be such that 8% = 1, here C(§) > 0 is given by (2.8) and Cy > 0
is given by Lemma 2.4. For p € (0,1), set E(u,p) = p " pr [Vul>. For0 < i < k-1, if
E(u,87%10) < e2(6)? and E(u, 1) < ¢,(8°710)?, then (2.8) and Lemma 2.4 imply

CoC(5)
5

E(u,8) < 6E(u,8710) + E(u,1). (2.31)
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Hence if we choose

. 5
E(u,1) < min{e, (80)%,--- , ¢ (8%0)2, mq(é)z},
then by induction we have E(u, 89) < €;(5)? for 0 < i < k. Hence by iteration, (2.8) and

Lemma 2.4 yield

0 2
E(u,0) < 6E(u, 80) + CoC(d) <5> 8%0E(u, 1)

< 6*E(u, 8%0) + f‘icéizs (g)zE(u, 1). (2.32)

According to the definition, we have 6 = ¢° E(u,8%0) = E(u,1), and 6?2 < ﬁé@.

Therefore (2.32) implies
E(u,0) < (9327 + i;) 07E(u,1) < 6*E(u,1). (2.33)

This and (2.3) imply that

2y
3’4/ Vul? + s2[u? < C, (f) r*4/ Vul?, Yz € Pr(20), 0 <s < -. (2.34)
P(2) r P,(20) ’ 2
Hence, by the parabolic Morrey’s Lemma (cf. [13]), we conclude that u € C7(P;(zo),S?)
and (2.6) holds. This completes the proof of Lemma 2.3. O

2.2 Proof of Theorem 1.1.

It is similar to [7]. We argue by contradiction. Suppose it were false. Then for any small
e > 0, we can find a map uy € C*(M,S?) that is not homotopic to a constant, and
E(up) < €%, and (1.2)—(1.3) has a smooth solution u € C*(M x [0, 3], S?). Denote Ty = iy.
By (2.1), we have

/ Vu(t)* < e, V0 <t < TE (2.35)
M
Letting ¢o be given by Lemma 2.3 and ¢ < Tyeg, implies

Tg‘*/ IVul? < Ty* max / IVu(t)? < Tp2e® < e, ¥x € M. (2.36)
Pr,((x,T2)) 0<t<T§ Jm
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Therefore, by Lemma 2.3, we have
oscg, (x)U(To) < Ca(Tg‘L/ Vul?)z < Ty e, Vx € M. (2.37)
z Pry (x,To)
Since M is compact, there exist Ny = No(M) > 1 such that

lu(x, To) — u(y, To)| < Ny MaX 08Cpy (;)U u(To) < CouNo Ty te, Vx,y € M. (2.38)

2
Therefore, by choosing € = ¢(M, «) sufficiently small, we see that u(Ty)(M) is contained
in a convex, hence contractable, coordinate neighborhood in S? and u(T,) is homotopic
to a constant. But this implies ug, through u(-,t),0 < t < Ty, is homotopic to a constant.
This contradicts with the choice of uy. Hence the solution u to (1.2)—(1.3) must blow up

before i2,. The proof is complete.

3 Estimate for Dirichlet and Neumann boundary conditions

In this section, we prove boundary a priori estimates for smooth solutions of (1.2), with
either the Dirichlet or Neumann conditions, under a small energy condition.
Denoting M = M U OM, we have

Lemma 3.1 (Energy inequality). For T > 0 and ug € C*(M, S?),let u € C*°(M x [0, T), S?)
solve (1.2)-(1.3), and satisfy either (i) ulpm«pr) = uo or (ii) g—l,f\aMx[o,T) = 0. Then u
satisfies the energy equality (2.1), and the local energy inequality: for any ¢ € C°° (M)
and0<s<t<T,

o / t /M 6?1 /M Vu(t)Po? < /A;IIVu $)P6? + / / VulIVoP. @)

Proof. The same proof of Lemma 2.1 works, except that we need to show the boundary
term [, muﬂb , appearing in the integration by parts, vanishes for ¢ € C°°(M). This
is evident, for (i) the Dirichlet condition implies u; = 0 on M, and (ii) the Neumann
condition implies 2% = 0 on OM. (2.1) follows by choosing ¢ = 1.

To simplify the presentation, we assume from now on that (M, g) = (Q, go) with
Q C R"™ abounded, smooth domain and g, the Euclidean metric on R".

For x € 0Q), denote B, (xo) = B,(x0) N Q and P, (xo, to) = B, (x0) X [to — 12, to). Now

we have [ |
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Lemma 3.2. Under the same assumptions as in Lemma 3.1, for zy = (xo, to) € 0Q x (0, T),
O0<r<+tandte (to— %Z,to), there is C, > 0 such that

rz’"/ Vu(t)? —l—rz’"/
B (x0) P
2

Proof. Applying (3.1), (3.2) can be proven by the same argument as in Lemma 2.2. We

lu ? < Car*"/ Vul?. (3.2)
(z0) P, (20) O

4
r
2

omit the details.
Now we are ready to state the boundary decay estimate under a small energy

assumption. |

Lemma3.3. For1 <n <4,T>0,0 € (0,1), there exist ro = ro(Q), €3 = €3(6) > 0, C(§) >0
such that if u € C*(Q x [0, T), S?) solves (1.2), with either

(1) thereis po € S? such that u(x,t) = ug(x) = po for (x,t) € 9Q x [0, T), or

(2) %%(x,t) = 0for (x,t) € 9Q x [0, T), and satisfies, for zo = (xo, to) € 0Q x (0, T) and some
0 < r <min{r, o},

r’”/ IVul® < €, (3.3)
Pt (20)
then
-n c(6
(f) / [Vul? < 6r*"/ Vul? + Qr*("”)/ lu — c,?, (3.4)
8 P} (20) P (20) d P (20)
where either (1) ¢, = pg or (2) ¢, = m ot (a) U O

Proof. We adapt the proof of Lemma 2.3. First, by the same dimension reduction as
in Lemma 2.3, we assume n = 4. Next, observe that we can reduce the case (b) into
the interior case. In fact, for any smooth metric g on Q, there is a sufficiently small
p = p(Q,g) > 0, such that the nearest point projection map s : Q, — 9Q is smooth,
where O, = {x € Q : d4(x,0Q) < p}. Define the reflection map Rso along 0Q by
Roq(x) = 2Mpq (x)—xforx € Q,, Q% = Ry (Q,),and Q* = QUQ,. Tt is easy to see that for
a sufficiently small p > 0, the nearest point projection, still denoted by TTsq, from Q7 to
0Q) is well-defined and smooth. Hence the inverse map R, (y) = 2o (y) -y : Q) — Q,
can be identified with Ryn. Hence we can extend ug, u and the metric g from Q to
Q* by letting ug(x) = uo(Ron(x)), u'(x,t) = u(Roo(x),t), and g*(x) = (R)n9)(x), the
pullback of g by Ry = Roaq, for x € Q) and t € [0,T). Then one can check that if
u € C'(Qx[0,T),S?) solves (1.2), (1.3) and (1.8) for (Q, g), then u* is in C* (Q* x [0, T), S?)
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and solves (1.2) for (Q*,g*), and (1.3) with ug replaced by uj. Hence Lemma 3.3 for
the case (b) follows from Lemma 2.3. We will only sketch the proof of Lemma 3.3 for
the case (a). It follows from the smoothness of Q and the standard boundary flatten
argument that we may assume for simplicity that there exists rop = r9(Q) > 0 such that
B} (x0) == QN By (x0) = {x = (x',x4) € R*: [x — x0| < 9, x4 > 0} (the general case can be
handled by slight modifications of the argument given below; for example, see [5]).

By translation and rescaling, we assume rg > 1,r = 1,29 = (0,0), u € C® (R_‘}F X
(—1,0],S?) solves (1.2) and Ulprt x(~1,0] = Po. As in Lemma 2.3, we divide the proof into

two steps. First, we need

Step 1 (slice boundary monotonicity inequality). For any ¢ € (—1,0],x; € 9R%,0 < r; <
ry < +o00, it holds

rfz/ [Vul? < 2r§2/ \Vul? + 2/ lug?. (3.5)
B (x1) B, (x1) By, (x1)

To prove (3.5), assume x; = 0, write By for B, (0) and define S} = 9B N {x €
R*|x4 > 0}, T, = OB, N {x € R*| x4, = 0}. By the Pohozaev argument, we multiply (1.2) by

x - Vu and integrate over B, to get

/B‘ R(u)(uy)x-Vu :/ Aux-Vu

B/}

1
= / |Vul? -I—/ X - Vua—u — —/ Vulx-v
Br‘ OB 81/ 2 f):

+
r

Jdu 1 X
= / IVul? +/ x-Vu—— - VulPx - =
B St or 2 Jg x|

Since x;, = 0 on T, we have fTr |Vul*x, = 0. fTrX-Vug—;i also equals to zero, since u(t) = po

on T, implies x - Vu = > | x;9% = 0 on T,. Therefore we have
i

2

/ R(u)(ut)X-Vu:/ \Vu\z—i—r/ ul" T [ g (3.6)
Br‘ Br‘ Sr} 8r 2 Srl
This implies
d [ _, [ |VuP? ,1/ ou ,2/ ou? ,1/ ou
— — - —) > —| - —. :
dr (r /Brl 2 r B, |Ut‘ 67‘ =T s} 87‘ r S} |ut| 87' (3 7)
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(3.5) follows by integrating (3.7) from r; to r,, and
ou

1
2rit [ Jul <ori? | VuP+2 | fuf,
+ ar Bt B+
B/

r1 rz
"2 ou
2 / P
r S+

_92 8u 2 2
| < r + 1791
B/ \B;: B

or E +
2
Step 2 (estimate on good slices). For any A > 1, denote P, (0,0) by P, and define

1 1
GY={tc {—,0} |/ lus(t)? < /\2/ lu® 3, BY = [—,0} \ G (3.8)
4 B{ Pll 4
2 2
Then we have
B} < A2, (3.9)

For any t € G/, by (3.2) and (3.8), we have

/

This, combined with (3.5) and (2.9), implies

(IVu()? + lus(6)?) < CAZ/ Vul?. (3.10)

P/

o=+

1
u(t)]? .. < sup s*Z/ Vul?|x e Bf,0<s< =
[ ()]BMO(B%) (B ! 2
2
< C/ (IVu(t)? + [u(t)?) < C/\Z/ Vul?. (3.11)
By P

2

Now let n € 030(33_1) be even with respect to x4, 0 < n < 1,7 = 1 on By, and
|Vl < 16. Let v : R* x (—1,0] — S? be the extension of u that is even w.r.t. x4. Define
w:R* x (—1,0] = R3 by

W(X» t) - (u_p0)<(X1)X2vX3)X4))t)v X = (XI)XZ»X3)X4) € Riv t e (—1,0},

= —(u—po)((x1,%2,X3,—Xa),t), X = (X1,X2,X3,Xa) € R* te (-1,0]. (3.12)

Then we have

/B+ Vu(t)? < /R

8

PIVw(e) A () = %/ PIVw(e) Av(t)P. (3.13)

4 4
i R
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Since V - (n?Vw(t) Av(t)) is odd w.r.t. x4, we have

[ 19 (YW AV - 2/}{4 IV - (Y u(t) A u(t)?

< 4/R4 (VaPIVu(®)? + InPlu () )

< C/B+(\Vu(t)|2 + [uy(t))

< CA? | |Vul. (3.14)

P’

By (3.11), we also have

w(t)gmos, ), < Clu®)BMOE;) < CA* [ [Vul®. (3.15)

1 +
z Py

By integration by parts, we have

/ | Vw(t) Av(t / V- (PVw(t) Av(t)) - (w(t) Av(t))
+ /114 7l Av(t) AVv(t)— A - wi(t)

+)\/ n*wi(t) =1+ I+ IIT
R4

where

Jra P (VW (t) A v(t)) AVv(t)
fR4 n7? .

>\:

It is easy to see

BY <C/ IVu(t)
B

Hence, by the Poincaré inequality and (3.2), we have

S

i < N[ w(t)|p:) < C / V()| Vau(t)|gza
2 BJ{ 2
2

1
2

< c/B+ Vu(t)? </P+ |Vu|2> . (3.16)
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For I, similar to (2.20), we have

1l < IV - (P Vw () Av(O) ]l zes) W () 12(,)

<cC (/}3+(Vu(t)2 + ut(t)|2)) [w(t) — pollzz; )

2

<o [ (VuF + @)+ § [ o - pok 3.17)

1

2

It follows from (3.14) and (3.15) that II can be estimated exactly as same as in (2.25).

Namely, we have

|II<C/\</ Vu2> /B (IVu(®)P + [u(t)P) | - (3.18)

t
1
2

Putting all these estimates together, we obtain, fort € Gi‘,

/ Vu(t)? <
5

1

§+CA (/ |Vu|2>
P

Finally, by integrating (3.19) over ¢t € [—(§)?,0] N G, applying (3.2), (3.8), and the

following inequality:

(1>4 / VP < — / Vup, (3.20)
8 B x([~(1)2.0/0B2) ~ A2 '
8

we obtain

1\ * c
(g) vup < ¢ / [ — Dol
PT P

+[6+CA (/ Vu2> +/\*2}/ Vul?. (3.21)
Pl‘ Pl‘
It is clear that, by choosing A2 = 6! and €(6) < &

¢z, (3.21) implies (3.4).
Now we need the boundary version of Lemma 2.4. For simplicity, we only con-
sider the casen =4 and Q = R?}. [ ]

/BT(IVu(t)I2 + Jug(2)%) + g /BT lu — pol?.
2 2 (3.19)
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Lemma 3.4. There exists C; > 0 such that for any ¢ € (0, ;) there is 4(f) > 0 such that
if u € C*(R% x (~1,0],8?) solves (1.2), with either (a) there exists po € S? such that
u(x,t) = po for (x,t) € OR% x (—1,0] or (b) %%(x,t) = O for (x,t) € OR% x (—1,0], and
satisfies, for zg = (xo,t0) € OR% x (—1,0] and 0 < r < /%o,

r*“/ Vul? < €(6), (3.22)
P! (ZO)
then
(Gr)*ﬁ/ u—cl? < 00627‘*4/ Vul?, (3.23)
Py.(20) P (20)
where
¢ =Dpo, for case (a) O

= m Jo (2 W forcase (b).

Proof. Without loss of generality, we assume r = 1 and zo = (0,0). The case (b) is an easy
consequence of Lemma 2.4. In fact, let v : R* x (—1,0] — S? be the extension of u that is
even w.r.t. x4. Then, as in the proof of Lemma 3.3, we have that v € C>®(R* x (-1,0],S?)

solves (1.2), and satisfies

/ IVv|? = 2/ IVul? < 262(6).
P, P

1|
Hence, by Lemma 2.4, there exists ¢4(6) > 0 such that
0° | |v—vp,|* < 0062/ Vv
P@ Pl

This easily implies (3.23).

To prove (3.23) for case (a), we argue by contradiction (cf. also [17]). Suppose it
were fasle. Then there exist 6y € (0, 3) and {u;} € C* (R% x (—1,0],82) solving (1.2) with
uy = pron OR* x (—1,0], such that

/ \Vuk\z = Ei — 0,
P

+
1

but

956/ lu — pil* > kbez. (3.24)
P4,
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Define vy = “~P% : R} x (—1,0] — R®. Then we have

/ Vvil? =1, Vk\akix(fl,o] =0, (3.25)
2
aVk 2 . a4
R(uk)(ﬁ) — Avg = | Vvil[“ug, in RS x (—1,0], (3.26)
and
egﬁ/ [vil? > k63. (3.27)
Po,

It follows from (3.25), (3.2), and Ponicaré inequality that {vy} C H*(P{,R®) is bounded.
2
Hence we may assume that vy — v weakly in H! (P}), strongly in L?(P} ), and py — po € S?
2 2

and ux — pg a.e.. Then we have

/ VP <1, Vigrs (10 =0, (3.28)
Py
2

R(po)(v¢) — Av =0, in R} x (-1,0]. (3.29)
By the standard theory of linear parabolic equations, there exists C > 0 such that
0,° [ Iv]* < Co3. (3.30)
P,
This contradicts (3.27). Hence (3.23) holds.
With Lemmas 3.3, 3.4, and Lemma 2.3, we are ready to prove the boundary apriori

estimate for smooth solutions of (1.2), with either constant Dirichlet or zero Neumann

boundary conditions, under a small energy assumption. |

Lemma3.5. For 1 < n < 4, QO C R" bounded smooth domain, 0 < T < +oo, there
exists ro = ro(Q)) > 0 such that for any v € (0,1) there are es > 0, C, > 0 depending
only on 7, a such that if u € C*°(Q x (0,T),S?) solves (1.2), with either (a) u(x,t) = po
for (x,t) € 9Q x (0,T) or (b) $(x,t) = 0 for (x,t) € 0Q x (0,T), and satisfies, for
Zo = (X0,t0) € 9Q x (0,T) and 0 < r < min{ry, v/t },

r—"/ IVul®> < €, (3.31)
P/ (20)

thenu € ¢ (P%r (z0),S?%) and

e ) < Car ™2 [ (332)
2 Pr} (ZO)
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Proof. For simplicity, assume xo = 0 € 0Q,t; = 1, T = 2. Let ryp = 1r9(Q) > 0 be so
small that we may assume Q N By, (xo) = R" N By, (xo) = B;,. We follow the same iteration
scheme as in Lemma 2.3. Let 0 = g and § = 0(y) < (200‘2(6))ﬁ, here Cy and C(¢) are the
constants in Lemma 3.4 and 3.3 respectively. Let kK > 1 be such that 8¢ = 1 and denote

E*(u,p) :p*”fp,(m) [Vul2forO0 < p<ryg.For0<i<k-1,if
(0,

E*(u,8710r) < e3(0)%, E*(u,r) < eq(8710)2,

where €3, ¢4 are given by Lemma 3.3 and 3.4, then we have

E"(u,89r) < 6E* (u,8710r) + %@Ewu, r). (3.33)
Hence, if we choose
: 5
€2 :=E*(u,r) < min{es(80)?, ..., ea(8%0)? me3(5)2},

then we have E* (u, 80r) < 3(6)? for all 0 < i < k. Hence, by iteration, Lemma 3.3 and
Lemma 3.4 yield

CoC(6)

+ < skt
E"(u,0r) < 0“E*(u,r) + T — 643

(§)2E+(u,r) < 0PE"(u,r). (3.34)

This, combined with Lemma 2.3 and (3.2), implies

s
s*”/ [Vul? + s?lug? < Ca(f)z”’r*"/ Vul?, (3.35)
Ps(2)N(Q%(0,2)) r Pr(2)N(Qx(0,2))

for any z € P/ (z0) and 0 < s < 7. Therefore, by the parabolic Morrey’s Lemma, we
2

conclude that u € C7(P} (zo), S?) with the desired estimate (3.32). |
2

4 Proof of Theorem 1.3 and Theorem 1.5

In this section, we apply Lemma 2.3 and 3.4 to prove both Theorem 1.3 and 1.5.

4.1 Proof of Theorem 1.3.

It is similar to the proof of Theorem 1.1. Suppose it were false. Then for any ¢ > 0 we can

find up € C*°(M,S?) with wglonr = po € S?, E(up) < €2, and uo homotopically nontrivial
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rel. M, such that (1.2)—(1.3)—(1.6) has a smooth solution u € C®(M x [0, i%,], S?). Denote
To = i%,. By (2.1),we have

/ Vu(t)* < / [Vuol* < €%, Vt € (0, Tp). (4.1)
M M

Let e = min{ep, €5}, where ¢y and €5 are given by Lemma 2.3 and Lemma 3.5 respectively.

Choosing e < Tyeg, we have

Tg‘*/ IVul* < Ty* max / IVu(t)? < Tp2e® < e, Vx € M. (4.2)
(Br, (x)NM) x[0,T2] 0<t<TZ Jm

Therefore, by Lemma 2.3 and 3.5, we have

05Cp,, (x)U(To) < C@(Tg‘*/ IVuf?)? < CoTy e, Vx € M. (4.3)
z (Br, (x)NM) x[0,TZ]

Since M is compact, there exists Ny = No(M) > 1 such that

oscyu(To) < Nomax o0scp, xu(To) < NoCuTy e. (4.4)
xeM 2

By choosing e sufficiently small, this implies that u(Ty)(M) is contained in a contractible,
coordinate neighborhood in S? and hence u(T) is homotopic to pg ( rel. 9M). In particu-
lar, ug is homotopic to po (rel. OM). This contradicts with the choice of ug. Therefore, any
smooth solution of (1.2)-(1.3)—(1.6) has to blow up before T.

4.2 Proof of Theorem 1.5.

Suppose it were false. Then there exists Ty > 0 such that for Ay — oo, there are smooth
solutions u; € C®°({x € R*: 1 < |x| < 2} x [0, Ty],S?) to (1.8), ux(x,0) = (Ho D) (F) for

x € R*with1 < [x] < 2,and %(x,t) =0forx e {x € R*:1 < |x| <2} and t € [0, Ty].

Since

lim IVug(0)* =0,

Ak00 J fxeR4:1<[x]<2}
we have, by (2.1), Lemma 2.3, Lemma 3.5, and the same argument as in the proof of
Theorem 1.3, that for \; sufficiently large, ux(To)({x € R*: 1 < |x| < 2}) is contained in a
contractable, coordinate neighborhood in S2. Let F(x,t) = ux(x,t) : {x € R*: |x| = 1.5} x
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[0, To] — S2. Then F deforms the Hopf map H(x) = ux(x, 0) into a contractable coordinate

neighborhood of S?, which yields that the Hopf map H : S* — S? is homotopically trivial.

We get the desired contradiction. This completes the proof.
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